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ABSTRACT. We prove that every affine terminal Gorenstein toric variety of dimension at most four is
unobstructed. In dimension four, the obstruction space need not vanish; instead, we determine the pos-
sible homogeneous obstruction degrees and construct simultaneous two-parameter deformations which
eliminate the remaining potential obstructions.

1. INTRODUCTION

Deformation theory provides a fundamental tool for relating singular algebraic varieties to smooth
ones and for understanding the local structure of moduli spaces. A variety X is called unobstructed if
its deformation functor DefX is formally smooth, that is, if every infinitesimal deformation of X lifts
across every small extension of local Artinian algebras. In particular, every first-order deformation can
then be extended to a formal deformation of all orders. If T 1

X is finite-dimensional and DefX admits a
hull, unobstructedness is equivalent to the smoothness of the miniversal base. Thus unobstructedness is
important both for constructing smoothings and for controlling the local geometry of deformation and
moduli spaces.

Unobstructedness is known in several important geometric settings. The Bogomolov–Tian–Todorov
theorem gives unobstructedness for smooth Calabi–Yau manifolds, with T 1-lifting approaches devel-
oped by Ran and Kawamata; see [Ran92b, Kaw92]. For singular Calabi–Yau varieties, unobstructed-
ness results under various assumptions were obtained by Kawamata, Ran, Tian, and Namikawa; see
[Kaw92, Ran92a, Tia92, Nam94]. More recent generalisations appear in [FL24, FL25]. On the Fano
side, every smooth Fano manifold is unobstructed. More generally, Sano proved that every weak Fano
manifold is unobstructed [San14].

For affine toric varieties, unobstructedness can often be established by proving the vanishing of the
obstruction space T 2

X . Altmann and Sletsjøe gave a combinatorial description of the relevant André–
Quillen cohomology groups in [AS98], while Altmann and van Straten subsequently established poly-
hedral vanishing criteria for T 2

X , yielding unobstructedness for certain classes of affine Gorenstein toric
singularities in [AvS00].

The principal result of this paper is that every affine terminal Gorenstein toric variety of dimension at
most four is unobstructed; see Theorem 5.3. In dimensions at most three, this follows from the vanishing
of the obstruction space T 2

X ; see Lemma 4.3. In dimension four, however, T 2
X need not vanish; see

Example 4.4. Thus, in this case, unobstructedness cannot be deduced solely from the vanishing of the
obstruction space.
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This unobstructedness result is also relevant to mirror symmetry. It was shown in [Fil26], for Laurent
polynomials in two variables, that if f mutates to g and X∆(g) is unobstructed, then the deformation
of X∆(f) corresponding to the sequence of mutations from f to g is unobstructed. The results of the
present paper therefore suggest a four-dimensional analogue. Namely, if a Laurent polynomial f in
three variables can be mutated to a Laurent polynomial g such that ∆(g) is empty, or equivalently such
that X∆(g) is terminal (see Definition 2.5), then one expects the corresponding mutation deformation
of X∆(f) to be unobstructed. Establishing this statement requires extending the mutation–deformation
comparison of [Fil26], which was proved only in affine dimension three, to the four-dimensional setting.

We now explain the strategy for proving unobstructedness in dimension four. Let XP be a four-
dimensional affine terminal Gorenstein toric variety. Then P is an empty three-dimensional lattice
polytope. By Proposition 4.7, T 2

XP
(−r) = 0 for every r ̸= R∗, where R∗ denotes the Gorenstein

degree. Thus T 2
XP

(−R∗) is the only homogeneous component of the obstruction space which may be
nonzero.

On the other hand, Proposition 4.5 determines all nonzero homogeneous components of the tangent
space T 1

XP
. Besides the component in degree −R∗, they are associated with square facets F ⊂ P and

occur in degrees −
(
R∗ − nsF

)
, n ≥ 1, where sF ∈ M̃ is the primitive generator of the ray of σ∨

corresponding to F .
We first consider the finite-dimensional primitive tangent subspace corresponding to n = 1. Its

square-facet parameters have degrees mF := R∗ − sF , and let tF denote the deformation parameter
corresponding to a nonzero generator ξF ∈ T 1

XP
(−mF ). Thus deg(tF ) = mF . Lemma 5.1 determines

exactly when a sum of these primitive tangent parameter degrees can reach the exceptional obstruction
degree R∗. It shows that the only possibility is mF1 +mF2 = R∗ for two parallel square facets F1 and
F2.

The cohomological vanishing criterion therefore leaves precisely one type of possible mixed obstruc-
tion. To eliminate it, in Section 3 we construct a simultaneous two-parameter deformation associated
with two compatible deformation pairs. Applied to the two parallel square facets above, this construc-
tion proves that the coefficient of the possible mixed quadratic obstruction tF1tF2 vanishes, even when
its target T 2

XP
(−R∗) is nonzero.

A further difficulty is that XP is generally non-isolated and thus T 1
XP

may be infinite-dimensional.
Consequently, the full deformation functor cannot in general be treated by invoking a noetherian miniver-
sal base. We instead construct compatible formal deformations over finite-dimensional power-series
rings, containing the tangent directions with n ≤ N . The higher tangent directions are obtained from
the primitive ones using the module structure on T 1

XP
, and the corresponding families are constructed

by a homogeneous substitution in both the defining equations and their lifted relations. Finally, an in-
duction over Artinian small extensions shows directly that DefXP

is formally smooth. All these steps
are carried out in the proof of Theorem 5.3.

The paper is organised as follows. In the preliminaries, we recall the graded tangent and obstruction
spaces of an affine Gorenstein toric variety. In Section 3, we construct simultaneous two-parameter
deformations associated with compatible deformation pairs. In Section 4, we compute the tangent and
obstruction degrees of affine terminal Gorenstein toric varieties and prove their unobstructedness in
dimensions at most three. Finally, in Section 5, we prove that every affine terminal Gorenstein toric
fourfold is unobstructed; see Theorem 5.3.
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2. PRELIMINARIES

2.1. The setup. We work over the field C, which is algebraically closed and of characteristic zero. Let
N ∼= Zn be a lattice of rank n, and let M := HomZ(N,Z) be its dual lattice. We write

NR := N ⊗Z R, MR :=M ⊗Z R.
Let P ⊂ NR be a full-dimensional lattice polytope with vertices v1, . . . , vp. Set

Ñ := N ⊕ Z, M̃ :=M ⊕ Z.
By embedding P at height 1, we obtain the strongly convex rational polyhedral cone

(2.1) σ := cone(a1, . . . , ap) =

{
p∑

i=1

λia
i

∣∣∣∣∣ λi ∈ R≥0

}
⊂ ÑR,

where
ai := (vi, 1) ∈ Ñ , i = 1, . . . , p,

and ÑR := Ñ ⊗Z R. The dual cone is

σ∨ :=
{
r ∈ M̃R

∣∣∣ ⟨n, r⟩ ≥ 0 for every n ∈ σ
}
,

where M̃R := M̃ ⊗Z R. We consider the affine semigroup SP := σ∨ ∩ M̃ and the associated affine
Gorenstein toric variety XP := SpecC[SP ]. Conversely, every affine Gorenstein toric variety without
torus factors is isomorphic to XP for some full-dimensional lattice polytope P .

We denote the coordinate projections by

πM : M̃ −→M, πZ : M̃ −→ Z.
These projections will be used throughout the paper.

Definition 2.1. Let Q ⊂ NR be a polytope and let c ∈ MR. Choose a vertex vQ(c) of Q at which the
function ⟨c, ·⟩ : Q −→ R attains its minimum. We define

ηQ(c) := −min
v∈Q
⟨v, c⟩ = −⟨vQ(c), c⟩.

Although the vertex vQ(c) need not be unique, the value ηQ(c) is independent of this choice.

The Hilbert basis of SP = σ∨ ∩ M̃ can be written as

(2.2) HP = {s1 = (c1, ηP (c1)), . . . , sr = (cr, ηP (cr)), R
∗} ,

where R∗ := (0, 1), with the convention that R∗ is omitted if it is decomposable in SP ; see [Alt97,
Section 4.3]. Here c1, . . . , cr ∈ M \ {0} are pairwise distinct and uniquely determined up to ordering.
The element R∗ is called the Gorenstein degree.

Example 2.2. 1 Let N = Z3, with coordinates (x, y, z), and let

P = conv{v1 = (0, 0, 0), v2 = (1, 0, 0), v3 = (0, 1, 0), v4 = (1, 1, 0),

v5 = (0, 0, 1), v6 = (1, 0, 1), v7 = (1, 1, 1), v8 = (2, 1, 1)}.

1The file with Magma code for this example numerical computations can be found on the link https://github.com/
matfilip/Unobstructedness.

https://github.com/matfilip/Unobstructedness
https://github.com/matfilip/Unobstructedness
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A direct facet computation gives

x ≥ 0, y ≥ 0, z ≥ 0, 1 + x− y − z ≥ 0,

1− x+ y ≥ 0, 1− x+ z ≥ 0, 1− y ≥ 0, 1− z ≥ 0.

These inequalities force 0 ≤ y, z ≤ 1. Checking the four possible pairs (y, z) ∈ {0, 1}2 shows that the
lattice points of P are precisely v1, . . . , v8. In particular, P is empty, cf. Definition 2.5.

The corresponding facets, listed in the same order as the inequalities above, are

x = 0 conv{v1, v3, v5},
y = 0 Fy,0 := conv{v1, v2, v6, v5},
z = 0 Fz,0 := conv{v1, v2, v4, v3},

1 + x− y − z = 0 conv{v3, v5, v7},
1− x+ y = 0 conv{v2, v6, v8},
1− x+ z = 0 conv{v2, v4, v8},

y = 1 Fy,1 := conv{v3, v4, v8, v7},
z = 1 Fz,1 := conv{v5, v6, v8, v7}.

