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1. Preliminaries

» Matrix measures
» Truncated matrix moment problem
» Truncated matrix Hamburger moment problem

» Main goal: description of matricial Gaussian quadrature rules



Matrix-valued measures

: real symmetric p x p matrices

: positive semidefinite real symmetric p x p matrices
: the Borel o-algebra of R

A mapping
p= (up)f =g B(R) — Sp(R)
is a positive matrix-valued measure (POVM) if
1. each ;i : B(R) — R is a real measure,

2. u(T) € S;°(R) for every T € B(R).
p
Let u be POVM and let 7 := tr(u) = Z wi be its trace measure. A measurable

i=1

mapping f : R — R is u-integrable if f € L'(7). We define

/Rfdu= (/Rfdu,-j):jﬂ.



Finitely atomic matrix-valued measures

A POVM p is finitely atomic if

for some ¢ € N, with distinct x; € R and A; € S;°(R).
> x; are the atoms of p.
> A = u({x;}) is the mass of 1 at x;.
> mult,(x;) := rank(A)) is the multiplicity of x; in w.
We say that y is r-atomic if

4
> rank(4) =r.
=



Truncated matrix Hamburger moment problem

peN, neNy

R[x]<n: real univariate polynomials of degree at most n.

Truncated matrix Hamburger moment problem (TMHMP): Given a linear
mapping

L:R[x]<n — Sp(R),
characterize the existence of a POVM p on R such that

L(f) = / fdu for all f € R[x]<p.

The POVM . is called an R-representing measure for L.



Moment matrix

L :R[X]<2n — Sp(R) a linear operator

Define the truncated moment sequence

The n-th truncated moment matrix of L (equivalently, of S) is

1
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M(n) = (Sij—2)!y = e
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Solution to the matricial Hamburger moment problem
Theorem (Bakonyi & Woerdeman, 2011). Let n,p € N and let

L : R[x]<2n — Sp(R)

be a linear operator with truncated moment matrix M(n). Then the following
statements are equivalent:

1. There exists a representing maitrix measure for L.
2. There exists a (rank M(n))-atomic representing matrix measure for L.
3. M(n) is positive semidefinite and

Sn+1
Sn+2
.| ceM(n—1)).

S2n
C(X) denotes the column space of X (the linear span of its columns).

In particular, any (rank M(n))-atomic POVM provided by the theorem yields a matricial Gaussian
quadrature rule for L, i.e., a finitely atomic POVM representing L with minimal total rank.



2. Problem and Results

» Main goal: description of matricial Gaussian quadrature rules
» Scalar Gaussian quadrature rules: several prescibed nodes
» Matricial Gaussian quadrature rules: nonsingular and singular cases

» Solution of a strong truncated Hamburger moment problem



Main problem

Let

be a linear mapping that admits an R—representing measure. Given
and ,

characterize when there exists a minimal R—representing measure . for L such
that
mult, (f) = m.

Remark.
1. This problem is important for the truncated univariate

2. Inthe scalar case (p = 1), it suffices to consider positive definite moment matrices: for the
semidefinite case, the minimal representing measure is unique.

3. In the matricial setting, even when M(n) > 0, representing measures may be non-unique,
since the last block column can still increase the rank.



Scalar setting: 1 prescribed atom

Gaussian formulas

Theorem (Blekherman, Kummer, Riener, Schweighofer & Vinzant, 2020). Let
neNandlet 7 = (9, v, . ... von) © 2271 be such that

Hen = (T,‘H',Q:)Zr; is positive definite.

Fix t € R. The following statements are equivalent:

1. There exists a (n + 1)-atomic R-representing measure for v with one atom
equal to t.

2. The matrix
Hyx—t(n—1) = (Viej—1 — tYisj—2)7 =1
is invertible.

Moreover, if (1),(2) hold, then the remaining n atoms (besides t) are precisely the real roots of

g =0,  g(v) =det (G(t,v)),

where n n n
G(u, v) = Hix—ux—n) (N = 1) = (Yij)j jor — (U + V)(Viej—1)j jor + UV (Yisj—2)7jq



Scalar setting: Several prescribed atom

Gauss-Kronrod rules

Theorem (Nailwal, Z., 24). Let k,ne Nand #, ..., f € R be distinct. Let
d=k+2n—1. Assume that - = (79. ... .. 74) € R%"is such that
H. = (~‘/v+/v72>/‘7=12 *!is positive definite.

