THE TRUNCATED MOMENT PROBLEM ON THE UNION OF PARALLEL LINES

ALJAZ ZALAR

ABSTRACT. In this article we study the bivariate truncated moment problem (TMP) of degree 2k on
the union of parallel lines. First we present an alternative proof of Fialkow’s solution [28] to the TMP
on the union of two parallel lines (TMP-2pl) using the solution of the truncated Hamburger moment
problem (THMP). We add a new equivalent solvability condition, which is then used together with
the THMP, to solve the TMP on the union of three parallel lines (TMP-3pl), our second main result of
the article. Finally, we establish a sufficient condition for the existence of a solution to the TMP on the
union of n parallel lines in the pure case, i.e. when the moment matrix M}, is of the highest possible
rank, or equivalently the only column relations come from the union of n lines. The condition is
based on the feasibility of a certain linear matrix inequality, corresponding to the extension of Mj
by adding rows and columns indexed by some monomials of degree k + 1. The proof is by induction
on n, where n > 2 and for the base of induction n = 2 we use the solution of the TMP-2pl.

1. INTRODUCTION

For z = (21,...,2q) € RYand i = (i1,...,1q) € Z%, we set |i| = i3 + ...+ ig and 2’ =
z' -+ 2. Given a real d-dimensional multisequence 3 = (%) = {Bi}ieZi Jij<2x of degree 2k

and a closed subset K of RY, the truncated moment problem (KX-TMP) on K for 3 asks to
characterize the existence of a positive Borel measure 1 on R with support in K such that

(1.1) @:/Kxid,u(x) for i€ Z%, i <2k.

If such a measure exists, we say that 5 has a representing measure supported on K and pu is its
K-representing measure.
We denote by M;, = M (5) = (ﬁi-‘rj)i,jeZi,lil,\j\gk the moment matrix associated with 3, where

the rows and columns are indexed by X? = X{'--- X/, i = (i1,...,i4) € Z%, |i| < k, in
degree-lexicographic order. Let R[x] := Rz, ..., z4] be the set of real polynomials in d variables.
We write R[z], := {p € R[z]: degp < k} for the set of polynomials in d variables of degree
at most k. Here the degree stands for the total degree, i.e., the maximal sum of the exponents
of the variables over all monomials. For every p := Ziezi Jil<k a;z' € R[z],, we denote by

p(X) =3, ez Jil<k a; X' the corresponding vector from the column space C(M},) of the matrix

M. We say that the matrix M, is recursively generated (rg) if whenever p, q,pq € R[z]; and
p(X) =0, also (pg)(X) = 0, where 0 stands for the zero vector.
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A concrete solution to the K—TMP is a set of necessary and sufficient conditions for the exis-
tence of a /{—representing measure y, that can be tested in numerical examples. Among necessary
conditions, M}, must be positive semidefinite (psd) and rg [14, 25], and by [10] for every polyno-
mial p € R[], satisfying p(X) = 0, the inclusion supp(p) € Z(p) := {x € R?: p(z) = 0} must
hold. In 1991, Curto and Fialkow [9] started their investigation of the TMP by solving the three
well-known univariate cases, i.e. the truncated Hamburger moment problem for X = R (THMP),
the truncated Stieltjes moment problem for K = [a,c0), a € R, and the truncated Hausdorff mo-
ment problem for K = [a, ], a,b € R, a < b. Then, in the following few decades they completely
solved the TMP on quadratic varieties in a series of papers [13, 14, 15, 28] by applying their far-
reaching flat extension theorem (FET) (see [10, Theorem 7.10], [16, Theorem 2.19], [35]). This
theorem was the main tool also in some other cases of the TMP [30, 22, 27, 17, 18].

In our previous work we presented how the TMP on some varieties can be reduced to the uni-
variate setting. More precisely, the TMP on xy = 0 can be solved by the use of the THMP [4,
Section 6], the TMP on zy = 1 by the use of the strong THMP where also negative moments (i.e.
B; for 2k < i < —1) are given [43] and the TMP on y = 22 of degree 2k by the use of the THMP
of degree 6k with a missing moment [3g;,_1 [42]. This approach also gives solutions to the TMP on
some other varieties such as 3?> = 23, y?> = 1 and special cases of y = %, y> = 2* [42, 43]. These
results motivated us to investigate if the TMP on the other three canonical quadratic varieties, i.e.
y = 22, 2% +y* = 1 and y? = 1, can be solved by reducing it to the univariate setting. Substituting
y with 2% the moment Bi,; corresponds to the moment 3,12, and it is easy to check that the TMP
of degree 2k on the variety iy = 22 corresponds to the THMP of degree 4k. The case x> + y? = 1
is solved in [13, Section 2] by reduction to the univariate trigonometric TMP [9, Theorem 6.12].
So it remains to study the case y? = 1 or equivalently the TMP on the union of two parallel lines
(TMP-2pl), first solved in [28] using the FET as the main tool.

Concerning the TMP on varieties beyond the quadratic ones, the solutions typically require test-
ing some additional numerical conditions which depend on given moments [20, 21, 40, 41]. Among
other cases of the TMP let us mention the recent core variety approach which yielded important
new results for the TMP [29, 24, 6]. For the solution of the cubic TMP see [32]. For some other
results and variants of the TMP see also [38, 34, 7, 36, 5, 8, 31, 33, 19].

The first contribution of this article is an alternative solution to the TMP-2pl (Theorem 3.1),
which is more concrete than Fialkow’s original solution [28, Theorem 1.2] in the sense explained
in the remainder of this paragraph. [28, Theorem 1.2] states that S has a representing measure on
K :={(x,y) € R?: (y—ay)(y—aq) = 0}, ay,az € R, ay # a, if and only if Mj, is psd, rg, has a
column relation (Y — oy ) (Y — ) = 0 and satisfies the variety condition rank M, < card V(Mj),
where V(M;,) = ﬂpeR[x]h p(X)=0Z (p). These conditions can be easily verified numerically, but
are sequence specific in the sense that rg relations and the variety V(M) are not the same for all 3.
In our solution we replace these two conditions by rank conditions on certain submatrices of My,
which are the same for all 5. The first advantage of our solution is that computing ranks of matrices
is numerically an easier task than checking the variety condition, since the latter requires computing
zero sets of polynomials. The second advantage is that our solution is also concrete enough to be
used when solving the TMP on the union of three parallel lines (TMP-3pl) by reduction to the
solvability of the TMP-2pl and the THMP.

In this paragraph we describe the basic idea for our solution to the TMP-2pl. The approach
is based on the reduction to the univariate setting. The crucial technical step is the application
of the affine linear transformation (ALT) such that the lines become y = 0 and y = 1. Then ﬁ
has a representing measure on y(y — 1) = 0 if and only if it can be decomposed as 5 = 5 + [3,
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where E = {Bz}zeZQ Jil<2x has a representing measure on y = 0 and B = {@}Zezz Jil<2k has a

representing measure on y = 1. It turns out that all the moments of B 6 are uniquely determined
except 5% 0, ﬁgk o which satisfy the relation ﬁgk o+ sz 0 = Bak,0. Using the solution to the THMP
we characterize exactly in terms of the ranks of certain submatrices of M, when the decomposition
f = [ + [ exists. Moreover, our approach is constructive and produces a (rank M} )—atomic
representing measure, which is also the minimal possible in terms of the number of atoms of any
representing measure.

The second contribution of the article is the solution to the TMP-3pl (Theorem 4.2). In this case
we again apply the ALT such that one of the lines becomes y = 0. Then [ has a representing
measure on the union of three parallel lines if and only if it can be decomposed as in 8 = 3 + B
where 3 has a representing measure on y = 0 and B has a representing measure on the union
of two other horizontal lines. Based on our solution to the TMP-2pl and the THMP, we exactly
characterize when such a decomposition exists. It turns out that all the moments of 3, fj\ are uniquely
determined except 52k—j,0> B\Qk_j’o, 7 = 0,1, which satisfy the relations EQ]C_]‘7() + B\Qk_m = Bok—j0,
j = 0,1. The special case of the sextic (i.e. 2k = 6) TMP-3pl was studied by Yoo in [40]. The
author’s main focus was on the pure case, i.e. when M3 has only one column relation define by the
three lines. He characterized the existence of a representing measure in terms of the solvability of
two quadratic equations in the unknowns 55 0s ﬁ6 0. Our solution to the TMP-3pl in the pure case
is general for any 2k > 6 and requires (besides the obvious column relations and M}, being psd)
only checking if a certain matrix precisely determined by [ is psd. In [40], the author also studies
the non-pure sextic case but only under the symmetry assumption on the variety V(M3), while
our solution of the non-pure case is general for any 2k > 6 and does not require any additional
assumption on the variety or the sequence (.

Finally, for n € N we study the TMP on the union of n parallel lines (TMP—npl) in the pure case,
i.e. when the moment matrix M}, has the highest possible rank or equivalently the column relation
defined by the n lines and the ones obtained from it by recursive generation are the only nontrivial
column relations of M. We apply the ALT such that one of the lines becomes y = 0. Then 3 has
a representmg measure on the union of n parallel lines if and only if it can be decomposed as in
B = ﬂ + 6 where 5 has a representing measure on y = 0 and 6 has a representing measure on the
union of other n — 1 horizontal lines. Using our solution to the TMP-3pl and the THMP we noticed
a sufficient condition for the solvability of the pure TMP—4pl, which is based on the feasibility of a
certain linear matrix inequality corresponding to the extension of M} with the addition of the rows
and columns indexed by some monomials of degree k + 1. It turns out that this condition extends
to any n > 4, where the proof goes by induction on n and we can in fact use the n = 2 case as a
base case (Theorem 5.1).

1.1. Readers Guide. The paper is organized as follows. In Section 2 we fix notation and intro-
duce some tools needed in the proofs of our main results. In Section 3 we present a variant of the
solution of the TMP-2pl with the proof based on the use of the THMP (see Theorem 3.1), apply it
to solve the pure and almost pure cases (see Corollary 3.2) and provide a numerical example (see
Example 3.4). In Section 4 we solve the TMP-3pl (see Theorem 4.2), apply it to solve the pure
case (see Corollary 4.3) and give numerical examples demonstrating the statement of the solution
(see Examples 4.9-4.12). Finally, in Section 5 a sufficient condition for the solvability of the pure
TMP-npl is established (see Theorem 5.1).
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2. PRELIMINARIES
In this section we fix some terminology, notation and present some tools needed in the proofs of

our main results.

Letk € Nand 8 = %% = {B;;}i jez,. 0<itj<2i be a bivariate sequence of degree 2k. In the
degree-lexicographic order 1, X, Y, X%, XY, Y2, ... X* X*=1Y . .. Y* of rows and columns, the
corresponding moment matrix to (3 is equal to

M M Uk
1,0 1,1 : 1,
(2.1) My (B) == : : . : ,
where
Bivjo  Bivj—11 Bivjo22 -+ Bij
Bivi—11 Bivj—22 Birj-s3 - Bi—1jn
M[L j] (ﬁ) = ﬂi+jf2,2 ﬁi+j73,3 5i+jf4,4 T ﬂi72,j+2
By ﬁj—‘uﬂ Bj—.Q,i—&-Q o Poity

Note that each matrix M i, j](5) is a (i + 1) x (j + 1) Hankel matrix, i.e., it is constant on each
cross-diagonal. Let (1, Q> be subsets of the set {X'Y7:i,j € Z,, 0 < i+ j < k}. We denote
by (My)|o, 0, the submatrix of M, consisting of the rows indexed by the elements of (); and the
columns indexed by the elements of Q2. In case Q) = Q1 = Q2, we write (My)|o = (Mk)|o.0
for short. We write R™*™ for the set of n x m real matrices. For a matrix M we denote by
C(M) its column space. The set of real symmetric matrices of size n will be denoted by S,,. For a
matrix A € S, the notation A > 0 (resp. A > 0) means A is positive definite (pd) (resp. positive
semidefinite (psd)). We write [,, for the n X n identity matrix. We will also use [ to denote the
identity matrix of appropriate size.

For x € RY, we use 4, to denote the probability measure on R? such that 6,({z}) = 1. By a
finitely atomic positive measure on R? we mean a measure of the form p = Zﬁzo p;j0z,, where

¢ € N, each p; > 0 and each z; € R?. The points x; are called atoms of the measure ;1 and the
constants p; the corresponding densities.

2.1. Affine linear transformations. Let K C R? and 3 as above. The existence of a K—representing
measure for 3 is invariant under invertible affine linear transformations of the form

o(z,y) = (d(z,y), d(x,y)) := (a+bx + cy,d + ex + fy), (z,y) € R?,

a,b,c,de, f € Rwith bf — ce # 0. Indeed, if L : Rz, y]<or, — R is the Riesz functional of the
sequence [ defined by

Lﬂ(p) = az,yﬂz,y» where P = Qi ;Y
imjeZJr? ivjeZ+7
0<i+j<2k 0<i+j<2k
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and we denote by E the 2—dimensional sequence defined by

Bi,j - Lﬁ (qb(x, y)Z ’ qb(xa y)j)7
then:

Proposition 2.1 ([15, Proposition 1.9]). Assume the notation above.

(1) My (pB) is psd if and only if My(B) is psd.

(2) rank Mj,(3) = rank My (5).

(3) My(B) is rg if and only szk(B) is rg.

(4) B admits a r—atomic K—representing measure iff E admits a r—atomic ¢( K )—representing
measure.

In the rest of the paper we write ¢(/3) and ¢(My(3)) to denote 3 and Mj,(3), respectively.