Thus P has four triangular facets and four square facets, the latter being Fy,0, Fy,1, Fz,0, and Fz,1.
Writing ij for the edge [vi, vj ], the edge set is

E(P ) = {12, 13, 15, 24, 26, 28, 34, 35, 37, 48, 56, 57, 68, 78}.

Together with the vertices v1, . . . , v8, these are all the nonempty proper faces of P .
The primitive ray generators of σ∨ are

s1 = (1, 0, 0, 0), s2 = (0, 1, 0, 0), s3 = (0, 0, 1, 0), s4 = (1,−1,−1, 1),
s5 = (−1, 1, 0, 1), s6 = (−1, 0, 1, 1), s7 = (0,−1, 0, 1), s8 = (0, 0,−1, 1).

Here si is the primitive support element corresponding to the i-th facet in the preceding list. Moreover,

R∗ = (0, 0, 0, 1) = s2 + s7 = s3 + s8.

To determine the Hilbert basis, consider the following triangulation of σ∨:

cone(R∗, s6, s3, s7), cone(R∗, s1, s3, s7), cone(R∗, s1, s3, s2),

cone(s8, R
∗, s6, s7), cone(s8, R

∗, s1, s2), cone(s4, R
∗, s1, s7),

cone(s4, s8, R
∗, s7), cone(s4, s8, R

∗, s1), cone(s5, s8, R
∗, s2),

cone(s5, s8, R
∗, s6), cone(s5, R

∗, s3, s2), cone(s5, R
∗, s6, s3).

The determinant of the four generators of each cone is ±1, so this triangulation is unimodular. Hence
every lattice point of σ∨ is generated by s1, . . . , s8, R∗. Since R∗ = s2+ s7 = s3+ s8, it is decompos-
able, whereas the si are primitive generators of extremal rays and hence indecomposable. Therefore

HP = {s1, . . . , s8}.
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2.2. Graded deformation theory. We briefly recall from [Ser06, Chapters 2 and 3] the basic notions
concerning deformation functors, small extensions, tangent and obstruction spaces, and formal smooth-
ness.

Let X be an affine scheme over C, and let DefX denote its deformation functor. We denote by T 1
X

its tangent space, so that
T 1
X
∼= DefX

(
C[ϵ]/(ϵ2)

)
.

Let (B,mB) be a complete local C-algebra. A formal deformation of X over B is a compatible
system of deformations over the Artinian quotients B/mk+1

B . Its first-order truncation over B/m2
B

determines the Kodaira–Spencer map

KSX : (mB/m
2
B)

∗ −→ T 1
X .

Equivalently, the image of a tangent vector is the class of the first-order deformation obtained by pulling
back along the corresponding homomorphism B/m2

B → C[ϵ]/(ϵ2).
We also denote by T 2

X a natural obstruction space for DefX . More precisely, let

0 −→ J −→ B′ −→ B −→ 0

be a small extension of local Artinian C-algebras, meaning that mB′J = 0. For every deformation XB

of X over B, there is an obstruction class

ob(XB, B
′) ∈ T 2

X ⊗C J

whose vanishing is equivalent to the existence of a lifting of XB to B′. If this obstruction vanishes, the
set of isomorphism classes of liftings is a torsor under T 1

X ⊗C J.
We say that X is unobstructed if its deformation functor DefX is formally smooth, that is, if the

natural map DefX(B′) −→ DefX(B) is surjective for every small extension B′ → B.
We now specialise to X = XP . The torus action on XP induces M̃ -gradings

T i
XP

=
⊕
r∈M̃

T i
XP

(−r), i = 1, 2.

Moreover, the obstruction theory is torus-equivariant. Consequently, obstruction classes decompose
into their M̃ -homogeneous components, and the equations governing every finite-dimensional graded
deformation problem may be chosen M̃ -homogeneous.

For a graded deformation, a base parameter of degree r has Kodaira–Spencer class in T 1
XP

(−r).
In the following two subsections, we recall the combinatorial descriptions of the homogeneous com-

ponents of T 1
XP

and T 2
XP

. These descriptions will allow us to determine the possible tangent parameter
degrees and the degrees in which obstructions can occur.

2.3. The tangent space. Let σ be as in (2.1). For r ∈ M̃ and j = 1, . . . , p, recall from [AS98, Alt00]
the subsets

Kr
j :=

{
m ∈ SP

∣∣ ⟨aj ,m⟩ < ⟨aj , r⟩} , SP = σ∨ ∩ M̃.

More generally, for every nonzero face τ ⪯ σ, define

Kr
τ :=

⋂
aj∈τ

Kr
j ,

and, for the zero face, put Kr
0 := SP . Thus, if γ ⪯ τ , then Kr

τ ⊆ Kr
γ .
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The complex span(Kr)• of free abelian groups is defined by

span(Kr)−k :=
⊕
τ⪯σ

dim τ=k

spanZ(K
r
τ ),

with differentials induced by the inclusions of faces and the usual incidence signs. We write

span(Kr)∗• := HomZ
(
span(Kr)•,Z

)
.

Since XP is Gorenstein, and hence Gorenstein in codimension two, we have

(2.3) T k
XP

(−r) ∼= Hk (span(Kr)∗• ⊗Z C) , k = 1, 2;

see [AS98, Propositions 5.3 and 5.4] and [Alt00, Theorem 2.1]. Here T k
XP

(−r) denotes the homoge-

neous component of degree −r ∈ M̃ . The torus action induces the decomposition

T k
XP

=
⊕
r∈M̃

T k
XP

(−r).

We next recall the more explicit description of T 1
XP

obtained in [Alt00]. For r ∈ M̃ , write

φr(v) := ⟨r, (v, 1)⟩, v ∈ NR,

and consider the cross-section

Q(r) := σ ∩
{
x ∈ ÑR

∣∣∣ ⟨r, x⟩ = 1
}
.

Let Ec(r) denote the set of compact edges of Q(r). For every E ∈ Ec(r), choose an orientation and
denote its direction vector by dE . For every compact two-dimensional face ε ⊂ Q(r), choose incidence
signs δε(E) ∈ {0,±1} such that ∑

E⊂ε

δε(E)dE = 0.

Define

V (r) :=

{
(tE)E∈Ec(r)

∣∣∣∣∣ ∑
E⊂ε

δε(E)tEdE = 0 for every compact two-face ε

}
.

If E ∈ Ec(r) is induced by an edge [vi, vj ] ⊂ P, let ℓ(E) denote the lattice length of this edge.
Define

V ′(r) :=
{
(tE)E ∈ V (r)

∣∣ tE ̸= 0 =⇒ 1 ≤ φr(v
i) = φr(v

j) ≤ ℓ(E)
}
.

We write
V (r)C := V (r)⊗R C, V ′(r)C := V ′(r)⊗R C.

Theorem 2.3 ([Alt00, Theorem 4.1]). The following statements hold.

(1) Suppose that φr(v) ≤ 1 for every vertex v of P . Then

T 1
XP

(−r) ∼= V (r)C/C · 1,

where 1 = (1, . . . , 1) is the homothety direction.
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(2) Suppose that maxv∈P φr(v) ≥ 2. Then

T 1
XP

(−r) ∼= V ′(r)C.

In particular, an edge coordinate can be nonzero only on an edge E = [vi, vj ] satisfying

φr(v
i) = φr(v

j) = qE , 1 ≤ qE ≤ ℓ(E).

2.4. The obstruction space. For every vertex vj of P , one has

(2.4) spanC(K
r
j ) =


M̃C, ⟨aj , r⟩ ≥ 2,

(aj)⊥C , ⟨aj , r⟩ = 1,

0, ⟨aj , r⟩ ≤ 0.

For a face F ⪯ P , write

(2.5) F̂ := cone {(v, 1) | v ∈ F} ⪯ σ
and set Kr

F := Kr
F̂
. In particular, if F = {vj}, then Kr

F = Kr
j .

By (2.3), the vector space T 2
XP

(−r) is the middle cohomology of the complex

(2.6)
p⊕

j=1

(
spanCK

r
j

)∗ g1−−→
⊕

E∈E(P )

(
spanCK

r
E

)∗ g2−−→
⊕

ε∈F2(P )

(
spanCK

r
ε

)∗
,

where E(P ) and F2(P ) denote the sets of edges and two-dimensional faces of P , respectively.
Choose an orientation of every edge of P . For an oriented edge E = [vi, vj ], write dE := vj − vi.

The first map in (2.6) is given by

g1
(
(φi)i

)
E
= (φj − φi)|spanC Kr

E
.

For every two-dimensional face ε ⊂ P , choose an orientation of its boundary and incidence signs
δεE ∈ {0,±1} such that ∑

E⊂ε

δεEdE = 0.

The second map in (2.6) is given by

g2
(
(φE)E

)
ε
=

∑
E⊂ε

δεE φE |spanC Kr
ε
.

2.5. Affine terminal Gorenstein toric singularities. An affine lattice automorphism of NR is a map

φ : NR −→ NR, x 7−→ A(x) + b,

where
A ∈ GL(N) and b ∈ N.

Such a map is also called an affine unimodular transformation.

Definition 2.4. Let P, P ′ ⊂ NR be lattice polytopes. We say that P and P ′ are lattice equivalent, or
unimodularly equivalent, if there exists an affine lattice automorphism

φ(x) = A(x) + b, A ∈ GL(N), b ∈ N,
such that φ(P ) = P ′.
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Definition 2.5. A lattice polytope P ⊂ NR is called empty if P ∩ N = Vert(P ), that is, if its only
lattice points are its vertices. An affine toric Gorenstein variety XP is terminal, if P is empty.

