THE STRONG TRUNCATED HAMBURGER MOMENT PROBLEM WITH AND
WITHOUT GAPS

ALJAZ ZALAR

ABSTRACT. The strong truncated Hamburger moment problem (STHMP) of degree (—2kq, 2ks)
asks to find necessary and sufficient conditions for the existence of a positive Borel measure, sup-
ported on R, such that 3; = [ @’du (—2k; < i < 2ks). The first solution of the STHMP, covering
also its matrix generalization, was established by Simonov [60], who used the operator approach and
described all solutions in terms of self-adjoint extensions of a certain symmetric operator. Using the
solution of the truncated Hamburger moment problem and the properties of Hankel matrices we give
an alternative solution of the STHMP and describe concretely all minimal solutions, i.e., solutions
having the smallest support. Then, using the equivalence with the STHMP of degree (—2k, 2k), we
obtain the solution of the 2—dimensional truncated moment problem (TMP) of degree 2k with variety
zy = 1, first solved by Curto and Fialkow [22]. Our addition to their result is the fact previously
known only for & = 2, that the existence of a measure is equivalent to the existence of a flat extension
of the moment matrix. Further on, we solve the STHMP of degree (—2k1, 2ks) with one missing
moment in the sequence, i.e., S_ak,+1 Or Bar,—1, Which also gives the solution of the TMP with
variety 2y = 1 as a special case, first studied by Fialkow in [33].

1. INTRODUCTION

Given a real sequence S 21220 = (8 o, B o 11, Bory—1, Bor,) of degree (—2ky, 2ks),
ki, ko € 7., the strong truncated Hamburger moment problem (STHMP) for 3(~21.2k2) a5ks
to characterize the existence of a positive Borel measure ;. on R, such that

R

The STHMP of degree (0, 2k) is the usual truncated Hamburger moment problem (THMP) of
degree 2k.

We denote by M(n1,n2) = M(n1,n)(801272)) = (Biy)
moment matrix associated with 3(~21:2k2)
X" in the degree increasing order

XM XM XL X, X X
Let Rlz ™!, ]y vy = {D°72_, aix’: a; € R, 71,75 € Z, } stand for the set of Laurent polynomials

i=—7

in variables 27!, z of degree at most r; in ! and at most 7, in z. For every Laurent polynomial

s —k1 < mp < ny < ks the
, where the rows and columns are indexed by monomials
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pla=tx) = Zf’i_kl a;z' € Rlz™!, 2]y, 1,, we denote by
-1 k2
p(XTLX) = a(X Y +aol + > a; X7 € Car(ky k)
i=—k1 j=1

the vector from the column space Cpy(_, i) Of the moment matrix M (—ky, k2). Let O stand for
the zero vector. We say that the matrix M (—k;, ko) is recursively generated (rg) if for p, ¢, pq €
Rz, 2]k, &, such that p(X 1, X) = 0, it follows that (pg)(X, X ') = 0.

Given a real 2—-dimensional sequence

5(%) = {50,07 51,07 50,17 cee 75%,07 521471,1, cee ,51,2k717 50,2k}

of degree 2k and a closed subset K of R?, the truncated moment problem (TMP) supported on
K for Bk) asks to characterize the existence of a positive Borel measure £ on R? with support in
K, such that

(1.2) Bij :/ syidp (i,j € Zy, 0 <i+j < 2k).
K

If such a measure exists, we say that 52*) has a representing measure supported on K and y is its
K-representing measure.

We denote by M (k) = M(k)(B%)) = (8;;)?"_, the moment matrix associated with 5%,
where the rows and columns are indexed in the degree lexicographic order

1,X.Y,... X% X%y . Xy?-1y?,

Let Rz, y|, stand for the set of polynomials in variables x,y of degree at most k. For every
plz,y) = 3, ai;z'y’ € Rlz,yly, we denote by p(X,Y) = >, . a;; X'Y7 the vector from the
column space Cy) of the matrix M (k). Recall from [18], that § has a representing measure
v with the support supp i being a subset of Z, := {(z,y) € R?: p(x,y) = 0} if and only if
p(X,Y) = 0 where 0 stands for the zero vector. We say that the matrix M (k) is recursively
generated (rg) if for p, ¢, pq € R[z, y|x such that p(X,Y") = 0, it follows that (pq)(X,Y) = 0.
The variety of 5(*) is defined by

V@Es) = (] 2,
9ER[X,Y <k,
9(X,Y)=0

where Z, := {(z,y) € R?: g(z,y) = 0}.

A concrete solution to the TMP is a set of necessary and sufficient conditions for the existence of
a K-representing measure, that can be tested in numerical examples. Among necessary conditions,
M (k) must be positive semidefinite (psd), rg and satisfies the variety condition [18, Proposition
3.1 and Corollary 3.7], which states that the inequality rank M (k) < card V(B8®*) holds. The
celebrated flat extension theorem of Curto and Fialkow [18, Theorem 7.10], [23, Theorem 2.19]
states that 3(*) admits a rank M (k)—-atomic representing measure if and only if M (k) is psd and
admits a rank-preserving extension to a moment matrix M (k4 1). Using the flat extension theorem
as the main tool the 2—dimensional TMP has been concretely solved in the following cases: K is
the variety defined by a polynomial p(z,y) = 0 with degp < 2[19,20,21,22,34], K = R%* k =2
and M (2) is invertible [28, 32], K is the variety y = 23 [33], M (k) has a special feature called
recursive determinateness [24] and in the extremal case with the equality in the variety condition
[25]. Some other special cases have been solved in [10, 11, 27, 35, 41]. In [33], Fialkow studied
also the TMP for the curves of the form y = g(x) and yg(z) = 1, where g € R[z] is a polynomial,
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and obtained the bound on the degree m for which the existence of a positive extension M (m) of
M (k) is equivalent to the existence of a measure. In our previous work we derived some of the
above results and solved new cases of the 2—dimensional TMP using the solution of the THMP or
the THMP with some missing moments: K with variety xy = 0 can be solved with the use of the
THMP twice [9, Section 6], K with variety y = 23 or y> = 23 are equivalent to the THMP of
degree 6k with a missing moment (g1 or 3; [63, Subsections 3.1, 4.1], while special cases of K
with variety y = 2* or y3 = 2* to the THMP of degree 8k without 3s,_» and fg;_; or 5, and B3,
[63, Subsections 3.2, 4.2].

