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Bivariate truncated moment problem (TMP)

Question

Let k € N and

L:R[x,y]<ok = R
a linear functional.
CC R? isa plane cubic.

The bivariate truncated moment problem on C (C—TMP): characterize the
existence of a positive Borel measure i on R? with support in C, such that

L(f) = [C fdu
forijcZ., i+]<k

If 1 exists, it is called a C—representing measure (C—RM) of L and L is called a
C—-moment functional.



Classification of plane cubics

Up to invertible affine change of coordinates

Irreducible cases:

(N y=p(x), ()xy=px), ()y>=px),
(IV) xy? + ay = p(x),

where p(x) = bx® + cx? + dx + e.

Reducible cases:

(y(a+y)b+y), abeR,,a#b,

(i) y(ay + x* + y?), ac R., (i) y(x = y?),
(V) y(1 =xy), (v)y(x+y+axy), acR,,
(vi) y(ay + x> — y?),ac R, (vii) yx(y + 1),
(viii) y(1 + ay + bx® + ¢cy?), a,b,c € R, b # 0.
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TMP: p(x,y) =y?—x3—ax—b

M(k) | the moment matrix representing L : R[x, y]<ox — R

I | the ideal in R[x, y] generated by p

I TNRX, yl<

ker L | the kernel of the bilinear form L : R[x, y]<x x R[X, y]<x — R
induced by L

Theorem (Bhardwaj, Z, 23+)
Assume M(k) = 0 and ker L = Ix. The following statements are equivalent:

1. L has a (rank M(k))—atomic Z(p)—representing measure.
2. Certain quadratic polynomial Q(6) has a real root.

Using a recent result by Baldi, Blekherman and Sinn this gives a concrete
algebraic condition for the existence of a measure in case of projectively smooth
curves with one connected component.



Where does 9Q(#) come from?

Analysis of the existence of a flat extension of M (k)

M(k) B(k + 1)>

Mk +1) = ((B(k+1))T Clk +1)

following Fialkow’s p(x, y) = y — x® approach (8; ; = L(xy/)):
1. The block B(k + 1) restricted to rows of degree k is of the form :

Xk+1 xky B (A XYk yk+1
Xk Bak+1,0 Bk, 1 v Brazk—1 Britk Bk
Xk=ty Bok 1 Bok—12 - Brk+1,k Brk+1  Bk—1,k+2
XeYK"2 | Briako Brizk—t 0
XYK=1 | Bryok—1  Brrtk 0 P
vk Bk+1,k Bk, k+1 e 0 & W)

where
Bi2k+1—i = Bi—3,2k+3—i — ABj—2,2k+1—i — bBi—32k+1—i for3 < i< 2k +1

and 6, ¢, ¢ are arbitrary.



2. C(k+1) := (B(k+1))"M(k)'B(k + 1) has a moment structure iff:

Ckk = Chit k-1,
¢ =50+ £0+ f
Cki1.k = Chi2,k-1,
= j1160 + jr00 + joob + jor0 + joo
Ck1,k+1 = Chy2.k5
k10110 + K100t + Ko1190 + Koto® + koo20? + Koo16 + Kooo =
200? + L1100 + L10¢ + Lozb? + Lo10 + Lo

3. A short computation shows that the last equation is of the form
a292 + a1 +ag=0

and a flat extension M(k + 1) exists iff it has a real root 6.



Some definitions
C = Z(P) aplane cubic, I = (P) C R[x, y] an ideal generated by P,

L : R[x, y]<2k — R alinear functional

R[C] = R[x, y]/I | a coordinate ring of C

R[C]<m | animage of R[x, y]<, under the restriction map f — f|¢

Q(R[C]) | a quotient ring of R[C]

Lc : R[C]<2k — R | an induced functional

ker Lc | the kernel of the bil. form Lg : R[C]<k x R[C]<x — R
induced by L¢g

Posa«(C) | asetof all p € R[C]<2x with p(x) > 0forx € C

V| afinite—dimensional vector space in Q(R[C])

an element of R[C]

V; | a vector space generated by {fgh: g,h € V}

Assume that V; C R[C]<,. Then the functional

Leqvy: Vi—= R, Leovn(g) = Lc(9)

if well-defined and called a V—localizing functional of L.



General solution to the TMP

Assume Vi C R[C]<k.

Lc is strictly positive if Lo(p) > 0 for every 0 # p € Posy,(C).
Lc is strictly square positive if Lo(g?) > 0 for every 0 # g € R[C]<-
Lc is Vi-locally strictly square positive if Lo(fg?) > 0 for every g € V.

