EXTREME MASS DISTRIBUTIONS FOR k-INCREASING QUASI-COPULAS

MATJAZ OMLADIC!, MARTIN VUK, AND ALJAZ ZALAR3

ABSTRACT. The recent paper [2] introduced a hierarchy of classes of special d-quasi-copulas satisfying
the k-increasing property for some k < d. These classes lie strictly between all quasi-copulas and all
copulas, extending the supermodularity property from the bivariate setting to arbitrary dimension. In
our previous work, we studied the extreme values of the mass distributions associated with multidi-
mensional quasi-copulas. In the present paper, we address the maximal-volume problem within each of
the aforementioned subclasses. By formulating and solving suitably simplified primal and dual linear
programs, we derive the exact maximal negative and positive masses together with the corresponding
extremal boxes.

1. INTRODUCTION

The seminal paper [3] by Arias-Garcia, Mesiar, and De Baets (2020) presents a survey of the most
significant results and open problems in quasi-copula theory. The fifth problem on their list—also referred
to as Hitchhiker’s problem #5—asks for the maximal negative and maximal positive mass over all boxes
and over all quasi-copulas, and for the characterization of the boxes attaining these extrema. Here,
mazximal negative refers to the negative value with the largest absolute magnitude.

This problem has now been solved in full generality using a linear programming approach in our
recent work [12]. Special cases had previously been addressed in [4,5,11,13]. It turns out that the
maximal volumes grow exponentially, and the extremal values can be computed using a simple algorithm
determining the smallest positive integer satisfying a certain inequality.

In [7,8], the authors studied properties of 2-increasing binary aggregation operators and provided
a method for constructing copulas from them. In dimensions d > 2, beyond the class of 2-increasing
functions, there exists a hierarchy of intermediate classes satisfying the k-increasing property for k =
2,...,d. These classes were introduced in [2, Section 5] (see also [3, Section 6.3]), extending the volume-
based characterization of quasi-copulas to k-dimensional slices of the d-dimensional box. In this way one
obtains special subclasses of quasi-copulas: they are strictly contained within the class of all quasi-copulas
(corresponding to the l-increasing property) and contain all copulas (corresponding to the d-increasing
property).

The motivation for the present paper is to study the maximal volume problem described above within
these intermediate classes of quasi-copulas, and thereby to quantify how restrictive the k-increasing
property becomes in terms of maximal volumes. Our results may also serve as indicators of the “distance”
between the classes of quasi-copulas (resp. copulas) and the class of k-increasing quasi-copulas. As noted
in [2, Section 6], certain properties of bivariate copulas do not extend to higher dimensions d, but they
do hold for some of the intermediate classes associated with small k, suggesting that quasi-copulas are
more closely related to these. On the other hand, classes with larger k£ have been used to study copulas,
illustrating the close connection between the two settings.

In the bivariate case, the 2-increasing property coincides with supermodularity (see, e.g., [10, Defi-
nition 2.1]). Consequently, the notion of k-increasingness can be viewed as a natural generalization of
supermodularity to higher dimensions. Very recently, a related problem to the main problem of this
paper, was studied by Anzilli and Durante [1], who derived bounds on the average F-volume of closed
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rectangles in [0, 1]? for a supermodular aggregation function F. These average-volume bounds offer an
additional perspective for understanding such aggregation functions and, in particular, copulas.

The paper is organized as follows. In Section 2 we present our main results (Theorems 1 and 2),
together with a numerical analysis of the extremal values (Tables 1 and 2). Section 3 formulates the
maximal-volume problems as linear programs (Proposition 1), simplifies them using a symmetrization
argument (Corollary 1), introduces new sets of variables (Proposition 3), and derives the dual linear
programs (Proposition 4). In Section 4 we prove Theorems 1 and 2 by solving these dual programs
exactly. Finally, in Section 5 we summarize the paper and give some directions for further work.

2. STATEMENTS OF THE MAIN THEOREMS

In this section we introduce the notation and state our main results, i.e., Theorem 1 solves the maxi-
mal negative volume problem for k-increasing quasi-copulas, while Theorem 2 solves the maximal positive
volume problem. Concrete numerical solutions examples are also presented in the form of tables. (See
Tables 1 and 2 for the minimal and the maximal volume question, respectively.)

