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Bivariate truncated moment problem

Let Kk e Nand
k
B =% = (Bi))ijez. ivj<k

a bivariate sequence of real numbers of degree k.

K C R? is aclosed subset.

The bivariate truncated moment problem on K (K=TMP): characterize the
existence of a positive Borel measure ;. on R? with support in K, such that

Bis= fie XIYidu(x)
fori,jeZ,, i+j<k.

w is called a K-representing measure (K—RM) of S.
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Bivariate moment matrix

The moment matrix M(k) associated to 3 with the rows and columns indexed
by X' Y/, i+ < k, in degree-lexicographic order

1,.X,Y, X2, XY, Y2, ... Xk Xk=1y . . Yk
is defined by

MI[0,0](5) MI0,1](B) ---  MIO,k](3)

y . M[1,01(5)  M[1,1](B) - M[1,k](5)
(K) = (Bisj)ij0 = : . _ .

)

MIk.0)(5) MIK.118) --- Mk, KI(5)

where
X/ X1y X/—2y2 \Z
X Bisjo  Biej—1,1  Bij—22 - Bij
X7 | Bivjc11 Bivj—22 B33 - Bict
M, j1(B) := XY | Pisj-22 Pisj-33 Bij-aa - fizji2
! Bii Bi—t,is1 Bj—2is2 - Bois

are Hankel matrices.
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Necessary conditions

@ To every polynomial p =3 ; aj X'yl € R[x, ylk, we associate the vector
pX,Y) =3 aX'YI
from the column space of the matrix M(k).
@ The matrix M(k) is recursively generated (RG) if for p, g, pq € R[x, yl«k
p(X,Y)=0 = (pg)(X,Y)=0.
@ The matrix M(k) satisfies the variety condition (VC) if
rank M(k) < cardV,

WhereV:=ﬂ 9ER[X,¥l<k, {(va) GRZ: g(X7y)=0}
9(X,Y)=0 in M(k) >

Proposition (Curto and Fialkow, 96°)

If 52%) has a representing measure 1, then
M(k) is positive semidefinite (PSD), RG and satisfies VC.




Solving the TMP by reduction to the univariate case

Basic ideas:
@ Forirreducible curve C:

o Get rid of one variable (use parametrization of the curve).
@ Solve the corresponding univariate TMP.

@ For reducible curve C:

o Study decompositions 8 = 3" + 8®, where 8" is a moment sequence on
one irreducible component of C and 5 on the complement.
e Apply the solution of the TMP on each summand 8, i =1,2.

Outcomes of this approach:

@ Concrete solution to the TMP on quadratic (Curto and Fialkow) and some
cubic curves.

@ For some higher degree curves two abstract solutions, which are
probably most concrete one can hope for, are obtained.
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The univariate reduction solving TMP on some cubics

Cubic irreducible curves
MATRIX COMPLETION PROBLEMS WITH CONSTRAINTS

=3 2.3 2o
5 T y—‘X T T T 5 T T y —‘X T T 5 T ‘xy = T T
na — ar 1 4 1
3 Use the solution to the THMP 3 3
of degree 6k with unknown'
2 moment 6k-1 1 2 1 2r 1
<+ Rational parametrization
1 1 1t 1 1+
Polynomial
of 1 0 parametrization (t3,t2) 1 oF 1
- 4— Polynomial 1 <J & 1 i
parametrization (t,ts)
2 1 2 2 [ Use the solution to the strong
THMP of degree (-4k,2k) with
3 1 <1 Use the solution to the THMP <1 unknown moment -4k+1 g
of degree 6k with unknown
- 1 <4 moment 1 1 - 1
s 4 w5 0 o5 1 s S es 1 s 2 28 % ; 2 s : s
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The TMP on y= X3 through the flat extension theorem

Letk>3,p(X,Y)=Y — X3 and B8 = ﬁ(Zk) = (ﬂi,j)i,jeZnngZk-

Theorem (Fialkow, 11’)

Assume (3 is a p—pure sequence, i.e., p generates all column relations of My
by RG. TFAE:

(1) B has a Z(p)-RM.
(2)
() CONCRETE SOLUTION:
My is PSD and
B1,2k—1 > P(B) |,

where 1) is a rational function in f3; ;.
(4) ABSTRACT SOLUTION:
My admits a PSD, RG extension M, 1.

