THE TRUNCATED MOMENT PROBLEM ON REDUCIBLE CUBIC CURVES I:
PARABOLIC AND CIRCULAR TYPE RELATIONS

SEONGUK YOO AND ALJAZ ZALAR?®@

ABSTRACT. In this article we study the bivariate truncated moment problem (TMP) of degree 2k
on reducible cubic curves. First we show that every such TMP is equivalent after applying an affine
linear transformation to one of 8 canonical forms of the curve. The case of the union of three parallel
lines was solved in [Zal22a], while the degree 6 cases in [Yoo17b]. Second we characterize in terms
of concrete numerical conditions the existence of the solution to the TMP on two of the remaining
cases concretely, i.., a union of a line and a circle y(ay + 22 + y?) = 0,a € R\ {0}, and a union
of a line and a parabola y(x — y?) = 0. In both cases we also determine the number of atoms in a
minimal representing measure.

1. INTRODUCTION

Given a real 2—dimensional sequence

6 = 5(2k) = {50,07 /Bl,Oa BO,la s aﬁ2k,0a 5219—1,17 s 7B1,2k:—1a BO,Qk}

of degree 2k and a closed subset K of R?, the truncated moment problem (KX -TMP) supported
on K for 3(?*) asks to characterize the existence of a positive Borel measure ;. on R? with support
in K, such that

(1.1) ﬁi,j:/ giyldp for i, €7y, 0<i+j <2k
K

If such a measure exists, we say that 5(*) has a representing measure supported on K and / is its
K-representing measure (/{—rm).
In the degree-lexicographic order

1,X,Y, X% XY, Y2 .. Xk Xty . .. Yk
of rows and columns, the corresponding moment matrix to [ is equal to

MI0,0)(B)  MI0,1](B) -~ MI0,K])(5)
MIL0J(B) ML ](B) - ML E)(B)

(1.2) M(k) = M(k; B) = . . . .
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where
5i+j,0 6i+j71,1 ﬁi+j72,2 T ﬁi,j
5i+j—1,1 5z’+j—2,2 5z‘+j—3,3 s Bz‘—l,j+1
M[z’,j](ﬁ) = 5«z+j—2,2 5i+j—3,3 5¢+j—4,4 ce 5¢—2,j+2

Bii Bi—tit1 Bij—2i+2 - Doty

Let Rz, y]<x := {p € R[z,y]: degp < k} stand for the set of real polynomials in variables x, y
of total degree at most k. For every p(z,y) = >, - a;;7'y’ € Rz, y|<) we define its evaluation
p(X,Y) on the columns of the matrix M (k) by replacing each capitalized monomial X'Y” in
p(X,Y) = 37, a;;X'Y7 by the column of M(k), indexed by this monomial. Then p(X,Y)
is a vector from the linear span of the columns of M (k). If this vector is the zero one, i.e., all
coordinates are equal to 0, then we say p is a column relation of M(k). A column relation p is
nontrivial, if p # 0. We denote by Z(p) := {(z,y) € R*: p(z,y) = 0}, the zero set of p. We
say that the matrix M (k) is recursively generated (rg) if for p, ¢, pg € Rz, y]<j such that p is a
column relation of M (k), it follows that pq is also a column relation of M (k). The matrix M (k)
is p—pure, if the only column relations of M (k) are those determined recursively by p. We call a
sequence (3 p—pure, if M (k) is p—pure.

A concrete solution to the TMP is a set of necessary and sufficient conditions for the existence
of a K—representing measure /i, that can be tested in numerical examples. Among necessary condi-
tions, M (k) must be positive semidefinite (psd) and rg [CF04, Fia95], and by [CF96], if the support
supp(u) of p is a subset of Z(p) for a polynomial p € R[z, y]<, then p is a column relation of
M(k). The bivariate K-TMP is concretely solved in the following cases:

(1) K = Z(p) for a polynomial p with 1 < degp < 2.

Assume that deg p = 2. By applying an affine linear transformation it suffices to consider
one of the canonical cases: 22+y? = 1,y = 22, 2y = 1, vy = 0, y?> = y. The case 2> +y? =
1 is equivalent to the univariate trigonometric moment problem, solved in [CF02]. The
other four cases were tackled in [CF02, CF04, CFOS, Fial5] by applying the far-reaching
flat extension theorem (FET) [CF96, Theorem 7.10] (see also [CFO5b, Theorem 2.19]
and [Lau05] for an alternative proof), which states that 3>*) admits a (rank M (k))—atomic
rm if and only if M (k) is psd and admits a rank—preserving extension to a moment matrix
M(k+1). For an alternative approach with shorter proofs compared to the original ones by
reducing the problem to the univariate setting see [BZ21, Section 6] (for xy = 0), [Zal22a]
(for y? = y), [Zal22b] (for zy = 1) and [Zal23] (for y = 2?).

For deg p = 1 the solution is [CFO8, Proposition 3.11] and uses the FET, but can be also
derived in the univariate setting (see [Zal23, Remark 3.3.(4)])

(2) K = R?, k = 2 and M(2) is invertible. This case was first solved nonconstructively using
convex geometry techniques in [FN10] and later on constructively in [CY16] by a novel
rank reduction technique.

(3) K is one of Z(y — x3) [Fiall, Zal21], Z(y* — 2?) [Zal21], Z(y(y — a)(y — b)) [Yool7a,
Zal22a], a,b € R\ {0}, a # b, or Z(xy* — 1) [Zal22b]. The main technique in [Fiall] is
the FET, while in [Zal21, Zal22a, Zal22b] the reduction to the univariate TMP is applied.

(4) M(k) has a special feature called recursive determinateness [CF13] or extremality [CFMO8].

(5) M(3) satisfies symmetric cubic column relations which can only cause extremal moment
problems. In order to satisfy the variety condition, another symmetric column relation must
exist, and the solution was obtained by checking consistency [CY 14].
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(6) Non-extremal sextic TMPs with rank M(3) < 8 and with finite or infinite algebraic vari-
eties [CY15].

(7) M(3) with reducible cubic column relations [Yoo17b].

The solutions to the K—TMP, which are not concrete in the sense of definition from the previous
paragraph, are known in the cases K = Z(y — ¢(z)) and K = Z(yq(z) — 1), where ¢ € R[z].
[Fiall, Section 6] gives a solution in terms of the bound on the degree m for which the existence
of a positive extension M (k + m) of M(k) is equivalent to the existence of a rm. In [Zal23] the
bound on m is improved to m = degq — 1 for curves of the form y = ¢(z), degg > 3, and to
m = { + 1 for curves of the form yz‘ = 1,/ € N\ {1}.

References to some classical work on the TMP are monographs [Akh65, AK62, KN77], while
for a recent development in the area we refer a reader to [Sch17]. Special cases of the TMP have
also been considered in [Kim14, Blel5, Fial7, DS18, BF20, Kim21], while [Niel4] considers sub-
spaces of the polynomial algebra and [CGIK+] the TMP for commutative R—algebras.

The motivation for this paper was to solve the TMP concretely on some reducible cubic curves,
other than the case of three parallel lines solved in [Zal22a]. Applying an affine linear transforma-
tion we show that every such TMP is equivalent to the TMP on one of 8 canonical cases of reducible
cubics of the form yc(z,y) = 0, where ¢ € Rz, y], deg ¢ = 2. In this article we solve the TMP for
the cases c(z,y) = ay + 2> + 9%, a € R\ {0}, and c(z, y) = x — y?, which we call the circular and
the parabolic type, respectively. The main idea is to characterize the existence of a decomposition
of /3 into the sum 5 + 59, where B = {ﬁi(?}i,jem, o<i+j<or and B0 = {Bz'(,cj)}i7j€Z+7 0<i+j<2k
admit a R—rm and a Z(c)—rm, respectively. Due to the form of the cubic yc(x, y) = 0, it turns out
that all but two moments of 5) and 3(® are not already fixed by the original sequence, i.e., B(()?),
5%, Bé‘fg, 5§‘3 in the circular type case and 58%, 5520’ ﬁ((fg, 5520 in the parabolic type case. Then,
by an involved analysis, the characterization of the existence of a decomposition § = &) + ()

can be done in both cases. We also characterize the number of atoms in a minimal representing
measure, i.e., a measure with the minimal number of atoms in the support.

1.1. Readers Guide. The paper is organized as follows. In Section 2 we present some preliminary
results needed to establish the main results of the paper. In Section 3 we show that to solve the TMP
on every reducible cubic curve it is enough to consider 8 canonical type relations (see Proposition
3.1). In Section 4 we present the general procedure for solving the TMP on all but one of the
canonical types and prove some results that apply to them. Then in Sections 5 and 6 we specialize
to the circular and the parabolic type relations and solve them concretely (see Theorems 5.1 and
6.1). In both cases we show, by numerical examples, that there are pure sequences 5% with a psd
M(3) but without a rm (see Examples 5.3 and 6.3).

2. PRELIMINARIES

We write R™*™ for the set of n x m real matrices. For a matrix M we call the linear span of
its columns a column space and denote it by C(M). The set of real symmetric matrices of size n
will be denoted by S,,. For a matrix A € .S,, the notation A > 0 (resp. A > 0) means A is positive
definite (pd) (resp. positive semidefinite (psd)). We write Oy, ¢, for a £; x ¢ matrix with only zero
entries and 0; = 0, for short, where ¢;,%5,7 € N. The notation Ei(f;.), ¢ € N, stands for the usual
¢ x { coordinate matrix with the only nonzero entry at the position (¢, j), which is equal to 1.
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In the rest of this sectionlet £ € Nand g = ﬁ(%) = {fi }ijez,, 0<i+j<ok be a bivariate sequence
of degree 2k.

2.1. Moment matrix. Let M (k) be the moment matrix of 5 (see (1.2)). Let ()1, ()2 be subsets of
the set {X'Y7: 4,5 € Zy, 0 < i+ j < k}. We denote by (M (k))g,.q, the submatrix of M (k)
consisting of the rows indexed by the elements of ); and the columns indexed by the elements of
()2. In case Q) := Q1 = @2, we write (M(k))q := (M(k))g.¢ for short.

2.2. Affine linear transformations. The existence of representing measures is invariant under
invertible affine linear transformations of the form

(2.1) o(x,y) = (¢1(x,y), p2(x,y)) = (a + bz + cy,d + ex + fy), (z,y) € R?,

a,b,c,d,e, f € Rwithbf — ce # 0. Namely, let L : R[z, y]<or — R be a Riesz functional of the
sequence [ defined by

— E - E ]
Lﬂ(p) = ai’jﬁﬁj, where p = Qi ;T Y.
i7j€Z+7 i1j€Z+1
0<i+j<2k 0<i+j<2k

We define B = {Ez’,j}i,jeZ+, 0<i+j<2k DY
B = La(@r (2, )" - éa(,p)?).
By [CF04, Proposition 1.9], § admits a (r-atomic) K-rm if and only if B admits a (r—atomic)

O(K)-rm. We write § = ¢(8) and M(k; 5) = (M (k; 5)).

2.3. Generalized Schur complements. Let

A B m n+m

be a real matrix where A € R™*", B € R™™, C € R™*" and D € R™*™. The generalized Schur
complement [Zha05] of A (resp. D) in M is defined by

M/A=D—CA'B (resp. M/D = A— BD'C),

where AT (resp. D) stands for the Moore—Penrose inverse of A (resp. D).
The following lemma will be frequently used in the proofs.

A B
M:(BT C>€Sn+m7

where A € S,, B € R and C' € S,,. Ifrank M = rank A, then the matrix equation

(#)-(2)

where W € R™ ™, is solvable and the solutions are precisely the solutions of the matrix equation
AW = B. In particular, W = A'B satisfies (2.2).

Lemma 2.1. Let n,m € N and
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Proof. The assumption rank M = rank A implies that

(2.3) (éT) W= <§TVVVV) B (g>

for some W € R™ ™. So the equation (2.2) is solvable. In particular, AW = B. It remains to
prove that any solution W to AW = B is also a solution to (2.3). Note that all the solutions of the

equation AW = B are
(2.4) W=AB+2Z,

where each column of Z € R™*™ is an arbitrary vector from ker A. So W satisfiying (2.3) is also
of the form AT B + Z, for some Z, € R"*™ with columns belonging to ker A. We have that

(2.5) C=B"W =B"(A'B+ %)) = BTA'B + B"Z, = BTA'B,

where we used the fact that each column of B belongs to C(A) and ker(A)* = C(A). Replacing

W with any W of the form (2.4) in the calculation (2.5) gives the same result, which proves the
statement of the proposition. O

The following theorem is a characterization of psd 2 x 2 block matrices.

A B
M:(BT C)Esn—l—m

be a real symmetric matrix where A € S,,, B € R"™™ and C € S,,. Then:

Theorem 2.2 ([AIb69]). Let

(1) The following conditions are equivalent:
(a) M = 0.

(b) C >0, C(BT)
(c) A=0,C(B)
(2) If M > 0, then

rank M = rank A + rank M /A = rank C' + rank M/C.

C(C)and M/C = 0.

-
C(A) and M/A » 0.

2.4. Extension principle.

Proposition 2.3. Let A € S,, be positive semidefinite, () a subset of the set {1, ... ,n} and A|q the
restriction of A to the rows and columns from the set Q. If A|gv = 0 for a nonzero vector v, then
Av = 0, where ¥ is a vector with the only nonzero entries in the rows from ) and such that the
restriction V|g to the rows from @) equals to v.

Proof. See [Fia95, Proposition 2.4] or [Zal22a, Lemma 2.4] for an alternative proof. O

2.5. Partially positive semidefinite matrices and their completions. A partial matrix A =
(aij)ij= is a matrix of real numbers a; ; € R, where some of the entries are not specified.
A partial symmetric matrix A = (a;;);;—, is partially positive semidefinite (ppsd) (resp. par-
tially positive definite (ppd)) if the following two conditions hold:
(1) a; ; 1s specified if and only if a;; is specified and a; ; = a; ;.
(2) All fully specified principal minors of A are psd (resp. pd).
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For n € N write [n] := {1,2,...,n}. We denote by Ag, o, the submatrix of A € R"*"
consisting of the rows indexed by the elements of ;1 C [n] and the columns indexed by the
elements of ()3 C [n]. Incase ) := Q)1 = @2, we write Ay := Ag ( for short.