By [61] the TMP is more general than the classical full moment problem (MP). For nice exposi-
tions on the full MP and the TMP see [2, 46, 59]. Haviland’s solution [37] of the MP established
the duality of the MP with positive polynomials and led to further investigations of the MP from
the perspective of real algebraic geometry (see [43, 47, 48, 49, 50, 51, 53, 54, 55, 56, 58]). Further
on, various generalizations of the TMP and MP have been introduced, e.g., matrix and operator
MPs [4, 6, 16, 38, 39, 44, 45, 52, 62], tracial MPs [8, 9, 12, 13, 14], MP supported on N, [40], MPs
in infinitely many variables and on more general commutative algebras [3, 26, 29, 36], TMP with
a signed representing measure [42].

In this article we first give an alternative solution to the STHMP of degree (2k;, 2ks), which
was first solved in the more general matrix case in [60] using the operator approach, describing all
solutions in terms of self-adjoint extensions of a certain symmetric operator. Our approach uses the
solution of the THMP and the properties of Hankel matrices, giving also a concrete description of
all minimal solutions, i.e., solutions having the smallest support. As a corollary we obtain a new
proof of the TMP of degree 2k with variety xy = 1, solved in [22]. In addition, it follows that
the existence of a flat extension of the moment matrix is equivalent to the existence of a measure;
for £ = 2 this was first proved in [20, Proposition 5.3]. Then we solve the STHMP of degree
(—2k;, 2ko) with the missing moment (5_ox, 11 Or [k, 1 by using the solutions of the THMP of
degree 2k with the missing moment (3; or 391 from [63]. Finally, as a corollary to this we obtain
the solution of the TMP with variety 2%y = 1.

1.1. Reader’s Guide. The paper is organized as follows. In Section 2 we present some properties
of psd Hankel matrices and the solution of the THMP. In Section 3 we first state the solution of
the STHMP (see Theorem 3.1), give a proof based on the solution of the THMP in Subsection 3.1,
explain the connection with Simonov’s approach [60] in Subsection 3.2, and finally as a corollary
obtain the solution of the nondegenerate hyperbolic TMP (see Corollary 3.5). Finally, in Section
4 we present the solutions of the STHMP of degree (—2k;, 2k;) with the missing moment 5_o, 11
(see Theorem 4.1) or B_o,—1 (see Corollary 4.2) and as a consequence solve the TMP for the
variety 2y = 1 (see Corollary 4.3).

Acknowledgement. I would like to thank the anonymous referee for very useful comments for the
improvement of the manuscript and bringing the paper [60] to my attention.

2. PRELIMINARIES

We write M,, ,,, (resp. M,,) for the set of n x m (resp. n x n) real matrices. For a matrix M we
denote by C,, its column space. The set of real symmetric matrices of size n will be denoted by
Sp. For a matrix A € S, the notation A > 0 (resp. A = 0) means A is positive definite (pd) (resp.
positive semidefinite (psd)).

Let k € N. For

v=(vo,...,v) € R*,
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we denote by

Vo (%1 (%) tee Vi
U1 U2 a - Vk+1
. k _ . . . .
Ay = (UiJrj)m:o =1 vy - . . : € Skt1
Vak—1
Vg Vk41 - U2k—1 Vak

the corresponding Hankel matrix. We denote by v; := (vj+g)];:0 the (j + 1)-th column of A,,
0<j<k,ie,
AUZ(VO Vk).
As in [17], the rank of v, denoted by rank v, is defined by
k+1, if A, is nonsingular,
rank v = { min{i: v; € span{vy,...,v;_1}}, if 4, is singular.
If rank v < k + 1 we say that v is singular. Else v is nonsingular.
We denote
o the upper left-hand corner (v;;);":_, € Sim41 of A, of size m + 1 by A,(m).

1]
e the lower right-hand corner (v;;)" € Sy of A, of size m + 1 by A,[m].

i,j=k—m
For a sequence v = (v, ..., vy) we denote by v := (vyy, var_1,...,v) the reversed se-
quence. A sequence v is called

e positively recursively generated (prg) if for = rank v the following two conditions hold:

- Ay(r—1)=0.
- If r < k£ + 1, denoting
(2.1) (@os -+ s pr1) = Ap(r — 1) (v, ... 09,1)T,

the equality
(2.2) Vj = PoUj—p + =+ + Pr_1Vj1

holds for j =, ..., 2k.
e negatively recursively generated (nrg) if for » = rank v*®) the following two conditions
hold:
- A,r—1] > 0.
— If r < k + 1, denoting

(Yo, - s thr1) = Au[r — 1) (var2rts - - V2tr)
the equality
(2.3) Vok—r—j = YoVok—rs1—j + -+ + Vp_1V2p—j,
holds for j =0,...,2k —r.

e recursively generated (rg) if it is prg and nrg,

Proposition 2.1. Let v = (vg, ..., va) € R?**L vy > 0, be a singular sequence of rank r < k
such that A, = 0. Let p; be defined by (2.1). Then the following statements are true:

(1) (2.2) holds for j =r,...,2k — 1.

(2) (2.3) holds for j =0, ...,2k —r — 1.
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r—1
(3) The polynomial p(x) := x" — Z @iz has r distinct real zeroes.
(4) The following statements are elqb?ivalent:
(a) v is prg.
(b) (2.2) holds for j = 2k.
(c) rank A,(k — 1) = rank A,.
(d) There exist real numbers vy 1 and vog 1o such that Ay = 0, where U := (v, Vog11, Vog12)-
(e) Vo1 and voi o defined by (2.2) for j = 2k + 1,2k + 2 are the unique real numbers
such that A; = 0 and rank A, = rank A;, where 0 := (v, Uag41, Uk i2)-
(5) The following statements are equivalent:
(a) vis nrg.
(b) (2.3) holds for j = 2k —r + 1.
(c) rank A [k — 1] = rank A,,.
(d) There exist real numbers v_; and v_s such that Az = 0, where 0 := (v_9,v_1, ).
(e) v_o and v_y defined by (2.3) for j = 2k —r+1,2k —r+2 are the unique real numbers
such that Ay = 0 and rank A, = rank A;, where 0 := (v_3,v_1, ).