Note that terminal XP has only terminal singularities, see e.g. [CLS11, Proposition 11.4.12]. The
following vanishing result will be useful.

Theorem 2.6. Let P be empty. For r ∈ M̃ , write

φr(v) := ⟨r, (v, 1)⟩, Fr := P ∩ (φr = 1).

Then the following hold:
(1) If there exists a vertex v of P such that φr(v) > 1, then

T k
XP

(−r) = 0, k = 1, 2.

(2) Suppose that φr ≤ 1 on P . If every ℓ-dimensional face of Fr is a simplex, then

T k
XP

(−r) = 0 for k < ℓ, k = 1, 2.

(3) If dimFr ≤ 2, then T 2
XP

(−r) = 0.

Proof. This follows from [AvS00, Proposition 4.1, Theorem 6.6]. □

3. TWO-PARAMETER DEFORMATIONS ASSOCIATED WITH COMPATIBLE DEFORMATION PAIRS

We retain the notation of Subsection 2.1 and follow the sign and grading conventions of [Fil26, Sec-
tions 2 and 3]. For convenience, we recall below the conventions used in the construction. We construct
a simultaneous two-parameter deformation associated with two deformation pairs having possibly dif-
ferent Minkowski summands, generalizing the one-parameter construction of [Fil26, Section 3]. This
result will be crucial in proving the unobstructedness of affine terminal Gorenstein toric varieties; see
Theorem 5.3.

We use the convention N = {0, 1, 2, . . .}. For multi-indices α,β ∈ N2, the notation α ≤ β means
componentwise inequality. For a lattice polytope Q ⊂ NR, our support function is

ηQ(c) := −min
v∈Q
⟨c, v⟩, c ∈MR.

Thus ηQ is positively homogeneous and subadditive. We say that a polytope A is a Minkowski sum-
mand of a polytope B if B = A + C for some polytope C. All semigroup algebras and polynomial
presentations below are M̃ -graded, with deg(χs) = s.

We begin with a finite generating set SP = cone(s1, . . . , sr, R
∗), where each sj = (cj , ηP (cj)) is

a boundary element. The set is not required to be minimal and will be enlarged below, after the two
deformation pairs have been fixed. Put x = (x1, . . . , xr), and let

ΘP : C[x, u] −→ C[SP ]

be the surjective homomorphism determined by

ΘP (xj) = χsj , ΘP (u) = χR∗
.

Setting IP := ker(ΘP ), we have

XP = SpecC[SP ] ∼= Spec
C[x, u]
IP

.
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For k = (k1, . . . , kr) ∈ Nr, set

sk :=
r∑

j=1

kjsj , xk :=
r∏

j=1

x
kj
j ,

and, for a lattice polytope Q ⊂ NR, define

ηQ(k) :=

r∑
j=1

ηQ(kjcj)− ηQ

 r∑
j=1

kjcj

 .

Every s ∈ SP has a unique decomposition

s = ∂P (s) + nP (s)R
∗, ∂P (s)−R∗ /∈ SP , nP (s) ∈ N.

For every element b ∈ ∂P (SP ), choose an exponent vector

∂(b) ∈ Nr such that s∂(b) = b.

After fixing the two deformation pairs, we shall replace these choices by representatives adapted simul-
taneously to their two support functions. For s ∈ SP , define ∂(s) := ∂

(
∂P (s)

)
and put

χs
P := x∂(s)unP (s).

For s = sk, write
∂(k) := ∂(sk).

By positive homogeneity of ηP , the preceding definition gives

ηP (k) =
r∑

j=1

kjηP (cj)− ηP

 r∑
j=1

kjcj

 = nP (sk).

Consequently,
sk = s∂(k) + ηP (k)R

∗, χsk
P = x∂(k)uηP (k).

The following elementary presentation lemma will allow us to enlarge the semigroup generating set
without changing the form of the equations or of their relations.

Lemma 3.1. For any finite set of boundary generators as above and any choices of boundary represen-
tatives ∂(b), the binomials

fk := xk − χsk
P , k ∈ Nr,

generate IP . Let P := C[x, u] and let
F :=

⊕
k∈Nr

Pek

be the free P-module with basis {ek | k ∈ Nr}. Let

ψ : F −→ IP

be the unique P-linear homomorphism determined by

ψ(ek) = fk.

Then ψ is surjective, and its kernel is generated as a P-module by the elements

ρa,k := ea+k − xaek − uηP (k)e∂(k)+a, a,k ∈ Nr.
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Equivalently, the first syzygy module of the family {fk}k∈Nr is generated by the ρa,k.

Proof. For the corresponding statement for the Hilbert-basis presentation, see [ACF22a, Lemmas 5.3
and 5.6]. The same argument applies to any finite set of boundary generators and any fixed choice of
boundary representatives. □

Consequently, the module of relations among the equations fk is generated by

(3.1) ra,k := fa+k − xafk − uηP (k)f∂(k)+a = 0, a,k ∈ Nr.

Example 3.2. Continue with the polytope of Example 2.2. Recall that HP = {s1, . . . , s8}, whereas
R∗ = (0, 0, 0, 1) = s2 + s7 = s3 + s8. Although R∗ is decomposable and hence does not belong to the
Hilbert basis, we adjoin it as a redundant semigroup generator and denote the corresponding variable
by u.

Let e1, . . . , e8 denote the standard basis of N8, and write fij := fei+ej . The following additive
relations hold in SP :

s1 + s5 = s2 +R∗, s1 + s6 = s3 +R∗, s1 + s7 = s3 + s4,

s1 + s8 = s2 + s4, s2 + s6 = s3 + s5, s2 + s7 = R∗,

s3 + s8 = R∗, s4 + s5 = s8 +R∗, s4 + s6 = s7 +R∗,

s5 + s7 = s6 + s8.

Choose the boundary representatives in accordance with the right-hand sides of these relations. The
corresponding binomials are

f15 = x1x5 − x2u, f16 = x1x6 − x3u, f17 = x1x7 − x3x4,
f18 = x1x8 − x2x4, f26 = x2x6 − x3x5, f27 = x2x7 − u,
f38 = x3x8 − u, f45 = x4x5 − x8u, f46 = x4x6 − x7u,
f57 = x5x7 − x6x8.

For instance, s1+s5 = s2+R
∗ gives ∂(e1+e5) = e2 and ηP (e1+e5) = 1, hence f15 = x1x5−x2u.

Similarly, s1+s7 = s3+s4 gives ∂(e1+e7) = e3+e4 and ηP (e1+e7) = 0, hence f17 = x1x7−x3x4.
Let

J := (f15, f16, f17, f18, f26, f27, f38, f45, f46, f57) ⊆ C[x1, . . . , x8, u].
Since every displayed binomial comes from an additive relation in SP , we have J ⊆ IP . We verify the
reverse inclusion using a monomial parametrization.

Consider the unimodular lattice automorphism U : M̃ → M̃ defined by U(a, b, c, d) = (d, a+d, b+
d, c + d). Its inverse is U−1(α, β, γ, δ) = (β − α, γ − α, δ − α, α), so U ∈ GL4(Z). Moreover, the
vectors U(s1), . . . , U(s8), U(R∗) have nonnegative coordinates.

Let w, p, q, z be auxiliary variables corresponding, in this order, to the four coordinates of U(M̃).
Thus (α, β, γ, δ) is represented by the monomial wαpβqγzδ. The transformed generators determine a
monomial homomorphism Φ: C[x1, . . . , x8, u]→ C[w, p, q, z] given by

x1 x2 x3 x4 x5 x6 x7 x8 u
Φ( · ) p q z wp2 wq2z wqz2 wpz wpq wpqz.

For example, U(s1) = (0, 1, 0, 0) and U(s4) = (1, 2, 0, 0), which explains the assignments Φ(x1) = p
and Φ(x4) = wp2.
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Since U is unimodular, it preserves all additive relations among the semigroup generators. Hence
im(Φ) ∼= C[SP ] and ker(Φ) = IP . A Gröbner-basis computation in Magma gives

G =
{
x2x6x8 − x5u, x1x7x8 − x4u, x2x4 − x1x8, x3x4 − x1x7,
x1x5 − x2u, x3x5 − x2x6, x4x5 − x8u, x1x6 − x3u,
x4x6 − x7u, x2x7 − u, x5x7 − x6x8, x3x8 − u

}
for IP . Ten elements of G are the generators of J , up to multiplication by−1. The remaining two cubic
binomials are redundant: indeed, x2x6x8−x5u = x8f26+x5f38 and x1x7x8−x4u = x8f17+x4f38.
Thus G ⊆ J , and consequently IP ⊆ J . Together with J ⊆ IP , this proves IP = J . Therefore

XP
∼= Spec

C[x1, . . . , x8, u]
(f15, f16, f17, f18, f26, f27, f38, f45, f46, f57)

.

We finally illustrate the syzygy statement of Lemma 3.1. Take k = e1+e5 and a = e7. As observed
above, ∂(k) = e2 and ηP (k) = 1. The corresponding standard syzygy is

ρe7,e1+e5 = ee1+e5+e7 − x7ee1+e5 − uee2+e7 ∈ F .
Applying the P-linear homomorphism ψ : F → IP gives

ψ (ρe7,e1+e5) = f157 − x7f15 − uf27,
where f157 := fe1+e5+e7 = x1x5x7 − u2, since s1 + s5 + s7 = 2R∗. Indeed,

f157 − x7f15 − uf27 = (x1x5x7 − u2)− x7(x1x5 − x2u)− u(x2x7 − u) = 0.

Thus ρe7,e1+e5 ∈ ker(ψ), as asserted by Lemma 3.1.