It is well-known that a ppsd matrix A(x) of the form as in Lemma 2.4 below admits a psd
completion (This follows from the fact that the corresponding graph is chordal, see e.g., [GISW84,
Dan92, BW11]). Since we will need an additional information about the rank of the completion
A(zo) and the explicit interval of all possible z for our results, we give a proof of Lemma 2.4
based on the use of generalized Schur complements.

Lemma 2.4. Let A(x) be a partially positive semidefinite symmetric matrix of size n. X n with the
missing entries in the positions (i, ) and (j,i), 1 <i < j < n. Let

A = (AX) iy @ = (AX))ppgignire 0= (A pnGigniy o = (AX))is 7 = (AX));;-
Let

A a A b
Az = (AX))mpy = (aill‘ a) € St Az = (A = (b% 7) € Su1,

and

zy = bTAla + \/(AyJA))(A5/A)) € R.
Then:
(i) A(xo) is positive semidefinite if and only if xo € [x_, x].
(ii)
max { rank Ay, rank Az}, for zo € {x_, x4},
rank A(zg) =
max { rank As, rankAg} +1, forxyge€ (v_,xy).

(iii) The following statements are equivalent:
(a) v_ = x4.

(b) AQ/Al = OOI’A3/A1 = 0.
(c) rank Ay = rank A; or rank A3 = rank A;.

Proof. We write

An Q12 A Q14 Ais

(a2)"  a  (aw)" x  (az)"
Ax) = | (As)" a3 Aszs  aze  ass
()" x (az)” v (a)”
(A15)T Q25 (A35)T asgs  Ass
Si RE-Dx1  RG-1x(—i-1) R(i-1)x1 RE-1)x(n—j)
Rlx(z’—l) R Rlx(j—i—l) R Rlx(n—j)
c | RU-1-Dx(-1) RG-i-1)x1 Si i1 RU—i—1)x1  p(i—i—=1)x(n—j)
Rlx(z’—l) R Rlx(j—z’—l) R Rlx(n—j)
R(=9)x(=1)  Rr-j)x1  R0=j)x({=i=1) Rn-j)x1 Spj

Let P be a permutation matrix, which changes the order of columns to

1,2, i—14+1,...,5—1,7+1,....n,i,7.
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Then
An Ais A5 ap ay
(A13)T Ass Azs a3 as
PTA(X)PZ (A15)T (A35)T Ass a5 ays
(@12)T (a23)T (a25)T a X
(a)" (aza)” (ass)” x v
Note that
A a b
(2.6) PTAX)P=|al o x and PTAX)P>=0 & A(x)=0.
I ox vy

Lemma 2.4 with the missing entries in the positions (n — 1,n) and (n,n — 1) was proved in [Zal21,
Lemma 2.11] using computations with generalized Schur complements under one additional as-
sumption:

(2.7) Aj isinvertible or rank A; = rank A,.

Here we explain why the assumption (2.7) can be removed from [Zal21, Lemma 2.11]. The proof of
[Zal21, Lemma 2.11] is separated into two cases: As/A; > 0and As/A; = 0. The case Ay/A; =0
does not use (2.7). Assume now that A, /A; > 0 or equivalently rank A, > rank A;. Invertibility
of A; (and by Ay/A; > 0 also As is invertible) is used in the proof of [Zal21, Lemma 2.11] for the
application of the quotient formula ([CH69])

28) (A(x)/A2) = (A(2)/A1) [ (As/Ay),
where
A b
Ag/Al (CL% .Z') /Al
A(JZ)/Al = Al a
(bT w) /Al A3/A1

However, the formula (2.8) has been generalized [CHM74, Theorem 4] to noninvertible A;, A,,
where all Schur complements are the generalized ones, under the conditions:
(2.9) (b 2)" €C(Ay) and  aeC(4).

So if we show that the conditions (2.9) hold, the same proof as in [Zal21, Lemma 2.11] can be
applied in the case A; is singular. From A, (resp. A3) being psd, a € C(A;) (resp. b € C(Ay))
follows by Theorem 2.2, used for (M, A) := (Ay, Ay) (resp. (M, A) := (As, Ay)). The assumption

Ay /A; > 0 implies that (a a)T ¢ C((4 aT)T). Since a € C(A,), it follows that (0 1)T €
C(As,). Hence, (b :c)T € C(A,) for every o € R, which concludes the proof of (2.9). O

2.6. Hamburger TMP. Let k& € N. For v = (vp, ..., vo) € R**1 we define the corresponding
Hankel matrix as

Vo U1 (%) cee Vi
v U2 a a Vk+1
(210) Av = (Ui+j)i7j:0 = V9 o St Lt : € Sk-i—l'
V2k—1

Vg Vk41 - U2k-1 Vak
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We denote by v; := (ij)lZ:O the (j + 1)-th column of A4,, 0 < j < k, i.e.,
Ay=(vo -+ vk ).
As in [CF91], the rank of v, denoted by rank v, is defined by
k+1, if A, is nonsingular,
rank v = .. . .
min {i: v; € span{vy,...,v;_1}}, if A4, is singular.
For m < k we denote the upper left-hand corner (viﬂ-)szo € Sy of A, of size m + 1

by A,(m). A sequence v is called positively recursively generated (prg) if for » = rank v the
following two conditions hold:

o Ay(r—1) 0.
o If r < k + 1, denoting
2.1 (©0y -+, 0r—1) = Ap(r — 1) Hup, ... v9p1) 7,

the equality
(2.12) Vj = PoUj—p + =+ + Pr_1Vj-1
holds for j =1, ..., 2k.
The solution to the R-TMP is the following.

Theorem 2.5 ([CF91, Theorems 3.9-3.10]). For k € Nand v = (v, ...,vo) € R with
vo > 0, the following statements are equivalent:

(1) There exists a R—representing measure for [3.
(2) There exists a (rank A,)—atomic R-representing measure for 5.
(3) A, is positive semidefinite and one of the following holds:
(a) A,(k — 1) is positive definite.
(b) rank A,(k — 1) = rank A,.
(4) v is positively recursively generated.
2.7. TMP on the unit circle. The solution to the Z(x? + y? — 1)-TMP is the following.
Theorem 2.6 ((CF02, Theorem 2.1]). Let p(z,y) = 2?+y>—1 and 3 := ) = (B, ;)i jez., i+ j<oks
where k > 2. Then the following statements are equivalent:
(1) B has a Z(p)-representing measure.
(2) B has a (rank M (k))-atomic Z(p)-representing measure.
(3) M(k) is positive semidefinite and the relations [; ;j+[i 2+; = [i; hold foreveryi,j € Z,
withi+j < 2k — 2.

2.8. Parabolic TMP. We will need the following solution to the parabolic TMP (see [Zal23, The-
orem 3.7]).

Theorem 2.7. Let p(x,y) = x — y* and 3 := B®Y = (B; ;)i ez, i+j<or, Where k > 2. Let
B={1Y, X, XY, X? X?Y,... X', X', . . X! X1y X"
Then the following statements are equivalent:

(1) B has a Z(p)-representing measure.
(2) B has a (rank M (k))-atomic Z(p)-representing measure.
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(3) M(k) is positive semidefinite, the relations B4, ; = [;2+; hold for every i,j € Z. with
1+ j < 2k — 2 and one of the following statements holds:
(a) (M<k))3\{xk} is positive definite.
(b) rank (M(k))zs\{xk} = rank M (k).
(4) The relations [311;; = [i2+; hold for every i,j € Z, withi+ j < 2k — 2 and v =

(Yo, - - -y Yak ), defined by ~y; = BL%“ mod 2> admits a R—representing measure.

Remark 2.8. The equivalence (3) < (4) is part of the proof of [Zal23, Theorem 3.7].

3. TMP ON REDUCIBLE CUBICS - CASE REDUCTION

In this section we show that to solve the TMP on reducible cubic curves it suffices, after applying
an affine linear transformation, to solve the TMP on 8 canonical forms of curves.

Proposition 3.1. Let k € R and f = B0 = (Bij)ijez, ivi<on Assume M(k;B) does not
satisfy any nontrivial column relation between columns indexed by monomials of degree at most
2, but it satisfies a column relation p(X,Y) = 0, where p € R[x,y| is a reducible polynomial
with degp = 3. If B admits a representing measure, then there exists an invertible affine linear
transformation ¢ of the form (2.1) such that the moment matrix gzﬁ(./\/l(k;, 6)) satisfies a column
relation q(x,y) = 0, where q has one of the following forms:

Parallel lines type: q(z,y) =y(a+y)(b+y), a,b € R\ {0}, a #b.
Circular type: q(z,y) = y(ay + 2> +y*), a € R\ {0}.

Parabolic type: q(x,y) = y(x — y?).

Hyperbolic type 1: q(x,y) = y(1 — xy).

Hyperbolic type 2: q(z,y) = y(z + y + axy), a € R\ {0}.
Hyperbolic type 3: q(x,y) = y(ay + 2*> — y*), a € R

Intersecting lines type: q(z,y) = yz(y + 1),

Mixed type: q(z,y) = y(1 + ay + bx? + cy?), a,b,c € R, b # 0.

Remark 3.2. The name of the types of the form ¢ in Proposition 3.1 comes from the type of the

conic @ = 0. The conic x + y + axy = 0, a € R\ {0}, is a hyperbola, since the discriminant

a? is positive. Similarly, the conic ay + 2? — y* = 0, a € R, is a hyperbola, since its discriminant
is equal to 4. Clearly, the conic ay + 2% + > = 0, a € R, is a circle with the center (0, —%) and
radius 2.

2

Now we prove Proposition 3.1.
Proof of Proposition 3.1. Since p(x,y) is reducible, it is of the form p = p;p,, where

pi(z,y) = ap+ a1z + agy  witha; € R, (a1, as) # (0,0),
pg([L’, y) = b() + bll‘ + bgy + bg[L’Q + b4[17y + b5y2 with bz c R, (bg, b4, b5) 7é (0, 0, O)

Without loss of generality we can assume that as # 0, since otherwise we apply the alt (x,y) —
(y, x) to exchange the roles of x and y. Since ay # 0, the alt

d1(x,y) = (x, a0 + a1z + azy)
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is invertible and hence:
A sequence ¢ (/3) has a moment matrix ¢; (M (k; 3)) satisfying the column relation

Y + X + Y2+ 3 XY + ey XY? 4+ cY? =0 withe; € R, (c3,¢4,¢5) # (0,0,0).

We separate two cases according to the value of cs.

(3.1)

Case 1: c3 = 0. In this case (3.1) is equal to
3.2) A sequence ¢, (/3) has a moment matrix ¢; (M (k; 3)) satisfying the column relation
' Y + XY +Y? 4, XY? + Y2 = 0with¢; € R, (cy,¢5) # (0,0).

If cg = ¢; = cp = 0, then (3.2) is equal to ¢4 XY + ¢5Y* = 0. Since by assumption 3 and hence
¢1(4) admit a rm, supported on

Z(y*(eaz + csy)) = Z(y(ear + csy)),

it follows by [CF96] that ¢, XY + c¢5Y2 = 0 is a nontrivial column relation in ¢; (./\/l(k, B))
Hence, also M(k; () satisfies a nontrivial column relation between columns indexed by monomials
of degree at most 2, which is a contradiction with the assumption of the proposition. Therefore

(CO7 €1, 02) 7é (07 07 0)

Case 1.1: ¢y # 0. Dividing the relation in (3.2) by ¢y, we get:

A sequence ¢, (3) has a moment matrix ¢, (./\/l(k7 B )) satisfying the column relation
Y + 6 XY +6Y 2+, XY? + Y3 =0with¢; € R, (¢4,¢) # (0,0).

Case 1.1.1: ¢; = 0. In this case (3.3) is equivalent to:

(3.3)

A sequence ¢;(3) has a moment matrix ¢; (M (k; 3)) satisfying the column relation
Y +6Y?+ 6, XY? +6Y? =0withe € R, (¢4,¢6) # (0,0).
Case 1.1.1.1: ¢, = 0. In this case (3.4) is equivalent to

(3.4)

35) A sequence ¢;(3) has a moment matrix ¢; (M (k; 3)) satisfying the column relation
' Y + Y2 +6Y3 =0withe, € R,6 € R\ {0}.

The quadratic equation 1+ ¢y +¢5y? = 0 must have two different real nonzero solutions, otherwise
Z(y(1 + ¢z + ¢5y)) is a union of two parallel lines. Then it follows by [CF96] that there is a
nontrivial column relation in M(k; ) between columns indexed by monomials of degree at most
2, which is a contradiction with the assumption of the proposition. So we have the parallel lines
type relation from the proposition.

Case 1.1.1.2: ¢, # 0. In this case the alt

6a(2,y) = (~2 — Gz — Ty, y)
is invertible and applying it to ¢ (), we obtain:

A sequence (¢ o ¢1)(/3) has a moment matrix (¢ o ¢;) (M (k; B8)) satisfying
the hyperbolic type 1 relation from the proposition.

Case 1.1.2: ¢; # 0. We apply the alt
¢3(z,y) = (1 + iz, y)
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to ¢1(0) and obtain:

A sequence (¢3 o ¢1)(3) has a moment matrix (¢3 o ¢;) (M (k; 8)) satisfying

the column relation XY + &Y + &, XY? +&Y? = 0 with ¢, € R, (€4,¢5) # (0,0).
Case 1.1.2.1: ¢; # 0. We apply the alt

(3.6)

Pa(,y) = (x -2y, y)
Cy
to (¢3 o ¢1)(F) and obtain:
A sequence (¢4 © @3 0 ¢1)(/5) has a moment matrix (¢4 o ¢5 0 ¢1) (M(k; B)) satisfying
the column relation XY + &Y? + ¢, XY? = 0 with é,,¢, € R, ¢4 # 0.
Case 1.1.2.1.1: ¢, = 0. In this case the relation in (3.7) is of the form
XY +6XY?*=0 with¢, € R\ {0}.