Proof. (1) is [17, Theorem 2.4(ii)]. (3) follows from [17, Remark 3.5]. (4) follows from [17,
Theorem 2.6 and Remark 2.7]. Using (1) (resp. (4)) for 1) we obtain (2) (resp. (5)). [

Remark 2.2. (1) Proposition 2.1.(1) implies that for a singular sequence v, the numbers ;
could also be defined as the unique coefficients such that v, = @pgvg + -+ + ©,_1Vy_1.
Moreover,

(2.4) Vj = @oVjr + -+ Pr1Vj1
holdsforj =r+1,...,k — 1.
(2) Proposition 2.1.(4) implies that v is prg if and only if (2.4) holds also for j = k.

(3) Proposition 2.1.(2) implies that for a singular sequence v, the numbers v); could also be
defined as the unique coefficients such that vi_, = ¥gvk_ri1 + - -+ + ¥_1 VK. Moreover,

(2.5) Vik—r—j = PoVik—rt1—j + -+ Yr_1Vij

holdsforj =1,...,k—r — 1.
(4) Proposition 2.1.(5) implies that v is nrg if and only if (2.5) holds also for j = k — 7.

Let v = (vp,...,va,) € R*T! be a sequence with the Hankel matrix A, = ((vo --- vi ).
For a polynomial g(z) = Z?:o vix', v; € R, we define the evaluation g(v) by the rule g(v) =
Zf:o v;v;. For a singular sequence v we call the polynomial p from Proposition 2.1.(3) the gener-
ating polynomial of v. We write 0 € R¥*! for the zero vector.

Proposition 2.3. For a singular sequence v = (vo, . .., vor) € R?***! the following statements are
equivalent:

(1) vis prg and vy # 0.

(2) visnrg and 1y, # 0.

(3) visrg.

(4) v is rg, rank v = rank v, o # 0 and

1
(26) (w07w1a s 7¢T—2a¢r—1) = (_ﬂ7_ﬁ7' . "_90 1a_> .
Yo  ¥o $Yo  $o
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Proof. First we prove the implication (1) = (2). By definition of rank v = r, the set {vo, ..., v,_1}
is linearly independent. Since v is prg, Proposition (2.1).(4) implies that (2.4) holds for j =
r,..., k. Since ¢y # 0, it follows that fori =0, ...,k —r

r—1
©; 1
Vi =~ Z Vi + —Vigr,
— Yo %o
J_
and inductively every set {v; 1,...,Vv;1.},i =0,..., k — r, is linearly independent. Hence, (2.5)
is true with ¢; = —“O;ng,j =0,...,r—2,and ¢,_; = %_

The proof of the implication (1) < (2) is analoguous to the proof of (1) = (2) only that the
induction step is in the backward direction.

Since (1) and (2) are equivalent, the implication (1) =- (3) follows. The nontrivial part of
the implication (1) < (3) is ¢y # 0. If ¢y = 0, then since (2.4) holds for j = r,..., k and
Vo, ..., V,_ are linearly independent, it follows that vy ¢ span{vy,...,v}. Since v is singular,
A, is also singular, and consequently A, .., and v**") are both singular. Since v is nrg, it follows
from (2.5), used for j = k — r, that vy € span{vy,..., vy}, which is a contradiction. Hence,
o # 0.

The nontrivial implication of the equivalence (1) < (4) is (1) = (4). Note that the equalities
rank v = rank v(*¥) and (2.6) follow from the proof of the implication (1) = (2). O

For x € R™ we use 4, to denote the probability measure on R™ such that 6,({z}) = 1. By a
finitely atomic positive measure on R™ we mean a measure of the form y = ijo p;j0z,, where
¢ € N, each p; > 0 and each x; € R™. The points x; are called atoms of the measure /.« and the
constants p; the corresponding densities.

For v := (vy,...,v,) € R™ we denote by V,, € R™*™ the Vandermondo matrix
1 1 . 1
U1 V2 e Um,
Vi i=
’U?L_l vg@—l L U;vr":—l

The solution of the THMP of degree 2k is the following.

Theorem 2.4 ([17, Theorems 3.9 and 3.10]). For k € Nand 3 = (B, ..., o) € RZ** with
Bo > 0, the following statements are equivalent:

(1) There exists a R—representing measure for 3, i.e., supported on R.

(2) There exists a (rank ()—atomic representing measure for [3.

(3) 0 is positively recursively generated.

(4) M(0,k) > 0 and rank M (0, k) = rank .

(5) One of the following statements holds:
(a) M(0,k) > 0.
(b) M(0,k) = 0 and rank M (0, k) = rank M (0, k — 1).

(i) r < k, then the R—representing measure 1 is unique and of the form pn =y ., pi0,,, where
X1, ..., T, are the roots of the generating polynomial of [,

(o - ) =V,

x:(xl,...,mr)andu:(ﬂo e B )T.
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(ii) v = k+1, then there are infinitely many R—representing measures for 3. All (k+ 1)—atomic
ones are obtained by choosing Py € R arbitrarily, defining Bojo = uT (M(0,k)) "u

where u = ( i1 -+ Pawsa )T, and use (i) for B := (B, . .., Bos1, Porya) € RS,

For a vector v € R™ we denote by v(0: i) € R*™! the projection on the first i + 1 coordinates
and by v(i) := v(i : i) € R the (i + 1)~th coordinate of v.
We will need the following proposition in the solution of the STHMP.

Proposition 2.5. Let k € Nand 3 = (Bo, ..., far) € R¥** L with By > 0 be a real sequence such
that M (0, k) > 0. Then:

(1) All but at most one (k+1)—atomic representing measures for (3 described in Theorem 2.4.(ii)
are supported on R \ {0} and the corresponding sequences (5 are singular and recursively

generated.
(2) Denoting M(0,k) = ( vo vi --- Vi ) the (k+ 1)-atomic representing measure for /3
with a nonzero density in O exists if and only if
Ci=(vi(0:k—1) -+ vi(0:k—1))
is invertible. In this case [a1 = w'C 7 w, where w = ( Bry1 -+ Pox )T and oy 1o is

as in Theorem 2.4.(ii).