Since every strictly positive functional Lg is a C—moment functional, the
following is a concrete solution to the nonsingular C—TMP for irreducible C or

Theorem (Kummer, Z, 24+)

Let L : R[x, y]l<2k — R be a linear functional with ker L = k. There are f € R[C]
and a finite—dimensional vector space V in Q(R[C]) with V; C R[C]<k such that
the following are equivalent:

1. L¢ is strictly positive.
2. L¢ Is strictly square positive and Vi—locally strictly square positive.



General solution to the TMP

Assume that C is reducible with non-real intersection points defined by

P(x,y) = y(1 + x2 + ay + by?).

Theorem (kummer, z., 24+)

Let L : R[x,y]<2« — R be a linear functional. Assume that 1 + x? + ay + by? =0
lies in the upper half-plane. Then the following are equivalent:

1. L is strictly positive.

2. L is strictly square positive, (R[C]<x_1)y—locally strictly square positive
and (R[C]<k—1)14x2+ay+y2—locally strictly square positive



SpeCIfylng V and f forireducible cases

C = Z(P), By is a basis for R[C]<k, By is a basis for V,

®1(p(x, {)) = p(t2, 18 — 1),

a(p(x,y)) == p(2 + 1,8 +t).
P B, | B,
2 _ _ _ ; . ;
T i | s
Pl . Y;é‘y;;’;i{(’;kzgff;;;’y ! B\ /U {L}
y2 — 53 {1’Xjf)}éy;;’;i{(’;kzgff;;;’yi’ B\ {1}u{%}
e~ x(x - 1) S B Sy B\ {10 {5)
y2 = xe(x = 1) t__1${l’tf_§71t’kipﬁéb’ B\ {1} U {4}
cgégr(exga oy, o XV 50 Y B\ k) U vk — 232y
¢(0) # 0 LooxeyRme Xy =Ty
ST DXLy B\ {4} U {xky)

c#0Oorab#0

X7Xy’17y7"'7.yk}




SpeCIfylng V and f for reducible cases

C = Z(P), By is a basis for R[C] <, By is a basis for V, f is always 1

yx=y)x+y)

{1,%,y,x2,xy, ¥,
CxK xk Ty yky

P By By
y(ay +x2+y?), {1x,y, .o, Xy, X2 y2, ay i ty?
acR\ {0} xk xk=1y xk=2y2y B\ {1} u{==5"}
y(1 4+ ay — x2 — y?), {1, x =1,x2 —1,... xk=2(x2 — 1), Bk\{1}U
aeR y7yX7'"7.ka717y27"'7y2Xk72} {1 21+ay Xiy}
y(X_yZ) {1 X, X 7yay27.yxv.y2X7~-~7 Bk\{ }U
yxj y X/ 7},2)(k—27yxk71} {Xk_2y2xk—1}
1, x—1,x2—1,...,xk2(x2 = 1) B\ {x"}u
y(1 +y7X2) ’ ) ) ) B ; C 2
Yoy v yRx L yRTx vy {1 —x—2=x,
2 2
B\ {1} u {1}

yx(y +1)

{1,x,y,x%,xy, ¥,
XK xk=y yky

Bi \ {x¥} U {xK 4 2yxk}




Main method in proofs
C = Z(P), P =[]}_, P; with P; irreducible

Theorem (Baldi, Blekherman, Sinn, 24+ & Kummer, 24+)
Assume that C is irreducible or reducible without non-real intersection points. If
the restriction of Q € R[x, y]<2« to C generates an extreme ray of Posy,(C),

then, forevery i =1,....r, either Q is divisible by P; or the common zero set of
P; and Q in C? consists of real points only.

In the reducible case with non-real intersections points, Q as above has
precisely a pair of non-real intersections points as zeroes except real points in
case it is divisible by some P;.

V and f appearing in the tables above also appear in the following Positivstellensatz.

Theorem
There are f € R[C] and a finite—dimensional vector space V in Q(R[C]) with
Vi C R[C]<k such that the following are equivalent:
1. p € Posy(C).
2. There exist finitely many g; € R[Cl<x and h; € V such that
p=3G7 + 112



TMP for y2 — x(x — a)(x — b) =0, abecro<a<sb

A C—degree function deg:
dego(X'y/) = 2i + 3j including negative i, j.
A basis By for R[C]<x and V for V:

Be [1]x[yl...[x?y2] xyT yoo T XEYRR ] xR T R
degc |02 (3 ]...|83—2|3i—1|3i—2|...|3k—-2|3k—1]|3k/
B, [1]x|y]...[x®y=2] xy~7 yoo Xy xR