2.2. Generalized Schur complements. Let n, m € N and

A B

where A € R™", B € R™™, (' € R™" and D € R"™*"™. The generalized Schur complement
of A (resp. D) in M is defined by

MJ/A=D—CA'B (resp. M/D = A — BD'C),

where A (resp. D) stands for the Moore-Penrose inverse of A (resp. D) [44].
Let us recall now a characterization of psd 2 x 2 block matrices in terms of Schur complements.

Theorem 2.2 ([1]). Let n,m € N and

A B
M:(BT C)esn+m7

where A€ S,, Be R and C € S,,. Then:

(1) The following conditions are equivalent:
(a) M = 0.
(b) C = 0,C(BT)CC(C)and M/C = 0.
(c) A= 0,C(B) CC(A)and M/A = 0.
(2) If M = 0, then rank M = rank A if and only if M /A = 0.

The following proposition expresses the rank of a psd 2 x 2 block matrix in terms of the ranks
of a diagonal block and its Schur complement.

Proposition 2.3. Assume the notation of Theorem 2.2. Let M > 0. Then:

I, 0 I, —A'B (A 0
22) (—BTAT Im)M(O I, )‘(o M/A)’
I, —BCt 1, 0 _( M/C 0
(2.3) <o I, )M(—CTBT 1m>—( 0 0)7
and hence

(2.4) rank M = rank A 4+ rank M /A = rank C' + rank M /C.



6 ALJAZ ZALAR

Proof. First note that the condition M > 0 implies by Theorem 2.2 that C(B) C C(A) and hence
(2.5) AA'B=B and B"A'A=B".
We will use (2.5) to verify the equality (2.2):

I, 0 A B I, —A'B
—-BTAY 1, BT C 0 I,
B I, —A'B
BTATA + BT —-BTA'B+C 0 I,

A [n ~A'B
0 —BTATB—i—C’ I,

{II

Q.

n

)

—BTATB+ C

)

-
(
<61 ~AA'B+ B )
=

M
(2.5)
. . I, —A'B I, 0 . . . o
Finally, since ( 0 I ) and ( _BTAT I, ) are invertible, the equality (2.2) implies
that
A 0
rankM—rank( 0 ./\/l/A)

and consequently the first equality in (2.4) holds.
The equality (2.3) can be easily derived from (2.2). Let P = ( IO IO ) be the block permuta-

tion matrix. Replacing M by PM P, using (2.2) for PMPT as M and multiplying the obtained
equality by PT from the left and by P from the right side, we obtain (2.3). 0

An interesting application of the previous result is the following extension principle for psd
matrices.

Lemma 24. Let A € S, be positive semidefinite, () a subset of the set {1,...,n} and A|g the
restriction of A to the rows and columns from the set Q. If A|gv = 0 for a nonzero vector v, then
Av = 0 where v is a vector with the only nonzero entries in the rows from () and such that the
restriction V|q to the rows from () equals to v.

Proof. We may assume that A|, is the upper left-hand corner of A4, i.e. A = < "gq@? g ) . Taking

M = A in Proposition 2.3, using (2.2) and the equality

I 0\ I 0
~BT(Alg)' T “\BTA]R)' 1)
it follows that

o (3 )= (o 1) (0 4l ) (5 997)

Now, the statement of the lemma easily follows by applying v on both sides of (2.6). 0J
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2.3. Hankel matrices. Let k € N. For 8 = (fy,. .., Bo) € R?***1 we define the corresponding
Hankel matrix as

Bo B B2 - B
B B Br+1
(2.7) Ap = (ﬁiﬂ')ijzo =1 B - : € Skt
a Bak—1
Br Bryr -0 Por—1 Po

Observe that Ag is precisely the associated moment matrix M (5) to 5. Let v; := (ﬁj+€)§:0 be the
(7 + 1)—th column of Ag, 0 < j < k. In this notation, we have that

AB = ( VO PR Vk ) .
As in [9], the rank of 3, denoted by rank [, is defined by

rank § = {

For m € N with m < 2k, the notation Ag(m) stands for the upper left-hand corner of Az of size
m—+1,1.e.

k+1, if Agis nonsingular,
min {i: v; € span{vop,...,vi_1}}, if Az is singular.

Ag(m) = (Birj)i_g € Smr1-
The following proposition is an alternative description of rank 3 if Ag is singular.

Proposition 2.5 ([9, Proposition 2.2]). Letk € N, 3 = (B, ..., far.) € R**1 and assume that Ag
is positive semidefinite and singular. Then
rank § = min{j: 0 < j < k such that Ag(j) is singular}.
An important property of psd Hankel matrices is the following rank principle.

Theorem 2.6 ([9, Corollary 2.5]). Let k € N, 8 = (8o, ..., Bax) € RZ**L 3= (By, ..., Box2) €
R2k—1 Ag > 0 and r = rank E Then:

(1) rankAE =r.

(2) r <rank Ag <r+ 1

(3) rank Ag = 7 if and only if for = @oBok—r + ... + Qr_1P2k_1, Where

T _ T
( Yo - Pra ) = (AB(T— 1)) ! ( Br o Bara ) .
We will use the following corollary of Proposition 2.5 and Theorem 2.6 in the sequel.

Corollary 2.7. In the notation of Theorem 2.6, the assumptions Ag = 0, Ag is singular and r =
rank [, imply that

r =rank 3 = rank Ag(r — 1) = rank Ag(r) = ... = rank Ag(k — 1) = rank Ag.
2.4. Solution of the truncated Hamburger moment problem. For z = (zg,...,1,,) € R™!
we denote by V, € R(m+1)x(m+1) the Vandermonde matrix
1 1 - 1
X0 X1 e Tm
Vx = . . .
o x T,
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Theorem 2.8 ([9, Theorems 3.9 and 3.10] and [2, Theorem 2.7.5]). Fork € Nand 8 = (fo, . ..

R2*+1 with By > 0, the following statements are equivalent:

(1) There exists a R—representing measure for (3, i.e. supported on R.
(2) There exists a (rank 3)—atomic representing measure for [3.

(3) Ag = 0 and rank Ag = rank S.

(4) Ag = 0and (Ag(k — 1) = 0 or rank Ag(k — 1) = rank Ag).

(5) Ag=Oand ( Brp1 - Bax )’ €C(Ag(k—1)).

Moreover, if B with r := rank 8 has a R—representing measure and:

, Bok) €

(i) r < k, then the R—representing measure [ is unique and of the form j = Z:;& pi0z,, where

{0, zra} = Z2(t" = (@0 + @it + ...+ oat’™)),
( Yo 1 Pra )T = Ag(r—l)_l ( By ... Par_1 )T7

( Po  Pr-1 )T = V;;lv(()l‘*l)’ T = (x():' e afol) and V(()ril) = ( ﬁO T ﬁr*l )T'

(ii) v = k + 1, then there are infinitely many R—representing measures for 3. All (k + 1)—atomic

ones are obtained by choosing Por1 € R arbitrarily, defining Pojro = A?Vf(kﬁp

where

T . . . =~
v = (Besr -+ Bowpr ), and proceeding as in (i) for B := (Bo,- - -, oks1, Baksa) €

R2k+3

3. THE TMP ON THE UNION OF TWO PARALLEL LINES

For k > 2,let § := ) = (Bi,j)i,j€Z+ i+j<2k be areal bivariate sequence of degree 2k such that
Bo,o > 0 and let M, be its associated moment matrix. To establish the existence of a representing
measure for 5 supported on the union of two parallel lines, we can assume, after applying the

appropriate affine linear transformation, that the variety is

2
K ={(z,y) eR”: (y — a1)(y — a2) = 0},
where a4, as € R are pairwise distinct nonzero real numbers with oy < as. We write

X0 .= (1,X,..., X"  and Y/XO .= (7YX, . . YIXF

for: =0,...,kand j € Nsuchthat j <. Let P be a permutation matrix such that moment matrix

P M, PT has rows and columns indexed in the order X Y XM Y2X® vk et

X(O) YX(D _)(1) . X(l) Xk

- (X—’(O))T A B (X) Ay @

M = (PMkP )|{;2<0),y)2<1)} = Y)Z'(l))T BT C = X* a’ 521c,0
( YXOT\ B b

and
XU yxw
(XNHT A, B,

y XM

By
bT
C

be the restrictions of the moment matrix PM; PT to the rows and the columns in the sets { X (@, Y X (1) }

and { XY X}, respectively.
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Theorem 3.1. Let K := {(z,y) € R?*: (y — 1) (y — ) = 0}, a1, a2 € R, 1 # g, be a union of
two parallel lines and 3 = %) = (Bij)ijezs i+j<or, where k > 2. Then the following statements
are equivalent:

(1) B has a K—representing measure.

(2) [ has a (rank My )—atomic K-representing measure.

(3) My is positive semidefinite, recursively generated and satisfies the column relation

(31) (Y - O./l)(Y - (1/2) = 0.
(4) M is positive semidefinite, the relations

(3.2) Bijre = (1 + a2) - Bijy1 — cuaa - Bi
hold for every i,7 € Z, with i1+ j < 2k — 2 and one of the following statements holds:
(a) By — a1 Ay is invertible.
(b) ay Ay — By is invertible.
(c¢) rank M = rank .

The following corollary states that 5 such that M is psd always admits a representing measure
on the union of two lines in the following two cases:
e [3is pure, i.e. the only column relations of M} come from the union of the lines.
e (3 is almost pure, i.e. except the column relations coming from the union of the lines we
also have X* € C(XW, Yy X W),

Corollary 3.2. Let K := {(x,y) € R*: (y — a1)(y — as) = 0}, a1, 0 € R, oy # iy, be a union
of two parallel lines, 3 := B(**) = (Bij)ijer, itj<or Wwhere k > 2 and M, N as in Theorem 3.1. If
the relations f; j1o = (01 + ) - Bi j+1 — a1 - B j hold for every i, j € Z, withi+ j < 2k — 2,

M is positive semidefinite and rank N € {2k — 1,2k}, then [3 has a K—representing measure.

Remark 3.3. (1) As already described in Section 1, the main idea behind the proof of Theorem
3.1 is applying the ALT such that one of the lines becomes y = 0 and then studying the
existence of the decompositions 5 = 5 + 3 such that E E have representing measures
supported on y = 0 and on y = 1, respectively. Note that due to the form of the atoms
it suffices to study the representations of (M (5 ))\{X oy and (My (8 ))\{X ©3: 8 since Mj,(}3)

is non-zero only when restricted to the rows/columns in {X©} and in Mk(ﬁ) the blocks
(Mg (B ))‘{Yglx( 0 vtz Xy are copies of (Mj(3 )) |y (%) To study the representations

of (M(B ))\{X<0 and (M (B ))\{X 0y we need to use the solution to the THMP. Note that

due to the column relation Y = 1, which must hold in M( //8\ ), the only undetermined mo-
ment 1s ng o- Computing a Schur complement of (Mk)| (Y X} in the 2 X 2 block decom-

position of (M}) ]{X(O) ) gives us a candidate for sz o and hence ng 0= Paro — ng 0-
Further, we are able to CharacterLze in terms of gle Aranks of certain submatrices of M, (see
Theorem 3.1) the conditions on (35 o such that 3, 5 both satisfy the THMP.

(2) Let us compare our Theorem 3.1 with Fialkow’s original solution to the TMP-2pl [28,
Theorem 2.1]. As already commented in Section 1, [28, Theorem 2.1] requires M} being
rg and fulfilling the variety condition rank M, < card V(M}). The variety condition is
numerically more difficult to check than the rank conditions in Theorem 3.1 above, since it
requires computing the variety of M. Moreover, to further apply the solution to the TMP—
2pl when solving the TMP-3pl, [28, Theorem 2.1] is not concrete enough when applied for
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a symbolic sequence 3 which we will need in Section 4, while using Theorem 3.1 turns out
to be concrete enough for this aim.

(3) Letus also compare the proofs of Theorem 3.1 and [28, Theorem 2.1]. The idea of the proof
of Theorem 3.1 described in (1) is technically not very demanding. The most demanding

-~

part is keeping track on the ranks of the matrices M () and My () when manipulating
BJQ;@O, ng,o but this is only to have a control on the number of atoms in the constructed
measure. On the other hand the proof of [28, Theorem 2.1] is technically more demanding.
The proof is separated in the pure and the non-pure case. In the pure case the basic tool
used is the flat extension theorem [15, Theorems 1.1,1.2] which requires constructing a rank
preserving extension of My(/3) to the moment matrix

Mo ( My(B) Bis ) _ ( M;,(B) Bis )
o By Cin Bl B (M(8)) Brs1 )

It turns out that there is a two parametric family of possible blocks By and the difficult
part is to argue about the existence of a block By such that By, (M;(3))" By has a
Hankel structure. This requires symbolically inverting (M (8))| () y x), and then com-

paring specific entries of B, (My(3))! Bj1, the approach first used in Fialkow’s solution
to the TMP on the variety y = 23 [27]. In the remaining non-pure case the author further
separates two subcases. In one subcase M, has the property of being recursively determi-
nate [26] and is solved in [17], while in the other subcase M), does not have this property
and a flat extension My, of M is constructed with a less demanding analysis as for the
pure case above.