Proof. Let 3511 € R be arbitrary and B be defined as in Theorem 2.4.(i1). By [17, Lemr}}a 2.3]
we have that rank Az = rank M (0, k) and hence § is singular. By Theorem 2.4.(i), S has a
unique (k + 1)—atomic representing measure supported on the set of roots Z (pg) of the generating

polynomial p5 of B . To establish (1) it remains to prove that for all but one fBor11, Z (pg) does not
contain 0 and E is rg. We write Ag = ( U U3 - Ug Uk ) . Assume that Z (pg) contains

0. Then pz(z) = gkt — Zle p;x" for some ¢; € R or equivalently uy; = Zle oiuy. In
particular,

(2.7) Wey1(0:k—1) Z%ul (0:k—1)

and fopi1 = Wepq (k) = SoF (k). If the vectors uy (0: k — 1), ..., we(0 : k — 1) are linearly
independent, then ¢, . .., ¢, satisfying (2.7) are uniquely determined and hence also ;. 1, such
that Z(pj) contains 0, is unique. Otherwise us(0: & —1),..., wc(0: k — 1) are linearly dependent
and thus

k>rank (ug(0:k—1) up(0:k—1) -+ ug1(0:k—1))
=rank (g (0:h—1) ux(0:k—1) -+ wea(0:k—1) )T

= rank( (u (&(?;)D)T ) =k,

k
2.8) k

where we used the Hankel structure of Az in the second equality and M(1,%) = 0 in the third
equality. (2.8) is a contradiction. Thus there is at most one (9,1 such that Z (pﬁ) contains 0. If
Z(pg) does not contain 0, then pz(z) = zhtl — ZZ o pix’ with g # 0. By Proposition 2.3, Bistg

in this case. This proves (1). The statement (2) also follows from the proof of (1) above by noticing
that u;(0: k) = v;(0: k) fori =0,...,kand ux1(0: k — 1) = w. O
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3. THE STHMP AND THE TMP WITH VARIETY zy = 1

In this section we first solve the STHMP (see Theorem 3.1) and then as a corollary obtain the
solution of the TMP for the curve xy = 1 (see Corollary 3.5).

Theorem 3.1. For ki, ky € N, let 8 := B2F12k2) — (B_o1 B oy 11, ... Bo,) be a real sequence
of degree (—2ky, 2ks), such that 5_ox, > 0, with the associated moment matrix M (—ky, k). The
following statements are equivalent:

(1) There exists a representing measure for 3 supported on R \ {0}.
(2) There exists a (rank (3)—atomic representing measure for [3 supported on R \ {0}.
(3) [ is recursively generated.
(4) M(—ky, ky) = 0 and one of the following statements holds:
(a) M(—ky,ks) > 0.
(b) rank M (—ky, ko) = rank M (—ky, ko — 1) = rank M (—k; + 1, ko).
Moreover, if  with r = rank (3 has a (R \ {0})-representing measure and:

(i) 7 < ki + ko, then the representing measure is unique and of the form y = > . | pi0y.,
where x4, ..., x, are the roots of the generating polynomial of 5 and py,...,p, > 0 the
corresponding densities.

(ii) r = k1 + ko + 1, then there are infinitely many (ki + ko + 1)—atomic representing measures
for . Denoting M (—ky, ky) = ( Vo Vi Vikitke ), they are obtained by choosing
any Bor,+1 € R, which is not equal to vI C~ v if C is invertible, where

C:(Vl(OI]{?l—f-kQ—l) Vk(02]€1+]€2—1>)
and v = Bpipips1 - Dok )T, defining
By = " (M (=ki, k2)) "' u,

T )
where u = ( Bekytkot1 o Boky  Bokg+1 ) , and then use (i) for

B = (5721:17 cee a52k2+1> ﬁ2k2+2)-

Remark 3.2. Before proving Theorem 3.1 let us mention that the matrix STHMP was already con-
sidered by Simonov in [60]. Let N € N and Hy(C) be the set of N x N complex hermitian matri-
ces. The matrix STHMP of degree (—2k1, 2ks), k1, ko € Z refers to the case when {Si}fi{%l isa

sequence of hermitian N x N complex matrices and one wants to find all positive H (C)-valued
Borel measure p such that

3.1) S; :/l’id,u (i € Z, —2k <i < 2ky).
R

holds. In [60], the author gave necessary and sufficient conditions for the solvability of the STHMP
of degree (—2m, 2m), m € N, and also described all solutions in terms of self-adjoint extensions of
a certain, not necessarily everywhere defined, linear operator on the finite dimensional Hilbert space
of N—vector Laurent polynomials. The operator techniques used in [60] are in fact not sensitive to
the assumption that k; = ks = m and can be verbatim extended to the general degree (—2k1, 2k5)
case, where k1, k; € N. Moreover, using the same techniques one can also solve the matrix THMP,
i.e., the sequence [ is of degree (0, 2m) or even of degree (2m1, 2ms), where m, mq, my € N. Since
except solvability we are also interested in the more concrete description of the minimal measures
in the scalar STHMP case, where a minimal measure refers to the representing measure with
the smallest possible number of atoms, we give a proof of Theorem 3.1 based on the application of
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Theorem 2.4 in Subsection 3.1. Then, in Subsection 3.2, we explain the connection with Simonov’s
work.

3.1. Proof of Theorem 3.1 using the solution of the THMP. First we prove the implication
(1) = (4). If B is nonsingular, then we have M (—ky, ko) > 0, which is (a). Else /5 is singular and
M (—k1, ks) % 0holds. Since 5 admits a measure, it can be extended with

B2k, -2, B-2k1—1, Bokg+1, Boki+2 € R

to a sequence (3(~2F1=22k2+2) which admits a measure. By (4) and (5) of Proposition 2.1, (b) holds.
Next we prove the implication (2) < (4). We separate two cases:

Case 1. M(—ky, ko) = 0 and M(—ky, k) % 0: Since (b) holds, there exist by Proposition 2.1.(4)
unique Sog, 11, ok, +2 € Rsuch that M (—Fky, ko+1) = 0and rank M (—ky, ko) = rank M (—ky, ko+
1). Inductively, for every m € N there is a unique extension of 3(~2k1:2k2) to F(=2k1.2(k2+m) " gych
that M (—ky, ko +m) = 0 and rank M (—ky, ko) = rank M (—ky, ks + m). Write r = rank /3 and
let m € N be such that ks + m > r. Let p(z) = 2" — Z;:g ©;x" be the generating polynomial
of B(~2k1.2k2) " By Theorem 2.4, there exists a unique measure j1 = Y ,_, ped,, for f02katm))
where x4, ..., 2, € R are zeroes of p and py, ..., p, are the corresponding densities. First note by
Proposition 2.3 that ¢y # 0 and hence all atoms z, are nonzero. We will prove that this is also the
representing measure for 3(-2%1:0), Let us assume that y represents ;4 1, 312, - . -, 3j1+r for some
—2k; < j < —1 and prove that it also represents ;. Note that for j = —1 the assumption that p
represents Sy, £, - . ., Br—1 holds and the validity for j < —1 will hold by induction. We have:

. - rl r r—1
Zp@x? - ZW (ixzﬂ - Z ﬁ%ﬂ') = ZP@ (2/1r1:c2+j + Zwux?])
/=1 =1 %0 = —

=1 £0
DI IR SRR
i=1 =1 i=1

where the first equality follows by expressing CL’Z from Z—% - p(x¢) which is equal to 0, the second by
Proposition 2.3.(4), the forth by the hypothesis that p represents 3,41, ..., 54, and the last by (2)
and (5) of Proposition 2.1. Hence ;. represents 3; and by induction also 3 (=2k1,0)

Case 2. M(—ky, k) = 0: By Proposition 2.5 there exist ngyl, Bok,+2 € R such that E =
(B, Bakys1, Pokyro) 1s singular and rg. By Proposition 2.1.(4),(5), [ satisfies

rank M (—k, k) = rank (M(—kl, s + 1)(3)) — rank (M(—k1 1k 1)(3)) .
Now we use Case 1 for E to establish (4).

The implication (1) < (2) is trivial. The equivalence (3) < (4) follows from Theorem 2.4 used
for 3(~2k1:2k2) and its reversed sequence (3(~2F12k2))(eV) — (Byr  Bor 11 ..., Bookis1, Por,) as B
to obtain the equivalences:

o [3(72k1.2k2) js proif and only if M (—ky, ky) = 0or [M(—ky, ky) = 0and rank M (—ky, ky) =
rank M (—ky, ko — 1)].

o (B(72k1,2k2))(rev) 5 pro if and only if 3(~2F1:2k2) is nrg if and only if it holds that M (—ky, k) =
0 or [M(—ky, k2) > 0 and the equality rank M (—kq, ko) = rank M (—k; + 1, k)] is true.



10 ALJAZ ZALAR

Using both equivalences gives the equivalence (3) < (4).

The moreover part can be read out of the proof of the implication (2) < (4). In case 3 is
a singular sequence, Case 1 applies, while if [ is not singular, then Case 2 applies. In Case 1
the constructed representing measure is precisely the one stated in (i), while in Case 2 precisely
singular, rg extensions 3 = (5, Bag, 11, Pok,+2) have (k1 + ko + 1)—atomic representing measures.
By Proposition 2.5 these are precisely the ones stated in (ii). U

3.2. Proof of (1) & (2) < (4) of Theorem 3.1 using the operator approach from [60]. Let

CNz™t, 2]k, 1, = span {uxZ weCNi=—ky,—k +1,..., k:g}

be a linear space of N—vector Laurent polynomials of degree at most k; in ! and k, in .

Let {Si}?f_%l be a sequence of hermitian N x N complex matrices, which is positive, i.e.,
k2 * k2 N i3
D igey VjSipjvi > 0 for every sequence {v;};2 , where v; € C". For a positive sequence

{Si}fi‘i2 »,» the Hermitian form
<U1Ii, u2xj> = U;Si+jUQ
on CN[z~!, z]y, k, is a semi-inner product. Quotienting out the vector subspace
Np,.—1
N={peC"z " alp: (p.p) =0}

gives a finite dimensional Hilbert space H. We denote by [p] := p + N € H the equivalence class
Ofp S CN[‘T_lax]khkT

We call the sequence {5; ?f_%lz
e matricially positively recursively generated (mat—prg) if for any sequence {v; fijﬂ
with v; € C¥ the following holds:
ka—1 ka—1
Z U;Si+jvi > 0 1mplles that Z U;SiJerrQUZ' > 0.
i,j=—k1 i,j=—k1
e matricially negatively recursively generated (mat-nrg) if for any sequence {v; fijﬂ
with v; € C¥ the following holds:
ka—1 ka—1
Z U;Si+j+2vi Z 0 1mphes that Z U;-‘Si_‘_jvi Z 0.
i,j=—k1 t,j=—k1
e matricially recursively generated (mat-rg) if it is mat—prg and mat-nrg.
If the sequence {Si}?ig_% is mat—prg, the multiplication operator A([p]) := [xp] on H with

domain
dom A := span{[u:vi]: weCNi=—ky,—ki+1,...  k — 1}
is well-defined. If moreover {5; fi’i%l is mat—nrg, it follows that ker A = {0}.
Solution of the moment problem (3.1) from [60] is the following.

Theorem 3.3. [60, Theorems 3.3 and 3.4, Corollary 3.4.1]

(1) The moment problem (3.1) is solvable if and only if {Si}ff_zkl is positive and matricially
recursively generated.
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(2) There exists a one-to-one correspondence between the set of all solutions 1 of (3.1) and
the set of all equivalence classes for the relation of unitary equivalence of self-adjoint
extensions A of A on some larger Hilbert space H 2 H, satisfying ker A = {0} and

H :spﬁ{[U],(Z— N7l w0 e CV N € P(E)}v

where p(A) = {)\ € C | ker(A — ) = 0,Ran(A — \) = ﬁ} is the resolvent set of A.

The correspondence is given by
(3.2) (), v)y = (Ez(t)[u], [v])g, wu,veC",

where E7 is the spectral measure of A.
(3) The moment problem (3.1) has a unique solution if and only if A is self-adjoint.

Using Theorem 3.3 the equivalence (1) < (4) of Theorem 3.1 easily follows by noticing that
being positive and mat-rg for N = 1 is equivalent to satisfying (4) of Theorem 3.1.

To prove the equivalence (1) < (2) of Theorem 3.1 we have to argue in the following way:
A is a symmetric operator on the finite dimensional Hilbert space. If dom(A) = H, then A is
self-adjoint and by Theorem 3.3 its spectral measure, which is supported on the set of eigenvalues
of A, gives the unique (rank A)—atomic representing measure y for 3 by the correspondence (3.2).
Since

ko—1
dom(A) = H & [27] = [ Z aixi] for some a; € C
i=—ky

= rankM(—kl, ]{72) = rank M<—k1, kg — 1),

this measure is also (rank )—atomic. Otherwise dom(A) C H is a linear subspace of codimension
1 in H and A can be extended to a self-adjoint invertible operator Aon H. By Theorem 3.3, its
spectral measure, which is dim H = (k; + k2 + 1)—atomic, gives a (k; + ko + 1)—atomic representing
measure p for 3 by the correspondence (3.2).