We now recall the notation used in the definition of a deformation pair. For m ∈ M̃ , let

φm : NR −→ R, φm(v) := ⟨m, (v, 1)⟩ = ⟨πM (m), v⟩+ πZ(m).

Definition 3.3 ([Fil26]). Let m ∈ M̃ , and let Q ⊂ ker
(
πM (m)

)
be a lattice polytope. The pair (m,Q)

is called a deformation pair of P if, for every i ∈ N such that the section

Pi(m) := P ∩ {φm = i}
is nonempty, there exists a polytope Ri such that

Pi(m) = iQ+Ri.

Here iQ = Q+. . .+Q denotes the i-fold Minkowski sum ofQ for i ≥ 1, and 0Q := {0}. Equivalently,
the condition says that iQ is a Minkowski summand of every nonempty integral-level section Pi(m).

A deformation pair (m,Q) determines a one-parameter deformation of XP [Fil26, Corollary 3.9].
We denote its deformation parameter by t(m,Q) and assign it degree deg t(m,Q) = m. The deformation-
pair condition implies the following regularity property:

(3.2) sk − jm ∈ σ∨ whenever 0 ≤ j ≤ ηQ(k).
Indeed, this follows by evaluating on the generators (v, 1) of σ and using the Minkowski decomposition
Pi(m) = iQ+Ri.

Let
D =

{
(m1, Q1), (m2, Q2)

}
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be two deformation pairs of P . We assume that they are mutually compatible, meaning that

(3.3) Q1, Q2 ⊂ kerπM (m1) ∩ kerπM (m2).

We also assume that

(3.4) φm1(v)φm2(v) = 0 for every vertex v of P.

We now make the boundary choices above simultaneously compatible with Q1 and Q2. The follow-
ing lemma is the reason for allowing a nonminimal semigroup generating set.

Lemma 3.4. After adjoining finitely many boundary elements to s1, . . . , sr, every boundary element
b ∈ ∂P (SP ) admits a representative ∂(b) such that

(3.5) ηQi(∂(b)) = 0, i = 1, 2.

The enlarged elements together with R∗ still generate SP , and the presentation and syzygy statement of
Lemma 3.1 applies to this enlarged presentation.

Proof. Let Σ be a finite common rational polyhedral refinement of the normal fans of P,Q1, and Q2.
Equivalently, the three support functions ηP , ηQ1 , ηQ2 are linear on every cone τ ∈ Σ. For such a
cone, set

Bτ :=
{
(c, ηP (c)) | c ∈ τ ∩M

}
⊂ ∂P (SP ).

Since ηP is linear on τ , the projection to M identifies Bτ with the affine semigroup τ ∩M . Therefore
Bτ has a finite Hilbert basis. Adjoin the Hilbert bases of Bτ for all cones τ ∈ Σ. This adds only finitely
many boundary generators.

Let b = (c, ηP (c)) ∈ ∂P (SP ). Choose a cone τ ∈ Σ containing c, express b as a sum of elements
of the Hilbert basis of Bτ , and use this expression to define ∂(b). All generators occurring in this
representative have first coordinates in the same cone τ . Since each ηQi is linear on τ ,

ηQi(∂(b)) =
∑
j

kjηQi(cj)− ηQi

∑
j

kjcj

 = 0, i = 1, 2.

Finally, every s ∈ SP has the form s = (c, ηP (c)) + nR∗, n ∈ N, so the enlarged boundary elements
together with R∗ generate SP . Lemma 3.1 concludes the proof. □

From now on, we use this enlarged generating set and these adapted representatives, retaining the
notation sj , xj ,x, and ∂. The enlargement only introduces redundant toric coordinates and does not
change XP ; such coordinates may be eliminated in explicit smaller presentations.

The adapted vanishing also gives, for every a,k ∈ Nr,

(3.6) ηQi(a+ k) = ηQi(k) + ηQi(∂(k) + a), i = 1, 2.

Indeed, the projections to M of sk and s∂(k) agree, and (3.5) applies to ∂(k).
Write

ti := t(mi,Qi), t := (t1, t2), deg(ti) = mi.

For α = (α1, α2) ∈ N2, set

tα := tα1
1 tα2

2 , mα := α1m1 + α2m2.

For k ∈ Nr, write
Ai(k) := ηQi(k), A(k) :=

(
A1(k), A2(k)

)
,
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and (
A(k)

α

)
:=

(
A1(k)

α1

)(
A2(k)

α2

)
.

We use the convention that this coefficient is zero if αi > Ai(k) for some i.
For every k ∈ Nr, define

(3.7) Fk(x, u, t1, t2) := xk −
∑
α∈N2

αi≤Ai(k), i=1,2

(
A(k)

α

)
tαχsk−mα

P .

The characters occurring in (3.7) are well-defined. Indeed, let v be a vertex of P . By (3.4), one of
φm1(v) and φm2(v) is zero. If, for example, φm2(v) = 0, then sk − α1m1 ∈ σ∨ by (3.2), and hence

⟨sk −mα, (v, 1)⟩ = ⟨sk − α1m1, (v, 1)⟩ − α2φm2(v) ≥ 0.

The other case is identical. Thus sk −mα ∈ σ∨.
For every admissible α, set

kα := ∂
(
sk −mα

)
∈ Nr

and νk,α := nP
(
sk −mα

)
. Thus

(3.8) sk −mα = skα + νk,αR
∗.

For a,k ∈ Nr, define

(3.9) Ra,k := Fa+k − xaFk − uηP (k)F∂(k)+a −
∑

α∈N2\{0}
αi≤Ai(k), i=1,2

uνk,α
(
A(k)

α

)
tαFkα+a.

Lemma 3.5. For every a ∈ Nr,

ηQi(kα + a) = ηQi(∂(k) + a), i = 1, 2.

Proof. Fix i ∈ {1, 2}, and write

cb :=

r∑
j=1

bjcj for b ∈ Nr.

Since ∂(k) and kα are the chosen adapted representatives of boundary elements, Lemma 3.4 gives

ηQi(∂(k)) = ηQi(kα) = 0.

Moreover, projecting the boundary decomposition to M yields ckα = c∂(k) − πM (mα). By mutual
compatibility,

Qi ⊂ kerπM (m1) ∩ kerπM (m2),

and hence πM (mα) vanishes identically on Qi. Therefore ηQi(ckα) = ηQi(c∂(k)) and

ηQi(ca + ckα) = ηQi(ca + c∂(k)).

Using the definition of ηQi( · ) and the two vanishing equalities above, we conclude that

ηQi(kα + a) = ηQi(∂(k) + a),

as required. □
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Proposition 3.6. For every a,k ∈ Nr, the expression Ra,k is a linear relation among the equations Fb.

Proof. Set
Ai := ηQi(k), Bi := ηQi(∂(k) + a), i = 1, 2.

By (3.6), ηQi(a+ k) = Ai +Bi. Moreover, Lemma 3.5 implies

ηQi(kα + a) = Bi, i = 1, 2.

Expanding (3.9) and using (3.8), all terms of degree tβ are multiples of the same character. Their
common coefficient is

−
(
A1 +B1

β1

)(
A2 +B2

β2

)
+

∑
α≤β

(
A1

α1

)(
A2

α2

)(
B1

β1 − α1

)(
B2

β2 − α2

)
,

which is zero by the Vandermonde’s convolution applied twice [GKP94, Equation (5.27), pp. 170].
Hence Ra,k = 0. □

Corollary 3.7. The equations Fk define a formal two-parameter deformation over C[[t1, t2]] of XP .
The restriction to the ti-axis is the one-parameter deformation associated with (mi, Qi), for i = 1, 2.

Proof. Modulo (t1, t2), the equations Fk reduce to fk, and the relations Ra,k reduce to ra,k. By
Lemma 3.1, the latter generate all relations among the equations of the central fibre, while Proposi-
tion 3.6 provides their lifts. By the equational flatness criterion [Fil26, Lemma 3.5], the equations
therefore define a formal flat deformation over C[[t1, t2]]. □

For every facet F ⊂ P , let sF ∈ M̃ denote the primitive generator of the ray of σ∨ corresponding to
F . Equivalently, sF is the primitive inward support element satisfying

⟨sF , (v, 1)⟩ = 0 for every v ∈ F.

Corollary 3.8. Let P be an empty three-dimensional lattice polytope, and let F1, F2 ⊂ P be square
facets satisfying sF1 + sF2 = R∗. For i = 1, 2, let (R∗ − sFi , Qi) be a deformation pair of P . Then
the corresponding one-parameter deformations extend to a formal two-parameter deformation over
C[[t1, t2]].

Proof. The relation sF1 + sF2 = R∗ gives R∗ − sF1 = sF2 , R∗ − sF2 = sF1 , and

(R∗ − sF1) + (R∗ − sF2) = R∗.

Since sF1 , sF2 ∈ σ∨, for every vertex v of P , the values φR∗−sF1
(v) and φR∗−sF2

(v) are nonnegative
integers whose sum is φR∗(v) = 1. Hence φR∗−sF1

(v)φR∗−sF2
(v) = 0.

Moreover, since πM (R∗) = 0, we have πM (R∗ − sF1) = −πM (R∗ − sF2), and therefore

kerπM (R∗ − sF1) = kerπM (R∗ − sF2).

Together with Qi ⊂ kerπM (R∗ − sFi) for i = 1, 2, this shows that the two deformation pairs satisfy
the compatibility conditions. The result now follows from Corollary 3.7. □

The following example makes the preceding construction explicit for the eight-vertex polytope of
Example 2.2. Its two pairs of opposite square facets satisfy the hypotheses of Corollary 3.8, and we
write down the resulting two-parameter deformations explicitly.
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Example 3.9. Let P be the polytope of Example 2.2, retain the notation Fy,0, Fy,1, Fz,0, Fz,1 for its
four square facets, and use the coordinate-ring presentation of Example 3.2. Recall that their primitive
support elements are sFy,0 = s2, sFy,1 = s7, sFz,0 = s3, and sFz,1 = s8.