Let D C [0,1] be a non-empty set and d € N, d > 2. We say that a function F : D — [0, 1]:
e is d-increasing if for any d-box B := H?zl[ai, b;] € D it holds that
Ve(B):i= Y (-1)5PF(z) >0,
z€Vert(B)
where Vert(B) stands for the vertices of B and S(z) = card{j € {1,2,...,d}: z; = a; }. The
quantity Vg(B) is called the F-volume of B. Here card A denotes the cardinality of the set A.
o satisfies the boundary condition if for u := (uy,...,uq) € D the following hold:
(o) Tu=(ur,...,u-1,0,u41,...,uq) for some i,then F(u) = 0.
(b) fu=(1,...,1,u;1,...,1) for some i, then F(u) = u;.
e satisfies the monotonicity condition if it is nondecreasing in every variable, i.e., for each ¢ =
1,...,d and each pair of d-tuples

U= (uh sy Ui—1, Ugy Ujp 1,y - - - 7ud) € Da
E = (u17 B aui717ﬂi7ui+17 s 7ud) € Da
such that u; < @;, it follows that F'(u) < F(u).
e satisfies the Lipschitz condition if for given d—tuples (uy,...,uq) and (v1,...,vq) in D, it holds

that
d
|F(u, .. ug) = For,. . o00)| < Jui — il
=1

If D = [0,1]¢ and F satisfies the boundary, the monotonicity and the Lipschitz conditions, then F is
called a d-variate quasi-copula (or d-quasi-copula). We will omit the dimension d when it is clear from
the context and write quasi-copula for short.

Let B := H?Zl[acj7yj], where 0 < z; < y; < 1 for each j. Next we recall the definition of a k-
dimensional section of a function F : B — [0, 1] (see [2, Definition 5]). For any a := (a1,...,aq) € B and
a set of indices A C {1,2,...,d} with 0 < card A = k < d, the k-dimensional slice (or k-slice) By 4 of B
with fixed values given by a in the positions determined by A, is defined by

Boa:={(z1,...,24): zj=a;if j ¢ Aand z; € [x;,y,] if j € A.}

In particular, if @ is a vertex of B, then B, 4 is called a k-dimensional face (or k-face) of B. A k-
dimensional section (or k-section) of F with fixed values given by g in the positions determined by A, is
the function

(2.1) Foa:Bga—1[0,1],

defined by

Zj, 1f] S A,
aj, 1f] ¢ A.

]

Faa(z) :=F(w), where w;= {
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We say that a function F' : B — [0, 1] is k-dimensionally-increasing (or k-increasing), with k € {1,...,d},
if any of its k-sections is k-increasing.

The solution to the maximal negative volume problem, i.e., the largest in absolute value among negative
ones, over the set of k-increasing d-quasi-copulas, is the following.

Theorem 1. Assume the notation above. Let d,k € N and 2 < k < d. The mazimal negative volume
Vo(B) of some d-box B over all k-increasing d-quasi-copulas Q is equal to

Whd, - = 10 (O’i:%i?.d(il)dii ((Zi— :) (Fyi(k)>_1>v

are defined recursively by
d+1—i forj=2andi=2,...,d,
(2.2) A = NITY for =3, kandi=2,...,5 -2,
SE ATV forj=3,.. kandi=j—1,...,d.
Let ig € {k,...,d} be such that

_iof[d—k -1
Wk, d,— = (—1)d ? (io _ k) (%(f)) :

One of the realizations of Q and B such that Vo(B) = wy q,— has the following properties:

o)

(2.3) B=[a1", a=—5  Q()=dise, =€ Vert(B),

10

where ’y(j)

%

where q; are defined as follows

0, fori=0,...,i9—1,
-1
(2.4) q; = ('yl(f)) , fori=1yp,
Z?:l (’;)(—l)jJrlqi_j, fori=i9+1,...,d,

) are defined recursively by

and az(j
1 forj=2andi=2,...,d,
(2.5) ol = o7 forj=3,..  kandi=2,....j—2,
Ej:iaéjfl) fori=3,....kandi=7j—1,....d.
This realization of Q on {a, 1}d indeed extends to a quasi-copula Q : [0,1]% — [0,1] by Proposition 1
below.