Remark 3.4. (1) The moreover part in Theorem 3.1 does not directly follow from Theorem 3.3
since one would need to observe more carefully the minimal-rank self-adjoint extensions
A of A from Theorem 3.3.(2) to describe precisely their spectral measures (or equivalently
because of finite-dimensionality eigenpairs) in terms of the sequence /3.
(2) Using the same technique as above one can give an alternative solution of the matrix THMP
(see [1, 5, 6, 15, 30, 31]). Replacing N—vector Laurent polynomials with N—vector poly-
nomials

CV (@], 4, := Span {ux” uweCNi=k,.. .,kg} ,

following the proof of Theorem 3.3 in [60] one obtains the fact, that the sequence {51}12522 ko

of hermitian N x N complex matrices admits a H y(C)-valued Borel measure such that
S; = fR x'dy for each 7 if and only if {Sl}?f2 k, 18 positive and mat—prg, while all solutions
are precisely those described in Theorem 3.3.(2) only that the condition ker A= {0} is
dropped. (This condition is needed only for the equality S_o, = [ x~2k1dy; in the STHMP
case.) The uniqueness part remains the same as in Theorem 3.3.(3).
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3.3. The TMP with variety xy = 1. As a corollary of Theorem 3.1 we obtain a new proof of the
TMP of degree 2k with variety xy = 1, solved in [22]. Moreover, our approach shows that in case
the representing measure exists, there is always a (rank M (k))—atomic one.

Let M (k) be a moment matrix associated with a bivariate sequence 3*%). We write (M (k))s, s,

for the restriction of M (k) to rows and columns indexed by the sets S; and S,, respectively. We
also write (M (k))s := (M(k))ssand B:={Y* ... )V, 1,X,..., X"}

Corollary 3.5. For k € N, let fF) = (Bo.0s Br0s Boas - -5 Prok—1, Book) be a 2—dimensional se-
quence of degree 2k, such that By > 0, with the associated moment matrix M (k). Then there
exists a representing measure for 3% supported on K = {(x,y) € R%: xy = 1} if and only if
the following statements hold:
(1) One of the following holds:
(a) k> 2and XY = 1is a column relation.
(b) k= 1and 11 = Poo-
(2) M (k) is positive semidefinite, recursively generated and if rank(M (k))g = 2k, then
rank(M(k:))B\{Xk} = rank(M(k))B\{yk} = 2k.

Moreover, let r = rank M (k) and 5 admits a K—representing measure. Let

B = (Bozks Bozk—1s- -5 B0.1, Boos Bros - - Bako)-
Then:
(i) If 1 < 2k, then the representing measure is unique and of the form pn = ;| pié(xi’mfl),

where x1,...,x, are the roots of the generating polynomial of B and py,...,pr > 0 the
corresponding densities.
(ii) If r = 2k + 1, then there are infinitely many (2k + 1)—atomic representing measures for 3.

Denoting AB = ( Vo Vi - Vo ), they are obtained by the following procedure:
e Choose any Bar110 € R, which is not equal to vT C~'v if C' is invertible, where C' =
( vi(0:ky+hka—1) -+ vi(0:ky +ky—1) )andv: ( Brio -+ Pako )T.
e Define 52k;+2,0 = IUT(AE)AU% where w = ( 51,0 ce sz,o 52k+1,0 )T-

o Use (i) for } := (B, Bok11,05 Bakt2,0)-
Proof. Form € {—2k, —2k + 1,...,2k} we define the numbers 3, by the following rule

ﬂm,Ou m Z OJ

ﬁm - { B(]’,m, m < 0.

Claim. Lett € N. The atoms (21,27 "),... (2, ;') with densities py, ..., p; are the (zy — 1)-
representing measure for 3(F) = (5i,j)i7jezz+ i+j<or 1f and only if the atoms x4, ..., z; with den-
sities p1,...,p: are the (R \ {0})-representing measure for the 1-dimensional sequence [ :=

(B=2ks -+ =1, 50,51, ., Bax)-

The only if part follows from the following calculation:

t t
i—j0, =7, ij i —1Ng
Bij=Bic1j-1=...= { p ?’0 . j =B = E pexy ? = E pexy(x, 1,

/=1 (=1

where i, j € Z2 such thati + j < 2k.
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The if part follows from the following calculation:

P = { Boom, m<0. { S e(z )T om< 0.

where m = —2k, -2k + 1, ..., 2k.

t t
6m,07 m Z 07 Zé:l Afxzn7 m 2 07 _ § o™
tLy

/=1

Using Claim, a result stating that if 3(>*) has a K-representing measure, then it has a finitely
atomic /{—representing measure (see [57] or [7]), and Theorem 3.1, there exists a representing
measure for 3% supported on K if and only if (1) and (A) are true, where

(A) M (k) is psd, rg and one of the following conditions holds:
(@) (M(k))s >~ 0.
(b) rank(M (k))g = rank(M(k))B\{Xk} = rank(M(k:))B\{yk}.

It remains to prove the equivalence (A) < (2). The nontrivial implication is (A) < (2). If
rank(M (k))s = 2k + 1, then (a) follows form the fact that M (k) is psd. If rank(M (k))s = 2k,
then we are in case (b). It remains to prove that in case rank(M (k))s < 2k, (M (k)); being psd
and rg implies (b). By symmetry it suffices to prove that rank(M (k))s = rank(M (k))z (x»}- Let
us assume on contrary that rank(M (k))s > rank(M (k))z\ ;x+}. This means that

rank(M(k))B\{Xk} < 2k — 2.

Since (M (k))g is a Hankel matrix in the order Y* ... Y, 1, X,..., X* of rows and columns, it
follows that

X2 cgpan{Y*, ...V, 1,X,..., X3
Proposition 2.1 implies that

Xl e gpan{Y* 1 .. Y, 1,X,... X%

or equivalently

1 k—2
(3.3) Xht = Z Y + Zﬁij for some o, 5; € R.
i=k—1 §=0

Since M (k) is rg, multiplying 3.3 with X and using XY = 1, implies that
X* espan{Y*2 ...V, 1,X,..., X"},

which is a contradiction with rank(M (k))s > rank(M (k))g\ (x+;- This proves (A) <= (2).