(4) Letus comment on the solution of the TMP-2pl in case a sequence 5 = (S;+1)i jez T i<2k—1
of degree 2k — 1, k > 2, is given. Assume the notation of Theorem 3.1. In this case the
following statements are equivalent:

(a) (B has a K-representing measure.
(b) (PM,PT)| (X is positive semidefinite, the relations (3.2) hold for every i,j € Z.
such that ¢ + j < 2k — 3 and (PM;CPT)|{X-(2)}’{X,€} € C((PMkPT)|{X(2)},{Xﬁ(1)}).

To justify this we need to study when [ can be extended to the degree 2k sequence 5 satis-
fying (4) of Theorem 3.1. Since the relations (3.2) must hold, all the moments S5 ;_2 12
with 0 < j < 2k — 2 are uniquely determined. So the only undetermined moments are (35, o

and §2k_1,1. The question is when can we choose those two moments such that M will by
psd and one of the statements in (4) of Theorem 3.1 holds. The conditions (P M; PT)]| (X))

is psd and (PM,CPT)]{X@)}’{X,Q} € C((PMkPT)]{X(g)}ﬁ{XU)}) ensure that the moment ma-
trix (P M, PT)| (xoy is partially psd, and hence can be extended to the psd matrix M. By

decreasing (1.0 so that X* becomes linearly dependent of the other columns gives the
condition rank M = rank N which proves the equivalence above.

Now we prove Theorem 3.1.

Proof of Theorem 3.1. We will prove the following implications: (4) = (2) = (1) = (3) = (4).
First we prove the implication (4) = (2). The relations (3.2) imply that M}, has column relations
Y2X' = (1 + a2)Y X' — o X', i = 0,1,...,k — 2. So the column space C (M) is spanned by
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the columns in the set { X, Y XM} It follows that M is of the form

f M MW N\, o I 0 I w
(5-3) F (WTM WTMI/V)P_P <WT 1>M(0 I)P

where P is a permutation matrix such that moment matrix M P has rows and columns indexed
(k—1)k

in the order X© Y XM y2X®@ vk W e ReDX"5" i some matrix, while I and 0 are
identity and zero matrices of appropriate sizes, respectively. The equality (3.3) first implies that

(3.4) rank M} = rank M,

and second since M > 0, also M}, = 0. Applying the affine linear transformation
o(z,y) = (z,(az — a1) "y — o)),
¢(M}) has the column relations
(3.5) VX'=YX', i=01,....,k—2,
while ¢(3) satisfies the equalities
o(B)io=Bip for i=0,...,2k,

1 .
P(B)in = (Bin —a1fip) for i=0,...,2k—1,
Qg — (1
1
i2 = ———(Bi2 — 20181 — @i fi
(3_6) ¢(6) 2 (a2 . 051)2 (ﬁ ,2 1/8 ,1 1/8 ,O)
1
= (@ —m)? (((n + a2)Bi1 — arafig) — 200851 — @i Bio)
a5 2 1
1
= (Bi,l - Oélﬁ@o) for +=0,...,2k — 2.
Qo — (1

By Proposition 2.1, ¢(Mj) is psd and rank ¢(M},) = rank My. By (3.6), (Pé(M;,) PT) |{)€<0),YX’<1)
which we denote by ¢(M), is equal to

}9

XM Xk yXxX®
(X)T A, a sz (B — a1 dy)
X* a” Bak,0 azial (0" — aya”)
(YX:(U)T azioq <B1 - alAl) azim (b o ala) a2ia1 (Bl o alAl)
Note that
e I, 0 ——o
(3.7) o(M)=1 0 1 0 M| 0 1 0
1 1
0 0 =l 0 0 =1
The equality (3.7) implies that
(3.8) rank ¢(M) = rank M and d(M) = 0.
We write
1 1
(3.9) D = (B —aqA;) and d:= (b — aa).

Qo — (1 Qo — (1
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We use the equivalence between (1a) and (1b) of Theorem 2.2 for the 2 x 2 block matrix decom-
position

X (0) y XM
v D

(3.10) (X(i))T <¢(M)11 ¢(M)12> _ (X(O))T ¢(M) 11 dr
(YXO)T | o( vxoy\ D a | b

of a psd matrix ¢(M ), to conclude that

(3.11) D=0, C((D d))cc(D) and  ¢(M)/d(M)s = 0.
Further on, (3.11) is equivalent to
(3.12) D >0, deC(D) and  ¢(M)/p(M)qy = 0.

The third condition in (3.12) is equivalent to
._ _ i D

E = ¢(M)[/¢(M)y = (M) — (D d)D'|
(A a _ DD'D DD'd
o CLT 62]%0 dTDTD dTDTd
. A1 a . D d
o CLT ﬂ?k,O dT dTDTd
. A1 - D a—d
= ( o —dT By — d'Dd ) =0,

where in the third equality we used the facts that DD'D = D and DD'd = d, which follows from
the solvability of the system Dz = d (see the second condition in (3.12)). We write

D d D
F:(dT dTD-‘_d) and D1::(dT>.

The first two conditions in (3.12) and F//D = 0 imply, by the equivalence between (la) and (1c)
of Theorem 2.2, that F' = 0. Note that ( D d ) = (@(B)it+s1)ocich-10<j<x and ¢(M)11 =
(@(B)i+40)o<ij<k = (Bi+40)o<i j<i are Hankel matrices. So in the notation (2.7), F' = Aga) € Skt
and ¢(M>11 = AE(Q) € SkJrl where

BY = (8(B)o1, d(B)11s - - - S(B)ok-1,1,d" DId) € R+,

3(2) = (80,0, 51,05 - - -+ Pako) € R+,

Finally, ' = Az — Aza) = Age _jo) is a Hankel matrix. Further on, using (2.4) of Proposition
2.3 for the block decomposition (3.10) of ¢(M ), it follows that

(3.14) rank (M) = rank E + rank D.

We use the equivalence between (1a) and (1c¢) of Theorem 2.2 for the block decomposition (3.13)
of F, to conclude that

Ai—D*>0, a—deC(A;—D) and
§ := (Bono — d"Did) — (¥ — d") (A; — D) (a — d) > 0.

We separate three cases:

(3.13)

(3.15)
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(i) By — a1 Ay is invertible.
(i) apA; — By is invertible.
(iii) By — a1 Ay, as Ay — By are singular and rank M = rank V.

In the case (i), D is also invertible since by (3.9) it is a scalar multiple of By — a; A;. We write

(3.16) A d md G [ TP a—d
. “\ & dTDtd+6 T\ T gr Boko — dTDId — 6 '

Since F — F = 0 and F > 0, it follows that ' > 0. By (2) of Theorem 2.2 used for M = F, we
have that
rank D, if§ =0,

(3.17) rank £ = { rank D + 1, if & > 0.

We use Theorem 2.2 for M = G twice:
e The equivalence between (1a) and (1c) together with the first two conditions in (3.15) and
G/(A; — D) =0givesus G = 0.
e (2) implies that
rank F/, if o =0,

(3.18) rank(4; — D) =rank G = { rank £ — 1. if 6 > 0.

Note that ' and G are Hankel matrices, in the notation (2.7) equal to Az € Spy1 and Az €
Sky1, respectively, where

B\(g) = B(l) + degpy1 € R2k+1a 5(4) = 3(2) - B\(l) — degpy1 € R+
and eg41 = (0,...,0,1) € R**'. By assumption of the case (i), Az (k — 1) = D = 0, while by
(3.18), rank Az, (k—1) = raEk Az S0 Aj) and Ay, satisfy (4) of Theorem 2.8, which implies
that 3 and 3 have (rank F')-atomic and (rank G)—atomic representing measures, respectively.

The equalities (3.17), (3.18) together with (3.14) imply that rank ¢(M ) = rank F' 4 rank G. This
together with (3.8) and (3.4) provides that rank M}, = rank F' + rank GG. Note that

(3.19) d(M) = p(M) + ¢(M)?,
where
FO) v FO) v
xoyr [ F D (Xonr [ @ 0
an® . (XY 1 d oM@ .— A7 .
H(M) vXomr\ pr p and - ¢(M) yxO)T{ o 0

By the form (3.16) of F = Az and the forms of H(M)Y, (M), it follows that:

o If Y p§3)5m(3>, where each p{¥ > 0 and each z\¥ € R, is a representing measure for
B, then S pP5
(z;”,1)
o If Z;a:nlk ¢ p§-4) 0_w), where each p§.4) > ( and each x§4) € R, is a representing measure for
J
(2)

B, then K piY 01, g)
J I

is a representing measure for (M),

is a representing measure for ¢(M)
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Using the equality (3.19) we conclude that

rank I rank G

(3.20) Z P80 1) + Z P8

is a representing measure for ¢(M ). Now, since all atoms (95@( ), 1) and (:1:§4) , 0) satisfy the relations
Y2t = ya', i = 0,...,k — 2, the moment matrix M, corresponding to the measure (3.20) has
column relations (3.5). Since (Po(My)P?)| z0 yxwy = (M) = (PM/{PT)|{X<0)7YX<1)} and
both ¢(My,), M, 1. satisfy the column relations (3.5), it follows that

T o(M P(M )Wy a7 pT
PWMW::@W%&>W%JMm):”WP

2k+1)x E=

for some matrix 1V, € R( (rank M),)—atomic representing measure
for ¢(3). By (4) of Proposition 2 1, 6 also has a (rank M )—atomic representing measure. This
concludes the proof of the implication (4) = (2) in this case.

In the case (ii), 0 < (ap —ay)(apA; — B)) = A, — D = Az _gm (k —1). Recall from above
that rank /' = rank A, = rank Az, (k — 1) and [ = 0. So Azn) and Age)_j0) satisfy (4) of
Theorem 2.8, which implies that 6(1) and 3@ — 30 have (rank Azw)) = (rank F')-atomic and
(rank E') = (rank Ag.) 50 )-atomic representing measures, respectively. Note that

(321 (M) = (M) + p(M)™,
where
X0  yx X0 vy
Xonr F D _(XopT E 0
M)® = ( - ! and . .

(M) (YXHT\ DI D o) (Y XOT\ o 0
By a similar reasoning as in the case (i) it follows that if Erankp pil)éxm, where each p{") > 0 and
each a:§ ) eR,isa representing measure for B BW and ErankE P; )5 2 where each ,05-2) > ( and each
xg-g) € R, is a representing measure for B ), then ZrankF 21 N )+ ZrankE ,0]-2)5 (= 0)

is a representing measure for ¢(3). Using (3.8), (3.14) and rankF = rankD this measure is
(rank M}, )—atomic. By (4) of Proposition 2.1, 3 also has a (rank M} )—atomic representing mea-
sure. This concludes the proof of the implication (4) = (2) in this case.

It remains to study the case (iii). In this case D and A; — D are singular. Writing ¢(N) :=
<P¢<Mk)PT)|{X’(1)7yX’(1)}, note that

399 N Iy =251 TN Iy =251
(522) () = 0 - 0 -
and

A, D A -D D
(323 con=c( 5 P p=c( 57 D)
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The equality (3.22) implies that

(3.24) rank ¢(IN) = rank N,

while the equality (3.23) that

(3.25) rank ¢(N) = rank(A; — D) + rank D.

The assumption rank M = rank N of the case (iii) together with (3.14) and (3.25) leads to

(326) rank AB\(Q)_E(U(I{? — ].) = rank(Al — D) = rank £ = rank AE(Q)_B\(I).

Now we proceed as in the case (ii):

e By Theorem 2.8, 1) and 3 — 31 have (rank F')-atomic and (rank E)-atomic repre-
senting measures, respectively.

o If Zginlkagl)éxg) and Z;illl{Epgz)ém(z), where each pgk) > 0 and each :pgk) € R, are
i J

representing measure for B(l) and 3(2) — 3(1), respectively, then Zgiﬁ”pgl)é(x@’l)
Z;zlf E ,05-2)5(35(.” 0 is a representing measure for ¢(3), which is (rank Mj)-atomic by
] b

(3.8), (3.24), (3.25), rank F' = rank D and rank M = rank V.
e By (4) of Proposition 2.1, /3 also has a (rank M}, )—atomic representing measure.

+

This concludes the proof of the implication (4) = (2) in this case.

The implication (2) = (1) is trivial, while the implication (1) = (3) follows from the necessary
conditions M}, must satisfy if 5 has a representing measure (see Section 1). It remains to prove the
implication (3) = (4). The column relation (3.1) and M} being rg imply that the relations (3.2)
must hold. If (4a) or (4b) holds, we are done. Otherwise B; — a1 A; and ap A; — B are singular
and we have to prove that rank M = rank N. We have that

(g — 041)_1(042/11 —Bi)=A4—-D= A§<2>_B(1>(k3 —1).