(3.7)

Applying the alt
¢5(1’, y) = (xv/c\ély)
to (¢4 © ¢3 0 ¢1)(S) we obtain:

A sequence (¢5 0 4 © P30 ¢1)() has a moment matrix (¢5 © ¢4 0 ¢3 0 ¢1) (M (k; 3)) satisfying
the intersecting lines type relation from the proposition.

Case 1.1.2.1.2: ¢, # 0. We apply the alt
¢6(xa y) = (IL‘, éQy)
to (¢4 © 3 0 ¢1)(5) and obtain:

A sequence (¢g © ¢4 0 ¢3 0 ¢1)() has a moment matrix (¢g © P4 © P30 ) (J\/l(k7 6)) satisfying
the hyperbolic type 2 relation in the proposition.

Case 1.1.2.2: ¢; = 0. In this case (3.6) is equivalent to:
A sequence (¢3 o ¢1)(3) has a moment matrix (¢5 o ¢;) (M (k; B8)) satisfying

3.8
(3:8) the column relation XY + Y2 +GY? = 0 with 6,0 € R, G5 # 0.
Case 1.1.2.2.1: ¢, = 0. Applying the alt

¢7(Z‘, y) = (.CL’, _E5y)7
to (¢3 o ¢1)(5) we obtain:

A sequence (¢7 o @3 0 ¢1)() has a moment matrix (¢7 o ¢5 0 ¢1) (M (k; 3)) satisfying
the parabolic type relation in the proposition.

Case 1.1.2.2.2: ¢, # 0. Applying the alt
¢8(‘ra y) = ($,/C\2’y)
to (¢3 o ¢1)(5) and obtain:

A sequence (¢ o ¢3 o ¢1)(3) has a moment matrix (¢s o ¢5 o ¢1) (M (k; 3)) satisfying

3.9
(39) the column relation XY + Y? 4 &Y? = 0 with é; € R, é5 # 0.
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Further on, the relation in (3.9) is equivalent to
(3.10) (E5) (XY +YH +Y?=0 with ¢5€R, ¢5#0.
Finally, applying the alt
do(x,y) = ((—=&5)7 (2 +y),y)
to (¢g o @3 0 ¢1)(/3), we obtain:

A sequence (¢g o ¢g © B3 0 ¢1)() has a moment matrix (¢g © ¢s © ¢3 0 ¢1) (M(k; 3))

satisfying the parabolic type relation in the proposition.
Case 1.2: ¢y = 0. In this case (3.2) is equivalent to:
A sequence ¢ (/3) has a moment matrix ¢; (M (k; 3)) satisfying the column relation
XY + Y2+ ey XY?+ Y =0withe; € R, (eq,¢5) # (0,0).
Assume that ¢; = 0. Since by assumption /5 and hence ¢ (/3) admits a rm, supported on
Z(y*(co + caz + c5y)) = Z(y(ca + cax + csy)),

it follows by [CF96] that c,Y + ¢, XY + ¢5Y? = 0 is a nontrivial column relation in ¢; (./\/l (k; B ))
Hence, also M (k; ) satisfies a nontrivial column relation between columns indexed by monomials
of degree at most 2, which is a contradiction with the assumption of the proposition. Hence,
c1 # 0. Applying the alt (z,y) — (c12,y) to ¢1(5), we obtain a sequence with the moment matrix
satisfying the column relation of the form (3.6) and we can proceed as in the Case 1.1.2 above.

(3.11)

Case 2: c3 # 0. Applying the alt

¢10<x7y) = ( |03|ZE, y)
to ¢1(3), we obtain:
(3.12)
A sequence (¢10 o ¢1)(3) has a moment matrix (¢19 o ¢1) (M (k; 8)) satisfying
the column relation coY + &1 XY + e Y? + @XQY + e XY? + Y3 =0with e, ¢ € R.
C3
Case 2.1: ¢; = 0. In this case (3.12) is equivalent to:
A sequence (¢19 o ¢1)(/3) has a moment matrix (¢10 o ¢1) (M (k; 3)) satisfying
(3.13) . 2, les| oo ~ 2 3 . ~
the column relation ¢oY + oY * + —X*Y + ¢4, XY* + ¢5Y” = 0 with ¢;, ¢; € R.
C3
Case 2.1.1: ¢y = 0. Dividing the relation in (3.13) with ‘z—?, (3.13) is equivalent to:

A sequence (¢10 o ¢1)(3) has a moment matrix (¢19 o ¢1) (M (k; 3)) satisfying

(3.14) .o 9~ oD~ 3 e~
the column relation coY“ + XY 4+ ¢, XY 4+ ¢;Y° = 0 with ¢5, ¢y, c5 € R.

Applying the alt

~

ou(z,y) = (90 + %y,y>

to (¢10 © ¢1)(B), we obtain:
A sequence (¢11 0 ¢1g © ¢1)() has a moment matrix (¢11 © 10 © ¢1) (M (k; 3))

(3.15) e o2 v w3 R
satisfying the column relation ¢, Y~ + XY + ¢5Y° = 0 with ¢,, ¢5 € R.
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Case 2.1.1.1: ¢; = 0. Since by assumption of the proposition, (¢1; © ¢19 © ¢1)(f) admits a rm,
supported on Z(y(éyy + x?)), ¢ in (3.15) cannot be equal to 0. Indeed, ¢, = 0 would imply
that Z(y(¢y + 2%)) = Z(yx?) = Z(yz) and by [CF96], XY = 0 would be a nontrivial column
relation in (¢11 © 19 © ¢1)(M(k; 8)). Hence, also M(k; 3) would satisfy a nontrivial column
relation between columns indexed by monomials of degree at most 2, which is a contradiction with
the assumption of the proposition. Since ¢, # 0, after applying the alt

b12(z,y) = (x, —Cay)
to (¢11 © P10 © ¢1)(5), we obtain:

A sequence (¢12 © 11 © @19 © ¢1)(3) has a moment matrix (¢12 © ¢17 0 P19 © ¢1) (M(k; B))
satisfying the parabolic type relation in the proposition.

Case 2.1.1.2: ¢5 > 0. Applying the alt

¢13(l‘, y) = (1’, \/5_5.7;)
to (¢11 0 @10 © ¢1)() we obtain:

A sequence (¢13 © ¢11 © P19 © ¢1)(3) has a moment matrix (¢13 0 @11 0 @19 0 ¢1) (M(kv 5))
satisfying the circular type relation in the proposition.

Case 2.1.1.3: ¢;5 < 0. Applying the alt
d14(z,y) = (2, 7/ —C5Y)
to (¢p11 0 ¢19 © ¢1)(5), we obtain:

A sequence (¢14 © ¢11 0 P10 © ¢1)(3) has a moment matrix (¢14 © ¢11 © P19 © P1) (M(k7 5))
satisfying the hyperbolic type 3 relation in the proposition.

Case 2.1.2: ¢y # 0. Dividing the relation in (3.13) with ¢y, (3.13) is equivalent to:
A sequence (¢10 o ¢1)(3) has a moment matrix (¢19 o ¢1) (M (k; 8)) satisfying

3.16
(3.16) the column relation Y + Y2 + 6 X2Y + & XY? + Y3 = 0 with ¢, ¢, € R, ¢5 # 0.
Applying the alt
Cy
d15(,y) = (x + 2—537y>

to (¢10 © ¢1)(3), we obtain:

A sequence (15 0 ¢10 0 ¢1)(3) has a moment matrix (¢15 © ¢19 © ¢1) (M (k; 8))
satisfying the mixed type relation in the proposition.

Case 2.2: ¢; # 0. Dividing the relation in (3.12) with %, (3.12) is equivalent to:

A sequence (10 o ¢1)(3) has a moment matrix (¢19 © ¢1) (M(k; B)) satisfying the

3.17 )
G.17) column relation &Y + XY +6Y2 + X2Y + 6, XY2 +6Y3 =0 with¢ € R, ¢ # 0.

Now we apply the alt
c
dro(z.y) = (¢+ 5 .9)
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to (¢10 © ¢1)(B) and obtain:

A sequence (¢16 © 10 © ¢1)(3) has a moment matrix (G160 P10 © ¢1) (M(k; 5))

3.18
(3.18) satisfying the column relation ¢oY + Y2 + X?Y 4+ ¢4 XY? 4+ &Y = 0 with ¢ € R.

Case 2.2.1: ¢y = 0. In this case the relation in (3.18) becomes equal to the relation in (3.14) from
the Case 2.1.1, so we can proceed as above.

Case 2.2.2: ¢y # 0. Dividing the relation in (3.18) with ¢, it becomes equal to the relation in
(3.16) from the Case 2.1.2, so we can proceed as above. O

4. SOLVING THE TMP ON CANONICAL REDUCIBLE CUBIC CURVES

Let 8 = {Bi}iezililé% be a sequence of degree 2k, k € N, and
(4.1) C={1,X,Y,X?, XY, Y% .. XF X'y .. Yk}
the set of rows and columns of the moment matrix M (k; 3) in the degree-lexicographic order. Let

(42) p(xay) :yC<LL’,y) ER[$,y]§3

be a polynomial of degree 3 in one of the canonical forms from Proposition 3.1. Hence, c¢(z,y) a
polynomial of degree 2. 5 will have a Z(p)-rm if and only if it can be decomposed as

(4.3) B =59 + 89,
where
B = {ﬂfz)}iezi’ﬁg% has a representing measure on y = 0,
B .= {550)}i622~+7|i|§2k has a representing measure on the conic ¢(z,y) = 0,

and the sum in (4.3) is a component-wise sum. On the level of moment matrices, (4.3) is equivalent
to

(4.4) M(k; B) = M(k; 89) + M(k; B9).

Note that if 5 has a Z(p)-rm, then the matrix M (k; ) satisfies the relation p(X,Y) = 0 and it
must be rg, i.e.,

(4.5) XYIip(X,Y)=0 fori,j=0,...,k—3suchthati+j <k —3.

We write X (©%) := (1, X,..., X*). Let T C C be a subset, such that the columns from 7 span
the column space C(M (k; 3)) and

P is a permutation matrix such that moment matrix M (k; B) := PM(k; B)P"

(4'6) — — —
has rows and columns indexed in the order X(®® 7\ X©k ¢\ (X0 yT).

In this new order of rows and columns, (4.4) becomes equivalent to

4.7) M(k; B) = M(k; BO) + M(k; B).
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We write
XOB g\ XOB e\ (XOB yT)
()?(O’k) )T Aqy Arg Ass
@8) Mk = (T\XOOT | (4)7 Ay Aoy
(C\(XOPDUTNT \ (A)” (Aos)T Ags

By the form of the atoms, we know that M (k; 80 and M (k; 3(9) will be of the forms
XOB N\ XOB e\ (XOPyT)

(X(O’k) )T A Arz Az
M(kﬁ 5(6)) = (T\ X(O’k))T (Alz)T Ag Ao )
C\XODUT)T \ (Aig)" (Ass)” As
(49 XOB T\ KON o\ (FOM T
(X OPNT Ay — A 0 0
Mv(k; 3Oy = (T \ X(O,k))T 0 0 0
€\ (XOP ygTNT 0 0 0

for some Hankel matrix A € Sj,;. Define matrix functions F : Sy 1 — Swineiz and H :
2
Sk+1 — Sk+1 by

A A12 A13
(410) .F(A) = (A12>T A22 A23 and H(A) = An — A.
(A13)" (Ags)"  Asg

Using (4.9), (4.7) becomes equivalent to

(4.11) M(k; B) = F(A) + H(A) & 0oy
2

for some Hankel matrix A € Sj1.

Lemma 4.1. Assume the notation above. The sequence [ = {51‘}1'621 Jij<2k Where k > 3, has a
Z(p)-representing measure if and only if there exist a Hankel matrix A € Si1, such that:

(1) The sequence with the moment matrix F (A) has a Z(c)-representing measure.
(2) The sequence with the moment matrix H(A) has a R-representing measure.

Proof. First we prove the implication (=-). If 5 has a Z(p)-rm p, then y is supported on the union
of the line y = 0 and the conic ¢(z,y) = 0. Since the moment matrix, generated by the measure
supported on y = 0, can be nonzero only when restricted to the columns and rows indexed by
X k)it follows that the moment matrix generated by the restriction p|g.—oy (resp. p|gy=oy) of the
measure /. to the conic ¢(x,y) = 0 (resp. line y = 0), is of the form F(A) (resp. H(A) ® Oxxi1))
for some Hankel matrix A € Si,1. ’

It remains to establish the implication (<=). Let M) (k) (resp. M (k)) be the moment matrix
generated by the measure (i, (resp. u2) supported on Z(c) (resp. y = 0) such that

(4.12) PMOEPT = F(A), PMOYE)PT =H(A) @ Oxcesn,
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respectively, where P is as in (4.6). The equalities (4.12) imply that M(k; 3) = MO (k) +
MO (k; B). Since the measure iy + iy is supported on the curve Z(c) U {y = 0} = Z(p), the
implication (<) holds. O

Lemma 4.2. Assume the notation above and let the sequence 3 = {Bz‘}z‘ezi li|<2k» Where k > 3,

admit a Z(p)-representing measure. Let A := A ( ) € Si.1 be a Hankel matrix such

(c) g(e) (c)
0,00P1,05 5%,0

that F(A) admits a Z(c)-representing measure and H(A) admits a R-representing measure. Let
c(x,y) be of the form

@.13) c(x,y) = ago + 107 + ager® + agry + agey® + ayry  with a;; €R
and exactly one of the coefficients agyg, a1, Q2o IS nOnZero.
If:.
(1) agy # 0, then

c 1 .
@‘(,o) = —a—(a015i,1 + aoeBiz + anBiy11) fori=0,...,2k—2.
00

(2) a9 # 0, then

¢ 1 :
Bi(,[)) = _a—(amﬂi,l + apfia + anfiv1a) fori=1,...,2k—1.
10

(3) asg # 0, then

c 1 .
ﬂz(,()) - _a_(a01ﬁi,1 + a025i,2 + a115i+1,1) for 1= 2, PR 2k.
20

Proof. By Lemma 4.1, F(A) has a Z(¢)-rm for some Hankel matrix A € Sy;;. Hence, F(A)
satisfies the rg relations X'Y7¢(X,Y) = 0fori,j € Z,,i+j < k— 2. Let us assume that agy # 0
and ayg = ag = 0. In particular, F(A) satisfies the relations

(100] + a01Y + (102Y2 + allXY == O,
aooXk_2 + a01Xk_2Y + aOQXk_2Y2 + CLHXk_IY =0.
Observing the rows 1, X, ..., X* of F(A), the relations (4.14) imply that

(4.14)

¢ 1 c c c .
(415) ,61(70) = _a_(amﬁi(,l) + CL0252~(72) + CL1162~(+)171) fori = 0, e ,2]{3 — 2.
00

Using the forms of M(k;, f) and F(A) (see (4.8) and (4.10)), it follows that 51'(,61) = ;1 and

ﬂ](CZ) = f3;2 for each 7, j. Using this in (4.15) proves the statement (1) of the lemma. The proofs of
the statements (2) and (3) are analogous. [

Lemma 4.2 states that for all canonical relations from Proposition 3.1 except for the mixed type
relation, all but two entries of the Hankel matrix A from Lemma 4.1 are uniquely determined by
B. The following lemma gives the smallest candidate for A in Lemma 4.1 with respect to the usual
Loewner order of matrices.