Theorem
Let p € Posyx(C). Then there exist finitely many g; € R[Cl<x and h; € V such
thatp =", g7 + x>, hZ.
Sketch of the proof:
> Let u € Posy(C) be an extreme ray. and u”(x, y, z) = z2ku(%, £) a homogenization of u.
> Then u” has only real zeroes P;, i = 1,...,3k, of the form P; = [x; : y; : 1], x;, y; € Ror
P; =[0:1: 0], each of multiplicity 2.
> Known fact: P := Py @ ... ® Ps is a 2—torsion point in the group law of C.
> If Pis the point at infinity O := [0 : 1 : 0], then v = (ul!)? for some ul! € R[x, y, z]<x and
u = u? is a square of us(x,y) = ull(x,y,1) € R[C] <.
> Otherwise P = [0: 0 : 1] and xzu" = (u})? for some uj € R[x,y, Z]<j41. Then u = x(2)2,
where up = ufi(x, y,1). Considering deg, of both sides, u» cannot contain 1, y¥*' or xy*.



TMP for y?2 — x(x — a)(x —b) =0, abcro<a<s

Example: 2k = 6, 8 = L(x'y/)

L strict square potivity and Vx—local strict square positivity are equivalent to positive definiteness of
the following matrices:

1 X Y X2 Xy Y2 x2y xy?2 y8
1 [ Boo Bro Bot Beo Bt Boz B2t Brz Bos ]
X Bro P20 L1 B Bt Bz B P2 Pi3
Y Bor B Boz B21 Bz Bos Bz B1a Poa
X2 Bao P30 P21 Bao B3t Bz Bar P32 Pos
Xy B11 B2t P12 Bar P22 P13 B2 Bz B4 |,
2 Boz P12 Poz B2 Bz Boa Bz Bra Bos
X2y | B2t B3t P22 PBs Pa2 Pz Paz Paz Pea
xv? Bz P22 P13z Bz Pz Bia Bz Paa Pis
v3 L Bos P13z Boa Bes Pia Bos P4 Bis Bos J

X Y X2 xy x5 X2y xy? X3y Xx2y?
1T Bio Bo1 Bao B11 Pao Bor B2 P31 Pz ]
v/X | Bor L((x—a)(x—0)) Bi1 Poz Bo1r P12 Poz P2 Pi3
X B20 B11 B30 P21 Pao Ba1 B2 Bm Pa2
Y B11 Boz2 Bor P12 P31 B2 Bz P32 P23
X2 B30 B21 Bao B31 Pso Bar B2 Bs1 Paz
Xy B21 B2 B31 P22 Par B2 Pz Paz P33
2 B12 Bo3 Boz  Biz P32 Posz B1a Baz Bea
X2y | Ba B22 Bar P32 P51 Baz Bz Bs2  Pa3
xv2 L Boo B13 B32 P23 Paz B3z Bea Paz Paa




TMP for nodal cubic y? — x(x —1)2 =0

Parametrization of C:
x(h=1t, yt)=8 —t, tcR.
Let
Nodal := {s € R[f]: s(1) = s(—1)}, Nodal<;:= {s € Nodal: degs < i}.

The map
® : R[C] — Nodal, ®(p(x,y)) = p(t?, 12 —t)

is a ring isomorphism. The vector subspace R[C]<; is in one-to-one
correspondence with the set Nodal<g; under ¢.

Let
Pos(Nodal<;) := {f € Nodal<;: f(t) > O for every t € R},
Nodale; := {s € R[f]<;: s(1) = —s(~1)}.
Theorem

Let p € Pos(Nodal<gk). Then there exist finitely many g; € Nodal<gx and
h; € Nodal<ak such thatp = >, 97 + >, h?.



TMP for nodal cubic y? — x(x —1)2 =0

The basis for Nodal<; is the following:

Brodale, = {1, 2 = 1,83 —t,t* — 2, ¢ =73 ¢ — 2}

The basis for mg, is the following:

We have that
y

x—1
maps to t under ®. So this is a replacement for 1 in the basis for V.




This approach also gives an idea for constructive
solution to the TMP working also in singular cases

Using correspondence ¢ above the C—TMP for L is equivalent to the R—TMP for

LNodal g, : Nodal<gk = R, Lnodal_g(P) = Lc(®7 (D))

Using the basis Bnodal_; U B~  the moment matrix of Lnogal_ iS

Noda|§3k
1 T T2 1 8T 73k _78k—2
! £(1) ? £ —1) £ - o £(3k — Bk—2)
T ? L(2) -t cit* - 12) coo (ke _ Bk=1y
T2 4 L2 = 1) L3 -t LR =12 c@® —1)2) . @322~ 1)?)
87 e -1 LB —1) L -1 o -n2) ... c@dk=12 - 12
7—3k7:7—3k—2 28k 7 Bk—2) o ) _'_‘ (83K 7:t3k—2)2)