In particular,

sFy,0 + sFy,1 = s2 + s7 = R∗, sFz,0 + sFz,1 = s3 + s8 = R∗.

Let e1, e2, e3 be the standard basis of N = Z3, and set L := [0, e1]. The decompositions

Fz,0 = [0, e1] + [0, e2], Fz,1 = e3 + [0, e1] + [0, e1 + e2],

Fy,0 = [0, e1] + [0, e3], Fy,1 = e2 + [0, e1] + [0, e1 + e3].

show that L is a Minkowski summand of each square facet. For mF := R∗ − sF , the only nontrivial
Minkowski-summand condition in Definition 3.3 is the one for the level-one section

P ∩ (φmF = 1) = F ;

the condition at level zero is automatic because 0L = {0}. Consequently, (mF , L) is a deformation
pair for each of the four square facets. The two relations above and Corollary 3.8 therefore give one
two-parameter deformation for each pair of opposite square facets.

For c = (cx, cy, cz) ∈M , one has ηL(c) = max{0,−cx}. Consequently, for k = (k1, . . . , k8),

(3.10) ηL(k) = min{k1 + k4, k5 + k6}.

Among the ten generators fij of the toric ideal displayed in Example 3.2, the equality ηL(ei + ej) = 1
holds precisely for f15, f16, f45, and f46.

It is zero for the remaining six generators, which therefore remain unchanged in both families.
The pair Fz,0, Fz,1. The corresponding deformation degrees are

mz,0 := R∗ − s3 = s8, mz,1 := R∗ − s8 = s3.

Let τ0, τ1 be the associated parameters, with deg(τ0) = s8 and deg(τ1) = s3. Formula (3.7) gives

F z
15 = x1x5 − x2u− τ0x2x3 − τ1x2x8 − τ0τ1x2,
F z
16 = x1x6 − x3u− τ0x23 − τ1u− τ0τ1x3,
F z
45 = x4x5 − x8u− τ0u− τ1x28 − τ0τ1x8,
F z
46 = x4x6 − x7u− τ0x3x7 − τ1x7x8 − τ0τ1x7.

The pair Fy,0, Fy,1. The corresponding deformation degrees are

my,0 := R∗ − s2 = s7, my,1 := R∗ − s7 = s2.

Let λ0, λ1 be the associated parameters, with deg(λ0) = s7 and deg(λ1) = s2. In this case, for-
mula (3.7) gives

F y
15 = x1x5 − x2u− λ0x22 − λ1u− λ0λ1x2,
F y
16 = x1x6 − x3u− λ0x2x3 − λ1x3x7 − λ0λ1x3,
F y
45 = x4x5 − x8u− λ0x2x8 − λ1x7x8 − λ0λ1x8,
F y
46 = x4x6 − x7u− λ0u− λ1x27 − λ0λ1x7.

Setting the two parameters equal to zero recovers the defining equations of XP in each case.
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4. AFFINE TERMINAL GORENSTEIN TORIC VARIETIES

In this section, we study the tangent and obstruction spaces of affine terminal Gorenstein toric va-
rieties. We give a combinatorial description of the nonzero homogeneous components of T 1

X and T 2
X ,

and show that T 2
X = 0 when dimX ≤ 3. In particular, affine terminal Gorenstein toric varieties of

dimension at most three are unobstructed.
The following two lemmas are well known; we include brief proofs for convenience.

Lemma 4.1. Let P ⊂ NR be an empty lattice polytope of dimension d, that is, P ∩ N = Vert(P ).
Then #Vert(P ) ≤ 2d.

Proof. After replacing the ambient lattice by spanR(P −P )∩N, we may assume thatN ∼= Zd and that
P is full-dimensional. There are exactly 2d congruence classes in N/2N ∼= (Z/2Z)d. If P had more
than 2d vertices, then two distinct vertices v, w would be congruent modulo 2N . Hence v+w

2 ∈ N.
Since this point lies in the relative interior of the segment [v, w] ⊂ P , it is a non-vertex lattice point of
P , which contradicts the assumption that P is empty. □

Lemma 4.2. Let P ⊂ NR, where N ≃ Z2, be an empty two-dimensional lattice polytope. Then P is
lattice equivalent to either the standard triangle

∆2 := conv{(0, 0), (1, 0), (0, 1)}
or the unit square

□ := conv{(0, 0), (1, 0), (0, 1), (1, 1)}.

Proof. By Lemma 4.1, P has either three or four vertices. Since P is empty, every edge is primitive
and P has no interior lattice points. Thus Pick’s formula [BR15, Theorem 2.8] gives Area(P ) = r

2 −1,
where r is the number of vertices of P .

If r = 3, then Area(P ) = 1
2 . Hence the normalized area of P is one, so P is a unimodular triangle

and therefore lattice equivalent to ∆2.
Suppose that r = 4, and write the vertices as v0, v1, v2, v3 in cyclic order. Then Area(P ) = 1. Each

diagonal divides P into two lattice triangles. Since every nondegenerate lattice triangle has area at least
1
2 , all four triangles arising from the two diagonals have area 1

2 and are therefore unimodular.
After a lattice equivalence, we may assume that v0 = 0, v1 = e1, and v2 = e2. Writing v3 = (a, b),

the unimodularity and cyclic ordering of conv{v0, v2, v3} and conv{v0, v1, v3} give−a = 1 and b = 1.
Thus v3 = e2 − e1, and P is lattice equivalent to the unit square. □

Lemma 4.3. Let X be an affine terminal Gorenstein toric variety. If dimX ≤ 3, then T 2
X = 0 and

thus X is unobstructed.

Proof. If dimX ≤ 2, then X ∼= A1 or X ∼= A2. Hence X is smooth and T 2
X = 0. Suppose now that

dimX = 3. Then the associated Gorenstein polytope P is two-dimensional and, by terminality, empty.
By Definition 2.5 and Lemma 4.2, P is lattice equivalent either to the standard triangle ∆2 or to the
unit square □. If P is lattice equivalent to ∆2, then the primitive generators of the cone over P form a
lattice basis. Hence the cone is unimodular and X ∼= A3; thus T 2

X = 0. If P is lattice equivalent to the
unit square, then the Hilbert basis of σ∨ ∩ M̃ consists of four elements u1, u2, u3, u4, with the unique
primitive relation u1 + u4 = u2 + u3. Consequently,

X ∼= Spec
C[x1, x2, x3, x4]
(x1x4 − x2x3)

,
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which is the three-dimensional ordinary double point. In particular, X is a hypersurface and T 2
X = 0.

So X is unobstructed. □

If X is a four-dimensional affine terminal Gorenstein toric variety, then the obstruction space T 2
X

need not vanish, as the following example shows. Thus, unlike in dimensions at most three, unobstruct-
edness cannot be deduced simply from the vanishing of T 2

X ; one has to show that the actual obstruction
equations vanish.

Example 4.4. Let P be the empty three-dimensional lattice polytope from Example 2.2, and let XP

be its associated four-dimensional affine toric variety. Retain the notation E(P ) for its fourteen edges
and Fy,0, Fy,1, Fz,0, Fz,1 for its four square facets. The remaining four facets are triangles. We compute
T 2
XP

(−R∗).
Recall that ai = (vi, 1). Since ⟨R∗, ai⟩ = 1 for every vertex vi, the complex computing T 2

XP
(−R∗)

is

(4.1)
8⊕

i=1

(
(ai)⊥

)∗ g1−→
⊕

E=[vi,vj ]∈E(P )

(
(ai, aj)⊥

)∗ g2−→
⊕

F∈F2(P )

(
F̂⊥)∗.

Each vertex summand has dimension three, each edge summand has dimension two, and each facet
summand has dimension one. Thus the dimensions of the three terms are 24, 28, and 8, respectively.

We first determine V (R∗). Recall that the closure relation for a two-dimensional face F is equal to∑
E⊂F δ

F
E tEdE = 0. It expresses the condition that the scaled oriented edge vectors tEdE form a closed

polygon. For a triangular facet, it forces all three edge parameters to be equal, whereas for a square
facet it identifies the parameters on opposite edges. For a triangular facet, the closure relation forces its
three edge parameters to be equal. The four triangular facets therefore give t13 = t15 = t35 = t37 = t57
and t24 = t26 = t28 = t48 = t68.

For each square facet, the closure relation identifies the parameters on opposite edges:
Fy,0 : t12 = t56, t15 = t26,

Fz,0 : t12 = t34, t13 = t24,

Fy,1 : t34 = t78, t37 = t48,

Fz,1 : t56 = t78, t57 = t68.

Combining these relations, we obtain

V (R∗) =

{
(tE)E∈E(P )

∣∣∣∣ t12 = t34 = t56 = t78 = β,
tE = α for every other edge E

}
.

Thus dimC V (R∗)C = 2. The homothety direction 1 = (1)E∈E(P ) is given by α = β. Conse-
quently, Theorem 2.3 gives T 1

XP
(−R∗) ∼= V (R∗)C/C1 ∼= C. The nontrivial class is represented by the

Minkowski decomposition P = [0, e1] + conv{0, e2, e3, e1 + e2 + e3}.
Since P is full-dimensional, the restriction map from global functionals to the direct sum of the vertex

summands is injective and has four-dimensional image. Moreover, T 1
XP

(−R∗) ∼= ker(g1)/ im(M̃∗
C). It

follows that dimC ker(g1) = 4 + 1 = 5 and rank(g1) = 24− 5 = 19.
The map g2 is surjective. Indeed, suppose that an element of the dual of the last term lies in ker(g∗2).