Lemma 4.3. Assume the notation above and let f = {Bi}ieZi Ji|<2k» Where k > 3, be a sequence

of degree 2k. Assume that M (k; B) is positive semidefinite and satisfies the column relations (4.5).
Then:

(1) F(A) = 0 for some A € Sy, 1 ifand only if A = A1z(Ag) (Ar2)?.
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(2) f(A12(A22)T A12>T) =0 andH(A12(A22)T(A12)T) = 0.

(
(3) -7:(1412(1422) (
that1+ j < k —

Ay )T) satisfies the column relations X'Y7c(X,Y) = 0 for i,j € Z, such

(4) We have that
rank .//\/lv(k, 5) = rank A22 + rank (All — A12(A22)T<A12)T)
= rank I(Alz(Agg)T(Alg)T) —|— I‘ank%(Alg(Agg)T<A12)T) .

Proof. By the equivalence between (1a) and (1b) of Theorem 2.2 used for (M, A) = (//\Z (k; 8), A11)
and (M, A) = (M (k: 3)) % 0.7 A1), it follows in particular that

et({anr ) =et (e )
C(A];) C C(Ag).

and

4.17) H(Amin) = 0,

Ay Ag\' (Ap)T
Amin = (A A .
( 2 13) <<A23)T A33 (A13)T
Using the equivalence between (1a) and (1b) of Theorem 2.2 again for the pairs (M, A) = (F(A), A)
and (M, A) = ((F(A)) g,z A), it follows that

FA) -0 < Ar Aums

where

(4.18) .
(]:(A)) owor =0 & A= App(Ag) T (Ar)" =t Apin.

Since F(A) = 0 implies, in particular, that (F(A)) > 0, (4.18) implies that

XORyT =

(4.19) Amin = Amin-

Claim. Amin = Amin-

Proof of Claim. By (4.18) and (4.19), it suffices to prove that F (gmin) = 0. By definition of 7
and the relations X'Y7p(X,Y) = XY/ ¢(X,Y) = 0,4,5 € Z,,i +j < k — 3, which hold in
M(E; ), it follows, in particular, that

. e((42)) sel( 1)

(4.16) and (4.20) together imply that

a(fpse i)
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(4.16) and (4.21) can be equivalently expressed as

A
( ( A;)Q)T) W = (ﬁii) for some matrix W,

A T
((A 22>T) X = (Eﬁﬂgip) for some matrix X.
23 13

(4.22)

‘We have that
XT
0< I Ago (X I W)
WT
XTAQQX XTAQQ XTAQQW
= Agp X Ago AW
WTApuX WTAyw WTALW

Ap(An)(AR)T A A
= (Ap)? Ay Az | = F(Amin)
(A3)T (Ag3)T  Asg

where [ is the identity matrix of the same size as Ay and we used (4.22) in the second equality.
This proves the Claim. u

Using (4.17),N(4.18) and Claim, the statements (1) and (2) follow. By Theorem 2.2.(2), used for
(M, A) = (M(k; B), A11), we have that

~ A Az
rank M(k; B) = rank ( ) + rank H(Apin
(4.23) (k:6) (Ag3)"  Asg ( )
= rank F(Apin) + rank H(Apin)-
By (4.20) and

B:(Aﬂﬁhﬁia
(A23) A33

it follows by Theorem 2.2, used for (M, A) = (B, Asy), that rank B = rank Ayy. Using this and
the Claim,A(J4.23) implies the statement (4).
Since M (k; 8) satisfies the relations (4.5), it follows that the restriction (F(Apin)) AROR ¢

satisfies the column relations X‘Y7¢(X,Y) = 0 for 4,5 € Z, such thati + j < k — 2. By

Proposition 2.3, these relations extend to F (A, ), which proves (3). UJ

Remark 4.4. By Lemmas 4.1-4.3, solving the Z(p)-TMP for the sequence = {Bi}z‘ezi,|i|§2k’
where £ > 3, with p being any but the mixed type relation from Proposition 3.1, the natural
procedure is the following:
(1) First compute A = Aj2(As)T Ao, By Lemma 4.3.(3), there is one entry of A,;,, which
might need to be changed to obtain a Hankel structure. Namely, in the notation (4.13), if:
(@) ago # 0, then the value of (A, )i must be made equal to (Apmin)g—1k+1-
(b) aip # 0, then the value of (Auyin)1 1 must be made equal to (Apin)2 k-
(€) agy # 0, then the value of (A )22 must be made equal to (Appin)3.1-



TMP ON REDUCIBLE CUBIC CURVES I 19

Let gmin be the matrix obtained from A,,;, after performing the changes described above.

~ ~

(2) Study if F(Amin) and H(Apnin) admit a Z(c)-rm and a R—rm, respectively. If the answer
is yes, § admits a Z(p)-rm. Otherwise by Lemma 4.2, there are two antidiagonals of the

o~ o~

Hankel matrix A,;,, which can by varied so that the matrices F (Ayin) and H(Amin) will
admit the corresponding measures. Namely, in the notation (4.13), if:

(a) ago # 0, then the last two antidiagonals of /Almin can be changed.

(b) ajg # 0, then the left—upper and the right—lower corner of Emin can be changed.

(c) agy # 0, then the first two antidiagonals of ﬁmin can be changed.
To solve the Z(p)-TMP for  one needs to characterize, when it is possible to change these

antidiagonals in such a way to obtain a matrix A, such that F (Amm) and H(zzlmin) admit
a Z(c)-rm and a R-rm, respectively.
In Sections 5 and 6 we solve concretely the TMP on reducible cubic curves in the circular and

parabolic type form (see the classification from Proposition 3.1). The parallel lines type form was
solved in [Zal22a], while the hyperbolic type forms will be solved in the forthcoming work [YZ+].

5. CIRCULAR TYPE RELATION: p(z,y) = y(ay + 2> + 3*), a ¢ R\ {0}.

In this section we solve the Z(p)-TMP for the sequence 3 = {3, ;}i ez, it+j<or Of degree 2k,
k > 3, where p(z,y) = y(ay + 2* + y?), a € R\ {0}. Assume the notation from Section 4. If 3
admits a Z(p)-TMP, then M (k; §) must satisfy the relations
(5.1) VX YIIXE = Y3 X fori,j € Z, suchthati+ j <k — 3.

In the presence of all column relations (5.1), the column space C(M(k; 3)) is spanned by the
columns in the set

(5.2) T = XO0F gy XO0k1) yy2X0k-2)
where
YVIXUD .= (YIXT VX YIXY) withi,j leZ,, j<{ i+l<k.
Let M(k; 8) be as in (4.9). Let
(5.3) Anin = A12(A22)T(A12)T~
As described in Remark 4.4, A,,;, might need to be changed to
Apin = Apin + TIEngH)a

where

n= (Amin)1,3 - (Amin)2,2-
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Let F(A) and H(A) be as in (4.10). Write

1 X X (2:k)
R 1 B0,0 - (Amin)l,l 51,0 - (Amln)l 2 (hEIQ))T
H(Awin) == X Bio — (Amin)iz oo — (Amn)rs (BT |-
(XENT hiy hy) Hjo
1 X0
5.4)
—~ _ ) (OhT
Hy = (H(Amin)) yugen = *(2]19) . ( Foo %ﬁmm)m (haz) );
(X)) hiy Hj
X X0
Hy = (H(Auwin)) g0 = X ( Boo = (Amin)is (h3)T )
(XZRNT h) Hay

Define also the matrix function
(5.5) G:R? = Sppr,  Gtu) = Ay + BNV 1 u(BHTY + BRTY).
The solution to the cubic circular type relation TMP is the following.

Theorem 5.1. Let p(x,y) = y(ay + 2% + y?), a € R\ {0}, and B = (Bi;)ijen, i+j<or Where
k > 3. Assume also the notation above. Then the following statements are equivalent:

(1) B has a Z(p)-representing measure.
(2) M (k; B) is positive semidefinite, the relations
(5.6) aBiotj + Batinej = —Bisy; hold for everyi,j € Zy withi+ j < 2k —3
and one of the following statements holds:
(a) n = 0 and one of the following holds:
(i) rank(H(Amin)) gon-1) = k.
(ii) rank(Hs) ¢ x—1) = rank Ho.
(b) n > 0, Hy is positive semidefinite and defining a real number
(5.7) Uy = P10 — (Amin)1,2 — (hi)T (Ha2)'h{3),
a function
(5.8) h(t) = \/(H1/Hy — t)(Ha/Hy)
and a set
I={(tvnt) e Ry xRy : v/t = ug + h(t)},
0 {(t, V) € Ry X R_: /AT = uo — A(1)},
U{(t,—vnt) € Ry x Ryt — v/t = ug + h(t)},
U{(t—ViT) € Ry x B_: — /it = ug — h(t)},
one of the following holds:
(i) The set L has two elements and H, is positive definite.

(5.9)
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(ii) T = {(t,a)} and

(5.10) rank ((H(G(1,1))) gor)) = rank H(G(L, @)).

Moreover, if a Z(p)-representing measure for [ exists, then:

e There exists at most (vank M (k; 8) + 1)-atomic Z(p)-representing measure.

e There exists a (rank M(k; B))—atomic Z(p)-representing measure if and only if any of the
following holds:

-n=0.
- 1> 0 and H(Awmin) is positive definite.
In particular, a p—pure sequence [3 with a Z(p)-representing measure admits a (rank M (k; 8))-

atomic Z(p)-representing measure.

Remark 5.2. In this remark we explain the idea of the proof of Theorem 5.1 and the meaning of the
conditions in the statement of the theorem.

By Lemmas 4.1-4.2, the existence of a Z(p)-rm for 3 is equivalent to the existence of £, u € R
such that 7(G(t,u)) admits a Z(ay + 2 + y?)—rm and H(G (¢, u)) admits a R-rm. Let

Ry ={(t,u) e R*: F(G(t,u)) =0} and R, = {(t,u) € R*: H(G(t,u)) = 0}.

We denote by OR; and R, the topological boundary and the interior of the set R;, respectively. By

the necessary conditions for the existence of a Z(p)-rm [CF04, Fia95, CF96], M(k; ) must be
psd and the relations (5.6) must hold. Using also Theorem 2.6, Theorem 5.1.(1) is equivalent to

M (k; B) = 0, the relations (5.6) hold and

5.11
G- (to, up) € R1NRy: H(G(to, up)) admits a R—rm.

In the proof of Theorem 5.1 we show that (5.11) is equivalent to Theorem 5.1.(2):

(1) First we establish (see Claims 1 and 2 below) that the form of:
e R, is one of the following:

,,,,,,,,,,,,,,,,,,,,,

where the left case occurs if 7 > 0 and the right if 7 = 0. The case < 0 cannot occur.
e R, is one of the following:
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where the left case occurs if Hy/Hsy > 0 and the right if Hy/Hs = 0.
(2) If n = 0, then we show that (5.11) is equivalent to

Mv(k; B) = 0, the relations (5.6) hold and H(G(0,0)) admits a R—rm.

The latter statement is further equivalent to Theorem 5.1.(2a).
(3) If n > 0, then by the forms of R and Ry, Z = OR; N IR, is one of the following: (i) (),
(i1) a one-element set, (iii) a two-element set. In the case:
e (i), a Z(p)-rm for S clearly cannot exist.

e (ii), then denoting Z = {(#, @)}, (5.11) is equivalent to

—~

M(k; B) = 0, the relations (5.6) hold and H(G (¢, %)) admits a R—rm.

The latter statement is equivalent to Theorem 5.1.(2(b)ii).

e (ii1), (5.11) is equivalent to H- being positive definite, which is Theorem 5.1.(2(b)i).
Moreover, in this case for at least one of the points (t,u) € Z, a Z(ay + x> + y*)-rm
and a R—rm exist for F(G(t,u)) and H(G(t, u)), respectively.

Proof of Theorem 5.1. Let R{, R, be as in Remark 5.2. As explained in Remark 5.2, Theorem
5.1.(1) is equivalent to (5.11), thus it remains to prove that (5.11) is equivalent to Theorem 5.1.(2).

First we establish a few claims needed in the proof. Claim 1 (resp. 2) describes R4 (resp. Ro)
concretely.