The following statements are equivalent:

1. There exists a (k + n)-atomic R-representing measure for v with k atoms
equalto ty, ..., .
2. The following conditions hold:

2.1 The matrix
k n
_ . _ i+j—2
HIT (1= 1) <Lv <H<x t)x ))
= ij=1

is invertible. Here L, : R[x]<4 — R is the functional of (9.

2.2 “Positive extension condition” holds. (Next slide)



“Positive extension condition”.

Notation:
k k
&= 2 it f0)=[Jx-t)=3 (-1
1<ji<-<ji<k i=1 i=0
Compute:
Ao K
. _ 1 ) . j+1
Ll | =Hin-1) ‘(Z( 1)e v, ’,>, v = (1))
)\n71 i=0

2. g(x) = x"— Y  Nixl, h(x) = F(x)g(x) = xK — S gix.
Extension:

~ . 'Yu’ OSUSd,
211 Oked—i Yu—i, U>d.

Positive extension condition:
Hird—1(7) is positive definite.

Remark. Other atoms in the measure are the zeros of the polynomial g(x).



Numerical example
Let
~v=(0,...,7) =(1,1,2,6,24,120, 720, 5040, 40320, 362880), yi= il
and prescribe the atoms
=1, b=11 = k=2, n=8.
We ask whether there exists a 6-atomic R-representing measure for + with #, & in its
support.
Set
f(x) = (x — 1)(x — 11) = x* — 12x + 11.

It turns out that
1 —7 —26 —-102
-7 -26 —102 —456
—26 —-102 —-456 —2280
—102 —-456 -—-2280 —12240

H(3) =

is invertible.

The last column of H¢(4), restricted to the first 4 rows, is
95824

P yas912
2280 Lo | Bz )
Cqzpa0 | T M@ TV e | =

1601
65520 220344
1601




Define

W s s . 95824 5 753912 , 1476768 220344
=xt A= x* — _
90x) 3= X7 = (X7, X%, X, 1A = X7 — Zomem X+ g X 1601~ * 1601

Now define

5
hix) = Fx)g(x) = x° = > i,
i=0

s 115036 ; 1921411 , 11577776 ; 26234592 , 18888576 2423784
— X° + Xt — X° + X< — X+
1601 1601 1601 1601 1601 1601

The induced candidate for the next moment is

6

5944515264

Y10 = Z P6—iM10—i = — AT -
i=1

1601

It turns out that the extended moment matrix Ms is positive definite and hence a 6-atomic
representing measure exists.
Its atoms are the prescribed points

=1, =11,
together with the zeros of g, namely

= 0.16, s~ 2.81, 5 ~ 591, s ~ 50.97.



Matricial setting: related literature

» Stable numerical algorithms for computing the atoms and masses of a
R-representing measure for a linear operator L : R[x]<2p:1 — Sp(R).

Duran & Defez, 02, Duran & Lopez-Rodriguez, ‘96, Dette & Studden, '03
» Description of the set of all possible masses at a fixed t € R over all

R—representing measures for a linear operator L and in particular,
determining the maximal mass.

Fritzsche, Kirstein & Madler, 24

» Characterizations of the set of possible atoms in a representing measure
and possible masses for a linear operator in a multivariate setting.
Méadler & Schmiidgen, 24



Matricial setting: nonsingular case, 1 prescibed atom

Theorem (Zobovic, Z., 2025). Let n,p € N and let
L R[x]<2n — Sp(R)
be a linear mapping such that its moment matrix
M(n) is positive definite.

Fix t € R and m € Ny. Then the following statements are equivalent:

1. There exists a minimal R—representing measure p for L such that
mult, () = m.

2. m<rankHy_(n—1) — (n—1)p.

Here Hy_¢(n — 1) is the (x — t)—localizing moment matrix,

Hoet(n = 1) = (Spsj1 — rs,-+,-,2)i”j=1, where Sy := L(x¥).



Numerical example
> Lletp=2,n=1,and L : R[x]<z — S2(R) with

So=L(1)=<}g 17°>, S1=L(x)=<g 2) Sg:L(x2)=<gg fi).

» The block moment matrix is

18 10 2 2
(s s\ _[10 7 2 2
M“)‘(& 32)‘ 2 2 50 26|79

2 2 26 14

» Choose t := 0. Then

H=Hx(0) = (&) = (2 2) ; rankH = 1.

» Hence
rankH —(n—1)p=1-(1-1)-2=1.

» By the theorem, for each m € {0, 1} there exists a minimal R-representing measure
w for L such that
mult, 0 = m.



Numerical example: construction of ;. with mult, 0 = 1

(" K):=(H Sz)=<§ g‘gg fg), rank (1K) =2.