Remark: The solution of the nonpure situation is partly algorithmic.
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The TMP on y= X3 through the univariate reduction

Every atom must be of the form ([ f3) for some t € R. So [} |
corresponds to the moment of

Zi+3j

Asi,jrunover0,1,...,2k such that i + j < 2k, the sum j + 3j runs over the set
{0,1,...,6k — 2,6k}
The problem is equivalent to the
truncated Hamburger MP (THMP) with a gap vex—1,

i.e., does there exist x € R such that

(Y0, Y15 -+, Yek—2, X, Yek)
admits a measure on [R. Thisis a

PSD matrix completion problem with constraints.

IWOTA 2022 8/27



PSD matrix completion result

A a b * A x b
A=1|a a ?|= * | = * * *
bT ? B X% % bT x

be a n x n matrix, where A, is a symmetric matrix, a, b € R"~2 are vectors,
a, 8 € R real numbers and x is a variable. Let A, and A3 be the colored
submatrices of A(x) and

xs = bTAla+ \/(A2/A)(As/Ar) € R,

where A,/ and A;/A; = 3 — b" Bib. Then:
@ A(x) is PSD if and only if A>, Az are PSD and xp € [x_, X.].
Q

0, forxp e {x_,x.},
1, for xp € (x_, x).

rank A(xo) = max { rank /., rank A3} + {

o’
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Notation - Hankel matrix

Let k € N. For

v = (0, -, 7v2k) € R

we define the corresponding Hankel matrix as

Yo M 72 ce Tk
Moo Vk+1
A=l :
: : V2k—1
Yk Vk+1 o Y2k—1 72k
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THMP of degree 2k with a gap ~yox_1

Letk > 1 and
,7(1)
Y(X) 1= (50,715 - -+ 5 Vok—45 V2k—35 V2k—25 X5 V2k);
N——
~@
be a sequence, where x is a variable, with the moment matrix
v AW,(z) u 14
A = X = uT ke X |,
vl x ‘ Yok viox ‘ Yok
where v = (")/k, o0 ,’ka_g) and u = ('yk_1 gooec ,72!(—3)- TFAE:
@ There exists xy € R and a R—RM for v(xq).
(2] and A = { AV”‘TZ) WV } are PSD and one of the following holds:
2k
a) is PD.
b) rank =rank A.
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The TMP on y= X3 through the univariate reduction

Let k >3, p(X,Y)=Y — X3 and 5 := 2% a p(x, y)-pure sequence. Let
,YU)

¥(X) = (50,715 - - -

s Yok—4, Vok—3, Vek—2; X, VoK),  Where i3 = i ;.
4@

Theorem (Fialkow, 11’)

The following statements are equivalent:
(1) B has a Z(p)—RM.

(2)

(3) My is PSD and

T a1
Brok—1 > U Agul|, whereu = (yk—1,.

00 7'\/2k73)~

(4) My admits a PSD, RG extension M. .

v
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The TMP on y= X3 through the univariate reduction

Let k >3, p(X,Y)=Y — X% and 3 := 5% a sequence. Let
(1)

5
Y(X) i= (B0, 1, - - - » Vok—a, V6k—3, Vok—2, X, Yek), Where i,z = i ;.
TFAE:
(1) B has a Z(p)—RM.
(2)

(8) My is PSD, p—RG (pq =0 ifpq € R[X, Y]ox) @nd:
a) A, is PD.| or

b) A, is PSD and rank My = rank A .

holds.
(4) My admits a PSD, RG extension Mj.1.

Moreover, if the Z(p)—RM for 3 exists:

@ There is a (rank Mk)—atomic Z(p)—RM unless rank M = 3k — 1 and A ) is PD.
@ The Z(p)—RM is unique ifrank Mk < 3k. Otherwise two minimal Z(p)—RM exist.
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The TMP on yX2 =1 through the univariate reduction
1

Every atom must be of the form (1‘7 ) for some t € R. So 3,'J'

t2
corresponds to the moment of
Z/—Z/_
As i, jrunover0,1,...,2k such that i + j < 2k, the difference i — 2j runs over
the set
{—4k,—4k+2,...,-1,0,1,...,2k}.