Claim 1. Assume that M(k; 3) = 0. Then

t,bu) ER2:t > 0,u € [—/nt, vnt] b, ifn>0,
(5.12) R, = {(t,w) > 0,u € [—/nt,v/ni] } ify >
0, ifn<0.
If n > 0, we have
rank F(Aum), ift=0,7=0,
(5.13) rank F(G(t,u)) = ¢ rank F(Amm) + 1, if (¢ > 0o0rn > 0)and u € {—+/nt, /nt},
rank F(Amnm) +2, ift >0,n7 > 0,u € (—/nt,/nt),

where A, is an in (5.3).
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Proof of Claim 1. Note that
G, u) = Awin +nEys ) + B +u(ELY 4+ BY)

(5.14)
= Amin + (t u> @ 0p_1.
u 7

By Lemma 4.3, we have that
(5.15) F(G(t,u) =0 <  G(t,u) = Ann
Using (5.14), (5.15) and the definition of R, we have that

(5.16) (tu)eR (i :“;)zo o 120> 0>

which proves (5.12).
To prove (5.13) first note that by construction of F(A,,,), the columns 1 and X are in the span

of the columns indexed by C \ X (0k) Hence, there are vectors
(5.17) vy, vy € ker F(Amin)
of the forms

v=(1 0, @) eRr

(k+1)(k+2) (k+1)(k+2)
2 2

and v, =(0 1 05 (3)7) €R
Let 7 := rank (t u> Clearly,
w-n

(5.18) rank F(G(t,u)) < rank F(Apm) + 7

We separate three cases according to r.
Case 1: r = 0. Inthis case t = u = = 0 and G(0,0) = Apn. In this case (5.13) clearly holds.

Case 2: 7 = 1. In this case tn = u®. Together with (5.16), this is equivalent to (t+ > Oorn >
0) and u € {—/nt,/nt}. By (5.18) and F(G(t,u)) = F(Amm) to prove (5.13), it suffices to find
v € ker F(Amim) and v ¢ ker F(G(t,u)). Note that at least one of vy, vy from (5.17) is such a
vector, since

(v))TF(G(t,u))vy =t and  (v2)T F(G(t,u))vy = 1.

Case 3: r = 2. In this case tn > u?. Together with (5.16), this is equivalent to ¢t > 0,1 > 0,u €

(—v/nt, \/nt). Note that
2 2

(5.19) F(G(t,u)) = .7:<g<%u>> +(t=2) @ 0uinpin_, = f(g(%u))

By Case 2, we have rank]—"(Q(%,u)) — rank F(Apm) + 1. By (5.18) and (5.19), to prove

(5.13), it suffices to find v € ker]—"(Q (“72, u)) and v ¢ ker F(G(t,u)). We will check below, that

v3, defined by .

- (k1) (k42)
VU3 = V1 — —U2 = (1 - (US)T)T eR R

u
n Y

is such a vector. This follows by

u? w?
]:<g<_’u>>”3:}—(14min)v3+ ((’7 u) @O(Hwkwl> U3 = 0@inesn |
7] u 77 2 2 ’
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and

u2

(v3) T F(G(t,u))vg =t — r > 0.

This concludes the proof of Claim 1. ]

Claim 2. Assume that Mv(k, B) = 0. Let ug, h(t) be as in (5.7),(5.8) and
to = Boo — (Amin)11 — (hi3)" (Ha)hSY.
Then

{(t,u) e R*: t <to,u € [ug — h(t),uo + h(t)]}, if Hy >0,

5.20 Ry =
(5:20) ? { 0, if Hy % 0.
If Hy > 0, we have that

rank Hy, fort = ty,u = uy,
(5.21) rank H(G(t,u)) = ¢ rank Hoy + 1, fort < to,u € {ug — h(t),uo + h(t)},
rank Hog + 2, fort < to,u € (up — h(t), uo + h(t)).

Proof of Claim 2. Write

1 50 0 — (Amin)l 1 t (hglz))T
H(t) == (HG(6, W), g = ( | |
1UX (k) htY Hyy

Note that /(0) = (H(Awmin)) ;3 5@n- By Lemma 4.3.(2), H(Amin) = 0 and hence, H(0) = 0.

By Theorem 2.2, used for (M, C') = (H(0), Hay), it follows that Hy = 0 and h\})) € C(Ha,). Again,
by Theorem 2.2, used for (M, C) = (H(t), Ha), it follows that H (t) > 0 iff ¢ < t,. For a fixed ¢
satisfying ¢ < t(, Lemma 2.4, used for A(x) = H(G(t,x)), together with H(t)/Hay = Hy/Hoy—1,
implies (5.20)—(5.21) and proves Claim 2. |

Claim 3. If » = 0, then (0,0) € OR1 N Rs.

Proof of Claim 3. By Claim 1, n = 0 implies that (0,0) € 0R;. By (5.14) and n = 0,
H(Amin) = H(G(0,0)). By Lemma 4.3.(2), H(Amin) = 0. Hence, (0,0) € R, which proves
Claim 3. |

Claim 4. If n > 0, then:
e The set Z (see (5.9)) has at most 2 elements.
e RiNRy # ) if and only if Z # ().
e If 7 has two elements, then Hy/Hsy > 0.
e If 7 has one element, which we denote by (, @), then one of the following holds:
-RiNRy=1.
-~ ORy=Ro={(t,up): t <to}andZT C RINRy = {(t,ug): t <t < to}.
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Proof of Claim 4. Note that the set Z is equal to IR, N IR (see (5.12) and (5.20)). Further on,
OR, is the union of the square root functions ++/nt, defined for t € [0,00). Similarly, IR, is
the union of the square root functions ug + \/(Hl/ng —t)(Hy/Has), defined for t € (—o0, tg].
If Hy/Hyy = 0, then the latter could be a half-line {(¢,up): t < to}. If Ry N Ry # 0, then
geometrically it is clear that Z contains one or two elements. Assume that Z contains only one
element, denoted by (¢, 4). Clearly, Z C Ry N R,. Further on, we either have T = R; N R, or
Z € Rq1 NRy. By the forms of OR; and OR,, the latter case occurs if Hy/Hay = 0 or equivalently
ORy = Ro = {(t,up): t < to}. But then the whole line segment {(¢,uo: t < t < to} lies in Ry,
which proves Claim 4. ]

Claim 5. Let H, (see (5.4)) be positive definite, (¢1,u1) € ORo, (ta, uz) € IRy and uy # us. Then
at least one of H(G(t1,u1)) and H(G(t2, u2)) admits a R—rm.

Proof of Claim 5. Note that H (G (t;,u;)), i = 1,2, is of the form

1 X X@kE-1)  xk
1 Boo — (Amin)11 —ti Bro — (Amin)12 — Wi (ﬁﬁé))T gk,o
X - Amin — U4 - Amin E@) T B
MGt = x| AT Wemhe e o= G ()T o
(X ) his hiy H, hs
X" Br.0 Br+1,0 (hs)T Paro

Assume on the contrary that none of H(G(t1,u;)) and H(G(t2, us)) admits a R—-rm. Theorem 2.5
implies that the column X* of H(G(#;,u;)), @ = 1,2, is not in the span of the other columns.
Using this fact, the facts that H(G(t;,u;)), i = 1,2, are not pd (by (ti,u;) € ORa, ¢ = 1,2) and
H, is pd, it follows that there is a column relation I = Ej . a(l)XJ () € R, in H(G(t;, wi)),
i = 1,2. Since H(G(t;,w;)) = 0,1 = 1,2, it follows in parucular by Theorem 2.2, used for
(M, A) = (H(G(ti, wi)), (H(G (tuuz))))zok n)s i = 1,2, that

(5.22) (5“ Brsro )T ( tz,ui)))mk_n), i=1,2.

Since the first column of H (G (ti, uz)) = 0,1 = 1,2, is in the span of the others, (5.22) is equivalent
to

~ ~ AN T .
(5.23) (51@,0 ﬁk:—H,O (hS)T) S C<<H(g(tia ui)))X’(O,k—l)’X’(l,k—l))a i1=1,2.
Since N
H2 = (H(g<tl7 ui)))X(l,k—l)? L= 17 27
is invertible as a principal submatrix of Hy, it follows that

o~ o~ AN T .
(5.24) <5k,0 Br+1,0 (hs)T> = ((H(g(tiaUi))))?(&k%),f(‘(l,kfl))Uv =12
with
~ [~ A\T T
v=H, (5k+1,0 hs) = (Ul CORNEEE Uk:—l) .
If v; # 0, this contradicts to (5.24) since u; # uo. Hence, v; = 0. By the Hankel structure of
H(G(t;,u;)), i = 1,2, we have that

(H<g(t“ ui)>))?(0,k—2),)_('(2,k) = (H(g<tl7 ui))))}(l,k—l)ji(l,k—l)a 1= 1, 2.
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Then (5.24) and v; = 0 imply that
(5'25) ((H(g(tu ui))))Z(O,lcﬂ),)‘(’(zk)>,77 = <(H(g(t“ ui))))?(l,kfl)g?(l,kfl))’ﬁ = Ok:—&-l,ly

where v = (vg cee o Uplq —1) . Since (H(g(ti, Ui))))zu,k—l) <r-1s ¢ = 1,2, s a principal sub-
matrix of Hs, (5.25) contradicts to 5, being pd. This proves Claim 5. |

Now we prove the implication (5.11) = Theorem 5.1.(2). Since (o, ug) € R, it follows that
Ri # (0. By (5.12), n > 0. We separate two cases according to the value of 7.

Case 1: n = 0. We separate two cases according to the invertibility of Hj.

Case 1.1: H, is not pd. Since H, is not pd, then by Theorem 2.5, the last column of H (G (o, ug))
is in the span of the previous ones. But then by rg, the last column of H, is in the span of the
previous ones. This is the case Theorem 5.1.(2(a)ii).

Case 1.2: H, is pd. We separate two cases according to the invertibility of (H(Amin)) ¢0.r-1)-
Case 1.2.1: rank(H (Amin) go.k-1)) = k. This is the case Theorem 5.1.(2(a)i).

Case 1.2.2: rank(H(Awmin)gor-1) < k. We will prove that this case cannot occur. It follows
from the assumption in this case that rank H(A,,;,) = rank H, = k. Further on, the last column
of H(Amin) cannot be in the span of the previous ones (otherwise rank H(A.;,) < k). Hence,
by Theorem 2.5, H(Amm) = H(G(0,0)) does not admit a R—rm. Using this fact and Claim 3,
(0,0) € OR,. If tg = 0, then Ry N Ry = {(0,0)}, which contradicts to the third condition in
(5.11). So 0 < ty must hold. Since n = 0, Claim 1 implies that R, = {(¢,0): ¢ > 0} is a
horizontal half-line. By the form of OR5, which is the union of the graphs of two square root
functions on the interval (—oo, to], intersecting in the point (%o, 1) and such that (ty, ug) € ORa,
it follows that Ry N Ry = {(0,0)}. Note that by Hy > 0, we have Hy/Hs, > 0 and hence
h(t) # 0 (see (5.8)), which implies that the square root functions are indeed not just a horizontal
half-line. As above this contradicts to the third condition in (5.11). Hence, Case 1.2.2 cannot occur.

Case 2: n > 0. By assumptions, (g, up) € R1 N Rs. By Claim 4, Z # () and Z has one or two
elements. We separate two cases according to the number of elements in Z.

Case 2.1: 7 has two elements. By Claim 4, Hy/Hy > 0. If H, is not pd, then the fact
that H(G(to,up)) has a R-rm, implies that Hy/Hs, = 0, which is a contradiction. Indeed,
if Hy/Hs > 0 and H, is not pd, then there is a nontrivial column relation among columns
X2, ..., X*in H,. By Proposition 2.3, the same holds for H (G (to, ug)). Let S5~ 2 ¢; X*+2 = 0 be
the nontrivial column relation in #(G(to, u)). But then Z (2> Y57 c;a?) = Z(x Y12 ¢;2') and
it follows by [CF96] that "7 ¢, X**1 = 0 is also a nontrivial column relation in H (G (to, uo)). In
particular, Hy/Hys = 0. Hence, H is pd. This is the case Theorem 5.1.(2(b)i).

according to these two possibilities.
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Case 2.2.1: 7 = R, N'R». In this case (to, ug) = (t,7) and hence H (G (f, i) admits a R—rm. Since
(t,u) € OR4, H(G(t,a)) is not pd. Hence, by Theorem 2.5, the statement Theorem 5.1.(2(b)ii)
holds.

Case 2.2.2: ORy = Ry = {(t,up): t <toyand T C Ry NRy = {(t,up): t < t < to}. By (5.20),
it follows that Hy/Hsy = 0 (see the definition (5.8) of h(t)). Since H, is not pd, Theorem 2.5
used for H(G(to, up)), implies that the last column of H, is in the span of the others. Hence, the
same holds by Proposition 2.3 for H(G (¢, %)) and H.(G (¢, i1)) admits a R—rm by Theorem 2.5. Since
H(G(t,@)) is not pd, it in particular satisfies (5.10). Hence, we are in the case Theorem 5.1.(2(b)ii).

This concludes the proof of the implication (5.11) = Theorem 5.1.(2).

Next we prove the implication Theorem 5.1.(2) = (5.11). We separate four cases according to
the assumptions in Theorem 5.1.(2).

Case 1: Theorem 5.1.(2(a)i) holds. By Claim 3, (0,0) € Ry N Ry. This and the assumption
rank(H(Amin)) go.-1y = k, imply by Theorem 2.5, that H(G(0,0)) = H(Amin) admits a R—rm.
This proves (5.11) in case of Theorem 5.1.(2(a)1).

Case 2: Theorem 5.1.(2(a)ii) holds. By Claim 3, (0,0) € Ry NR,. Since the last column of Hs is
by assumption in the span of the previous ones, the same holds for H(G (0, 0)) by Proposition 2.3.
By Theorem 2.5, #(G(0,0)) admits a R—rm. This proves (5.11) in case of Theorem 5.1.(2(a)ii).

Case 3: Theorem 5.1.(2(b)i) holds. By assumption, Z = R, N ORs = {(t1,u1), (2, uz)}. Since
Hs is pd, OR is not a half-line and hence u; # uy. By Claim 5, at least one of H(G(t1,u;)) and
H(G(t2,us)) admits a R—rm. This proves (5.11) in case of Theorem 5.1.(2(b)i).