From here it is easy to characterize when Lyodai,, iS @ R—-moment functional and
construct a measure after completing the only ? position in the matrix above.
However, it is not clear whether one needs rankZN°d3|<8k or ra"kZNodaI<6k + 1 atoms in a minimal
measure. - -



TMP for nodal cubic y? — x(x —1)2 =0

® : R[C]<2k — Nodal<g, ®(p(x,y)) = p(t?, 2 — 1),

V = span{<l>*1 (BN°d3|§3k)}

Lc is singular if ker Lo # {0}.
Lcis (V,1)-locally singular if ker L¢ (v 1) # {0}.

Theorem
Let L : R[x, y]<2x be a linear functional such that I<ox C ker L and L is singular
or (V,1)-locally singular. Then the following are equivalent:

1. L is a C—moment functional.

2. L¢ is square positive and (V, 1)—locally square positive and one of the
following holds:

2.1 rankL¢ = rank(zc)\(

&~ (Brodal cg_1))"

2.2 rankzc’(v,” = I’ank(Zc’(V’1))|(¢71(3N DR

Nodal < 34 1



TMP for y(ay + x? + y?) =0

A line Cq an a circle C, with one double intersection point
Parametrization of C:

2 _ 2
Ci:{(s,0),seR}; Co: {(—257—2(;—:}3 }, teR.
Let
Cire = {(£(). 9(1) € Rls] x B[ 5. ] 10) = 9(-1), £/(0) = 21y,
Circ<j = {((s), 9(1)) € R[s]<; x R[tz 1+1 2 j»‘l]<i,<i: f(0) = g(—1), f'(0) = 29/(;1)}.

The map

2 _ 2
& : R[C] — Circy, ®(p(x,y)) = (p(s, 0),p( - 2:2 - 1 7_2 (:2++11) )>

is a ring isomorphism. The vector subspace R[C]<; is in one-to-one correspondence with the set
Circ<aj under ¢.
Let

Pos(Circ<;) := {(f(s), 9(t)) € (Circy)<;: f(s) > 0, g(t) > 0 for every (s, 1) € R?},

Cire<i = {((). 9(0) € lsl<; x B[ ] #0) =g(~1) = 0}.



TMP for y(ay + x* + y?) =0

Theorem
Let (p1,p2) € Pos(Circ<ax). Then there exist finitely many (91.i, 92.;) € Circ<x and
(h1 s hg;/') S CircSk such that

(p17p2):Z g1/a921 +Z 1]ah§]

The basis for Circ<; is the following:
Beire., = O({1,X,y, X%, xy, y2, ... X Xy xI=2y2 X! Xy, xR YY)
The basis for ar/cﬁ is the following:
Bere., = Beiree, \{(1:1)} U {(s,0)}
We have that
ay +x* +y?

X
maps to (s, 0) under ®. So this is a replacement for 1 in the basis for V.



TMP for y(ay + x? + y?) =0
joint work with Yoo

B =1{Bij}tijez, o<i+j<ox has a C—RM on if and only if it can be decomposed as

B=p8"+ 0,
where
admits a R—rm,
B = {5\ jez, 0<ivj<ek  admits a Z(ay + x2 + y?)—rm.
It turns out that all the moments of , 3©) are uniquely determined except

(c) 5(e)
) 120,07 ﬁ1 ,00
which satisfy the relations

o= +89, j=01.

)



TMP for y(ay + x> + y?) =0

Moment matrices of 5 and 3(¢) are of the form

1 X . 1 X

1 ﬁo,oft [51,07U * 1 t u *

X Bio—u * x| X u o« ox [
* * * * ok k

where t and u are parameters.
(t, u)—region R4 of positive semidefiniteness of 3(©) has one of the following forms:




TMP for y(ay + x* + y?) =0

(t, u)—region R; of positive semidefiniteness of 3(¢) has one of the following forms:

To solve the TMP we need to construct the existence of a point
(to, Uo) € R1 N R

such that both completions satisfy the conditions in the solutions to the corresponding TMP.
To obtain measures with the least number of atoms, ty, ug belonging to the boundaries 972 and
IR, are desired.



TMP for y(ay + x* + y?) =0

Main result: A technically involved analysis using computations with Schur
complements gives:

1. Concrete numerical conditions for the existence of the measure.

2. Number of atoms needed in a minimal measure.

3. In the nonsingular case with a measure, i.e., rank M(k) = 3k, a minimal
measure has 3k—atoms (which is the Caratheodory number in this case).



Thank you for your attention!