Since Age) 0 (k — 1) is singular and Az g is psd, it follows by Corollary 2.7 used for § =
B® — B that rank Age_goy(k — 1) = rank Az, g0)(k — 2). Therefore there is a vector v =
(vo -+ vk )T € R*~! such that

(3.27) (AB(QLEU)(k . 1)) v = (asA; — By)v = 0,

where v = ( o1 )T. By Lemma 2.4 used for A = F, it follows that E( o7 0 )T =0. In
particular,

(3.28) (a—d)'v = (ay — a;) *(aza — b)Tv = 0.
Using (3.27) and (3.28) we get
(05X (OégAl — B1>U (OégAl — Bl)U
M 0 = (aga — b)Tw = (aa — b)Tw =0,
—v (OégBl - C)U (0%} <052A1 - Bl)?J

where in the second equality we used the fact that the column relation (3.1) implies that

(329) C= ((1/1 + OéQ)Bl — OélOéQAl.
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By Lemma 2.4 used for A = My, it follows that M, satisfies the column relation

k—2 k—2
(3.30) D (ev) X+ ap X =Y " u v X - VxR =0,
i=0 i=0

Similarly, the singularity of By — a; A, implies that D = Az, (k — 1) is singular. Together with
Agq = 0 this implies, by Corollary 2.7 used for 5 = B that rank Az (k—1) = rank Az, (k —
2). Therefore that there is a vector u = ( Ug -+ Up—o )T € R*~1 such that

(3.31) (Agm (k — 1)) w= (B — a1 A)u =0,

where © = ( al 1 )T. By Lemma 2.4 used for A = F), it follows that F( ul 0 )T =0.In
particular,

(3.32) (g — ay) (b — aga)Tu = 0.
Using (3.31) and (3.32) we get
—ou (Bl — OélAl)U (Bl — ozlAl)u
M 0 =| (b-—ama)Tu | = (b—aia)Tu =0.
u (C - OélBl)U Oég(Bl - ozlAl)u

where we used (3.29) in the second equality. By Lemma 2.4 used for A = M,, it follows that M},
satisfies the column relation

k=2 k—2
(3.33) Y (o) X = an X+ Y wY X Y X =0,
=0 i=0

Summing up (3.30) and (3.33) we get the column relation

k—2 E—2
(3.34) D (v — aqu) X+ (ag — a) XF ) (- 0) VX' =0,
=0 i=0

Since Mj, is rg, multiplying (3.34) with X gives a new column relation

k—2 k—2
(3.35) > (ov; — 0qu) X+ (an — 0n) XF+ D (u; — v) Y X = 0.
=0 i=0

Since as — g # 0, X*¥ € C({1,..., X 1 Y,... .Y X* 1) Hence, rank M = rank N which
proves (4c) and concludes the proof of the implication (3) = (4). O

The following is the proof of Corollary 3.2.

Proof of Corollary 3.2. Let ¢ be the linear transformation from the proof of Theorem 3.1. By (3.9),
(3.24) and (3.25) we have that rank N = rank ¢(/N) = rank(asA; — By) + rank(B; — ag 4y).
Under the assumption rank N € {2k — 1, 2k}, at least one of as A; — By and By — iy 4 is of rank
k and hence invertible. The corollary follows by applying Theorem 3.1. U

The following example demonstrates the use of Theorem 3.1 and its proof to construct a rep-
resenting measure supported on the union of two parallel lines for the sequence 5. The Math-
ematica file with numerical computations for the following example can be found on the link
https://github.com/ZalarA/TMP_parallel_lines.


https://github.com/ZalarA/TMP_parallel_lines
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— (8 12 4 28 6 4 72 14 6 4 196 36 14 6 4 7164 98 36 14 6 4

ll*lx?mple 2‘4' Let 514— (114= 11 110 110 110 117 117 112 112 11 110 110 110 110 110 143 7 11 11 11 10 11°
331888 3582 98 36 11 6 —) be a bivariate sequence of degree 6. We will prove below that 5 has
a 6—atomic representing measure on the union of parallel lines y = 0 and y = 1. Let P be the

permutation matrix such that moment matrix PM5;P” has rows and columns indexed in the order
X0 yXO® y2x® ys.

1 X X2 X® Y YX YX? Y? y2X Y3

1 4,8 12 28 2 4 6 14 4 6 4
11 11 11 11 11 11 11 11 11 11

x [2 2 7= 196 6 1 3 6 1 6
11 11 11 11 11 11 11 11 11 11

x2 |28 = 196 74 14 36 98 14 36 1
11 11 11 143 11 11 11 11 11 11

X3 | 72 196 7164 1331888 36 98 3582 36 98 36
11 11 143 9295 11 11 143 11 11 11

y |4 5 1 36 4 6 14 4 6 4
PMgPT — 11 11 11 11 11 11 11 11 11 11
vy |6 1 36 %8 6 14 36 6 14 6
11 11 11 11 11 11 11 11 11 11

yx2| 14 86 98 382 14 36 98 14 36 14
11 11 11 143 11 11 11 11 11 11

yz2 |4 6 1 3 4 6 14 4 6 4
11 11 11 11 11 11 11 11 11 11

2y |6 14 36 %8 6 14 36 6 14 6
Y X 11 11 11 11 11 11 11 11 11 11
y3 |4 6 1 3 4 6 14 4 6 4
11 11 11 11 11 11 11 11 11 11

PM;3PT is psd with the eigenvalues 169.371, 6.0285, 1.10273, 0.289673, 0.112422, 0.0231819, 0,

0, 0, 0 and has the column relations
57 283 12
Vi=Y, Y’X=YX, Y’=Y, X°=— -X"-"" X+ _—:
13 65 65

The transformation ¢ is the identity, i.e., ¢(x,y) = (x,y). The matrices F' = ( cll; dT%T J ) and

1.

¢(M) 11 from the proof of Theorem 3.1 are equal to Az, € Sy and Az, € Sy, respectively, where

-~

(1) _ (4 6 14 36 98 3582 665944 7 2(2) _ (8 12 28 72 196 7164 1331888 7
p = (11’117117117117 143 > ~9295 ) € R"and 5% = (11711’117117 11 143 0~ 9295 ) € R'. The

matrix (P¢(M;)PT) |q1,x,x2y — D is positive definite with the eigenvalues ~ 10.312, 0.205027,
0.0284288 and so the case (ii) from the proof of Theorem 3.1 applies. A calculation shows that
p? = 231 and hence Az o = Agzn). Aje is a psd Hankel matrix satisfying the column
relation

5T 283 12

- . 22X+ =2
13 65 +65

(3.36) X3

By (i) of Theorem 2.8, 31 and 3 — 31 have the unique R-representing measure p;,, + p26s, +
P304, Where (21, g, x3) &= (0.0445476,1.17328, 3.53217) are the solutions of the equation (3.36),

T
( pM - pM pg})) — V(A S 1T 5 (0.0541354  0.233231 0.0762695 )

1 z 11 11 11

and x = (x1, z9, x3). Thus, [ has a representing measure on the union of the lines y = 0 and y = 1:

P19(z1,1) T P20(20,1) + P30(25,1) + P10(21,0) T P20(22,0) + P30 (23,0)-
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4. THE TMP ON THE UNION OF THREE PARALLEL LINES

Let k> 3and 8 := ¥ = (Bij)ijez. i+j<2r be areal bivariate sequence of degree 2k such that
Bo,o > 0 and let M, be its associated moment matrix. To establish the existence of a representing
measure for /5 supported on the union of three parallel lines, we can assume, after applying the
appropriate affine linear transformation, that the variety is

K = {(z,y) € R?: (y — a1)(y — a2)(y — ag) = 0},

where oy, as, 3 € R are pairwise distinct nonzero real numbers with oy < a3 and as < as.
Hence, M), must satisfy the column relations
(41) YSXZ = (Oél + oo + 043) . YQXZ — (CleYQ + oo + 042043) . YXZ + g - )(Z
fori =0,..., k— 3. We write

XD .= (1,X,..., X" and  Y/XO .= (VI YIX, . .. YIXF
fori =0,...,k—1and j € N such that j < 7. In the presence of all column relations (4.1), the
column space C(Mj) is spanned by the columns in the set C? = {X© Y X1 Y2X®@1 Let P
be a permutation matrix such that moment matrix PM; PT has rows and columns indexed in the
order X Y XM y2X@ | Yk Let

X0 yXD  y2x©
(X (i) )r Aoo Aol Aoz
(42) M = (PMkPT)|C(2) = (YX(I))T (A()l)T All A12 = (

S BT C )
(Y2XO)T\ (Age)" (A1)" Ags

be the restriction of the moment matrix PM; P” to the rows and columns in the set C?. Applying

the affine linear transformation ¢(z,y) = (x,y — ay), the moment matrix ¢(My) satisfies the
column relations

(4.3) Y(Y — @) (Y —az) X" =0

fori =0,...,k — 3, where oy := ay — oy, a3 := a3 — aq. On the level of moments the relations

(4.3) mean that
4.4) §i+j,3+é = (g + &3)5)1'4”‘,2# — &2&35’z‘+j,1+é

for every i, j, ¢ € NU {0} such that i + j + 3 + ¢ < 2k. The matrix (P¢(My)PT)|), which we
denote by ¢(M ), is equal to

X0  yxXO y2xX®
(Xonr Aw Ay Aps ~

4.5) p(M)=J"MJ:= (YXO)T (j01)T AL Apy _ < (400 B )

T~
2XCNT\ (AT (AT A B)" ¢
(Y2X®) (Ao2)"  (Ar2) 22

Iy, I
T _ 2
Pt “ ( 01k ) 4 ( 02><(k—1) )
J = Iy
ka(k+1) I, —20 ( 0, k-1 )
X

O(k—1)x(k+1) O(k—1)xk Iy

where
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and Oy, x, 1S a zero matrix of size ky X ks.

Proposition 4.1. The matrix ¢(M)|ce)\ (g0 cor = ( (B)T C ) satisfies the relations

(4.6) Y2X' = (qg + a3)Y X' — apas X'

foreveryt1=0,..., k—2.

Proof. The relations (4.4) imply the statement of the proposition. U
Note that J is invertible and hence

4.7) rank ¢(M) = rank M.

Further on, we write

)?(1) Y)?(l) Y2X’(2) y2xk-1

(X(l))T A\oo 201 202 &

N = YXO)T | (Ap)" A Ay b c ROGF3)x(3t-3)
(Y2X(2))T (EQQ)T (12{12)71 12[22 a
y2 xk-1 T pT al 5%7274

Boo = (Gi2i) " - ((a2 +as) Ao — (Apy e )) e RE-Dx (k=1

h = (622&3)_1 . ((622 + &3) . 601 — 502) € Rk_l,

where

N - Aoy Ao ~ Apa
Ao = (Ao)l gy, An=| - =\ -~ = o A= o )
00 ( 00)|{X< )} 01 ( (a01)T ) ( (am)T ﬁ%il’l ) 02 ( (aOQ)T )

_ _ _ T ~ _ _ T

a = ( Br—14 - Pok—aa Por—34 ) ; b= < Br—13 - Pok—33 Bor—23 ) ;
_ _ T

c= ( Br-12 - Por—22 )

and
521473,4 = (qg +az) - szf?),?, — Q03 g2k73,27
(4.83) §2k—2,3 = (as + ag) - 5%—2,2 — Q0 - g%—zh
521«—2,4 = (g +az) - Ezk—2,3 — Qi3 - E2k—2,2-
Theorem 4.2. Let K := {(z,y) € R*: (y — a1)(y — az)(y — az = 0}, a1, a9, a3 € R, oy < a3

and oy < as, be a union of three parallel lines and 3 = B(%) = (ﬁi7j>i7jez+7i+j§2k, where k > 3.
Assume also the notation above. Then the following statement are equivalent:

(1) B has a K—representing measure.
(2) My is positive semidefinite, the relations
(4.9) Bijis = (a1 + a2 + az) - Bijra — uaaas - B
hold for every i,7 € Z, with i+ 7 < 2k — 3, N is positive semidefinite and one of the
following statements holds:
(a) Ayg1 — By is invertible.
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(b) (a3 — a1)§00 — /Alm is invertible.
(c) Denoting by v € R¥=2 any vector such that
~ ~ T
(4.10) ((as — 1) Boo — Aot) (07 1) =0,
defining real numbers

(@o1)Tv — azh’v + B/%fl,l
b

4.11) t =
3 — (1
- ~ 1 h
. B A
(4.12) ul — ( hT t/ (a(]l)T ) < AOOT ~01 > t/
(A01) A Qo1
and a Hankel matrix
~ h
BOO t/
(413) A’Y = AOO - € Sk;+1,
KT ‘ u

where v € R?**1 it holds that
(4.14) A, is invertible or rank A, = rank A, (k).

Moreover, if the K-representing measure for (5 exists, then there is a (rank My )—atomic K-
representing measure if rank N < rank M, and (rank M}, + 1)—atomic otherwise.

The following corollary states that in the pure case, i.e. the only column relations of M} come
from the union of three lines by recursive generation, the representing measure for 5 supported on
these lines exists if and only if M}, is psd, rg and NV is psd.

Corollary 4.3. Let K := {(z,y) € R*: (y — a1)(y — ao)(y — a3) = 0}, aq, 0,03 € R, a1 < az
and o < s, be a union of three parallel lines and 3 = %) = (6w>w€Z+ it+j<ok, Where k > 3.
Assume that My, has a column relation (Y —aq)(Y —ag)(Y —a3) = 0, is recursively generated and
(My)|c = 0. Assume also the notation of Theorem 4.2. Then [ has a K—representing measure if
and only if N is positive semidefinite.

Moreover; if  has a K—representing measure, then a (rank My )—atomic K—representing mea-
sure exists.

Remark 4.4. (1) As already described in Section 1, the main idea behind the proof of Theorem
4.2 is applying the ALT such that one of the lines becomes y = 0 and then studying the
existence of the decompositions § = [ + B\ such that (3, E have representing measures
supported on y = 0 and the union of two other horizontal lines, respectively. It turns out
that all the moments of 6 B are uniquely determined except 6% 1,00 B2k0 ﬁgk 1,00 6% 0.
Before proving Theorem 4.2 we establish some prehmmary results supporting this idea and
characterizing the conditions ﬁgk 1,05 ng 0 ﬁgk 1,05 ﬁzk o have to satisfy for the existence of
the representing measure for . In the proof of Theorem 4.2 we show that these conditions
are equivalent to the conditions in (2) of Theorem 4.2 by using our solution to the TMP-
2pl and the THMP. Then we establish Corollary 4.3 and finally, we give some examples
demonstrating the use of Theorem 4.2.