Case 4: Theorem 5.1.(2(b)ii) holds. The assumptions imply by Theorem 2.5, that H(G(t,@)) ad-
mits a R—rm. This proves (5.11) in case of Theorem 5.1.(2(b)ii).

This concludes the proof of the implication Theorem 5.1.(2) = (5.11).

Up to now we established the equivalence (1) < (2) in Theorem 5.1. It remains to prove the
moreover part. We observe again the proof of the implication (2) = (5.11). By Lemma 4.3.(4),

(5.26) rank M (k; 8) = rank F(Amin) + rank H(Amim).

In the proof of the implications Theorem 5.1.(2(a)i) = (5.11) and Theorem 5.1.(2(a)ii) = (5.11)
we established that #(G(0, 0)) has a R—rm. By Theorem 2.5, there also exists a (rank #(G(0,0)))—
atomic one. By Theorem 2.6, the sequence with the moment matrix F(G(0,0)) can be represented
by a (rank F(G(0,0)))-atomic Z(ay + 2> + y*)-rm. By (5.26) and G(0,0) = A, if n = 0, in
these two cases (3 has a (rank M(k; §))—atomic Z(p)-rm.

In the proof of the implication Theorem 5.1.(2(b)i) = (5.11) we established that H(G(t',u))
has a R—rm for some (¢, u') € Z. Analogously as for the point (0, 0) in the previous paragraph, it
follows that 3 has a (rank F(G(t',«')) +rank H(G(¢',v')))—atomic Z(p)-rm. Using (5.13), (5.21)
and rank Hy = rank Hyy + 1 (by H, being pd), it follows that

(5.27) rank F(G(t',u')) + rank H(G(t', u')) = rank F(Apin) + rank Hy + 1.
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We separate two cases:

o If H (A is pd, then rank H (A, ) = rank Hy + 1. This, (5.26) and (5.27) imply that [
admits a (rank M (k; B))—atomic Z(p)-rm.

o If H(Apmn) is not pd, then we must have rank H(Ay,) = rank Hs, Otherwise we have
(H(Awmin)) g /H2e = 0 and hence (H(Amin—nEégﬂ)))X(l,k)/H22 < 0, which contradicts
t0 H(Amin — nEg“;rl)) being psd. Hence, in this case /3 has a (rank ./\7(/’{:, B) + 1)—atomic
Z(p)-rm. Moreover, there cannot exist a (rank M (k; B))—atomic Z(p)-rm. Indeed, since
n > 0, atleast rank F(Apn)+1 (resp. rank Hy) atoms are needed to represent F (G (¢, u"))
(resp. H(G(t",u"))) for any (t",u”) € Ry N Ry (see (5.13) and (5.21)). Hence, at least
rank F(Amm) + rank Hy + 1 atoms are needed in a Z(p)—rm for any (¢”,u”) € R; N Rs.

In the proof of the implication Theorem 5.1.(2(b)ii) = (5.11) we established that H (G (%, @))
has a R-rm. Analogously as for the point (0,0) in two paragraphs above, it follows that § has
a (rank F(G(t,u)) + rank H(G (¢, %)))-atomic Z(p)—rm. By (5.13) and (5.21), this measure is
(rank F(Apmin) + rank Hoy + 2)—atomic.

o If H(Apnn) is pd, then rank H (A, ) = rank Hag + 2. This and (5.26) imply that 5 admits

—~=

a (rank M(k; §))—atomic Z(p)—rm.
o If H(Apnn) is not pd, then we have rank H(A,;,) = rank Hay + 1, since otherwise the

equality (H(Amin))gam/Hee = 0 implies (H(Awin — 1ES5 ")) g /Hae < 0, which
contradicts to H(Amin—nEégﬂ)) being psd. Hence, in this case 5 has a (rank M(k; 5)+1)-

atomic Z(p)-rm. Moreover, there cannot exist a (rank M (k; 3))-atomic Z(p)—rm in this
case. Indeed,

(RiNR)\Z = (0R1 NRs) U (R1 NIR,) U (Ry N Ry).
Using (5.13) and (5.21), in every point from (R N Rs) \ Z at least rank F(Apnm) +
rank Hos + 2 atoms are needed in a Z(p)—rm.
This concludes the proof of the moreover part.
Since for a p—pure sequence with M(k; 3)) = 0, (5.26) implies that H(Apm) is pd, it follows

by the moreover part that the existence of a Z(p)-rm implies the existence of a (rank M (k; B))-
atomic Z(p)-rm. O

The following example demonstrates the use of Theorem 5.1 to show that there exists a bivariate
y(—2y + 2% + y*)—pure sequence 3 of degree 6 with a positive semidefinite M (3) and without a
Z(y(—2y + 2 + y?))-rm.

Example 5.3. Let [ be a bivariate degree 6 sequence given by

38 39
ﬁOO 9 ﬁlU 5 ) ﬁOl 5 9
602 3 313
620_§7 511 _%7 502_§7
9152 421 3
530_?57 521_557 512—557
2709 172118 27
503 = Tar 540 = ﬁ?)l = Tac

125 625 625



TMP ON REDUCIBLE CUBIC CURVES I 29

2717 3 24373
Ba2 = o Bis = 625 Boa = TR
3303368 7789 27
/850 - 3125 ) /641 — 31257 /832 — 3125)
19381 3 924349
Pas = 3125 Pra = 3125 fos = 3125
243 44453
— 41 _ _
Peo 26, for = 15625’ P = 15625’
27 149357 3
Py = 15625’ Pou = 15625 Prs = 15625’
g 2094133
06 15625 °

Assume the notation as in Theorem 5.1. M (3) is psd with the eigenvalues ~ 4445, ~ 189.2,
~ 16.6, ~ 11.9, ~ 3.2, ~ 1.22, =~ 0.57, ~ 0.022, ~ 0.0030, 0 and the column relation

Y2+ XY + Y3 =0.

We have that
324330 132789 77 27

55873 278915 25 125
132789 4180091 27 1493

A | 278915 1394575 125 625
mmn 7 27 1493 243
25 125 625 3125
27 1493 243 33437
125 625 3125 15625

and so
77 4180091 4608

1T 55 T 1394575 55783

The matrix H, is equal to:

21 73 273
Hy= 1| 73 273 1057

64904063
273 1057 64904063

The eigenvalues of H; are ~ 4441.1, ~ 6.74, ~ —0.019 and hence H, is not psd. By Theorem 5.1,
/3 does not have a Z(y(—2y + x> + y*))—rm, since by (2b) of Theorem 5.1, H, should be psd.

6. PARABOLIC TYPE RELATION: p(x,y) = y(z — y?).

In this section we solve the Z(p)-TMP for the sequence 5 = {f;}ijez, it+j<or of degree 2k,
k > 3, where p(z,y) = y(z — y?). Assume the notation from Section 4. If 3 admits a Z(p)-TMP,
then M (k; §) must satisfy the relations

(6.1) Y3 X' =YX fori,j € Z, suchthati+j <k — 3.

In the presence of all column relations (6.1), the column space C(M(k;3)) is spanned by the
columns in the set

(6.2) T = X0 gy X0 gy2X0s=2),
where
Yyixuo . (Yin,YinH, o 7yz’X€) withi, j0 € Z,, j <, i+{<k.
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Let .//\/lv(k, f) be as in (4.8). Let

(6.3) Amin := A12(A22)T(A12)T.

As described in Remark 4.4, A,,;, might need to be changed to
~ k41 k41
Amin = Amin + U(Ef ]:-_1-1) + E](c—:i 1))

where

ni= (Amin)Q,k - (Amin)l,k+1-
Let F(A) and H(A) be as in (4.10). Define also the matrix function

(6.4) G:R® = Sty G(tu) = Ay +t BN 1 uBt)
Write
1 X(l,kfl) Xk
N 1 B0,0 - (Amin>1,1 (hIQ)T /Bk,(] - (Amin)2,k
H(Amin) = (XBF=D)T hia Hyo has ,
Xk ﬁk,o - (Amin)2,k (h23)T ﬁ2k,0 - (Amin)kJrl,kJrl
1 X(l,kfl)
6.5) oo (H(/Al e _ 1 Boo — (Amin)11 (ha2)®
1- min /) X (0,k—1) ()—(» (1,k—1) )T h12 H22 )
X(l,kfl) Xk
N Xr’(l,kfl) T H h
Hy := (H< rmn))X(Uv) = ( & ) 22T . :
X (ha3)"  Baoko — (Amin)k+1,k+1

Let us define the matrix

K := H( mm)/HZZ

~ (Boo — (Amin)11 Bro — (Amin)2.k B (h12)T) T
B (51@0 - (Amin)Qk: 5211:,0 - (Amin)k+1,k+1-) ((h23>T (H22) (hlz h23)

( — (Amin)11 = (h12)" (Ho2) iz Bro — (Amin)2k — (hi2)" (Hao) hos )
~(

Aml 2 Kk (h23)T(H22)Th12 5%70 - (Amin)k+1,k+1 - (h12)T(H22)Th12

kll k12
le k22

Let
T={1,Y,X, XY, X2 X%, .. X' X, . X" X1y, x*},
and
66) Pbea permutation matrix such that moment matrix M (k; B) :== ﬁM(k’, B) (]3)T

has rows and columns indexed in the order 7A‘, C\ T.

Write
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F(t,u) = PF(G(t,u))(P)"

1 T\{1,x*} x* C\T

(6.7) N 1 (Amin)11 +t (fi12)" (Amin)2.k (fia)"
_ (TN {1, x")" J12 Fp Jo3 Fy

X* (Amin)2,k (f23)" (Amin)kr1he1 + 1 (fa0)"
C\T J14 (Foq)" J34 Fy

The solution to the cubic parabolic type relation TMP is the following.
Theorem 6.1. Let p(x,y) = y(z — y?) and B := B = (B, ;)i jez, i+ j<2r Where k > 3. Assume
also the notation above. Then the following statements are equivalent:
(1) B has a Z(p)-representing measure.
(2) M (k; B) is positive semidefinite, the relations
(6.8) Bij+3 = Biv1,41 hold for every i,j € Z, withi+ j <2k — 3,

-~

H(Awin) is positive semidefinite, defining real numbers

t1 = Hi/Ha = oo — (Amin)1,1 — (h12)" (Hyo)Thig,

(6.9)
Uy = HQ/H22 = 5%,0 - (Amin)k+1,k+1 - (hQS)T(HZQ)ThZ?n
and the property
(6.10) (H(Amin)) g1 = 0 or  rank(H(Amin)) gox 1 = rank H(Ampm),

one of the following statements holds:

(a) F5 is not positive definite, n = 0 and (6.10) holds.

(b) Fj is positive definite, Hos is not positive definite and one of the following holds:
(i) uy =n =0.
(i) wp > 0, t1 > 0, tyug > n? and Bro — (Amin)2p = (ha2)” (Hao) has.

(c) Fyo, Hoo are positive definite and one of the following holds:
(i) n = 0 and (6.10) holds.

(ii) n # 0 and
(6.11) (v k11koy — sign(ki2)ki2)? > 0,

where sign is the sign function and sign(0) = 0.

Moreover, if a Z(p)-representing measure for [3 exists, then:

o There exists at most (rank M (k; B) + 1)—atomic Z(p)-representing measure.

—~—

e There exists a (rank M(k; B))—atomic Z(p)-representing measure if and only if any of the
following holds:

-n= 0.

— rank H(Apn) = rank Hoy + 2.

— rank H(Amn) = rank Hsy + 1 and one of the following holds:
x Hyy is not positive definite and t,u, = n>.

x Hoy is positive definite, k1o = 0 and ki1kys = 1.
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In particular, a p—pure sequence [ with a Z(p)-representing measure admits a (rank M (k; B))-
atomic Z(p)-representing measure.

Remark 6.2. In this remark we explain the idea of the proof of Theorem 6.1 and the meaning of
conditions in the statement of the theorem.

By Lemmas 4.1-4.2, the existence of a Z(p)-rm for  is equivalent to the existence of ¢,u € R
such that (G (¢, u)) admits a Z(x — y*)-rm and H(G(t, v)) admits a R—rm. Let

Ry ={(t,u) e R*: F(G(t,u)) =0} and R, = {(t,u) € R*: H(G(t,u)) = 0}.
We denote by OR; and R; the topological boundary and the interior of the set I;, respectively. By

the necessary conditions for the existence of a Z(p)-rm [CF04, Fia95, CF96], M(k; 3) must be
psd and the relations (6.8) must hold. Then Theorem 6.1.(1) is equivalent to

M (k; B) = 0, the relations (6.8) hold and
(6.12) (to, up) € R1NRy: F(G(to,uo)) and H(G(to, up)) admit
a Z(z — y*)-rm and a R—rm, respectively.
In the proof of Theorem 6.1 we show that (6.12) is equivalent to Theorem 6.1.(2):

(1) First we establish (see Claims 1 and 2 below) that the form of:
e R, is one of the following:

where the left case occurs if 7 # 0 and the right if = 0.
e R is one of the following:

where the left case occurs if k15 # 0 and the right if k15 = 0.
(2) If F is only positive semidefinite but not definite, then we show that (6.12) is equivalent
to

(6.13) /W(k, B) = 0, the relations (6.8) hold, » = 0 and #(G(0,0)) admits a R—rm.
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The latter statement is further equivalent to Theorem 6.1.(2a).
(3) Assume that Fys is positive definite and Hos is only positive semidefinite but not definite.
If:
e u; = 0, then we show that (6.12) is equivalent to (6.13). The latter statement is further
equivalent to Theorem 6.1.(2(b)i).

e u; > 0, then we show that (6.12) is equivalent to
M(k; B) = 0, the relations (6.8) hold, F(G(t1, u;)) and
H(G(t1,u1)) admit a Z(x — y*)—rm and a R—rm, respectively.