The solution to the maximal positive volume question over the set of k-increasing d-quasi-copulas, is
the following.

Theorem 2. Assume the notation above. Let d,k € N and 2 < k < d. The mazimal positive volume
Vo(B) of some d-box B over all k-increasing d-quasi-copulas @ is equal to

(d—k
. _1\d—i (k) —1
Whd4 = max (—1) (i_k)(% )
(

where %-j) are defined recursively by (2.2).
Let ig € {k,...,d} be such that

(d—k k
— (-1 d—1io ( ) 71'
was =0 (1) o)
One of the realizations of B and @ is as in (2.3).
In Table 1 and 2! we give maximal negative and positive volumes of the d-boxes over all k-increasing

d-quasi-copulas for dimensions up to 15. The cases k > 2 are computed according to Theorems 1 and 2
above, while the case k = 1 was studied in our previous work [12, Theorems 1 and 2].

IThe numerical analysis in arithmetic over Q was performed using the software tool Mathematica [14]. The source code
is available at https://github.com/ZalarA/Quasi-copulas-k-increasing-extreme-volumes.
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Minimal values of Vo (B) over all d-variate k-increasing quasi-copulas @) and
all d-boxes B C [0,1]%.

K\d| 2 | 3| 4] 5 6 7 8 9 10 11 12 13 14 15
2 |0 |-3|-1|-3| —2|-53]-5|-3] 14| -21|-42]| -77 | -132| —22
3 IR IR R R
4 IR IR IR I I IR
5 IR IR
; IR IR
7 0 | H|F ] ] ]
8 IR IR
9 IR
0 IR
1 0 |~k | & | & | &
12 0 | % | -% | -
18 o | % | -3
14 0 —&4

0

15
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TABLE 2. Maximal values of Vg(B) over all d-variate k-increasing quasi-copulas ) and
all d-boxes B C [0,1]%.

R\d |2 34|56 | 7|8 |9[10]|11 |12 13 | 14 | 15
2 (11|11 2 |5 |7 |14| |42 66 | 132 1L
3 |11 (3|32 & (214 2233
4 111111 | 2 2] 181 g | &
5 1 O A - (= A
6 111|111 1 1 1 4 L2
7 L1 1)1 1]1]1 1|1
8 111|111 ] 1]1
9 11|11 1] 1|1
10 L1 1] 1| 1|1
11 L1 ] 1| 1] 1

—_
[\
—
—
—
—

—_
w
—_
—_
—_

—_
>~
—_
—

—_
ot
—

3. TOWARDS THE PROOF OF THEOREMS 1 AND 2

In this section, we formulate the maximal volume problems as linear programs (see Proposition 1). We
then simplify these programs in two steps: first, by applying the symmetrization trick (see Corollary 1),
and second, by introducing new sets of variables (see Proposition 3). We note that the symmetrization
trick played a crucial role in solving the maximal volume problems for quasi-copulas in our previous
work [12], whereas the introduction of new sets of variables is the main novelty of the present paper, as it
substantially reduces the complexity of the resulting linear programs. Finally, we derive the corresponding
dual linear programs (see Proposition 4), which will be used in the next section to prove Theorems 1 and 2.

Fix d € N. For multi-indices
I=(I,...,I;) € {0,1}¢ and J=(J,...,J4) € {0,1}¢
let

J-I=J-1,...,Jqa—Lg) € {-1,0,1}"

stand for their usual coordinate-wise difference. Let E() stand for the multi-index with the only non-zero
coordinate the ¢~th one, which is equal to 1. For each £ = 1,...,d we define a relation on {0,1}% by

I<,J & J-I=E®Y.

We write
I<J] & 1I<,J forsome?e{l,2,...,d}.