If two facets F and F ′ meet along an edge E, then F̂⊥ and F̂ ′⊥ are distinct one-dimensional subspaces
of the two-dimensional space Ê⊥. The E-component of its image under g∗2 can therefore vanish only
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if its coefficients at both F and F ′ are zero. Hence g∗2 is injective, so g2 is surjective. Consequently,
rank(g2) = 8 and dimC ker(g2) = 28− 8 = 20.

Finally,
dimC T

2
XP

(−R∗) = dimC ker(g2)− rank(g1) = 20− 19 = 1.

Therefore T 2
XP

(−R∗) ∼= C.

4.1. The tangent space.

Proposition 4.5. Let P ⊂ NR be an empty three-dimensional lattice polytope, and let XP be the
associated affine Gorenstein toric variety. For r ∈ M̃ , set

φr(v) := ⟨r, (v, 1)⟩, Fr := P ∩ {φr = 1}.

For every facet F ⊂ P , let sF ∈ M̃ denote the primitive generator of the corresponding ray of σ∨, and
let S(P ) denote the set of square facets of P .

Apart from the Gorenstein-degree component T 1
XP

(−R∗), the nonzero homogeneous components of
T 1
XP

are precisely those associated with square facets. More explicitly, for r ̸= R∗,

T 1
XP

(−r) ̸= 0 ⇐⇒ r = R∗ − nsF
for some F ∈ S(P ) and n ≥ 1. In this case, Fr = F and

T 1
XP

(
−(R∗ − nsF )

) ∼= C.

Moreover, FR∗ = P , and every r for which T 1
XP

(−r) ̸= 0 satisfies φr ≤ 1 on P . Consequently,

T 1
XP

= T 1
XP

(−R∗)⊕
⊕

F∈S(P )

⊕
n≥1

T 1
XP

(
−(R∗ − nsF )

)
.

Proof. Since P is empty, every two-dimensional face of P is lattice equivalent either to the standard
triangle or to the unit square, by Lemma 4.2. Theorem 2.6 therefore shows that T 1

XP
(−r) ̸= 0 only if

φr ≤ 1 on P , and that in this case either Fr = P or Fr is a square facet.
If Fr = P , then φr = 1 on the full-dimensional polytope P . Hence φr = φR∗ , and therefore

r = R∗. Conversely, φR∗ = 1 on P , so FR∗ = P .
Suppose now that r ̸= R∗ and T 1

XP
(−r) ̸= 0. Then F := Fr is a square facet. Since both φr

and φR∗ equal 1 on F , the element R∗ − r vanishes on F . Moreover, φr ≤ 1 on P , so R∗ − r is
nonnegative on P . It therefore belongs to the ray of σ∨ corresponding to F . Since sF is the primitive
lattice generator of this ray, R∗ − r = nsF for some n ≥ 1, or equivalently r = R∗ − nsF .

Conversely, let F be a square facet and set r = R∗ − nsF for some n ≥ 1. Since φsF ≥ 0 on P
and vanishes precisely on F , we have φr = 1 − nφsF ≤ 1 on P , with equality precisely on F . Thus
Fr = F .

For a unit square, V (r)C ∼= C2, with one coordinate for each pair of opposite edges. Theorem 2.3
therefore gives

T 1
XP

(−r) ∼= V (r)C/C1 ∼= C.
This proves the classification of the nonzero homogeneous components, and the asserted direct-sum
decomposition follows. □

The following example applies Proposition 4.5 to the eight-vertex polytope and records all nonzero
homogeneous components of its tangent space.
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Example 4.6. Continue with the polytope P of Example 2.2. Retain the notation Fy,0, Fy,1, Fz,0, Fz,1

for its four square facets. Their primitive support elements are sFy,0 = s2, sFy,1 = s7, sFz,0 = s3, and
sFz,1 = s8.

By Proposition 4.5, for every n ≥ 1 and i ∈ {2, 3, 7, 8}, we have T 1
XP

(−(R∗−nsi)) ∼= C. Moreover,
Example 4.4 showed that T 1

XP
(−R∗) ∼= C. Hence

T 1
XP

= T 1
XP

(−R∗)⊕
⊕

i∈{2,3,7,8}

⊕
n≥1

T 1
XP

(
−(R∗ − nsi)

)
,

and every homogeneous component appearing in this decomposition is one-dimensional.

4.2. The obstruction space.

Proposition 4.7. Let P ⊂ NR, where N ≃ Z3, be an empty three-dimensional lattice polytope, and let
XP be the associated four-dimensional affine Gorenstein toric variety. Then T 2

XP
(−r) = 0 for every

r ∈ M̃ with r ̸= R∗.

Proof. If there exists a vertex v of P such that φr(v) > 1, then the assertion follows from Theo-
rem 2.6(1). Suppose therefore that φr ≤ 1 on P . Since r ̸= R∗, the section Fr = P ∩ (φr = 1) is a
proper face of P , and hence dimFr ≤ 2. The assertion now follows from Theorem 2.6(3). □

5. UNOBSTRUCTEDNESS OF AFFINE TERMINAL GORENSTEIN TORIC FOURFOLDS

In this section, we prove that every affine terminal Gorenstein toric fourfold is unobstructed.
Throughout this section, let P ⊂ NR be an empty three-dimensional lattice polytope and let XP be

the associated affine toric fourfold. We denote by S(P ) the set of square facets of P . For F ∈ S(P ),
let sF ∈ M̃ be the primitive generator of the ray of σ∨ corresponding to F , and set mF := R∗ − sF .

By Proposition 4.7, the only homogeneous component of T 2
XP

which can be nonzero is T 2
XP

(−R∗).
On the other hand, Proposition 4.5 gives T 1

XP
(−mF ) ∼= C for every F ∈ S(P ). Choose a tangent

parameter tF corresponding to this component and assign it degree deg(tF ) = mF .
A monomial ∏

F∈S(P )

tnF
F , nF ∈ N,

can contribute to a nonzero obstruction only if its degree is R∗, that is, only if∑
F∈S(P )

nFmF = R∗.

The following lemma classifies all such relations. It shows that the only possibility involves two parallel
square facets, each occurring with coefficient one.

Lemma 5.1. With the notation above, suppose that∑
F∈S(P )

nF (R
∗ − sF ) = R∗

for some nF ∈ N. Then there exist precisely two square facets F1, F2 ∈ S(P ) such that nF1 = nF2 = 1,
while nF = 0 for every F /∈ {F1, F2}. Moreover, F1 and F2 are parallel.
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Proof. We first show that, for every square facet F and every vertex v ∈ P \ F ,

(5.1) ⟨sF , (v, 1)⟩ = 1.

After an affine lattice change of coordinates, we may assume that

(5.2) F = conv{(0, 0, 0), (1, 0, 0), (0, 1, 0), (1, 1, 0)}
and that ⟨sF , (x, y, z, 1)⟩ = z. Let v = (a, b, h) be a vertex of P not contained in F . Then h ≥ 1.
Suppose that h ≥ 2. The section of the pyramid conv(F, v) at height 1 is

conv(F, v) ∩ {z = 1} =
(
a

h
,
b

h
, 1

)
+

(
1− 1

h

)
([0, 1]2 × {0}).

Indeed, every point of conv(F, v) can be written as (1 − λ)w + λv, where w = (x, y, 0) ∈ F and
0 ≤ λ ≤ 1. Its z-coordinate is λh, so a point lies in the section z = 1 precisely when λ = 1/h.
Consequently, the points of this section are exactly(

a

h
+

(
1− 1

h

)
x,

b

h
+

(
1− 1

h

)
y, 1

)
, (x, y) ∈ [0, 1]2,

which verifies (5.2).
We next verify that this section contains a lattice point. Write a = dh + r, where 0 ≤ r < h. If

r = 0, then ⌈a/h⌉ = a/h. If r > 0, then ⌈a/h⌉ − a/h = (h − r)/h ≤ (h − 1)/h = 1 − 1/h. Thus
⌈a/h⌉ ∈ [a/h, a/h+ 1− 1/h], and the same argument applies to b. Hence

q :=

(⌈a
h

⌉
,

⌈
b

h

⌉
, 1

)
belongs to conv(F, v) ∩ {z = 1} and is a lattice point.

Since 0 < 1 < h, the point q is neither a vertex of F nor the vertex v. Moreover, it is a nontrivial
convex combination of v and a point of F , so it is not a vertex of P . This contradicts the assumption
that P is empty. Therefore h = 1, proving (5.1).

Consequently, for every vertex v of P ,

⟨R∗ − sF , (v, 1)⟩ =

{
1, v ∈ F,
0, v /∈ F.

Pairing ∑
F∈S(P )

nF (R
∗ − sF ) = R∗

with (v, 1), for an arbitrary vertex v of P , gives

(5.3)
∑

F∈S(P )
v∈F

nF = 1.

Set S ′ := {F ∈ S(P ) | nF > 0}. Equation (5.3) shows that nF = 1 for every F ∈ S ′, that distinct
facets in S ′ are vertex-disjoint, and that every vertex of P belongs to exactly one such facet. Since
every facet in S ′ has four vertices and P has at most eight vertices by Lemma 4.1, we have |S ′| ≤ 2.
Moreover, |S ′| ̸= 1, since otherwise all vertices of P would lie in a single two-dimensional facet. Hence

S ′ = {F1, F2}, nF1 = nF2 = 1,
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and all the remaining coefficients vanish.
The original relation becomes

(R∗ − sF1) + (R∗ − sF2) = R∗,

or equivalently sF1 + sF2 = R∗. Applying the projection πM : M̃ −→M gives

πM (sF1) + πM (sF2) = 0.