» Write the columns of K as

1
2

K=(ki K)=| 20 | = k=(u K1)(1).

Ky Ko \‘?_/

> We will define

zZi 2
83 = (ZZT ZS) € S2(R)7

such that

Ho K H B Z\ _ (K Z
rank<K1T Z1>_rank<K17>+(p m), and <Zs>_<K2T z7 J.



Numerical example: construction of ;. with mult, 0 = 1

» For Z; = (98) we get Sz = (22 gg) .
» Compute
(5 &
Ho 1 (S
=M1 =
()=m(3)-] 6 4y |
-8 -3

so that the matrix polynomial
H(x) := X2 — xH; — Hy
is a block column relation for M(2), i.e.,
M(2) (Ho Hs /2)T =0 and detH(x)=x(x —3)(x — 1)(x +1).
» By [Kimsey & Trachana, 22’, Madler & Schmiidgen, 24’], the atoms of the

representing measure u are zeroes of det H(x):

(tr, mult, t;) = (0, 1), (2, mult, &) = (3,1),

(t3, mult, &) = (1,1), (ts, mult, ts) = (—1,1).

» The masses are obtained usign Vandermonde system:

00 4 2 2 2 12 6
a=(59) a=(32). a-(33) a=(293)



Matricial setting: singular case, 1 prescribed atom

Theorem (Zobovi¢, Z., 2025). Let n, p € N and let
L: R[X]<2n — Sp(R)
be a linear mapping admiting a representing measure such that its moment matrix
M(n) is positive semidefinite.

Fix t € Rand m € N U {0}. Then the following statements are equivalent:
1. There exists a minimal representing matrix measure p for L such that mult,, t = m.
2. cardA < m < card(AU B).

Let T; := L((x — t)') for i € [0;2n] and

My = (Ti+j—2),,'3l1 = (V1 y(n+1)p) ,
Mz = (Tisj—2) i=1,....n, = (U1 e u(n+2)p)
J=1,..., n+2
Let
Vii=span{ys,...,y;}, Vi =span{ypa,...,y;}, W i=span{up.,...
and

U},

A= {i €lp] : 3k € [n)suchthat Yy 1)p.i & Vik—1)pri—1 and Yipii € Vigoi },

B = {i €1p] : Ypei & Vipri—1 @nd Uinitypri € Wiiqypei 1 }



Sets A and B: numerical example

4 0 0 ) 0 0 6 0 0 —6 0 0

0o 2 -1 ) 2 2 0 4 —4 0 8 -8

o -1 2 0 2 4 0 —4 8 0 -8 16

(TO T ‘ T3> 0 0 0 6 0 [ 0 0 18 0 0
T, T3 wl=10 =2 2 0 4 -4 0 8 . 0 16 16
T Ty T, ? 2 4 o -4 8 0 -8 16 0 16 32
6 0 0 -6 0 0 18 0 0 ? ? ?

0 4 -4 0 8 -8 0 16 16 ? ? ?

0o -4 8 o -8 16 0 —16 32 ? ? ?

rank M(2) = 6, Y6 = 2Y3, Yo = 2Ys, Ys = 2Ys,

So
A={2}

and due to

-
o)

[eX=No NN
|
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Strong matricial Hamburger moment problem
Corollary of special case: mult,, 0 = 0

Corollary (Simonov, 2006). Let n1. 1., p € Nand S; € Sp(R) for / « [—2n1;21,]. Then the following
statements are equivalent:

1. There exists a measure p such that S; = fR x'dp fori € [—2n4;2n5].
2. There exists a finitely atomic measure p such that S; = fR x'dpfori € [—2n4;2m,].

3. There exists a minimal representing measure p such that
Sj = / x'dy forie[—2n;2ny).
R

4. (Siy)2__, is positive semidefinite and ker(s,+,),”§__‘n = ker(Si)2__, .-
5. (S,-J,j)f’j?,71 is positive semidefinite and for every sequence {vj}, 6™~ ' CRe

np—1 no,—1

D Vi SisjViany =0 ifandonlyit > " T, Siijiovien, = 0.

hj=—ny ij=—ny



Open problems

1. When there exists a minimal representing measure for L avoiding finitely
many prescribed points? (Rational matricial moment problem)

2. Which tuples ((t, m), ..., (&, mk)) are realizable for L, i.e., there exists a
minimal measure p such that mult,(t) = m;.

3. When can a degree k + 2n — 1 sequence {S,}’“Z” ! be represented by
(k + n)-atomic matricial measure containing given k atoms (allowing
repetition)? (Gauss-Kronrod formulas)
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