The latter statement is further equivalent to Theorem 6.1.(2(b)ii).

e u; < 0, then (6.12) cannot hold.
(4) Assume that F, and Hs, are positive definite. If:
e 1) = 0, then we show that (6.12) is equivalent to (6.13). The latter statement is further
equivalent to Theorem 6.1.(2(c)1).

e 1) # 0, then we show that (6.12) is equivalent to R; N Ry # (). The latter statement is
further equivalent to Theorem 6.1.(2(c)ii).

Proof of Theorem 6.1. Let R{, R be as in Remark 6.2. As explained in Remark 6.2, Theorem
6.1.(1) is equivalent to (6.12), thus it remains to prove that (6.12) is equivalent to Theorem 6.1.(2).

First we establish a few claims needed in the proof. Claim 1 (resp. 2) describes R4 (resp. Rs)
concretely.

Claim 1. Assume that M(k; 3) = 0. Then
(6.14) Ry ={(t,u) eR*: t > 0,u > 0,tu > n*}.
If (t,u) € Ry, we have
rank F(Apin), ifn=t=u=0,
rank F(Ayin) +1, if(n=t=0,u>0)or(n=u=0,t>0)
or (n # 0,tu = n?),
rank F(Apin) + 2, if tu > 1%

(6.15) rank F(G(t,u)) =

where A, is as in (6.3).

Proof of Claim 1. Note that
k1 k1 k+1 k+1
G(t,u) = Apin + U(Ei,k—&-l) + E/(§+1,1)) + tEf,l )+ UE12+1,12+1

(6.16) t O p—1 n
= Anin + [ Or—11 Op—1 Op—1g
Ui 01 -1 u
By Lemma 4.3, we have that
(6.17) F(G(t,u) =0 < G(t,u) = Ann
Using (6.16), (6.17) and the definition of R, we have that

(6.18) (tu) eRy & (f] Z)zo o t>0u>0tu> P
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which proves (6.14).
To prove (6.15) first note that by construction of F( A, ), the columns 1 and X* are in the span

of the columns indexed by C \ X (0k) Hence, there are vectors
(6.19) v, vy € ker F(Amin)

of the forms
(k1) (k+2)

6200 vy =(1 0 () €RT=F and w= (01 1 (3)7) €R

(k+1)(k+2)
2

Letr := rank (t n). Clearly,
n u

(6.21) rank F(G(t,u)) < rank F(Apm) + 7

We separate three cases according to r.
Case 1: r = 0. Inthiscase t = u =7 = 0 and G(0,0) = A,,,. In this case (6.15) clearly holds.

Case 2: 7 = 1. In this case tu = 7% Together with (6.18), this is equivalent to (n =t = 0,u > 0)
or (n =u=0,t>0)or (n#0,tu =n*). By (6.21) and F(G(t,u)) = F(Ami) to prove (6.15),
it suffices to find v € ker F(Amin) and v ¢ ker F(G(t,u)). Note that at least one of vy, vy from
(6.20) is such a vector, since

(v) ' F(G(t,u)vy =t and  (vo)" F(G(t, u))vy = u.

Case 3: r = 2. In this case tu > n?. Note that
2 2

(6.22) F(G(t,u)) = ]—"(Q(%, u)) + (t _ %) D O0inin , > f(g(%, u>>

2

By Case 2, we have rankf(Q <%,u>> = rank F(Anim) + 1. By (6.21) and (6.22), to prove

(6.15), it suffices to find v € ker ]—“(g (% u)> and v ¢ ker F(G(t,u)). We will check below, that

v, defined by

~ T (k+1) (k+2)
3)T) eR

n
V3 = V1 — E”UQ = (1 Olykfl —% (’U 2 s

is such a vector. This follows by
2

.F(g(%, U))Ug = 0(k+1)2(k+2)71

and
n?
(vg)Tf(Q(t,u))vg =t——>0.
U
This concludes the proof of Claim 1. ]
Note that
1 X(l,kfl) b &
1 Boo — (Amin)11 —t  (hia)” Bro — (Amin)2.k
H(G(t,u)) = (X(l’kfl))T hia Hj, ha3

X" 5k,0 - (Amin)2,k (h23>T 5%,0 - (Amin)k+1,k+1 —u
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Define the matrix function

K(t,u) = H(G(t, 1))/ Hay = H(Amin)/Hoz — (8 ?1)

—x= (5 a) = (Mt )
Claim 2. Assume that M(k; 3) = 0. Then
Ry = {(t,u) € R*: K(t,u) = 0}

= {(t,u) € R*: t < ky1,u < koo, (k11 — ) (koo — u) > ki, }.
If (t,u) € Ro, we have

(6.23)

(6.24)

rank HQQ, if ]{512 = 07t = /{?11, u = /{?22,
(625) rank H(g(t, u)) = rank H22 + 17 if (1{711 — t)(k?gg — U) = k%Q, (t 7é k?n or u 7& k22)7
rank Hy + 27 if (kn — t)(k?gg — U) > k%Q

where A, is as in (6.3).

Proof of Claim 2. Permuting rows and columns of H(G(t,u)) we define

1 X+ (Lk-1)
1 Boo — (Amin)11 — t Bro — (Amin)2,k (h12)”
7—N[(g(t, u)) = X" Bro — (Amin)2,k Bk, — (Amin)k+1,k+1 —u (h23)T
(X(l’k_l))T hio has Ho
Note that
H(G(tu) =0 <  H(G(Eu) =0
and
1 X—’(l,kfl) Xk
1 Boo — (Amin)11 (h2)"  Bro — (Amin) 1kt
(6.26)  H(Apin) = (XTE-HT his Ha hos
X" Bro — (Amin)1e+1 (hos)” Boro — (Amin)b+1,k41
By Lemma 4.3.(2), H(Amin) = 0. Permuting rows and columns, this implies that
{ Xk Xr’(l,kfl)
1 Boo — (Amin)1,1 Bro — (Amin) 1,541 (h12)”
H(Amin) = X" Bro — (Amin)1k+1 Boro — (Amin) k1 k1 (has)? = 0.
()_()(l’kfl))T hia has Hjy

By Theorem 2.2, used for (M,C) = (ﬁ(Amin),Hgg), it follows that Hoy = 0 and hjo, hos
C(HQQ). Let

(T2)”
L:8Sy = Sky1, L(A)= A ( (has)” )
((hiz hos ) Hy

35

S
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be a matrix function. Using Theorem 2.2 again for (M, C') = (L(A), Hap), it follows that

(6.27) L(A)=0 & Az <EZ;§§§) (Hz)" (h1z - hos)
and
(6.28) rank £(A) = rank Hyy + rank (A - (EZ:%) (Ha)' (h12 h23) )

Further, (6.27) implies that
H(G(t,u) =0 <

Bo,o — (Amin)11 — 1 Bro — (Amin )2,k (hi2)” +
< ( Bk,(] - (Amin)2,k B2k,0 - (Amin)k—l—l,k—l-l —Uu B T (HZQ) (h12 h23) t 0
& K(tu) =0,

where we use the definition (6.23) of K (¢, u) in the last equivalence. Moreover, rank H (G (¢, u))
rank Hag + rank IC(t, w). This proves (6.24) and (6.25).

Claim 3. If (¢,u) € Ry N (R, )?, then
tu < (v k11kao — sign(k12)k12)® =: Pmax-

The equality is achieved if:
® ]{512 = O, in the pOil’lt (t, u) = (]CH, k’gg).
e /12 > 0,in the point (¢_,u_) = (k11 — %’?, koo + %"?)

V22 Vi1
e k12 < 0, 1in the point (t+,U+) = (kll + %ZT, koo — %]ﬁ;)

Moreover, if kg 7é~0, then for every p € [0, pmay] there exists a point (¢, %) € RoN (R, )? such that
tu = p and (kll — t) (kQQ — ﬂ,) = k%Q

Proof of Claim 3. If ki5 = 0, then (t,u) € Ry N (Ry)? = [0, k11] X [0, koo] and Claim 3 is clear.
Assume that k5 # 0. Then clearly fu is maximized in some point satisfying (ki3 —t) (ko —u) =

ki, Let f(t) :=t (koo — kf?_ -). We are searching for the maximum of f(¢) on the interval [0, k11].

The stationary points of f are t+ = kj; + %’? Then uy = koo F %ﬁ; If k15 > 0, then
t_ € [0, k’n] (IlOtC that kllkzg > k'%g if RQ N (R+)2 7& @) Further on, t_u_ = (\/ k’uk‘gg — k‘12)2.
Similarly, if k1o < 0, then t, € [0, ky1] and t,uy = (V/ki1koo + k12)?. The moreover part follows
by noticing that f(0) = 0 and hence on the interval [0, ¢.], f attains all values between 0 and pyax.
[ |

In the proof of Theorem 6.1 we will need a few further observations:
e Observe that

(H(G(t, 1)) gon-r) = Hi — tE,
(6.29) (H(G(t,u))) gam-1) = Hao,
(H(G(t, ) g = Ha — uB).
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e We have
(6.30) (H(G(t, ) gwr—n /(H(G(t, ) g = Hi/Happ =t =11 — t,
where in the first equality we used (6.29) and in the second the definition of ¢; (see (6.9)).
e We have
(6.31) (H(G(t, ) gam /(G W) gaw) = Ha/Hop —u=uy —u,

where in the first equality we used (6.29) and in the second the definition of u; (see (6.9)).

First we prove the implication (6.12) = Theorem 6.1.(2). By the necessary conditions for the
existence of a Z(p)-rm [CF04, Fia95, CF96], M(k; ) must be psd and the relations (6.8) must
hold. By Lemma 4.3.(2), F (Amin) = 0. Hence,

F = PF(Apin)(P)"

1 T\{1,x*} X* C\T
(6.32) N 1 (Amin)1,1 (f12)T (Amin) 1,541 (f14)T
_ (T, xM)” iz Fo o3 Fyy - 0.
Xk/\ (Amin)l,k—i-l (f23)T (Amin)k+1,k+1 (f34)T B ’
C\T J1a (Foq)" J3a Fuy

where P is as in (6.6). In particular, F5, = 0. We separate two cases according to the invertibility
of F: 22.

Case 1: F, is not pd. Let 3(°) be a sequence corresponding to the moment matrix JF (G (to, uo)).
Let v = (70, - - -, 7ax) be a sequence defined by 7; = Bl ,+ Note that

L%J ,i mod
(‘F(g(tmuo»)%\{l?xk} = (F)%\{LXJC} = Fy = Ag,
where 7 = (72, ..., Yak—_2). Since Fy is not pd, it follows that there is a non-trivial column relation

in F, which is also a column relation in A., by Proposition 2.3. By Theorem 2.7,  has a R-rm,
which implies by Theorem 2.5, that A, is rg. Hence, the last column of A, = F(G(to,up)) is in
the span of the columns in 7 \ {1, X*}. It follows that

(f12)T (Amin)Q,k
(6.33) Py | (Fa)' foz = fa3
(f23)T (Amin)k+1,k+1 + Ug

On the other hand, by construction of F , the column X¥ is also in the span of the columns in
T\ {1, X*}. Hence,

(fi2)" (Amin) 141
(6.34) Fyy | (Fa) fos = fos
<f23)T (Amin)k+1,k+1

By (6.33) and (6.34), it follows that (Amin)2x = (Amin)1k+1 OF equivalently n = 0, and uy = 0.
Note that

A~

F(G(to, o)) = F(G(¢

(6.35) 0:0)) = F(G(0,0)) = F(Amin),
H(G(to, ug)) = H(G(t,0)) < H(G(0,0)) =H

(G(



38 S. YOO AND A. ZALAR

Further on, F (Amin) has a Z(z — y*)—rm by Theorem 2.7 and H.(Ain) by Theorem 2.5. Indeed,

the column X* of F (A, ) is in the span of the others and since H(G (¢, 0)) satisfies the conditions
in Theorem 2.5, the same holds for H (A, ). But then the property (6.10) holds (note that n = 0).
This is the case Theorem 6.1.(2a).

Case 2: Fy is pd. By Lemma 4.3.(2), H(Amn) = 0 (see (6.26)). In particular, Hyy = 0. We
separate two cases according to the invertibility of Hos.

Case 2.1: Hy, is not pd. By (6.31) and Theorem 2.5, it follows that

(636) U1 = Ugp.
By (6.14),
(6.37) ug > 0.

We separate two cases according to the value of u;.

Case 2.1.1: u; = 0. By (6.36), it follows that uy = 0. Note that
(6.38) (F(G(to,u0)) 7 4y = (F(G(t0,00)) 3 (1, = (F) 3 4y

Since in I we have the column relation (6.34) by construction, (6.38) and Proposition 2.3 imply
that

(ﬁ(g(tooO)))%j‘-\{LXk}(FQQ)TfQ?) = (ﬁ(g(th())))ﬁ{Xk}v

or equivalently (6.33) with uy = 0. By (6.33) and (6.34), it follows that (Auin)2t = (Amin)1,k+1 OF
equivalently = 0. This is the case Theorem 6.1.(2(b)i).

Case 2.1.2: u; > 0. Since the column X* of #(G(to, u1)) is in the span of the columns in X (1A=,
it first follows by observing the first row of H(G (o, 1)) that

(6.39) Bro — (Amin)2k = (hm)T(Hm)Tth'

Further on,

(6.40) H(G(t,u1))/(H(G(t,w1))) gam = (H(G(t, 1)) gor-n/(H(G(E, w1))) gaw-n = t1 — 1,

where we used (6.30) in the second equality. By (6.40) and Theorem 2.2 used for (M,C) =
(H(G(t,u1)), (H(G(t,u1))) gam ), it follows that H(G(t1,uq)) = 0. By Theorem 2.5, H(G(t1, u1))
admits a R—-rm. Note that

(6.41) F(Glto, o)) = F(G(to, u1)) = F(G(t1,w1)),

where we used that ¢, < t; by (6.40). By Theorem 2.7, (]?(Q(tl, u1)))7 (xry must be pd. (Here

we used that since u; > 0 and Fyy = 0, it follows that (F(G(t1, u1)))# 1y > 0.) Therefore Claim
1 implies that t; > 0 and ¢;u; > n?. Together with (6.39), this is the case Theorem 6.1.(2(b)ii).