The problem is equivalent to the
strong THMP of degree (—4k, 2k) with a gap v_4k41,

i.e., does there exist x € R such that

(Y—aks X, Y—aka2y - s V=1, Y0s Vs - - - » V2k)

admits a measure on
R\ {0}.
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Strong THMP of degree (—2kq, 2kz) with a gap -2k, +1

Theorem
Letk > 1 and

M

’Y(X) = (7*2/(1 y X, V—2ky+25 V—2ki+35 V—2ky+45 - - - 7’)’2/(2)3
— —

@
, , . osA
be a sequence, where x is a variable, with the moment matrix
;
=2k ‘ x_u’ Y—2k ‘ X U
o T
Ay = X = X V—2k+2 W
u u w A
T T
where u' = ('772k1+27 000 777k1+k2+1) andw' = ('772k1+27 oo 77*k1+k2)'

TFAE:
@ There exists xo € R and a (R \ {0})—RM for v(xo).

~ T
Q and A := [ =2k Au } are PSD and one of the following holds:

u NE)
a) and A without the last row and column are PD.
b) rank = rank( ) = rank A.
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The TMP on YX? = 1

Let k > 3, p(x, y) = yx°> — 1 and § := 3% a sequence. Let

1
’Y()

Y(X) = (V—aks X, Y—4ke2, Y—ak+3s V—dked, - - -, V2k), Where y;_o; = F; ;.
Theorem
TFAE:
(1) B has a Z(p)—representing measure.
)

(8) My is PSD and p—RG, A, is PSD and one of the following holds:
a) A« is PD and rank (M without column/row X*) = 3k — 1.

b) rank A = rank (M without columns/rows X*, Y*) = rank M.
(4) My admits a PSD, RG extension My.».

Moreover, if the Z(p)—RM for 3 exists:

@ There is a (rank Mk)—atomic Z(p)—RM unless rank My = 3k — 1 and A ) is PD.
@ The Z(p)—RM is unique ifrank Mk < 3k. Otherwise two minimal Z(p)—RM exist.
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The TMP on y? = x3

Every atom must be of the form (1~ 1) for some t € R. So Bi
corresponds to the moment of

72(imod 3)+3(j+2[ 5 ])

Asi jrunover0,1,...,2k such that i+ < 2k, the sum in z* runs over the set
{0,2,3,...,6k — 1,6k}.
The problem is equivalent to the
THMP of degree 6k with a gap ~1,
i.e., does there exist x € R such that

(Y0, X, Y25 - -+, Yek—1, V6k)

admits a measure on

R.
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THMP of degree 2k with a gap

Letk > 1 and »

8}
—N—

’Y(X) = (’yOa X,72,73, Y45 - - - 7’72k)7
—_——

~@
be a sequence, where x is a variable, with the moment matrix

v | x v | x u’
A'y(x) = X = X Yo w!
u u w A,Y(z)

where u’ = (72, 500 ,’yk) andw' = (’yg, 500 77k+1)- TFAE:
@ There exists xo € R and a R—RM for ~(xp).

_ | 7 u’
Q andA._{ u A

are PSD and one of the following holds:

a) and A without the last row and column are PD.
b) rank = rank( ).

4
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The TMP on y? = x3

Let k > 3, p(X, Y) = X® — Y2 and 8 := 5?%) a sequence. Let

(1)

5
——N—
Y(X) = (70, X, 72,73, V4, - - - s Yok),  Where vj_g; = [ .
Theorem
TFAE:

(1) B has a Z(p)—representing measure.
(2)
(8) My is PSD and p—RG, A« is PSD and one of the following holds:
a) A« is PD and rank (M without column/row X*) = 3k — 1.
b) rank A ) = rank (Mx without columns/rows X*, Y*).
Moreover, if the Z(p)—RM for 3 exists:

@ There is a (rank Mk)—atomic Z(p)—RM unless rank M = 3k — 1 and A ) is PD.

@ The Z(p)—RM is unique ifrank Mk < 3k. Otherwise two minimal Z(p)—RM exist.
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The TMP on y? = x3

Let k > 3, p(x,y) = y* — x® and 3 := fH).

Proposition
The statement

5 has a Z(p)—RM.

is than the statement

My admits PSD extensions M, for every m > k.

Idea of the proof.

@ There exists a psd, p—RG matrix M; of rank 3k such that A, is not PSD.