Thus the primitive normal vectors of F1 and F2 are opposite, and hence F1 and F2 are parallel. □

Example 5.2. Let P be the polytope of Example 2.2. For its four square facets, the corresponding
primitive tangent degrees are

my,0 = R∗ − sFy,0 = R∗ − s2 = s7, my,1 = R∗ − sFy,1 = R∗ − s7 = s2,

mz,0 = R∗ − sFz,0 = R∗ − s3 = s8, mz,1 = R∗ − sFz,1 = R∗ − s8 = s3.

Consequently, the two pairs of opposite square facets give the relations

my,0 +my,1 = s7 + s2 = R∗ and mz,0 +mz,1 = s8 + s3 = R∗.

In Example 3.9, we constructed a two-parameter deformation associated with each of these two rela-
tions. Thus this polytope admits two distinct two-parameter deformation families arising from its two
pairs of opposite square facets.

Theorem 5.3. Let XP be an affine terminal Gorenstein toric variety with dimXP ≤ 4. Then XP is
unobstructed.

Proof. The assertion for dimXP ≤ 3 follows from Lemma 4.3. We therefore assume that dimXP = 4,
so that P is an empty three-dimensional lattice polytope.

By Proposition 4.5, for each square facet F ∈ S(P ), the corresponding nonzero tangent components
occur in degrees −(R∗ − nsF ), with n ≥ 1. We call the component corresponding to n = 1 the
primitive tangent component associated with F .

We first restrict to the finite-dimensional primitive tangent subspace

Vprim := T 1
XP

(−R∗)⊕
⊕

F∈S(P )

T 1
XP

(
−(R∗ − sF )

)
.

Thus Vprim consists of the Gorenstein-degree component together with the primitive tangent component
associated with each square facet of P .

For every F ∈ S(P ), put mF := R∗ − sF . By (5.1),

⟨mF , (v, 1)⟩ =

{
1, v ∈ F,
0, v /∈ F.

Consequently, mF ∈ σ∨ \ {0}.
By Lemma 4.2, the facet F is lattice equivalent to the unit square. Hence there exist a vertex p ∈ F

and primitive lattice vectors e1, e2 ∈ N such that

F = p+ [0, e1] + [0, e2].

Since e1 and e2 are parallel to F , they are annihilated by πM (sF ), and therefore also by πM (mF ) =
−πM (sF ). Thus QF := [0, e1] is a primitive lattice segment contained in kerπM (mF ), parallel to an
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edge of F , and a Minkowski summand of F . Then (mF , QF ) is a deformation pair. Let tF denote the
parameter of the corresponding one-parameter deformation and set

ξF := KS

(
∂

∂tF

)
∈ T 1

XP
(−mF ).

By restricting (3.7) to the tF -axis, its first-order part is

Fk = fk − ηQF
(k)tFχ

sk−mF +O(t2F ).

Hence ξF is the Minkowski-summand class determined by QF . Under the identification of Theo-
rem 2.3, this class is nonzero because QF is a nontrivial Minkowski summand of the unit square F .
Since T 1

XP
(−mF ) is one-dimensional, ξF is a generator.

Let d := dimC T
1
XP

(−R∗) and choose a basis ζ1, . . . , ζd of T 1
XP

(−R∗). Introduce variables z1, . . . , zd
of degree R∗, and put

Rprim := C
[[
z1, . . . , zd, (tF )F∈S(P )

]]
,

where
deg(zi) = R∗, deg(tF ) = mF = R∗ − sF .

Let
mprim :=

(
z1, . . . , zd, (tF )F∈S(P )

)
and, for k ≥ 1, set

R
(k)
prim := Rprim/m

k+1
prim.

Since T 1
XP

may be infinite-dimensional, no complete local noetherian base can carry independent
parameters for all its tangent directions. We therefore begin with the finite-dimensional subspace Vprim
and construct a formal deformation in all orders.

More precisely, for each k ≥ 1, we construct inductively a graded k-th order deformation

X (k)
prim −→ SpecR

(k)
prim

of XP . These deformations are compatible in the sense that the pullback of X (k+1)
prim to SpecR

(k)
prim is

isomorphic to X (k)
prim. Their Kodaira–Spencer maps identify the coordinate tangent vectors with

ζ1, . . . , ζd, (ξF )F∈S(P ).

The total degree-zero element

d∑
i=1

ζi ⊗ zi +
∑

F∈S(P )

ξF ⊗ tF ∈ T 1
XP
⊗C mprim/m

2
prim

determines a graded first-order deformation X (1)
prim −→ SpecR

(1)
prim.

Suppose inductively that X (k)
prim has been constructed. The obstruction to lifting it to R(k+1)

prim is a sum
of terms

ωα,a ⊗ zα1
1 · · · z

αd
d

∏
F∈S(P )

taFF ,
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where

ωα,a ∈ T 2
XP

−
|α|R∗ +

∑
F∈S(P )

aFmF


and

|α|+
∑
F

aF = k + 1.

By Proposition 4.7, this coefficient can be nonzero only if

(5.4) |α|R∗ +
∑

F∈S(P )

aFmF = R∗.

Suppose first that |α| ≥ 1. Equation (5.4) is equivalent to(
|α| − 1

)
R∗ +

∑
F∈S(P )

aFmF = 0.

All the terms in this sum belong to the strongly convex cone σ∨. Hence every term is zero. SinceR∗ ̸= 0
and mF ̸= 0, we obtain |α| = 1 and aF = 0 for every F . This gives a monomial of ordinary order
one, whereas an obstruction to lifting R(k)

prim to R(k+1)
prim has ordinary order k + 1 ≥ 2. Consequently, no

obstruction term can involve one of the variables zi.
It remains to consider monomials of the form∏

F∈S(P )

taFF .

Their degree is R∗ precisely when ∑
F∈S(P )

aF (R
∗ − sF ) = R∗.

By Lemma 5.1, this can occur only when there are two parallel square facets F1, F2 such that

aF1 = aF2 = 1, aF = 0 for F /∈ {F1, F2},

and sF1 + sF2 = R∗. Thus the only possible obstruction monomial is tF1tF2 . In particular, such an
obstruction can occur only in the passage from first to second order.

Let ωF1,F2 ∈ T 2
XP

(−R∗) denote the coefficient of this monomial in the second-order obstruction.
Put

B := C[[u1, u2]], n := (u1, u2), B(k) := B/nk+1.

Consider the graded homomorphism R
(1)
prim −→ B(1) given by

tF1 7−→ u1, tF2 7−→ u2,

and by sending all the remaining variables to zero.
By Corollary 3.8, there is a formal two-parameter deformation over B whose Kodaira–Spencer

classes in the u1- and u2-directions are ξF1 and ξF2 , respectively. Its first-order truncation therefore
represents the pullback of X (1)

prim, while its second-order truncation provides a lifting of that first-order
deformation to B(2).



24 MATEJ FILIP1 AND ALJAŽ ZALAR2

By functoriality of obstruction classes, the pullback of the second-order obstruction is consequently
zero. On the other hand, this pullback is

ωF1,F2 ⊗ u1u2 ∈ T 2
XP

(−R∗)⊗C n2/n3.

Since
u1u2 ̸= 0 in n2/n3,

it follows that ωF1,F2 = 0.
Equivalently, after choosing compatible parameter coordinates, the comparison homomorphism has

the form
tFi 7−→ ui +O(n2), i = 1, 2.

Therefore
tF1tF2 7−→ u1u2 (mod n3),

so a higher-order change of parameter cannot alter the coefficient of the mixed quadratic term.
We have proved that every second-order obstruction vanishes. For orders at least three, the degree

calculation above shows that there is no monomial whose coefficient could lie in a nonzero homoge-
neous component of T 2

XP
. We may therefore construct inductively compatible graded liftings

X (k+1)
prim −→ SpecR

(k+1)
prim

for all k ≥ 1. For a complete local ring (R,m), we write Spf R for its formal spectrum, namely the
affine formal scheme determined by the infinitesimal thickenings Spec(R/mk+1), k ≥ 0. Passing to
the inverse limit gives a formal deformation Xprim −→ Spf Rprim whose Kodaira–Spencer map is an
isomorphism onto

Vprim = T 1
XP

(−R∗)⊕
⊕

F∈S(P )

T 1
XP

(
−(R∗ − sF )

)
.

We next incorporate the remaining homogeneous tangent directions. For every square facet F , let
xF ∈ C[SP ] denote the character χsF . For n ≥ 1, put rF,n := R∗ − nsF . By (5.1),

⟨rF,n, (v, 1)⟩ =

{
1, v ∈ F,
1− n, v /∈ F.

It follows directly from the definition of the sets Kr
τ that KrF,n

τ = K
rF,1
τ for every face τ ⪯ σ. Indeed,

at a vertex of F the upper bound is one for every n, while at a vertex outside F it is nonpositive, so the
corresponding K-set is empty.

By [AS98, Theorem 3.3], multiplication by xn−1
F is induced on the complexes computing T 1

XP
by the

inclusionsKrF,n
τ ⊆ KrF,1

τ . Since these inclusions are equalities, multiplication induces an isomorphism

xn−1
F · − : T 1

XP

(
−(R∗ − sF )

) ∼−−→ T 1
XP

(
−(R∗ − nsF )

)
.

Consequently,

(5.5) T 1
XP

(
−(R∗ − nsF )

)
= Cxn−1

F ξF .