Case 2.2: H,, is pd. We separate two cases according to the value of 7.

Case 2.2.1: n = 0. By Lemma 4.3.(2), H(Amin) = 0 (see (6.26)).
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If H(Amin) does not admit a R—rm, it follows by Theorem 2.5, that (H(Amin)) (0.k-1) is not pd

and u; > 0. Equivalently,
t1 = (H(Amin)) g1 /Haz = 0,

which by (6.30) implies that t, = 0. By Theorem 2.7, since F(G(to, uo)) = F(G(0,up)) admits
a Z(z — y?)-rm, Fyy > 0 and (F(G(0, Uo)))7\ (xry 18 not pd, it follows that ug = 0. But then
H(G(to,up)) = H(G(0,0)) = H(Amn) does not admit a R—rm, which is a contradiction.

Hence, H(Amin) admits a R—rm, which is equivalent to (6.10) (using n = 0). This is the case
Theorem 6.1.(2(c)i).

Case 2.2.2: 11 # 0. By (6.15) it follows that tyug > n%. This fact and Claim 3 imply the second
condition in the case Theorem 6.1.(2(¢)ii).

This concludes the proof of the implication (6.12) = Theorem 6.1.(2).

Next we prove the implication Theorem 6.1.(2) = (6.12). We separate five cases according to
the assumptions in Theorem 6.1.(2).

Case 1: Theorem 6.1.(2a) holds. By Lemma 4.3.(2), F(Amin) = 0 and H(Amin) = 0. Since

n = 0, both matrices have a moment structure. Since by construction, the column X* of F (Amin)
is in the span of the others, it has a Z(x — 3?)—rm by Theorem 2.7. Since H(A.i,) satisfies (6.10)
(using n = 0), it admits a R—rm by Theorem 2.5. This proves (6.12) in this case.

Case 2: Theorem 6.1.(2(b)i) holds. By the same reasoning as in the Case 1 above, F (Amin) has a
Z(z — y?)-rm. Since u; = 0, the column X* of H(A,,) is in the span of the other columns. By
Theorem 2.5, H(Amin) admits a R—rm. This proves (6.12) in this case.

Case 3: Theorem 6.1.(2(b)ii) holds. By (6.30), (6.31) and the fourth assumption of (2(b)ii), it
follows that 7(G(t1, uy)) is psd and the columns 1, X* are in the span of the columns in X (1A=,
By Theorem 2.5, H(G(t1, u1)) admits a R—rm. Since (¢1,u1) € Ry by (6.14) and the assumptions
in (2(b)ii), it follows that F'(G(t1,us)) is psd and by construction, (ﬁ(g(tl, uy))) is pd. By
Theorem 2.7, it has a Z(x — y?)—rm. This proves (6.12) in this case.

T\(X*}

Case 4: Theorem 6.1.(2(c)i) holds. F(A,) has a Z(z — y2)-rm and H( A, ) has a R—rm by the
same reasoning as in the Case 1 above. This proves (6.12) in this case.

Case 5: Theorem 6.1.(2(c)ii) holds. We separate three cases according to the sign of k1.

e If k1o = 0, then by Claim 2, H (G k11, ka2)) is psd and the column X* is in the span of the
previous ones. Since H(G(0,0)) = H(A\min) is psd by assumption, it follows that ky; > 0
and koy > 0. Since 1 # 0 and ki1kso > n? by (6.11), it follows that k;; > 0 and kay > 0.
By Claim 1, F(G(k1y, ks2)) = 0. By Theorem 2.7, it has a Z(x — y2)—rm. This proves
(6.12) in this case.

o If k15 > 0, then by Claim 3, H(G(t_,u_)) is psd and t_u_ > n?. By construction,
rank H(G(t_,u_)) = k and since t_ < k3, it follows that (H(G(t_,u_))) g1 is pd.
Hence, the column X* of H(G(t_,u_)) is in the span of the others. By Theorem 2.5,
H(G(t_,u_)) admits a R—rm. By Claim 1 and t_u_ > 7?2, it follows that F(G(t_,u_)) =
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0. Since t_ > 0, it follows that (F\(g(t_,u_)))
Z(x — y*)-rm. This proves (6.12) in this case.

e If k15 < 0, then the proof of (6.12) is analogous to the case k12 > 0 by replacing (¢t_,u_)
with (t+, U+).

(xR is pd. By Theorem 2.7, it has a

This concludes the proof of the implication Theorem 6.1.(2) = (6.12).

By now we established the equivalence (1) < (2) in Theorem 6.1. It remains to prove the
moreover part. We observe again the proof of the implication (2) = (6.12). By Lemma 4.3.(4),

(6.42) rank M(la f) = rank f(Amin) + rank H(Amin)-

In the proofs of the implications Theorem 6.1.(2a) = (6.12), Theorem 6.1.(2(b)i) = (6.12) and
Theorem 6.1.(2(c)i) = (6.12), we established that F(Ai,) and H(An,) admit a Z(z — y?)—rm
and a R—rm, respectively. By Theorems 2.5 and 2.7, there also exist a (rank J (A, ))—atomic and

a (rank H (A ) )-atomic rms. By (6.42), 3 has a (rank M (k; 3))-atomic Z(p)—rm.
Assume that Theorem 6.1.(2(b)i1) holds. We separate two cases according to the value of #:

e 17 = 0. We separate two cases according to the existence of a R—rm of H (A iy ):

— The last column of H(Amin) is in the span of the previous ones. Then as in the previous
paragraph, F (A, ) and H (A ) admit a (rank F (A, ) )-atomic Z(z — y?)-rm and

a (rank H(Amn))—atomic R—rm, respectively. Hence, (3 has a (rank M(k; ))—atomic
Z(p)-rm.

— The last column of H(Awin) is not in the span of the previous ones. Since also t; > 0,
it follows that rank H (A, ) = rank Hos + 2. But then rank H(G(¢1,u1)) = rank Hoo
and rank F(G(t1,u;)) = rank F(Amm) + 2 (see (6.15)). This implies that M(3; k)
admits a (rank M (k); B)—atomic Z(p)-rm.

e 1) # 0. We separate two cases according to rank H (A, ), which can be either rank Hoo + 2
or rank Hyo + 1 (since t; > 0).

— rank H(Apmn) = rank Hay + 2. Then as in the second Case of the case = 0 above, in
the point (¢1, u) there is a (rank Mv(k, B))—atomic Z(p)-rm for 5. (Note that tu; is
automatically strictly larger than n?, otherwise the measure was (rank M (k; B) — 1)—
atomic, which is not possible.)

— rank H(Apin) = rank Hsy + 1. In this case we have
rank H (G (t1, u1)) + rank F(G(t1, uy)) = rank Has + rank F(G(ty, u1))
rank Hoy + rank f(Amin) +1, iftju; = n?,
B { rank Hoyy + rank]-A"(Amin) +2, iftju; > n?,

B rank /\7(/’{, B), if tyuy = n?,

rankﬁ/l/(k; B)+1, iftyu; > n?
where we used (6.15) in the second and (6.42) in the third equality. Hence, ( has
a (rank M(k; 8))-atomic rm if tyu; = n? and (rank M(k; ) + 1)-atomic rm if
tiug >~172. It remains to show that in the case t;u; > 7?2, there does not exist a
(rank M (k; 8))—atomic rm. Since Hy, is not pd and u; > 0, if H(G(¥',)) has a
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R-rm, then v’ = wu;. Since n # 0, then f(g(t’,ul)) with a Z(z — y*)-rm is at
least (rank F(Anpi,) + 1)—atomic (see (6.15)). If ¢/ # t1, then rank H(G(t',u1)) =
rank Hy, + 1. Hence,

rank H(G(t', u1)) +rank F(G(t', uy)) > (rank Hyy+1)+ (rank F(Amum)+1) = rank M(k; 8)+1,
where we used (6.42) in the last equality.

e Assume that Theorem 6.1.(2(c)ii) holds. We separate two cases according to the value of
k12.
— k1o = 0. We separate two cases according to rank H(Apn), i.e., rank H(Apm) €
{k,k + 1}. Note that rank H (A,;,) cannot be & — 1, since n # 0 and k12 = 0 imply
that (H(Amin)/Hgg) 12 7£ 0.

« rank H(Amin) = k + 1. Then as in the second case of the case n = 0 of
Theorem 6.1.(2(b)ii) above, in the point (1, u;) there is a (rank M (k; 3))—atomic
Z(p)-rm for 3. (Note that ¢,u, is automatically strictly larger than 7%, otherwise

the measure was (rank M (k; 5) — 1)—atomic, which is not possible.)

« rank H(Amin) = k. In this case we have
rank Hoy + rank F(Apim) + 1, if ky1kas = 02,

rankH(g(kll, k22)) + rank f(g(klh k22)) B { rank H22 + rank}"(A : ) + 2 lf k11k22 > 772

. rank/\A/l/(k; B), if kiiks = n?,
rankﬂ(k;; B) + 1, if ky1koo > 772,
where wgvused (6.15) in the first and (6.42) in the seconi equality. Hence, [ has
a (rank M(k; 8))—atomic rm if k11 ko = 1? and (rank M (k; ) + 1)—atomic rm
if ky1koy > niIt remains to show that in the case &1k > n?, there does not
exist a (rank M (k; 5))—atomic rm. Since n # 0, if F(G(t',)) is psd, it follows
that t'u’ > n? by (6.14). But then if F(G(t',u')) also admits a Z(z —y?)-rm, this
rm is at least (rank F(Apn) + 1)—atomic (see (6.15)). If ¢ < kg or v/ < koo,
then rank H(G (', u')) > rank Hys + 1. Hence,

rank H(G(t', u')) +rank F(G(¢', ) > (rank Hyy+ 1)+ (rank F(Apn)+1) = rank M(k; ) +1,

where we used (6.42) in the last equality.

— k1o # 0. We separate two cases according to rank H(Ap,), i.e. tank H(Anm) €
{k,k 4+ 1}. Note that rank H (A, ) cannot be k — 1, since otherwise H.(Awpin)/Hao =

(2 8) , which cannot be psd by  # 0. By Claim 3, there is a point (£,%) € Ry N
(R, )2, such that t@t = n? and (k;; — ©)(koy — @) = k2,. By (6.15) and (6.25) we have
rank (G(f,@)) + rank F(G(, @) = (rank Hay + 1) + (rank F(Ami) + 1)
rank M(k; 8), if rank H(Amm) =k + 1,
- { vank M(k; B) + 1, if rank H(Auin) = k,

where we used (6.42) in the second equality. It remains to show that in the case
rank H(Amin) = k, there does not exist a (rank M (k; 3))—atomic rm. Since n # 0,
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it Z(G(t',u')) is psd, it follows that £/ > 5?2 by (6.14). But then if F(G(t, ') also
admits a Z(x — y*)—rm, this rm is at least (rank F(Ayi,) + 1)—atomic (see (6.15)).
Since k12 # 0, rank H(G(t',u')) > rank Hys + 1 by (6.25). Hence,

rank H(G(t', u)) +rank F(G(', v)) > (rank Hop+1)+ (rank F(Amm) +1) = rank M(k; ) +1,
where we used (6.42) in the last equality.

This concludes the proof of the moreover part.
Since for a p—pure sequence with M(k; 3)) = 0, (6.42) implies that H(A;y) is pd, it follows
by the moreover part that the existence of a Z(p)-rm implies the existence of a (rank M(k; 3))-

atomic Z(p)-rm.

O

The following example demonstrates the use of Theorem 6.1 to show that there exists a bivariate
y(z — y*)—pure sequence 3 of degree 6 with a positive semidefinite M (3) and without a Z(y(x —

y*))-rm.

Example 6.3. Let 3 be a bivariate degree 6 sequence given by
Poo = %7 Pio = ?—g, Por = %7
fro= 2, fu =2, fr = 7o,
B30 = %0077 P = %, Pi2 = %,
Bog = %7 By = 2141206937 By = 37%617
b= 2, frs = 0, =22,
Brg = 7134118727’ By = 123131617 By = 4282519’
fos = 2002, fr="00, fos = o,

2438236509 415998681 71340451

560—1—(), 2 T 2=y
By = 123131617 By = 42825197 s — 37(155617
foo = 2o

Assume the notation as in Theorem 6.1. M(Z%) is psd with the eigenvalues ~ 2.51 - 108, ~ 471709,
~ 112.1, ~ 74, ~ 1.11, ~ 0.1, = 0.03, ~ 0.0005, ~ 4.9 - 1075, 0, and the column relation
Y3 = Y X. We have that

5537 91 455 61999553
9230 10 2 9230
91 455 67171 428519
A = 10 2 10 2
min = 455 67171 428519 71340451
2 10 2 10
61999553 428519 71340451 450098209309

9230 2 10 1846
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and so
67171 61999553 72
’]’] = —_ = ——
10 9230 923
The matrices Fyy and Hyy are equal to:
91 441 455 12201 67171
10 10 2 10 10
441 455 12201 67171 376761
10 2 10 10 10 718
12 455 12201 67171 376761 428519 H 5 5
22 — 2 10 10 10 2 ) 27 18 49
12201 67171 376761 428519 12313161 5 5
10 10 10 2 10
67171 376761 428519 12313161 71340451
10 10 2 10 10

They are both pd with the eigenvalues ~ 7.3-10°, ~ 1987.6, ~ 5.6, ~ 0.099, ~ 0.0013 and ~ 11.1,
~ 0.068, respectively. The matrix K is equal to

k} ]{3 6050329 3
K — ( 11 12) _ (48143g98510 494915414>
k2 koo 95 87685
and thus
(6.43) (Vki1kia — k12)? —n? = —0.0033 < 0.

By Theorem 6.1, 3 does not have a Z(y(x — y?))-rm, since by (2(c)ii) of Theorem 6.1, (6.43)
should be positive.
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