(2) Let us compare our Theorem 4.2 with Yoo’s results [40]. In [40], the sextic TMP-3pl is
studied, i.e. 2k = 6. Since having another column relation in M3 except the one defining
the given three parallel lines leads to either the singular quartic TMP solved in [13] or the
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sextic TMP already covered by the results in [21], the author focuses on the pure case,
when M3 has only one column relation defined by the three lines. In the non-pure case he
additionally assumes that the variety V(M3) is symmetric about the y-axis. In the pure case
he also reduces the problem to the study of the decompositions 5 = 3 + 3 described in (1)
above and separates the analysis to four cases according to the strict positivity or positivity
of the determinants of certain submatrices of M;(/3) and Mg(g) In the solutions of two
of the cases, the existence of a representing measure is characterized by the solvability of
the system of two inequalities in 5 and (s, which are quadratic in (5, and linear in
Be,0 and hence easily handled. However, our Corollary 4.3 above covers all four cases at
once by only checking psd and rank conditions on two matrices which depend only on f.
Moreover, Corollary 4.3 covers pure cases of all even degrees 2k > 6. Concerning the
non-pure cases, our Theorem 4.2 also covers all even degrees 2k > 6 and we do not need
to assume any additional condition on the variety V(M;,). The conditions in Theorem 4.2
are also explicit in S and numerically easy to test, since only positive (semi)definiteness
and invertibility of certain matrices needs to be checked, a vector from a kernel of certain
matrix and a Moore-Penrose pseudoinverse of a certain matrix computed.

(3) In [41] the author extends his results from [40] described in (2) above from the sextic TMP—
3pl to the sextic TMP on a reducible cubic column relation. Also here he focuses on the
pure case and characterizes the existence of a representing measure by the solvability of the
system of inequalities in 35 o and 3. It would be interesting to study if our approach can
be also used for the TMP on a reducible cubic column relation to extend the results from
[41] to any even degree 2k > 6 and also not necessarily pure case.

(4) Similarly as in the case of the TMP-2pl we can ask ourselves what is the solution of the
TMP-3pl in case a sequence 3 = (Bi11)ijez, i+j<ok—1 of degree 2k — 1, k > 2, is given.
The question is when [ can be extended to the degree 2k sequence [3 satisfying the condition
(2) in Theorem 4.2. Note that the moments (325 ;_3 j+3 with 0 < j < 2k — 3 are umquely
determined by (4.9). So the only undetermined moments are ﬁgk 05 ng 11 and ﬁgk 1,2-
Characterizing when M, and N are psd in terms of 5% 05 ng 11 and ﬂgk 1,2 can be done,

but since one of the entries of Boo also depends on ﬁgk 1,2, it is not obvious when one of
the conditions (2a), (2b) or (2c) will be true. This is a possible question for future research.

We define a matrix function

F- R(k-‘rl)x(k-i—l) - R3kX3k, F(Z) _ ? § ]
(B)F C

We have that
¢<M) - F(Z) + ((AOO — Z) @ 02]671) 5

where 0,57 represents a (2k — 1) x (2k — 1) matrix with only zero entries. If ¢(3) has a K-
representing measure /i, then it is supported on the union of parallel lines y = 0, y = a, and
y = as. Since the moment matrix generated by the measure supported on y = 0 can be nonzero
only when restricted to the columns and rows indexed by X it follows that the restriction of
the moment matrix generated by /i|y—a,1u{y=a,} (resp. /t|{y=o}) to the columns and rows from C (2)
is of the form F'(Byy) (resp. (Ago — Boo) @ 02x_1), where Byy € Sk is a Hankel matrix. This
discussion establishes the implication (=) of the following lemma.
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Lemma 4.5.  has a K—representing measure if and only if there exist a Hankel matrix Byy € Sk1,
such that:

P

(1) The sequence with the moment matrix F'(By) has a ¢( K )—representing measure, where
(4.15) H(K) = {(w,y) € R®: (y — @) (y — @) = 0}
(2) The sequence with the moment matrix Aoy — Boo has a R—representing measure.

Proof. The implication (=) follows from the discussion in the paragraph before the lemma. It
remains to establish the implication (<). Let M, ,51) (resp. M ,52)) be the moment matrix generated
by the measure fi; (resp. p2) supported on gé/(\[?) (resp. y = 0) such that (P M, ,gl)PT)] o = F(Boo)
(resp. (PM,E,Q)PT)|C<2> = (Ago — Boo) @ 021_1), where P is the permutation matrix such that
moment matrices PM ,gi)PT, i = 1,2, have rows and columns indexed in the order X(©, Y X1,

Y2X®,_ . Y*. Since all points on the variety gb/(?(/) U{y = 0} satisfy the equations y(y — az)(y —
ap)z'=0,i=0,...,k— 3, the moment matrix M = Mkl) + M,§2) corresponding to the measure
p11 + po has column relations (4.3). Since (P¢(My)PT)|o = ¢(M) = (PMP")|q and both

d(My), My, satisfy the column relations (4.3), it follows that

¢(M) (M)W

for some matrix W € R3**“~3" and hence ¢(M;) = M,. This concludes the proof of the
implication (<=). O

The existence of a QS/(\I?)—representing measure for F'(By) is characterized by Theorem 3.1,
while the existence of a R-representing measure for Ayg — Byg by Theorem 2.8. So it remains
to study when there exists By such that F'(By) satisfies the condition (4) of Theorem 3.1 and
Ao — By satisfies the condition (4) of Theorem 2.8.

[ Bo A(t)
()" uw )’

We define the matrix function
where h(t)T = ( ht t ) The following lemma states that there are only two parameters in the
matrix Byg which are not already determined by f.

~ h

H:R? - REFDXEED — f (¢ u) =

hTt‘u

Lemma 4.6. Assume there is a Hankel matrix By, such that the sequence with the moment matrix

—_~—

F(Byo) admits a ¢( K )—representing measure ji1. Then

(4.16) By = H(ng:—l,()(,ul)a g%,()(#l))a

where Por_10(11) and Poxo(11) are the moments of the monomials 2?81 and 2%, respectively,
with respect to 1.

Proof. Let M ,521 be the moment matrix generated by the measure 11 and P the permutation matrix
such that PM ,EI)PT has rows and columns indexed in the order X©, Y X1, Y2X® Yk We
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have that (PM,}, PT)| .., = F/(Boo) and (PM)y PT)| ) rya ry i equal to
X yXW y2xX® o y2xk-
XOHT B A Ap =
( ) 00 01 02 Bonra(111)
(yXr (Ao)T A Ay b
(Y2X(2)>T (A/OQ)T (Zlg)T 121/22 a
y2xHE! cr 521@71,2(#1) " a’ §2kz—2,4
Since f4; 1s supported on gbf(\fg), the matrix M, ,&)1 satisfies the column relations
4.17) Y2X' = (ay+a3) - YX' —das- X' for i=0,...,k—1,
and hence By | ¢) = Eoo and BOO’{Xk}7{)?(2>} = h. Thus, the equality (4.16) holds. O

By Lemmas 4.5 and 4.6, the existence of a K —representing measure for (3 is equivalent to the ex-
istence of t, u € R such that F'(H (¢, u)) admits a ¢( K )-representing measure and Ag— H (¢, u) ad-

—~—

mits a R-representing measure. The following proposition characterizes the existence of a ¢(K )—
representing measure for F'(H (¢, u)).

Proposition 4.7. Assume the notation above and t';u' € R are real numbers. The sequence with
the moment matrix F(H (t',u")) admits a ¢( K )—representing measure if and only if F/(H (t',u)) is
psd and one of the following statements hold:

(1) At least one of the matrices Em - &2§00 or &3§00 — Em is invertible.
(2) We have that t' and v’ are of the form (4.11) and (4.12), respectively.

—_~—

Further on, if F(H(t',u')) admits a ¢( K )—representing measure, then a (rank F'(H (t', u’))—atomic
(K )—-representing measure exists.

Proof. By Theorem 3.1, F/(H(t',v')) admits a m—representing measure if and only if F'(H(t',u))
is psd and one of the following statements holds:

(1) //4\01 — agéoo or agéoo — A\Ol is invertible.

(ii) rank H(Nt ) 401 = rank ABOO 111,01 )
(An)"  An (An)" An

(i) is equivalent to (1), so it remains to prove that under the assumption that F'(H (¢, «')) is psd and

Ao1 — as By, a3 Bog — Ap1 are singular, (ii) is equivalent to (2).

Claim. There exists v € R such that
MO = asBoo — Em ash(t') — aop
(@sh(t") — ao)" gl

is a psd Hankel matrix.
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Proof of Claim. First we explain that M) is a Hankel matrix. We have

MO — a3 Boo ash(t') _ 1101 Qo1
&3h(t/)T Y (aol)T 0 .

-~ -~

ML) M(1.2)

Since M-V differs from a Hankel matrix By, only in the last two cross—diagonals, it is also
Hankel. In the notation (2.7), M) = Az, € Siyq and M) = Az, € Spyy where

B = (a50(8)00, @sd(B)10 - - - As(B)ak_21, st ) € RZ*H,
B® = (6(8)o1, #(B)1ts - - -, (B)ak-11,0) € RHF,

Thus, MY is Hankel.
It remains to prove that M) is psd for some v € R. Since F'(H (¢, u')) is psd, we have that

Gt ) = < I, —as(as —ag) ™' - Iy ) F(H(t' ') ( il - &5)1[' h )

0 (Qg — )™t Iy 0 (Gg — ap) "
B ( H(t', W) Gt )
-\ (Gu)" Gy
Gy = (a3 — &2)_1(1101 — a2§00)7
(4.18) . e (@ — @) (Ao — d2Boo)
Gralt) = ( (912(t))" ) N < (a3 — ag) " (ao — azh(t'))" ) |

By the equivalence between (la) and (Ic) of Theorem 2.2 used for M = G(t', ), it follows that
K(t',u') := G(t',u")/Ga is psd. We have that

K(t' ) = Gt ,0))Gas = H(t', /) — Gia(t)Gly(Gra(t)T

is psd, where

_ H(t/ ul) _ ( G22G£2G22 G22G£2912(t/) >
’ (912(t))7 GG (912(t)) " Ghygua (1)
_ ( Eoo — Gao h(t") — G22G;2912(75') >
(h(t)) — GaaGhagia(t)T ' — (g12(t')) TGy (t')

B ( (@3 — @2)"(asBoo — Ant)  h(t') — Go2Ghagia(t') )
- (h(t') = GaGhogra ()" ' — (gr2(t))" Glogra(t))

- ( (@3 — G2) " (@3Bo0 — Aot) (@3 — G2) " (@3R(t) — o) )

N\ (@ = @) M @h(t) — @) = (g) Clgn(?)
where in the fourth equality we used that GQQGEZGQQ = (59, while in the last equality we used

G22G§2g12(t’) = ¢12(t") (which is true since g12(t') € C(Ga2) by G(t', ') being psd) and (4.18).
Defining v := (&3 — &) (1 — (g12(t'))T Glag12(t')) we have that (&3 — &) K (¢, /) = M ™), which
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proves the claim. |

ance MO = Az0)_g € Sk+1 from Claim is psd and by assumption Agzu)_ze)(k — 1) =
ais Boo — Aoy is singular, it follows by Corollary 2.7 used for § = V) — 5% that rank Az 50 (k—

1) = rank Aga)_z0) (K —2). Therefore there is a vector v € R*~2 such that (4.10) holds. By Lemma

2.4 used for A = MW, it follows that M® (vT 1 0 )T = 0 which is equivalent to ¢’ being of
the form (4.11).
It remains to prove that «' is of the form (4.12). We have that

~ Eoo h(t") A\m

H(t/, u’) AOI

rank B N =rank | (R()T ' (ap)”
(Ao)"  Apn N

(An)”  an  An
By Aq | h(t)

~ ~ By 121\01
=rank (A)T Ay | o = rank ( (;101>T Zn ,
h(t/)T (501)T Ul
M)

where the first equality follows by definitions of H(¢',u’) and Ao, the second by permuting rows
and columns and the last by the assumption (ii). Finally, using (2) of Theorem 2.2 for M = M®)
implies that v’ is of the form (4.12). ]

Remark 4.8. Tf @3 Byy — Ay, is singular, then there is at most one ¢’ € R such that F'(H (t',u')) is
psd for some v’ € R. Indeed, observing the first paragraph after the proof of Claim in the proof of
Proposition 4.7 we see that v € R¥~2 was an arbitrary vector such that (ci3 Boo— Ag1 ) (o' 1 )T =
0.f F(H(t',u)) and F(H(t",u")) are both psd for some ¢',t" v/, " € R, we see that the equality

(ash ast' ) (o™ 1) =(ash at”)(v" 1)" =0holds, which implies ¢’ = ¢".
Now we are ready to prove Theorem 4.2.

Proof of Theorem 4.2. First we prove the implication (1) = (2). We denote by M), the mo-
ment matrix associated to the sequence generated by some K -representing measure y for 5. The
following statements hold:

e The matrix Mj is psd (see Section 1).

e The extension of ¢(M )|\ (xy With a row and column Y2 X*~" is equal to the matrix N
due to the relation Y (Y — &) (Y — ai3) X*~2 which is satisfied by the moment matrix M, ;.

e The matrix N is psd as the restriction of M.