We shall use the following flatness lemma for the coordinate-dependent substitution below.
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Lemma 5.4. Let (B,mB) and (C,mC) be complete local Noetherian C-algebras with residue field C,
let P0 be a polynomial C-algebra, and put

PB := B⊗̂CP0, PC := C⊗̂CP0.
Suppose that

AB = PB/(G1, . . . , Ge)

is B-flat. Then one can choose finitely many syzygies

V1, . . . , Vb ∈ P⊕e
B , (G1, . . . , Ge)Vj = 0,

whose reductions modulo mB generate all syzygies among the reduced equations g1, . . . , ge.
Let Φ: PB → PC be a continuous C-algebra homomorphism such that

Φ(mBPB) ⊆ mCPC
and whose reduction modulo the maximal ideals is the identity on P0. Put

G′
i := Φ(Gi), V ′

j := Φ(Vj).

If (G′
1, . . . , G

′
e)V

′
j = 0 for every j, then

PC/(G′
1, . . . , G

′
e)

is C-flat.

Proof. Set IB := (G1, . . . , Ge) ⊂ PB , and let KB := ker(P⊕e
B → IB), where the i-th basis vector

maps to Gi. By construction, PB is flat over B, while AB = PB/IB is flat over B by assumption. The
exact sequence

0 −→ IB −→ PB −→ AB −→ 0

therefore implies that IB is flat over B.
Tensoring this sequence and

0 −→ KB −→ P⊕e
B −→ IB −→ 0

with B/mB
∼= C, and using the flatness of AB and IB , gives

KB/mBKB
∼= ker

(
P⊕e
0 −→ I0

)
, I0 := (g1, . . . , ge).

Since P0 is noetherian, the module on the right is finitely generated. Choose generators and lift them to
syzygies V1, . . . , Vb ∈ KB . Their reductions modulo mB generate all syzygies among g1, . . . , ge. If the
data are graded, the generators and their lifts may be chosen homogeneous.

Put AC := PC/(G
′
1, . . . , G

′
e). Since G′

i = Φ(Gi) and V ′
j = Φ(Vj), we have (G′

1, . . . , G
′
e)V

′
j =

0. Moreover, because Φ reduces to the identity on P0, the reductions of the G′
i and V ′

j are gi and
Vj mod mB , respectively.

For q ≥ 0, put Cq := C/mq+1
C and Pq := PC/m

q+1
C PC , and let Iq ⊂ Pq be the ideal generated by

the images of G′
1, . . . , G

′
e. We claim that Aq := Pq/Iq is flat over Cq.

Let h ∈ Iq ∩ mCPq, and write h = (G′
1, . . . , G

′
e)c for some c ∈ P⊕e

q . Reducing modulo mC , we
obtain the syzygy (g1, . . . , ge)c = 0. Hence c =

∑b
j=1 dj V j for suitable dj ∈ P0. After choosing

lifts dj ∈ Pq, we have c −
∑

j djV
′
j ∈ mCP

⊕e
q . Since (G′

1, . . . , G
′
e)V

′
j = 0, it follows that h ∈ mCIq.

Therefore
Iq ∩mCPq = mCIq.
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Since Aq/mCAq
∼= P0/I0 is a C-vector space, the local criterion for flatness over the Artinian local

ring Cq shows that Aq is flat over Cq. This is the presentation form of the equational flatness criterion;
see, e.g., [Fil26, Lemma 3.5].

Finally, PC is noetherian and mC-adically complete. Hence the finitely generated ideal (G′
1, . . . , G

′
e)

is closed, AC is mC-adically complete, and

AC
∼= lim←−

q

Aq.

The transition maps Aq+1 → Aq are surjective, and every Aq is flat over Cq. The inverse-limit criterion
for flatness over a noetherian ring therefore implies that AC is flat over C. □

We now perform the substitution at the level of equations and relations. Let

P0 := C[x, u], A0 := C[SP ] = P0/IP ,
and put

Pprim := Rprim⊗̂CP0.
After lifting the ambient coordinate functions to the primitive family, write

Aprim = Pprim/Iprim.
The ring Pprim is Noetherian, so we may choose finite homogeneous generators

G1, . . . , Ge

of Iprim. Since Aprim is flat over Rprim, their reductions g1, . . . , ge generate IP . Choose finitely many
homogeneous syzygies among the Gi as in Lemma 5.4, and let vprim be the matrix whose columns are
these syzygies. Let uprim be the row matrix with components Gi, and let u0, v0 denote their reductions
modulo mprim. We then have a homogeneous complex

(5.6) P⊕b
prim

vprim−−−→ P⊕e
prim

uprim−−−−→ Pprim −→ Aprim −→ 0,

with uprim ◦ vprim = 0, whose reduction is the finite homogeneous presentation

(5.7) P⊕b
0

v0−−→ P⊕e
0

u0−−→ P0 −→ A0 −→ 0.

In particular, the columns of v0 generate all relations among the central equations gi.
For every F ∈ S(P ), choose a homogeneous polynomial, still denoted by xF , in P0 whose image in

A0 is χsF . For N ≥ 1, introduce parameters

tF,n, F ∈ S(P ), 1 ≤ n ≤ N,
of degree deg(tF,n) = R∗ − nsF , and put

RN := C
[[
z1, . . . , zd, (tF,n)F∈S(P )

1≤n≤N

]]
.

Set

t̂
(N)
F :=

N∑
n=1

xn−1
F tF,n.

Every summand is homogeneous of degree

deg
(
xn−1
F tF,n

)
= (n− 1)sF + (R∗ − nsF ) = R∗ − sF = deg(tF ).
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Let PN := RN ⊗̂CP0. There is a continuous homogeneous C-algebra homomorphism

ΦN : Pprim −→ PN

which is the identity on P0 and on the variables zi, and satisfies ΦN (tF ) = t̂
(N)
F . Notice that ΦN is not

asserted to be a base change homomorphism: the coefficients xn−1
F belong to the ambient coordinate

ring.
Apply ΦN to both matrices in (5.6), and set

uN := ΦN (uprim), vN := ΦN (vprim).

Then
uN ◦ vN = ΦN (uprim ◦ vprim) = 0.

Moreover, modulo the maximal ideal of RN , the resulting complex reduces to (5.7). Thus

P⊕b
N

vN−−→ P⊕e
N

uN−−→ PN −→ AN −→ 0, AN := PN/ im(uN ),

is a complex which is exact except possibly at P⊕e
N , and whose reduction over the closed point is exact.

The homomorphism ΦN preserves the parameter ideals and induces the identity on the closed fibre.
The equality uN ◦ vN = 0 shows that all substituted syzygies still vanish, and their reductions generate
all syzygies among the central equations. Lemma 5.4 therefore implies that AN is flat over RN . Hence
it defines a formal deformation XN −→ Spf RN of XP . Writing G(N)

i := ΦN (Gi), we have

∂G
(N)
i

∂tF,n

∣∣∣∣∣
z=t=0

= xn−1
F

∂Gi

∂tF

∣∣∣∣
z=t=0

.

By the C[SP ]-module structure on T 1
XP

, this gives

KS

(
∂

∂tF,n

)
= xn−1

F ξF .

By (5.5), this is a generator of T 1
XP

(
−(R∗−nsF )

)
. The zi-directions map to the chosen basis ζ1, . . . , ζd.

Consequently, the Kodaira–Spencer map of XN is an isomorphism onto

VN := T 1
XP

(−R∗)⊕
⊕

F∈S(P )

⊕
1≤n≤N

T 1
XP

(
−(R∗ − nsF )

)
.

The families XN are compatible as N varies: XN+1 restricts to XN after setting tF,N+1 = 0 for
every F . Furthermore,

T 1
XP

=
⋃
N≥1

VN .

We claim that every deformation of XP over a local Artinian C-algebra B is induced from XN for
some N .

We prove this by induction on the length of B. The assertion is clear for B = C. Choose a small
extension

0 −→ J −→ B −→ B −→ 0

and let Y be a deformation of XP over B. By induction, its restriction Y := Y ⊗B B is induced from
XN by a homomorphism φN : RN −→ B for some N .
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Since RN is a formal power-series ring in finitely many variables, φN lifts to a homomorphism

φ̃N : RN −→ B.

Let Y0 be the corresponding pullback of XN . Then Y and Y0 are two liftings of Y across the same
small extension. Their difference is represented by an element δ ∈ T 1

XP
⊗C J.

Since T 1
XP

is the algebraic direct sum of its homogeneous components, δ has finite homogeneous
support. Hence there exists N ′ ≥ N such that δ ∈ VN ′ ⊗C J. Regard φ̃N as a homomorphism
RN ′ −→ B by sending the additional parameters to zero. Since the Kodaira–Spencer map of XN ′

is an isomorphism onto VN ′ , there exists

λ ∈ HomC

(
mRN′/m

2
RN′ , J

)
whose image under the Kodaira–Spencer map is δ.

Because the extension is small, one has mBJ = 0. We may therefore modify the parameter homo-
morphism by setting

φ̃′
N ′(q) = φ̃N ′(q) + λ(q)

for each parameter q, where q denotes its class in mRN′/m
2
RN′ . This again defines a local homomor-

phism
φ̃′
N ′ : RN ′ −→ B

lifting the original homomorphism to B. The corresponding change of the pullback deformation is
exactly δ. Hence the pullback defined by φ̃′

N ′ is isomorphic to Y , proving the claim.
Finally, let B′ −→ B be a small extension of local Artinian C-algebras and let Y be a deformation

of XP over B. By the claim, Y is induced from XN , for some N , by a homomorphism

RN −→ B.

Since RN is a formal power-series ring in finitely many variables, this homomorphism lifts to a homo-
morphism RN −→ B′. Pulling back XN gives a lifting of Y to B′. Therefore

DefXP
(B′) −→ DefXP

(B)

is surjective for every small extension B′ → B. Thus DefXP
is formally smooth, and XP is unob-

structed. □
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