The moreover part of the corollary follows from the moreover part of Theorem 3.1 by also
noticing that 3 = 8 and rank 8 = rank(M (k))s = rank M (k). This concludes the proof of the
corollary. 0

Remark 3.6. [22, Proposition 2.14] states that in case rank M (k) = 2k+1 there exists a (rank M (k))
or (rank M (k) + 1)—atomic measure, depending on the choice of the moments [So511,0 and B 2x-+1

in the extension M (k+ 1) (denoted by p and ¢ in the proof of [22, Proposition 2.14]). By Corollary

3.5, p and ¢ giving a (rank M (k))—atomic measure, exist. Note also that this is not in contradiction

with [22, Example 5.2] which only demonstrates the role of the choices of (25110 and [ 2x+1 on

the rank of the extension of M (k) to the moment matrix M (k + 1).
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4. THE STHMP WITH A GAP (3_g1, 41 OR Ba1,_1 AND THE TMP WITH VARIETY 2%y = 1

In this section we first solve the STHMP of degree (—2k;, 2ks) with a missing moment 3_ox 1
or f3a1,_1 and then as a corollary obtain the solution to the TMP for the curve z%y = 1.

A partial matrix A = (a;;)7,—, is a matrix of real numbers a;; € R, where some of the entries

are not specified. A symmetric matrix A = (a;;);;—; is partially positive semidefinite (ppsd) if
the following two conditions hold:
(1) a;; is specified if and only if a;; is specified and a;; = a;;.
(2) All fully specified principal minors of A are psd.
Let
4.1) M:[é g}eMHm

be a real matrix where A € M,,, B € M, ,, C € M,,,, and D € M,,. The generalized Schur
complement [64] of A (resp. D) in M is defined by

M/A=D—CA'B (resp. M/D = A— BD'C),
where AT (resp. DT) stands for the Moore-Penrose inverse of A (resp. D).
Theorem 4.1. Let ki, ky € N, and

5(90) = (572141,96, 572k1+27 ooy Bos - 7521@)

be a sequence where each f3; is a real number, B_o, > 0 and x is a variable. Let

vi=(Boamrz o Bokiwke1 ) and wi=( Pk o Boratks )

vectors, and

i 6—2/61 v 1T B—le U
A'—( of M(—k1+2,k2—1)> "”dA'—< ot M(—k:1+2,k:2))

matrices. Then the following statements are equivalent:

(1) There exists xy € R and a representing measure for 3(z) supported on K = R\ {0}.

(2) There exists xo € R such that B(xg) is recursively generated.

(3) There exists xo € R such that B(x) is singular and recursively generated.

(4) There exists vy € R and a (rank M (—ky + 1, k))—atomic representing measure for ()
supported on K = R\ {0}.

(5) Ap is partially positive semidefinite and one of the following conditions is true:
(a) M(—ky+ 1,k2) = 0and A > 0.
(b) rank M (—ky + 1, ke — 1) = rank M (—ky + 1, ko) = rank M (—k; + 2, ko) = rank A.
Moreover, assume that there exists xy € R such that (4) holds. Let
§i= M(—=ky + 1, k) /M(~k + 2, k), t:= A/M(~k + 2, k)

and w = ( Boki+s **  Bekytkot1 ) Then:
(i) If s =1 =0, then x¢ := u(M(—ky + 2, k}g))TwT,
(ii) Else s > 0, t > 0 and there are two choices x + for x, i.e.,
To+ = U(M(—k’l + 2, kQ))T’LUT + Vs-t.

Once x is fixed, the representing measure for 3(xq) is unique and its support consists of the roots
of the generating polynomial of ((xo).



THE STRONG TRUNCATED HAMBURGER MOMENT PROBLEM WITH AND WITHOUT GAPS 15

Proof of Theorem 4.1. The equivalence (1) < (2) follows from Theorem 3.1.

Now we prove the implication (2) = (5). Since 5(zo) is rg, the sequence 3(z,) and the reversed
sequence 3(10)") = (Bop,, Boky—1s - - - » B2k, 42, To, B_or, ) are both prg. Regarding 3(x,) and
B(x)™e") as degree (0,2(k; + k2)) sequences, the equivalence (1) < (3) of Theorem 2.4 implies
that they both admit representing measures on R. Using [63, Theorem 4.1] for 5(xy) and [63,
Theorem 3.1] for 3(z¢)®*"), (5) holds.

The implication (5) = (3) follows from [63, Theorem 4.1]. Indeed, the equivalence (ii) <> (iii)
of [63, Theorem 4.1] implies that there exists xq € R such that 5(z), regarded as a (0, 2(k; + k2))—
degree sequence, admits a (rank M (—k; + 1, ky))—atomic R-representing measure. So 3(xg) is
a singular sequence. By Theorem 2.4, 3(x) is prg and rank Ag,,) = rank M (—k; + 1, k). It
remains to prove that 3(zg) is nrg. Let p(z) := 2" — Z;;é ©;x" be the generating polynomial of
B(xo). If ¢ = 0, then the first column of Ag(,,) is not in the span of its other columns. But this is
in contradiction with rank Ag,,) = rank M (—ky + 1, k). Hence, ¢ # 0 and by Proposition 2.3,
Blixo) is re.

The implication (3) = (2) is trivial. So far we established the equivalences (1) < (2) <
(3) < (5). The implication (4) = (1) is trivial. It remains to prove the implication (3) =
(4). Since B(x) is singular and rg, Proposition 2.1.(4) implies that rank 3(x¢) = rank Ag,

while Proposition 2.1.(5) implies that rank Ag,,) = rank M (—Fk; + 1, k2). Hence, rank 5(zo) =
rank M (—k; + 1, ko). Using Theorem 3.1 for () gives (4).

For the moreover part about possible choices of z( see the Claim in the proof of [63, Theorem
4.1]. The last sentence about the form of the representing measure for 3(xy) follows from the
moreover part of Theorem 2.4. OJ

Corollary 4.2. Let k1, ky € N, and
B(w) = (B-ary, - - - Boky—2, T, Poy)
be a sequence where each [3; is a real number, 3_o, > 0 and x is a variable. Let
V= ( Bokahotr o Pomg—z ) and wi=( Popiry - Pore—z )
vectors, and
Ao (MR L) e A (MORETE )

matrices. Then the following statements are equivalent:

-

(1) There exists xo € R and a representing measure for 3(x) supported on K = R\ {0}.