@ So, M3 does not admit a Z(p)—RM, but one can easily construct PSD
extensions M, for every m > 3 in the univariate setting.

pis in Stochel’s sense.
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The TMP on higher degree curves - a new approach

Higher degree irreducible curves
MATRIX COMPLETION PROBLEMS WITH CONSTRAINTS
4 3
y=X xy“=1

Rational 1
parametrization (t,1lt3)

2} 4

Polynomial pirametriza on
(ttY)
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The TMP on y = x*

Every atom must be of the form (T, f4) for some t € R. So ;‘3,'_/'
corresponds to the moment of

Z/+4j.
Asi jrunover0,1,... 2k such thati+j < 2k, the sum i + 4j runs over the set
{0,1,...,8k — 6,8k — 4,8k — 3,8k}.
The problem is equivalent to the
THMP of degree 8k with gaps Ysk—5, V8k—2, Y8k—1

i.e., do there exist xq, x2, X3 € R such that

(Y0, Y15 - -+, Y8Kk—65 X1, V8k—4, V8k—35 X2, X3, Y8k)
admits a measure on

R.
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The THMP of degree 8k with gaps vsx_5, Vgk—_2, V8k_1

The corresponding Hankel matrix A, x, x, x,) iS

Yo M Y2 73 T T Tk
o2 78 ' ;
Y2 3 - Y8k—6

I Yek—6 X1

Y8k—6 X4 Y8k—4
Y8k—6 X Y8k—4  V8k—3
Y8k—6 X4 Y8k—4 V8k—3 X2

Y8k—6 X1 Y8k—4  YV8k—3 X2 X3
Ykt V8k—6 X1 Y8k—4  V8k—3 X2 X3 Y8k

This is the linear matrix inequality (LMI) feasibility problem with constraints,
i.e., the constraint is that in the corank 1 case the last column must be
dependent from the others.
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The THMP of degree 8k with gaps vsx_5, Vgk—_2, V8k_1

By a simple trick of adding the next row and column the constraint can be
removed and this becomes only a LMI feasibility problem, i.e., do there exist

X1, X0, X3 and x4. x5 such that

Yo N 72 73 Tk Yk+1
9! Y2 Y3
Y2 73 Y8k—6 X1 Y8k—4
V3 . Y8k—6 X4 Y8k—4 | V8k—3
Y8k—6 X1 Y8k—4 Y8k—3 X2
Y8k—6 X1 Y8k—4  V8k—3 X2 X3
: Y8k—6 X4 Y8k—4 V8k—3 X2 X3 Y8k
Tk Y8k—6 X1 Y8k—4 V8k—3 X2 X3 Y8k X4
Vk+1 X1 Y8k—4  V8k—3 X2 X3 Y8k X4 X5
is PSD?

IWOTA 2022 24/27




Algebraic certificate of infeasibility of the LMI

One abstract solution to the TMP on

(and all curves of the form or where g € R[X], ¢ € N),

is the following Nonlinear Farkas lemma.

Theorem (Klep & Schweighofer, 12’)
Let

A(X) = Ao+ A1 Xy + ...+ AnXp,

where A; are real symmetric matrices of size «. TFAE:
Q@ A(x) is infeasible.

Q —1¢ Mfe_”, where

i=1 j=1

£
Y4
Mg {ZwZvTA )i pi € Rixlpe_+, ) € (R[K]zl—ﬂa}

is the (2¢ — 1)—th quadratic module associated to A(x) and ¢ = min(a, n).

vy
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The TMP on y = g(x)

Another abstract solution to the TMP on

all curves of the form ¥ = (X)), where g € R[X],

is the following:

Theorem (Stochel 92’ & Fialkow, 11°)

TFAE:

@ j has a Z(p)-RM.

@ My admits a PSD, RG extension Mok .1) deg g—1-
@ M admits a PSD extension M2k.1) deg g-
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The TMP on y = g(x)

Another abstract solution to the TMP on

all curves of the form Y = (X)), where g € R[X],
is the following:

Theorem (Stochel 92’ & Fialkow, 11’)

TFAE:
@ 3 has a Z(p)—-RM.

@ My admits a PSD, RG extensionW Mk+deg g—1-
© M admits a PSD extension M, deg g Mkideg g-

Remark. The improvement using the univariate reduction technique in the
size of extension is from quadratic in k,deg g to linear in k, deg q.
A similar result holds for curves yx" = 1, / < I\,
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Thank you for your attention!
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