For a point & = (z1,...,74) € R? we define the functions
d
Ga:R? R, Gala):=) wi—d+]1,
i=1

Hy:R* 5 R, Hy(z):= min{zy,zo,..., 24}
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Let @Q be a quasi-copula and B = H;i:l[ai, b;] C [0,1]¢ a d-box with a; < b; for each i. We will use
multi-indices of the form I := (I;,I,...14) € {0,1}% to index 2¢ vertices of B. Let ||I||; := 2?21 I; be
the 1-norm of I. We write

Xy = ((l‘]l)l, ceay (xﬂ)d)
to denote the vertex with coordinates

ag, if Iy =0,
31 (on)e = {bk, i = 1.
Let us denote the value of () in the point z; by

@ == Q).
We write sign(Il) := (—1)4~ I, In the notation above, the Q-volume of B is equal to
Vo(B)= > sign(l)-a.

Ic{0,1}4

Let I be a face of the unit d-cube [0, 1]¢. We denote with
I(F) := {I: T € Vert(F)} € {0,1}¢

the set of all multi-indices, corresponding to the vertices of the face F. Let

Lnax(F) := (max Iy, max I,..., max I;)
Iel(F)  I€I(F) I€I(F)

be the vertex of F' such that each of its coordinates is the largest among all vertices. We define
sign (1) := (—1)lmax ()=l
We will prove Theorems 1 and 2 in several steps using linear programming as the main tool.

Proposition 1. For any k € {1,2,...,d} define the following linear program

min Z sign(I)qr,

ay,...,Qd,
bi,....ba, I€{0,1}4
qi for 1€{0,1}¢

subject to 0 <a; <b; <1 foralli=1,2,...,d,
g—q<by—ap foralll=1,2,...,d and ollT <, J,

(3.2)

0< Z signp(J) - qr  for all j-dimensional faces F of [0,1]%

JEL(F)
and for all j =1,... k,

max{0, Gyq(z1)} < g < Hy(xr) for all T € {0,1}%.

Let IV . ,]I(Qd) be some order of all multi-indices 1 € {0,1}4. If there exists an optimal solution
(ay,...,ag, by, .., b3, qu),s - - Gyaay)

to (3.2), which satisfies
(3.3) by=...=b;=1,

then the optimal value of (3.2) is the mazimal negative volume of some box over all k-increasing d-quasi-
copulas.

Moreover, if there exists an optimal solution to (3.2) where min is replaced with max, which satisfies
(3.3), then the optimal value of (3.2) is the mazimal positive volume of some box over all k-increasing
d-quasi-copulas.

In the proof of Proposition 1 we will use the fact that the k-increasing property of a multilinear function
on a d-box follows from the k-increasing property on all k-faces of the box (see Lemma 1 below).

Lemma 1. Let F be a multilinear function on a d-box B = Hle [zi,v:] € [0,1]%. The following statements
are equivalent:

(1) F is k-increasing.
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(2) F is k-increasing on each k-face of B.

Proof. The nontrivial implication is (2) = (1). We will use induction on ¢ to show that F' is k-increasing
on each /-dimensional face of B for £ = k,k+1,...,d. For £ = d we get that F' is k-increasing on the
whole box B, proving (1). The base of induction is £ = k and holds by the assumption of (2). Assume
now that F' is k-increasing on each ¢-face for some ¢ with £ < d — 1 and prove that it is k-increasing on
each (¢ + 1)-face. Let By, a be an arbitrary (¢ + 1)-face of B, where u € Vert 5 and A C {1,2,...,d}
with card A = ¢+ 1. Let z € By a and (By,4),,B be a l-section of By 4, where z € B, 4 and B C A
with card B = £. Let {io} := A\ B. Without loss of generality we can assume that w; = x,,. Then
Zip = ALy, + (1 — Ay, for some A € [0,1] and thus the [ section (B, 4), 5 can be written as a convex
combination of two parallel [ sub-faces B, p and B, g

(3.4) (B%ABB = ABy,B + (1- A)B%Ba
where v is a neighbor vertex of u that only differs in coordinate ¢
v = { v 7 ‘0
Yio) J = %0-
By the induction hypothesis, F' is k-increasing on B, p and B, g. B by multilinearity of F' and by (3.4),
F' is k-increasing on B, 4. This proves the induction step and concludes the proof of the lemma. ([l

Now we can prove Proposition 1.