(2) There exists xo € R such that ((xy) is recursively generated.

(3) There exists o € R such that B(x) is singular and recursively generated.

(4) There exists o € R and a (rank M (—ky, ke — 1))—atomic representing measure for 3(x)
supported on K = R\ {0}.

(5) Ap(y) is partially positive semidefinite and one of the following conditions is true:
(a) M(—ky, ky—1) = Oand A > 0.
(b) rank M (—k; +1,ky — 1) = rank M(—ky, ke — 1) = rank M (—ky, ko —2) = rank A.

Moreover, assume that there exists xy € R such that (4) holds. Let

s 1= M(~ki ko — 1)/ M(~ki, ky —2), t:=A/M(~ky, ks —2)
andw = ( Bpyihy—1 -+ Boky—s ). Then:
(i) If s =t = 0, then xq := u(M(—ky, ky — 2)) w?.
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(ii) Else s > 0, t > 0 and there are two choices x + for xy, i.e.,
To+ = u(M(—/ﬁ, l{?g — 2))TwT +vVs-t.

Once x is fixed, the representing measure for (xq) is unique and its support consists of the roots
of the generating polynomial of B(zo).

Proof. Note that Z§:1 p;j0z;, Where p; > 0 are densities and 2; € R\ {0} are atoms, is a (R\ {0} )—-

representing measure for () if and only if Z§:1 p;j0,-1isa (R \ {0})-representing measure for

E(x) = (B*2k27'r75*2k2+27 cee 7607 cee 732]?1)7
where (; = 3_; for each i. Using Theorem 4.1, the corollary follows. U

The following corollary is a consequence of Theorem 4.1 and gives the solution of the bivariate
TMP for the curve 2%y = 1.

Corollary 4.3. Let § = (ﬁz‘,j)z‘,jezi i+j<2r be a 2—dimensional real multisequence of degree 2k.
Suppose M (k) is positive semidefinite and recursively generated. Let

u(l) = (ﬁo,hﬁl,i) fori = 17 ey 2k — 17

B = (U(%_l)7 U(Qk_z)a ce ,U(l), 50,0, 51,0, ce 75%—2,0), B = (57 /3%—1,07 5%,0)7

B = (U<2k_2)7 w3 M), B0.0s B0, - - - Bar—20)s B := (B, Bak—1,0, Borp),

be subsequences of 3,

(u(qu) w2 o (5D if ks even,
vi=
(u(2k—1) w@=2) .. (514D Bors1), ifkisodd,

1. 50,% v
A_< UT AB

a matrix. Then (3 has a representing measure supported on the variety K = {(x,y) € R?: 2%y =
1} if and only if the following statements hold:

(1) One of the following holds:
o k> 3and X*Y = 1is a column relation of M (k).
o k = 2 and the equalities 351 = [o,0, B3,1 = 1,0 hold.
o k=1
(2) One of the following holds:
(a) Az = 0and A = 0.
(b) Az = 0 and rank Az = rank Az = rank A = rank M (k).

a vector and

Moreover, let r = rank M (k) and 3 admits a K—representing measure. Let () := (o ok, , B)
and A = ( 52%/% u ), where

Ay
(v Bok ), ifkis even,
U=
(v Birer), ifkisodd,
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and
<ﬁ1 e w2 w3 if ks even,
w = 7 k . .
(51,%—1 u=2) (3D Bors1-1), ifkisodd.
Then:
(i) If r < 3k, then the representing measure is unique and of the form |1 = Z;l pié(xi,mfz),
where 7 € {r,r + 1}, x1,...,x7 are the roots of the generating polynomial of v(xo),
To = u(AB)TwT and p1, . .., pi > 0 are the corresponding densities.
(ii) If r = 3k, then there are two (3k)—atomic representing measures. Let
_ foo JA:) - (A)A-
e = u(Ay)fu” + \/<AB/AB) (4/45).
Then the two measures are of the form =Y ._, pi,iém a2 where x; 4, ..., T, are

the roots of the generating polynomial of y(x4.), and p1 4,. . ..pr+ > 0 are the correspond-
ing densities.

Proof. Form € {—4k,—4k+2,—4k+3, ..., 2k} we define the numbers Em by the following rule

By 1mi, if m is even and m < 0,
~ 72

Bm =14 B, rlmly if m is odd and m < 0,
1)
/Bm,()? it m Z 0.

Claim 1. Every number Em is well-defined.

We have to prove that 7 + j < 2k, where 4, j are indices of 3; ; used in the definition of Em. We
separate three cases according to m:

e m is even and m < 0: @g%:%.

o misoddandm < 0: [21] +1 < [#£3] 4 1 =2k — 1 4+ 1 = 2k.
e m is nonnegative: m < 2k.

Claim 2. Let t € N. The atoms (zy, 2, %),... (;, 2; ) with densities p1, ..., p; are the (z%y —
1)-representing measure for (53;;); jez2 iyj<or if and only if the atoms z1,. .., z; with densities

p1,- .., pe are the (R '\ {0})-representing measure for E(x) = (E,%, x, 5741“2, §,4k+3 . ,B%).

The if part follows from the following calculation:

( . .
By imi, if m is even and m < 0,
72

Bm =14 B, rlml;; if m is odd and m < 0,
2
Bmo, ifm =0,

> Pf(%_z)%, if m is even and m < 0, :
- 22:1 pete(z;?) (@], ifmisoddandm <0, = Z pexy’,
\ Siy pery, ifm >0, P

where m = —4k, —4k + 2, —4k + 3, ..., 2k.
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The only if part follows from the following calculation:

_ Bi—2j0, ifi—2j>0, 5
a Bz (mod 2),j—| %] if i — 27 <0, 1—2j

Bij = Bi—2j—1="""

t t
- —25 7 —2\j
= E Pex, = § Pffg(ﬂfg ) )
/=1 (=1

where the first three equalities in the first line follow by M (k) being rg.

Using Claim 2 and a result stating that if 5**) has a K-representing measure, then it has a
finitely atomic K —representing measure (see [57] or [7]), the statements of the corollary follow by
Theorem 4.1. O
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