Using Lemmas 4.5 and 4.6, there exist ', 4’ € R such that the sequence with the moment matrix

—_~—

F(H(t,u')) admits a ¢(K )-representing measure. If (2a) or (2b) of Theorem 4.2 holds, we are
done. Otherwise Proposition 4.7 implies that ¢/, v’ are of the forms (4.11), (4.12), respectively. By
Lemma 4.5, Aoy — H(t', ') admits a representing measure on R, which by Theorem 2.8 implies
(4.14) and thus (2¢) of Theorem 4.2 holds.
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It remains to prove the implication (1) < (2). We denote by (¢(M))(t) the moment matrix
which extends ¢(M) with the additional column and row Y2X*~1:

X—(o) YX(I) Y2)Z(2) YZkal

(XO)T Ao Aoy A E
(P(M))(t) = YXO) [ (A)" | An Ay b _ Aoo ‘ B(t)
. ~ ~ ~ BN | O
(VEXO)T | (Ap)” | (An)T Ao a (B(t)) . c
y2xk-1 gt pT al 521%2’4

Note that N is equal to the restriction (¢(M))(t)|c@ qy2xr-1y\ xry- BY [23, Theorem 2.3], there
exists ¢y € R such that (¢(M))(ty) = 0 and

rank(¢(M))(to) = max(rank ¢(M), rank N) = max(rank M, rank V),
where we used (4.7) in the second equality. Let co .— (YXD y2X® y2X*k1) and

X0 c®
M~ X B)(©) (Bt)" Blto)
(@) (Bto)"” c

By the equivalence between (1a) and (1b) of Theorem 2.2 used for M = M) we have that
MW = 0. By (2.4) of Proposition 2.3 used for M = M), we have that

(4.19) rank M = rank C.
Claim 1. The matrix M) satisfies the column relations (4.6) fori =0, ...,k — 1.

Proof of Claim 1. Since rank M = rank C, there is a matrix W € R2-*(+1 guch that
Mo ((WIew wre
cw C
Morever, if W is any matrix satisfying CW’' = (B(to))", then
WHTCW' = (W)TCW = WICW,

where we used CW’ = CW in the first equality and (W')7C = WZC in the second.
Relations (4.4) and definitions (4.8) imply that the restriction

(M(l))|a“2>,c(2)u{yzxk—1} = ( (B(to))T C )
satisfies the relations (4.6) for i = 0,...,k — 1. Thus, there is s € R?* such that (B(t,))" = CW’
where .
o ( (Gg + ag)(qaas) ™' - I . > € R2EX(k+D)
—(qgaiz) ™t - Iy

and finally WTCW = (W’)TGW’. Hence, M () also satisfies the relations (4.6) fori = 0,. .., k—
1. |
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By (4.19), the column space C(M®) is spanned by the columns in the set {Y X® y2X1}.

Using also Claim 1, the column space C(M 1) is spanned by the columns in the set { X, Y XD},
Therefore

(4.20) rank((MW)] z) y ga)y) = rank(MW).
Claim 2. There exists ug € R such that
(4.21) H(a(to), uo) = B(to)(C)T B(to)7,

where Oz(to) = (&2&3)’1 . ((622 —+ &3)52]6_171 — to) .

Proof of Claim 2. By the definition of a(ty) and H(t, u), it follows that H(«a(lo), u) agrees with
B(to)(C)1(B(to))" in the first k columns and rows. So the only remaining entry is the lowest right

corner which can be obviously chosen such that (4.21) holds. This proves the claim. |
We write
X o xk
Agy = <X’;(1))T :400T oo
X (aoo) 52k,0

and define the matrix function
Ao — Boo a0 — h(t
U - RQ N R(k+1)x(k+1)’ U(t, u) — AOO . H(t, U) _ - 00 OOT aopo ( ) .
(aoo - h(t)) ﬁzkz,o —u
By the equivalence between (la) and (1b) of Theorem 2.2 used for M = (¢(M))(to), it follows
that Agy = B(ty)(C)B(to)T or equivalently U(a(to), ug) = 0, where a(to) and ug are as in Claim
2. By the equivalence between (1a) and (1c) of Theorem 2.2 used for U («(ty), uo), it follows that

422) 8= (Baro — uo) — (@0 — h(a(to)))" (Ao — Boo)'(@oo — hla(to))) > 0
and by (2) of Theorem 2.2 used for M = U(«a(ty), up), we have that

rank(goo — §00)7 if =0,
rank(Agy — Boo) + 1, if & > 0.
By (2.4) of Proposition 2.3 used for M = (¢(M))(ty), we have that
(4.24) rank((¢(M))(tg)) = rank(U(a(to), ug)) + rank C.

We separate two cases:

(4.23) rank U (a(to), ug) = {

Case 1: A01 — &QBOO or 623300 — AOI is invertible.
Case 2: A()l — aQBOO and &3300 — A[)l are singular.

Case 1. By definition of & (4.22), it follows that U(a(to), uo + 8)/(Ag — Bgo) = 0. We use
Theorem 2.2 for M = U(a(ty), uog + §) twice:

e The equivalence between (1a) and (1c¢) implies that
(4.25) U(a(ty), ug +6) = 0.
e (2) gives
(4.26) rank U(a(tg), ug + 0) = rank(ggo — EO(]).
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In the notation (2.7), U(a(to), uo + 0) = Aguy € Siy1 for some BM € R+, Using (4.25) and
(4.26) we have that Az, = 0 and rank Az, (k — 1) = rank Ag,). By Theorem 2.8 used for AW,

BM has a (rank(Agy — Boo))-atomic R-representing measure. We have that
ranké, if o =0,

4.27 r:=rank F'(H(a(ty),up +0)) = ~
(*+:27) (H{alto), v +0)) {rankC+1, if o > 0,

where we used that (MW)|., = F(H(a(to),uo) and (4.20). By Proposition 4.7, the sequence
with the moment matrix F'(H (a(ty), up + 9)) admits a r—atomic representing measure on the va-

—~—

riety ¢(K) (4.15). The equalities (4.23), (4.24), (4.25) and (4.27) imply that the sequence ¢([3)
admits a (rank ¢(M)(ty))—atomic representing measure. This concludes the proof in this case.

Case 2. Since ﬁm — &y Bgo, a3 Boo — ﬁm are singular and F'(a(ty), ug) is psd, Remark 4.8 implies
that «(to) is equal to ¢’ defined by (4.11). The equality (4.20) implies that

Fo Bo ME) fa

rank( G A ) = rank (h/(\t’))T ELO (agl)T
(A01)T ao1 Ap

Aéoo %01 h(t')
=rank [ (Ap)T A | @ |
()" (Go)" | o

M(2)

where the second equality follows by permuting rows and columns. Using (2) of Theorem 2.2 for
M = M3, yq is equal to u' defined by (4.12). Now by Proposition 4.7, F(H(t',u')) admits a
measure. Further on, Lemma 4.5 implies that the measure for 3 exists only if also the sequence with
the moment matrix U(t', v') has a R—representing measure. Note that U(t', ') = A, with A, as in
(2c) of Theorem 4.2. By Theorem 2.8 used for 7, y has a (rank U(#', u"))—atomic R-representing
measure iff (4.14) holds, in which case a (rank(U(#',u)))-atomic representing measure exists.
Using (4.19), (4.20) and (4.24), it follows that the measure for ¢((3) is (rank ¢(M)(t'))—atomic. [

Finally we prove Corolllary 4.3.

Proof of Corollary 4.3. First note that the moreover part follows immediately from the moreover
part in Theorem 4.2 by noticing that under the assumption (My)|c2 > 0 it holds that rank N <
rank M.

It remains to prove the equivalence (<) in the corollary. The nontrivial implication is (=).
Following the proof of the implication (1) < (2) of Theorem 4.2 under the assumption that M is
positive definite, note that

2k — 1, if rank C = rank C,

(4.28) rank F'(H (a(to), ug)) = { 9k otherwise.

(We used the fact that rank C' € {rank C,rank C' + 1} = {2k — 1,2k}). We have that

By A
(F'(H(alto),v0))lzwy prxoy = ( gﬁf Zi ) '
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Claim. rank (F'(H (a(to), u0)))l gy (yxwy = 2k — 1.
Proof of Claim. By (4.28), we only need to consider two cases:

2k: In this case the claim is obvious. N
= 2k — 1: In this case the facts that rank C' = rank C and that the
a(ty), ug)) satisfies the column relations (4.6) fori = 0,...,k — 2,
(cv

(t0), 7))y prxwy =2k = 1.

(1) rank F'(H (a(ty), ug)) =
@) rank F(H(alt), u))
moment matrix F'(H (
imply that rank (F'(H

This proves the claim. u

Note that

Eoo 0(201 - a2§00) >

wmmmmmmmmwﬁw:<¢%_®gwd%_ﬂﬁw

where ¢ = (a3 — ay) 71,

(4.29) rank (F'(H (a(to), 70)))|{)?<1>},{YX(1>} = rank (¢(F'(H (to, 70))))|{)?<1)},{Y)?<1>}

and

C(&?,Eoo - ZZ01) C(A\m - &2500) >)

@%)ﬂ@@@@%mmm@mﬂﬂm:a< ' i

Now, the Claim, (4.29) and (4.30) imply that at least one of &3§00 — ﬁm and 201 — &zéoo must be
invertible and the statement of the corollary follows by Theorem 4.2. 0

The following examples 4.9—4.12 demonstrate the use of Theorem 4.2 and its proof to either
construct a representing measure supported on the union of three parallel lines for the sequence
or show that a representing measure does not exist. The Mathematica file with numerical compu-
tations for the following examples can be found on the link https://github.com/ZalarA/
TMP_parallel_lines. In all examples we assume the notation from Theorem 4.2 and its
proof. Further on, P will be the permutation matrix such that moment matrix PM3;PT has rows
and columns indexed in the order X(© Y X1 y2X® y3,

3 7 2 49 7 191 397 49 7
Example 4.9. Let 5 = (1,2,0,1,0,2,9,0,1,0,%,0,7,0,2,69,0,2,0,1,0,%7,0,%2,0,,0, 2)

be a bivariate sequence of degree 6. We will prove below that 3 does not have a RQ—representmg


https://github.com/ZalarA/TMP_parallel_lines
https://github.com/ZalarA/TMP_parallel_lines
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measure. The moment matrix PMsP7T is equal to:

1 X X2 X* Y YX YX? YV? VX Y°

1 13 I 9 0 0 0 % 1 0
X |22 9 2 0 0 0 1 £ 0
X129 2 6 0 0 0 I W o0
X192 6 ¥ 0 0 0 & 2 0
pupr— Y |00 0 0 21 I o0 o 2
Yyx|oo o o 1 £ & 0 0 1
yx*{oo o o I & ¥ 0 0 I
vz 1 I &30 0 0 2 1 0
VX |1 2% 2 0 0 o0 1 I 0
y*\o o o o %2 1 I 0 0 2

PM3PT is psd with the eigenvalues 227.591, 19.2501, 1.91716, 0.677211, 0.648649, 0.283553,
0.0727021, 0.0539334, 0.00565968, 0 and satisfies the column relation Y3 = Y. The transforma-
tion ¢ is the identity, i.e., ¢(z,y) = (z,y). The matrix N is equal to

1 X XY YX YX? V? VX Y?X?
1 12 I 0 0 o0 32 1 I
X 2T 9 0 0 1 I W
X* |29 %o 0o o I W
Y oo o0 2 1 £ 0 0 0
Yyx oo o 1 £ & 0 0 0
vx* oo o I ¥ 2 0 0 0
v 121 I 0 0o o0 2 1 I
v’ |1 L 20 o0 o0 1 I &
Y2X*\0 0 0 2 1 I 0 0 2

However, the matrix NV is not psd, since the eigenvalues are 43.0994, 18.8854, 4.16403, 0.863394,
0.382338, 0.132343, 0.0775933, 0.0656297, —0.00347317. By Theorem 4.2, 5 does not have a
representing measure supported on > = y. Since any representing measure ;. for 3 must satisfy
supp 1 C {(z,y): y> = y}, 8 does not have any R?>-representing measure.