Proof of Proposition 1. The linear program (3.2) is obtained by extending the linear program for gen-
eral quasi-copulas introduced in [12, Proposition 2] with additional constraints enforcing the k-increasing
property. By [2, Lemma 2], any k-increasing quasi-copula is also j-increasing for every j < k. Neverthe-
less, in the linear program it is necessary to impose the j-increasing constraints explicitly for all j < k.
Otherwise, the resulting quasi-copula would satisfy the k-increasing property only on the box Hle [a;, bi],
which is insufficient to invoke [2, Lemma 2].

It remains to verify that the solution of the linear program (3.2) can be extended to a k-increasing
quasi-copula.

Let points zj € H?Zl{ai, 1} =: D be defined by (3.1) and real numbers ¢; for all I € {0,1}9, satisfy
conditions (3.2). Let £; denote the (d — 1)-dimensional faces of [0,1]? containing (0,...,0), i.e.,

Eq; = {(Ih...,Ii_1,0,131;+1,...,xd)3 x; € [0,1]}

bo =1
L3
40,1,0 ¢1,1,0
Gq,1,1
az+ q1,1,1
40,0,0
L1 41,0,0
G0,0,1
q1,0,1
}
a1 by =1
as £2

by = 1

F1GURE 1. To construct a k-increasing 3-quasi-copula @ given the values g at 2y € D :=
H?Zl{ai, 1}, we first define it to be 0 on all 2-dimensional faces L1, L2, L3 and prove
that the extension indeed meets the requirements of a k-increasing quasi-copula.

Let
DY) .= Dy (u?zl £i)
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and define
Q: D™ R
by
| @, if(z1,...,24) = 21 for some I € {0,1},
Q.- 2a) = { 0, if (x1,...,2q4) € L; for some i € {1,...,d}.

We subdivide the box [0, 1]¢ into 2¢ smaller d-boxes
d
(3.5) B =10
j=1

for T=(Iy,...,14) € {0,1}%, where
™ [0,a;], ifI; =0,
%D _{ [a;,1], ifI; = 1.

In particular,
d d

d
Bo,o..0) = H[O’ak]’ Bgio..0) = [a1,1] x H[Oﬂlk], vy Baaay) = H[W@v 1].
k=1

k=1 k=2
Note that the Q-volume Vg (B;) of each box Bj is determined by the value of ) on the vertices of Bj.
For each I € {0,1}¢ we define a constant function
Vo (Br)
[1= V(6;m)
where V([a,b]) = |b — a| is the length of the interval [a, b]. Let us define a piecewise constant function

() = pr, if 2 € int(By) for some I € {0,1}<,
L) = 0, otherwise,

pr:Br =R, pri=

p:[0,1¢ = R,

where int(A) stands for the topological interior of the set A in the usual Euclidean topology. We will
prove that a function @ : [0,1]¢ — R, defined by

(3.6) Q(x1,x,...24) 2/ / / p(x1, 29, ... xq)dxrdes - - - day,
o Jo 0

is a k—increasing quasi-copula satisfying the statement of the proposition.

By the same proof as in [4, Theorem 2.1], it follows that @ is a quasi-copula. It remains to prove that it
is k-increasing. By Lemma 3.4, it suffices to prove that @ is k-increasing on each k-face of each box By for
I € {0,1}¢. By construction, this is true for I,.m = (1,1,...,1). Let us now consider I € {0, 1}¢\ Lyain-
If the face has constant 0 on some component, then @ is constantly equal to 0 on the whole face and
Q is k-increasing. Otherwise every constant component is equal to a; or 1. Further on, we can assume
that all non-constant components are [a;, 1] and not [0, a;], because otherwise we can further project the

section on the j-th component to {a;}, hence obtaining a lower dimensional face of By, . However, this

main

reduction give us a k-dimensional face of By whence it is k-increasing by construction. O

main ?

By the following proposition it suffices to consider symmetric solutions to the linear program (3.2).

Proposition 2. Assume the notation from Proposition 1. There exists an optimal solution to the linear
program (3.2) of the form
* * 1k * % *
(3.7) (a% - an b b gy, G, )
d d
for some a,b,q1,...,qq € [0,1].
Analogously, replacing min with max in (3.2) above, the same statement holds.

Proof. The proof is the same as for [4, Proposition 3], but we include it for the sake of completeness. Let Sy
be the set of all permutations of a d-element set {1,...,d}. For ® € Sy and 1) := (]Igj), e ,Hg)) € {0,1}4,
let (1)) := (]Ig()l), . ,Hg()d)). For every optimal solution (a*{, c @y by b Gy q;@d)) to (3.2),
(a’{7 By L F N N/ P ;(2‘1)) is also an optimal solution to (3.2), whence an optimal solution to

(3.2) of the form (3.7) is equal to % Z@esd (a})(l), A af}(d), b:‘b(l), ol bg(d), qg(n(ny . 7‘1;(]1(2%))' |
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An immediate corollary to Proposition 2 is the following.

Corollary 1. The optimal value of the linear program (3.2) is equal to the optimal value of the linear

program
. o
it 20 ()
subject to 0<a<b<,
(3.8) Qi*qz:_lgbfa fori=1,2,...,d,

0< i(—l)j_i@)qgi foralljel,2,....;kand allt=3,7+1,...,d,
i=0
max{0,(d—i)a+ib—d+1} <¢; <a fori=0,1,...,d—1,
max{0,db —d+ 1} < gq <b.
Analogously, replacing min with max in (3.8) above, the same statement holds.
It turns out that some of the constraints in (3.8) are redundant, while introducing new variables
6§1) =q; —qi—1 fori=1,2,...,d,
(39) 89 =600 50T for je2.3,.  kandi=j,j+1,...,d.
further decreases the number of constraints. Let us also define the numbers Bz(j ) recursively by

d—i forj=2andi=23,...,d—1,

(3.10) BY = BY™Y forj=34,... kandi=2,3,...,j—2,
418U for j=3,4,.. . kandi=j—1,4,...,d—1,
Lemma 2. Let agj), ﬂi(j) and vfj) be asin (2.2), (2.5) and (3.10). Forj =2,3,...,k andi=2,3,...,d,
we have
(3.11) NONPORING)

Proof. For j =2, we have aEQ) —&-552) =d+1—-i= 72-(2) fori =2,3,...,d, which proves (3.11). For j > 2,

(3.11) follows inductively using that (3.11) holds for smaller values of j. O

Proposition 3. Let agj), ﬂi(j) and 4 be as in (2.2), (2.5) and (3.10). The optimal value of the linear

g

program (3.8) is equal to the optimal value of the linear program

d
. (d—k\ (x
min E (=) (7 5
) a,b,q0, . s j—k)"’
1 2 -1 =
50 88 sk

(k) s(k) (k)
50 68,86

subject to b<1

3

k—1 d
a—b+00 + 3 a5 £ 3P <o,

1=2 i=k
(3.12) L .
—a+qo+(d—1)5" + 3" g6 13 MM <o,
i=2 i=k
k—1 ] d
db— qo — ot = > A6 — 3"y < d -1,
i=2 i=k

a>0,b>0,q >0 6">0 fori=1,2... k-1,
0" >0 fori=kk+1,....d

Analogously, replacing min with max in (3.12) above, the same statement holds.
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Proof. We will use induction on k to prove Proposition 3.
We start by k = 2. By [12, Proposition 5], (3.8) is equivalent to

a,b,q0,6

d d—1\ .1
: -1 d+j o 5A1
w2 ()0

J
subject to b

IN

L,
5§1) <b-—a fori=1,2,...,d,
0<g¢q—2¢i—1+¢qi—2 fori=2.3,...,d,

(3.13) .
qo + 252(1) <a
i=1

d
db—d+1<q+ 5"

i=1

a>0,b>0,q >0 6" >0 fori=1,2....d

Since 61(1), 5?) are as in (3.9), we can replace the inequalities

0<q —2¢i-1+¢—2 fori=23,...,d
with the inequalities
(3.14) 0<6® fori=2,3,...,d

Using (3.14), the constraints 51(1) >0 and 61(1) <b-afori=1,2,...,din (3.13) can be replaced by the
constraints (5%1) >0 and 5511) < b—a. Since 6;1) = 6;2) +6J(-1)1 for j =2,3,...,d, it follows inductively that