Example4.10. Letﬂ — (1 15 0.3.0 8 81 0 12 0 213 0 28 0 8 585 0 72 0 12 0 107121 0 196

s 110 1111 11 Y 1Y 11 11 oY 11 Y 1 715 Y 110

0, %7 0, %) be a bivariate sequence of degree 6. We will demonstrate below how Case 1 from the

proof of Theorem 4.2 can be applied to construct a 9—atomic representing measure for 3 supported
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on the union of parallel lines 4 = 0, ¥y = 1 and y = —1. The moment matrix PM;P7 is equal to:
1 X X? X Y YX YX? Y? ViX Y3
1 1 £ 3 % 0 0 o = £ 0
X L3 &8 29 0 0o 2 2 9
X? 3 &8 22 B g Q o = & 0
R E TS 00 0 F O 0
PMLPT — Y oo o o £ 2B B 0 0o 2
YX| 0 0 0 o 2 2 2 0 o0 £
YX*| 0 0 0 o ® =z ¥ 9 o =
v iy 38 § 0 0 0§ F 0
x| 8 8 2 16 g o 2 B 9
\ & 0 0 0 o = 2 2 0 0 <

PM;PT is psd with the eigenvalues 174.128, 21.0215, 1.64351, 0.734399, 0.379065, 0.266664,
0.0622926, 0.0387818, 0, 0 and the column relations
10 310 95 65 2
Y3 =Y, V2 X=-—F 14+— X-" X+ .X34+2.Y%

’ 9 * 27 9 * 27 * 3
The transformation ¢ is the identity, i.e., ¢(x,y) = (z,y). The matrix N is positive definite with
the eigenvalues 42.3043, 20.624, 1.18246, 0.780712, 0.410054,0.126054,0.0568576, 0.0557925,
0.00526127. The matrix ¢(M )(t) is equal to

1 X X X° Y YX YX® Y? VX Y*X°
1 1 £ 3 %2 0 0 o & & =
X [ #s % % o0 o0 0 B x5 B
X2 s % o® o0 o0 0 B OB
Yy o o o o = B B 0 0 0
Yyx{fo o o o 2 ®% F 0 0 0
yx2fo o o o #® B &L 0 0 0
ol B R R o000 o5 o#o%
VX[ BB R oM o0 o0 0 B ox B
vXPlR B R o+ 0 o0 0o®x Foogp

The parameter ¢, from the proof of Theorem 4.2 satisfies det ¢(M)(ty) = 0, since rank ¢(M)(to) =
max(rank M, rank N) < 9. A calculation shows that det ¢(M)(t) = — 22280 _ (143t —7164)?2,

337186519813\ "
which means that t, = T3, By definition of a(t) we have a(tg) = to = T3 (here a, = —1 and

143
a3 = 1). The parameter u from the proof of Theorem 4.2 is equal to the right lower corner of the
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matrix B(t,)(C){(B(ty))”, where

B(to) = (#(M)(t0))l(gon g yegny  and O = ($(M)(t0)ly g vy

1331888

5595 while

A calculation shows that ug =

B(to)(C)'(B(to))" = H(alty), uo) = Az € Sa

20 _ 8 12 28 72 196 7164 1331888 7
where 5( ) = (ﬁ’ 110 112 110 11 143 ° 9295 ) € R'. Further on,

Ul(alto), uo) = <Z5(M)|{X‘<0)} — H(a(to), uo) = Agw € Sy

ol 3 3 9 17 441 12137 . .
where p® = (2 3 2 9 1—1., 15, 220) € R". A calculation shows that.(S =0, where.é is
equal to the value of the generalized Schur complement of the 3 x 3 leading principal submatrix of

U(a(to), up). Further on,

Boo — Aoy = (H((to), uo)) |z — (D(M))] gy qyxy = (H(a(to), uo))l za,

is invertible with the eigenvalues 20.6,0.41,0.056 and hence Case 1 from the proof of Theorem 4.2
applies:

o The matrix U (G, £555°%) = Az, has a column relation X* = $1X* — 22X + 1 and

hence by Theorem 2.8, it has the unique R—representing measure i1 = p10,, +p202, + 03024,
where (x1, 79, x3) ~ (0.107053, 1.62587, 2.65169) are the solutions of the column relation,

(P p oI = V(2 2 5T & (01199 0.1414 0.01126) and & = (11, 29, 2:3).

T 11 11 11

e The moment matrix F'(H (T3, 235558)) satisfies the relations Y? = YV, Y?X = X, Y? =1
and X3 = ‘;’—g - X2 — % - X + % - 1. After using an affine linear transformation ¢(z,y) =
(z, 3y + 3), it turns out that ¢(F(H (22, 1331888))) js precisely the matrix from Example
3.4 above. Hence, F(H (7153 133188)) g equal to the moment matrix generated by the

143 7 9295
measure

fi2 = P10p-1(at 1) + P20s-1(ay1) + P306-1(a,1) + P106-1(21,0) + PaOp=1(4.0) + P306-1 (a1, 0)
= 10@11) T Pa0(a.1) + P30(y1) T P10 1) + P20y, —1) T P30(ay,~1)s

where 7, ~ 0.0445476, 2/, ~ 1.17328, x, ~ 3.53217 and p, ~ 0.0541354, p), ~ 0.233231,
Pl ~ 0.0762695.

We conclude that 5 = ¢(3) has a 9—atomic representing measure j; + jo supported on the union
of the linesy = -1,y =0and y = 1.

_ 4 7
Example 4.11. Let 5 = (1,2,0,1,0,4,2,0,2,0,%2,0,2,0,2,5,0,2,0,2,0,%,0,2,0,2,0,%) be
a bivariate sequence of degree 6. We will demonstrate below how Case 2 from the proof of Theorem
4.2 can be applied to construct a 7-atomic representing measure for 5 supported on the union of
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parallel lines y = 0, y = 1 and y = —1. The moment matrix PM;P7 is equal to:

1 X X2 XY YX YX? Y? VX V3

1 1 21 20 0 0 % 2 0
X2 1 &+ 20 0 0 2 2 0
X122 5 0 0 0 2 2 0
X328 5 € 0 0 o0 %2 2 0
S I
v 7T 7 7

vyx*f oo o o 2 2 2 o0 o0 2
vEld 22 20 0 0 22 o
VX[ 20202 20 0 0 2 %0
y>o o0 o o ¢ 2 2 0o o 1

PM;PT is psd with eigenvalues 13.3804, 1.49602, 1.36779, 0.2337, 0.218266, 0.138494, 0.0224999,
0, 0, 0 and the column relations Y3 =Y, Y X? = Y X and X? = 3X? — 2X. The transformation
¢ is the identity, i.e., ¢(x,y) = (z,y). Moreover, N is psd with the eigenvalues 4.35783, 1.07956,

0.97549, 0.318458, 0.167368, 0.0866196, 0.0146715, 0, 0, a matrix By — Ao = Agzay € S3 where
RO = (3,2,2,22) € R® is singular with the eigenvalues 0.97549,0.167368, 0 and Ay =0
is also singular. Hence, Case (2c) of Theorem 4.2 applies. Computing ¢’ and u' using formu-

las (4.11) and (4.12) (the vector v is equal to (0 — 1)T), we get t/ = v/ = % and thus A,

as in (4.13) has v = (%, %, %, %, 1—77, 3—73, 675) € R". The matrix A, (3) is invertible with eigen-

values 3.35337,0.200729,0.017325. It has a column relation X3 = 3X? — 2X which is satis-

fed by x1 = 0,29 = 1,23 = 2. By Theorem 2.8,  has the unique R-representing measure
pi1 = 360 + 361 + 102, where we obtained the densities by (3 1 )7 = V(gll »(3 2 2)". It remains

to compute the measure for F'(H (t',v’)), which has the column relation Y? = 1. After using an
affine linear transformation ¢(z,y) = (z,3(y + 1)), the matrix ¢(F (H(¥',«')) has the column
relation Y2 = Y. Using the proof of Theorem 3.1 to construct the measure for ¢(F(H (t',u')),
the matrices ' and E are both equal to Ag, € Sy, where B = (2111111 ¢R7
qu is a psd Hankel matrix satisfying the column relation X? — X = 0 and hence by Theorem

2.8, 6(2) has the unique R-representing measure 7(50 + 7(51, where we obtained the densities by

(3 3)" = Vo) (3 3)". Hence, M3 admits a (rank M;)-atomic measure on the variety y* = y with

the atoms (0, 0), (1,0), (2,0), (0, —1), (1, —1),(0,1), (1, 1), all with densities +.

Example 4.12. Let 5 = (1,0, 1,1,0,2, & (=1 —2v/23),0,0,4,2,0,2,0,2, L (4 —9v23) ,0, 2,
0 21 5 0 2 0 2

2o ,2,0,2,0, 3) be a bivariate sequence of degree 6. We will demonstrate below how Case
(2c) from the proof of Theorem 4.2 can be applied to prove that 3 does not have a representing
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measure supported on R2. The moment matrix PM;P7 is equal to:

1 X X X* VY YX YX? y? ylx y?
1 3 2 1
1 I 0 1 f 7z O 0 < 3 3
X 0 I B3 2 0 0 0 % % 0
X? 1 B30 2 P50 0 0 0 2 2 0
X3 | Bsg 2 Bso 5 0 0 0 2 2z 90
, ) 7 7
1
papr Y| F 0 0 0 2z ozo1 0
Yyx| o o o o 2 2 2 g o 2
Yx*f o o o o 2 2 2 0 0 2
vilrororoz Lo o0 22y
2 2 2 2 2 2 2
vyx(t 7z 7 7 00 0 7 £ 0
3 1 3 2 2 1 3
Y ;: 00 0 5 7 3 7 0 3

where (30 = 15 ( 1—2v2 ) and 50 = 15 (4 9v/2 ) PM;P7T is psd with the eigenvalues
7.2968, 2.0162, 1.28926, 0.286198, 0.16608, 0.0883151, 0, 0, 0, 0, and the column relations

Y3 =Y, YX? =YX,
Y2X =—042-140.77- X +065- X2 +042-Y — 042 - Y X,
Y2=-042-14077- X 4+0.65-X?+142-V —1.42-YX.

The transformation ¢ is the identity, i.e., ¢(x, y) = (x, y). The matrix NN is psd with the eigenvalues
2.99455, 1.6278, 0.915861,0.304399, 0.157391, 0, 0, 0, 0, a matrix Byy — Ay = Az € S3

where 1) = (3,2,2,2,2) € R® is psd and singular with the eigenvalues 2,0,0 and Ay =

AE@) € S3 where (%, 0,0,0,0) € R is also psd and singular. Hence, Case (2c) of Theorem 4.2
applies. Computing t' and v’ using formulas (4.11) and (4.12) (the vector v is equal to (—1 0)7),

we get ¢’ = ' = 2 and thus A, as in (4.13) has v = ( ,—2, 7,/3’30, 172,ﬁ50,373> € R7, where
2

Bs0 = 15 (— 1—2\/_) — 2 and B50 = L (4-9v23) — 2. We have that rank(4,) = 3 >
rank(A,(3)) = 2. By Theorem 4.2, B3 does not have a representing measure supported on 3° = y.
Since any representing measure 4 for 3 must satisfy supp 1 C {(z,y): y> = y}, 8 does not have
any representing measure supported on R?.

5. THE TMP ON THE UNION OF PARALLEL LINES IN THE PURE CASE

Letk,n € N,k >n > 2and B := 8% = (Bij)ijez, i+j<or be a real bivariate sequence of
degree 2k such that 5y > 0 and let M}, = M;(/) be its associated moment matrix. To establish
the existence of a representing measure for 3 supported on the union of n parallel lines, we can
assume, after applying the appropriate affine linear transformation, that the variety is

Kno = {(x,y) e R?: y-rﬁ(y—ai) = 0},
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where @ = (a1, ...,a,_1) € R" ' and o; € R\ {0} are pairwise distinct nonzero real numbers.
For ¢ =0,...,n — 1 we denote by

1<j1<j2 - <je<n—1

the sum of all products of ¢ pairwise distinct numbers from the set {a1,...,q,1}. If a K, ,—
representing measure for 3 exists, then M} must satisfy the column relations

(5.1) Y'"X7 = - Y"1 X — ey YPRXT 4 (1) - Y XY
for j =0, ...,k — n. On the level of moments the relations (5.1) mean that
(5.2) Bitjm+e = €1 Bivjm—i+t — €2 Birjn—oye + -+ (=1)" a1 - Bigji4e
for every i, j, ¢ € NU {0} such thati + j + n + ¢ < 2k. We write
XO.=(1,X,.., X" and  V/XO .= (VI YIX, . YIXF

fori = 0,...,n —1and 5 € N. In the presence of column relations (5.1), the column space
C(Mj) is spanned by the columns in the set C™ := {X© vy XMy 1X"=D1 Let Pbea
permutation matrix such that moment matrix P M, PT has rows and columns indexed in the order
XO yX® y2X® Yk Let

(53) SIE,BTZ = (PMk<5)PT)|C(n) = ( Ié%g g > c Rs(k,n)xs(k,n)’

where s(k,n) = S (k+1—i) = +n(2k + 3 — n), be the restriction of the moment matrix
PM, PT to the rows and columns in the set C”) and
(54) Ag = (PMkPTﬂ{X(m}? B = (PMkPT)|{)?<0)},c<n)\{)?<0>}a ¢ = (PMkPT)’(J(n)\{)?w)}-

If a K, ,—representing measure for 5 exists, then it generates some extension of S with moments

of higher degrees. In particular, S,SB 72 can be extended to the moment matrix by adding the rows and
columns indexed by

(5.5) XY7, where 2<j<n—1 and k+1—j<i<k-—1.
The moments corresponding to monomials
(5.6) 'y, where 2<j<n—1 and 2k+1—j<i<2k-—1,

are parameters which we denote by t; ;, while other moments in the extension can be expressed
from the original moments and parameters t; ; using the relations (5.2) which are satisfied in the
extension. We write

t(kn) = (tak—1,2, tak—23, tak—1,3,- - -, taki2-nn-1,- - - tak_1.n-1)-

Hence, the moment matrix extending .S ,gﬁ 73 by the rows and columns indexed by monomials in (5.5)
in the order

XO y XM y2X@ | yk y2xhl y3xke2 y3xkol o ynolx? oyl xkel

' Vv
old rows/columns rows/columns added
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is a linear matrix function in the parameters t; ;, which we denote by

St (Bigm) = ° i B(ﬁ(k’”)) )
’ (B(twn)" Ctmn)
(5.7) Ago B B (t ()
= BT C Bs (E(k,n)) S Rt(k’n)Xt(k n),

(B1(tm))” (Balbem))” C(Erm))

where t(k,n) = s(k,n) + (";").

The following theorem gives a sufficient condition for the existence of a K, ,—representing mea-
sure for J in terms of the feasibility of the linear matrix inequality .S ,(f 72 (E (km)) > 0.