J
(3.15) 0 =3"6P 46V forj=2.3,....,d.
=2

Using (3.15) in the constraints of (3.13), it is easy to see that we get the constraints of (3.8) with
az(?), ﬁi(z), 7(2). It remains to show that the objective function of (3.8) becomes the objective function of

i

(3.8) after substitutions (3.15). Indeed,

S (17 D)o = S () 6+ )

Jj=1

=o'y (§71) S (S0 (071)

j=1

0 (—=1)a+(523)
where in the last equality we used that for 0 < n < r we have
" r ! r r—1
.16 —1)k = — —1)k =(-1)" .
(3.16) > ;) > (1) =0 (02))
=n Ez=0(_1)k(£):0 =

Assume know that the proposition holds for some k, 2 < k < d — 1 and prove it for £ + 1. By the
induction hypothesis the optimal value of the linear program (3.8) is equal to the optimal value of the
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linear program
d
. A=K\ (k
min E (—1)4H (" 5; )
a,b,qo, —ph j—k
1 2 k—1 J=
510657 8,

k k k
5 550 0

subject to b <1,

k—1 d
a—b+6M + 3 oM 4 3 as® < g

=2 i=k
k+1 k4
(3.17) 0< Z(—l)“l—z( . )q“ forall ¢ =k+1,k+2,....d,
i=0

k-1 d—1
—a+qo+(d—1)5" + 3 g6 + 3 MM <o,
i=2 i=k

k-1 d
db—qo — sy =AM — 3" < a1,
=2 i=k

a>0,b>0,q >0 6" >0 fori=12... k-1,
5% >0 fori=kk+1,....d
Since (5§j ) are as in (3.9), we can replace the inequalities
k+1

k+1
0<Z(—1)k+1_1< —: )qzi forall{=k+1,k+2,...,d,
i=0

with the inequalities
0< 68 forb=k+1,k+2,...,d
Since 6" = 6"V 1+ 6", for j =k +1,k+2,....d, it follows inductively that
J
(3.18) 0 = 37 Y 46 forj=k+1Lk+2,...,d
t=k+1
Using (3.18) in the constraints of (3.17), it is easy to see that the constraints become as in (3.12), where

k is replaced by k + 1. It remains to show that the objective function of (3.17) becomes the objective
function of (3.12) after substitutions (3.18). Indeed,

zd:<_1)d+j (j : ’Z) 5§-k) _ zd:(_l)dﬂ‘ (;l : Z) (5;(9'“) + z]: 5§k+1))

j=k j=k (=k+1
1 d—Fk L ) [ d—k
— _1)\d+J - +1 _1)\d+J -
St (T )+ S A (e (92)).
j=k l=k+1 j=t
0 (,1)d+z(?:::i)
where in the last equality we used (3.16). O

Using duality, the following proposition holds.
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Proposition 4. Let agj), ﬁi(j) and 72-(” be as in (2.2), (2.5) and (3.10). The optimal value of the linear
program (3.12) is equal to the optimal value of the linear program
91,5(2173@};7?}4 S (d B 1)y47
subject to y1 — Y2 +dys > 0,

Y2 —y3 = 0,
Y3 — ya > 0,
(3.19) Y2+ (d—1)ys —dys > 0,
oPyy 4 By — 4By >0 fori=2,3,.. k-1,

k k k i(d—Fk
otys + M ys — AP ys > (—1)H1E (Z o

9120,y2207 y3207 y420

) fori=kk+1,...,d,

Analogously, the optimal value of the linear program (3.12) with the objective function

d d—k\ ()
d+j -
nax Z(—l) J <j B k)éj )

8 s®) (k)
Ok 0p 104

s equal to the optimal value of the linear program

yl,gl,l?}g,y4 1 + (d - 1)y4a

subject to 1y —yo +dyy > 0,

Y2 —yz = 0,
Y3 —ya = 0,
(3:20) Y2+ (d—1)ys —dys > 0,
agk)yg + @(k)ys - ’Yi(k)yz; >0 fori=2,3,...,k—1,

(d—k
o+ 8 2P = (- (1)

31120, yQZO» y3207 y420

) fori=kk+1,...,d,

Proof. Note that (3.19) is the dual linear program to (3.12), whence the statement of Proposition 4
follows by the strong duality. O

4. PROOFS OF THEOREMS 1 AND 2

Finally we can prove Theorem 1.

Proof of Theorem 1. By the results above to prove Theorem 1, it suffices to find the optimal value of
(3.19). First we prove the following claim.

Claim 1. Their exists an optimal solution (y;,vs,v5,ys) to the linear program (3.19) which satisfies
Ys = U3

Proof of Claim 1. Let (y7,v3,v5,ys) be an optimal solution to (3.19). If y5 > y3, then replacing y% with
y5 it is clear that (y§,v3,v5,y;) satisfies all constraints and the value of the objective function remains

unchanged. |

Using Claim 1 and (3.11), the linear program (3.19) simplifies to:
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max  —y — (d—1)ys,

subject to  y1 —yo +dys > 0,
(41) Yo — Ya 207
k —ifd—
%-( )(yz —yg) > (—1)*! Z(-

17—

;:) fori=kk+1,...,d,
120, 4220, y4 2 0.
Claim 2. There is an optimal solution (y7,y3,v:) to the linear program (4.1) such that
Y2 = y1 +dyy-
Proof of Claim 2. Let (y},vy3,ys) be an optimal solution to (4.1). If y3 < yi + dyj, then we can replace

ys with yi + dyj, still satisfying all constraints of (4.1) and not changing its objective function. This
proves Claim 2. [

Using Claim 2, (4.1) simplifies to

max  —y1 —(d —1)ya,

fd—k
(4.2) subject to 'yi(k)(yl 4 (d = 1)yy) > (—1)4+171 <z B k) fori=kk+1,...,d,
Y1 2 O, Ya 2 0.
Clearly, the optimal solution satisfies
(d—k
* _ * _1)\d+1— (k) -1
(4.3) Y7 + (d— 1)y = max (O,ier%’z?(’d( 1) (z 3 k‘)(% ),

which proves the first part of Theorem 1.
It remains to prove the part about the realization of one optimal solution. Define

g = (M) =)y = = (@) = 6 = = ) ) = 68 ) = = 6 =0,

2071
Since there is a solution to (3.19) such that y # 0 for ¢+ = 1,2,3,4 (This is due to the fact that any
pair (y1,v4) € R>o x R>g such that y; + (d — 1)ya = wy,q4,—, is an optimal solution.), it follows by
complementary slackness that in the optimal solution to (3.12) we have four equalities. From the optimal

(k)

value of the objective function of (3.12) we conclude ((55“)* = (v;.”)~L. From the four equalities stated

0 10

above we conclude (2.3) using also that (5J(-i) =00 (N (=1)qj—e. O

Proof of Theorem 2. The proof is analogous to the proof of Theorem 1. O

5. CONCLUDING REMARKS AND FUTURE RESEARCH

In this paper, we addressed the problem of determining the extreme values of the mass distribution
associated with a multidimensional k-increasing d-quasi-copula for £k = 2,3, ..., d, building on the linear
programming approach that solved the case k =1 (see [5] for d = 3, [13] for d = 4, [4] for d < 17, and [12]
for the general case). We derived closed formulas for the extreme volumes as well as an explicit realization
of one corresponding quasi-copula. Besides the symmetrization trick from [12], the main novelty enabling
us to solve the linear programs was the introduction of new sets of variables, which significantly reduced
their complexity. We also provided a numerical analysis of the results for dimensions d < 15.

Finally, we outline several directions for future research.

In the bivariate case, the 2-increasing property coincides with the supermodularity of a function F.
Very recently, Anzilli and Durante [1] derived bounds on the average F-volume of closed rectangles in
[0,1]? for a supermodular aggregation function F. In line with these results, it would be interesting to
study the behavior of extreme volumes for supermodular quasi-copulas in higher dimensions, as well as
for ultramodular and modular quasi-copulas investigated in [10].

It is clear that every extreme point (in the Krein—Milman sense) of the convex set of k-increasing quasi-
copulas must be a maximal-volume one. Our construction of the extremal maximal-volume solution is
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symmetric—due to the symmetrization step—and is therefore not extreme. To better understand the

geometry of the convex set of k-increasing quasi-copulas, it would be natural to characterize their extreme

points. For semilinear copulas, such a characterization was obtained in [6].
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