Theorem 5.1. Let k,n € N, k > n > 2and K, == {(z,y) € R y-[[") (y — ai) =0} be a
union of n parallel lines, where o = (i, ..., 1) € R" ' and o; € R\ {0} are pairwise distinct
nonzero real numbers. Let 3 := 3*%) = (B, ;)i jez, i+j<or be a real bivariate sequence of degree
2k such that M, is positive semidefinite and satisfies the column relations (5.1) for j = 0, ..., k—n.
Assume also the notation above. If there exists t_Ek?n) € R(ngl) such that S ,EB r)b(t_zkn)) > 0, then [
has a K, ,—representing measure.

Remark 5.2. (1) Mimicking the idea with which we solved the TMP-npl for n = 2 and n = 3,
also in the general case n € N we will apply the ALT such that one of tlle lines becoine/s\
y = 0 and then study the existence of the decompositions 5 = [ + [ such that 3,
have representing measures supported on y = 0 and on the other n — 1 parallel lines,
respectively. In the TMP-2pl only the moment ;o was a parameter, while in the TMP—
3pl only the moments [o;,_1 0 and Ba o were parameters. Both cases were small enough
so that we could characterize precisely when the representing measure for (3 exists. In the
general case, the moments [a4,_y,41,0, - - - , B2k,0 are parameters and we are not able to handle
all cases to characterize precisely when the representing measure for 3 exists. However, at
least in the special pure case, which could be also called purely pure, because not only the
parallel lines determine the only column relations of M, but also M}, can be extended to the
matrix of highest possible rank when we add the rows and columns indexed by monomials
in (5.1), we can prove that the representing measure exists.

(2) The proof of Theorem 5.1 will be by induction on the number n of parallel lines. But first
we will establish some lemmas which will be used in the proof. One of them is the analog
of Lemma 4.5 for general n € N. This lemma can be possibly used in future to handle also
not purely pure cases of 3. However, a very demanding analysis will be needed to control
the (n — 1)—dimensional parameter space Sox_n11,0, - - -, D20 described in (1) above.

We define a matrix function

Flﬁ) : R(k+1)x(k+1) N Rs(k,n)XS(kﬁn% F,E@(Z) = ( BZT g > )

where B and C' are defined by (5.4). It holds that
Séﬁi = Fk(:i)(z> + (Ao — Z) ® Og(son)—r—1)

where Oy, n)—r—1 stands for a (s(k,n) —k — 1) x (s(k,n) — k — 1) zero matrix. If 3 admits a
K, o—representing measure 4, then it is supported on the union of parallel linesy = 0,y = a4, .. .,
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Yy = a,,—1. Since the moment matrix generated by the measure supported on y = 0 can be nonzero
only when restricted to the columns and rows indexed by X (*), it folllows that the restriction of the

moment matrix generated by u|un Ly—ai} (resp. (y=o}) tO the columns and rows from C™ is of

the form Fk(m)(Boo) (resp. (Ago — Boo) ® Og(k,n)—k—1), Wwhere Byy € Sj41 is a Hankel matrix. This
discussion establishes the implication (=) of the following lemma.

Lemma 5.3. 3 has a K,, ,—representing measure if and only if there exist a Hankel matrix By, €
S+ such that:

(1) The sequence with the moment matrix 2l ko (Boo) has a K. n.a—tepresenting measure, where

n—1

(5.8) I?nvg = {(x,y) c R%: H(y — ;) = 0}.

i=1
(2) The sequence with the moment matrix Aoy — Boo has a R—representing measure.

Proof. The implication (=) follows by the discussion in the paragraph before the lemma. It re-
mains to establish the implication (<). Let P be a permutation matrix such that moment matrix

PM kPT has rows and columns indexed in the order X©@, Y XM y2X® vk Let M ) (resp.
) be the moment matrix generated by the measure 141 (resp. i2) supported on K. n.a (resp.y = 0)
such that (PM"PT)|pwy = F7)(Bu) (tesp. (PMPT) oy = (Ao — Boo) @ Ostin)—i—1)-

Since supp(p;) C Ko, @ = 1,2, the moment matrix My = M,il

)+ M ,iz) corresponding to the
measure [ + fip has column relations (5.1). Since (PMPT)|.oy = S,(ﬁz = (PMP")|o() and
both M, M, «. satisfy the column relations (5.1), it follows that
S(ﬂ) S(’B)W ~
WTS ko WTS N nW

X(k n+1)2(k n+2)

for some matrix W € Rs*:n) . This concludes the proof of the implication («=). [

For:=0,...,2k —n + 1 we define the numbers ~; € R by

(5.9 v = (=1)"c,- o (5111 1—¢1 - Bip—2t- 4.+ (—1)n_10n—2 : ﬂzl) .
We define the matrix function
H]iyﬁg : Rn_l — Sk+17 H]EJB’I’Z <u17 e 7un_1) = A(’YOV"?’YQIC—TL"Fl7u17"'7u7l—1)7
where Ay . vorpiiur,u,_y) 18 defined as in (2.7). The following lemma describes the form of

the matrix By from Lemma 5.3.

Lemma 5.4. Assume there is a Hankel matrix By such that the sequence with the moment matrix

F, ,sn) (Boo) admits a Kn o—Tepresenting measure [i; where Kn o is as in (5.8). Then

(5.10) By = Hk,n(62k7n+2,0(,ul)a e ,ﬁ%,o(ul)),

where Ba_i o ,ul) are the moments of the monomials >~ with respect to 41

Proof. Let M P be the moment matrix generated by the measure ;. Since supp(u;1) C K, o, the

moments ,Bw (,ul) in M ,i Jr)l satisfy the relations

(5.11) gz’,j+n—1(l~b1) =cCpe gz‘,j+n—2(M1) —Co - Ez’,j+n—3(/~01) + 4 (=1) " - gi,j(ﬂl)u
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fori,j € NU{0} suchthat0 <i+ j+mn — 1 < 2k + 2. Equivalently, (5.11) can be expressed in
the form

Bij(m) = (=1)"c. 2, <5i,j+n—1(ﬂl) — 1 Bijana(m) + 4 A (1) e 5i,j+1(ﬂl)> -
Since 5’” = f3;j forevery i, 7 € NU {0} with j > 0 and i + j < 2k, we have that

(5.12) Bi,O(Nl) = (—1)110711 (ﬁi,nfl —c1 Bipot+ .+ (—1)n71€n72 : @1) .

for every i < 2k — n + 1. The equalities (5.12) imply the equality (5.10). 0
Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1. Let us fix k € N, k > 2. The proof will be by induction on the number of
lines n.

Base of induction — Theorem 5.1 holds for n = 2:

Note that S,i@ (Cra) = S,g@ So the assumption 5,552) (tr2)) = 0 is equivalent to S,i@ - 0.

Hence, in the notation of Section 3, M = S,(f?) = 0and N = (S,g@ﬂ{)g(l) yxwy > 0. Using
Corollary 3.2, 8 has a K, ,—representing measure.

Induction step — If Theorem 5.1 holds in the case of n — 1 lines where 2 < n — 1 < k, then it also
holds in the case of n lines:

We assume that Theorem 5.1 holds in the case of n — 1 lines where 2 < n — 1 < k. By
Lemmas 5.3 and 5.4, proving Theorem 5.1 in the case of n lines is equivalent to showing that

there exist uy, . .. ,u,—; € R such that the sequence with a matrix F,gn) (H, lgﬁ n) (w1, ..., u,—1)) admits
a f(n,g—representing measure and the sequence with a matrix Aygy — H ,gﬂ Tz(ul, ey Up—1) admits

a R-representing measure. By the equivalence between (1a) and (1b) of Theorem 2.2 used for
M = S,(ﬁz (t(k.m))» We have that

. C Bo(Eom
(5.13) S,ﬁ@(t(k,n))/< Bt 2(L k) ) = Ag— H > 0,

where

o R C BQ(fk,n) ! BT
Hi= (B Biltwm) )'<<Bg<f<k,n>>>T Clin) ) '((Bmﬂw)T)'

Claim 1. H = H,giz(ul,...,un_l) forsomewu; e R,i=1,...,n—1.

Proof of Claim 1. Let () be a permutation matrix such that moment matrix QS,S? ,2(5(;{7”))QT has
rows and columns indexed in the order X©@, Y X y2X® yn-1X1) Then QS,E@ (Ern)) QT
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is equal to
X e yix® e yr—1 X1
(X" Ago o Agtam) o Avaea ()
(VX" An(tamy) - Agltany) - Aaalten) |
(Y XOT N Apro(em) o Anriem) o Ania(Fem)
where A,»j(t_zk,n)) are Hankel matrices. By construction of /4 we have that
(5.14)

H (30, xwy = o (Aon—1(tem)) — crAon—2(Eem) + -+ (=1)" a2 Ao (Frm))) -

Hence, H| (X0} (£} is a Hankel matrix. Since [ is also a symmetric matrix, it follows that H is
Hankel and thus equal to A, € Siy for some 7)) = (7(()1), . ,75,?) € R?*+1 It remains to
prove that ’y(l) =, forv =0,...,2k + 1 — n, where ; are defined by (5.9). By (5.14) we have

)

that for 7 < k:

—1)" . B i )
= (C )1 ((Aon—1(tkm))os — c1(Aon—2(tem))oi + -+ (=1 ena (Aot (Frm)) o)
—1)"
- (c ) (Bi,n—l —c1fimat ...+ (—1)"*1%72@,71) = i,
n—1

while for k <i <2k+1—n:

—1)" . S
%(1) = <C ) ((AO,nfl(t(k,n)))ikarl,kfl — c1(Aom—2(trm)))i—kt1h-1+ -
n—1

+(—l)n_lcn—2(A01(F(k,n)))z'—kﬂ,k—ﬁ
(="

Cn—1

(ﬁi,n—l - Clﬁz’,n—z + ...+ (—1)n_1Cn—2ﬁi,1) = %i-
This proves the claim. u

Using (5.13) and Claim 1, we have that T := Agy — H,")(uy, ..., 1 +8) = 0for 0 < § small
enough. Since 7' is Hankel, it is equal to A, ) for some 72 ¢ R?+! By Theorem 2.8 used for

7, a (rank T')—atomic R-representing measure for 72 exists. To conclude the induction step, it
remains to prove that the sequence with the moment matrix

)
H ey Uy 6) B
F;E,@(H;ﬁ(uh e, Up—1 "‘5)) = ( km(lﬂ, BT7U o ) C )

admits a I?nﬁg—representing measure. Let P be the permutation matrix defined before Theorem
5.1. Note that F,§€3(H,§€3 (u1,...,Up_1 + 6)) is equal to (PMy(B)PT)|ew where 3 is a bivariate

sequence of degree 2k that differs from [ only in the numbers 3;, where 0 < i < 2k. Moreover,
since My, (f3) satisfies the column relations (5.1) for j = 0,...,k — n where the numbers [,
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0 <4 < 2k, do not occur, it follows that Mk(g) also satisfies these column relations. For Bv to have
a K, ,—representing measure we also have to prove that My (/3) satisfies the column relations
(5.15) Y'"IXT =0 YPEXT oy YPIXT e (1) - X
forj=0,...,k—1.

Claim 2. Mk(g) satisfies the column relations (5.15) for j = 0,...,k — 1 and

(5.16) rank My (B8) = (n — 1)k + 1.
Proof of Claim 2. Let
H B Bi(tk.n)) =
'k, H B(tem)
MO = BT C By (t(n :(Aﬁ A£>).
k) | =\ (Bif))” Cligen)

(Bi(temy)" (Ba(tem))” ClEkm)

By the equivalence between (la) and (1b) of Theorem 2.2 used for M = MO we have that
M® = 0. Further on,

(5.17) rank MY = rank C(f(xm) = (n — 1)k,

where we used (2.4) of Proposition 2.3 for M = MW in the first equality and invertibility of
S(ﬁ)(t(k ny) in the second equality. Since (PM;(8 BYPT)|en = MW and (PM;,(3)PT)|en differs
from M only in the entry of the row and column X*, we conclude that:

e The equality (5.16) follows from (5.17) also using the fact that the column X* is linearly
dependent from the other columns in M1, while in M/, k(E ) this is not true.

e To show that Mk(g) satisfies the column relations (5.15) for j = 0, ..., k — 1, it suffices to
prove that M) satisfies the column relations (5.15) for j = 0,.... k — 1.

Since rank M = rank C ({x.,.)), there is a matrix W € R=DF<(*+1) guch that

MO = ( Wfa({(k,n))w w é\(;kn> > '

c (tﬁ(kvn))W C (Em)
Morever, if W is any matrix satisfying C (Em)) W' = (B (F )T, then
(5.18) (WTC (Em) )W = (W C ()W = WIC (Ejom)) W,

where we used C({(jn) )W’ = C(f{xm)W in the first equality and (W) C(i(xm) = WTC(ikm)
in the second. Relations (5.2) and the definition of the extension of /5 imply that the restriction

(M) yigory iz = (B Clim) )

satisfies the relations (5.15) for j = 0,...,k — 1. Using also (5.18), it follows that M) satisfies
the relations (5.15) for j =0, ...,k — 1. |

Let ¢(z,y) = (x,y — a1). By Proposition 2.1, 3 admits a l?n,g—representing measure iff gzﬁ(g)
admits a ¢( K, ,)-representing measure, where

n—1

¢(Kn,g) - {(x,y) € RQ: y- H(y - (O-/i - (1/1)) = 0}

1=2 P

g
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We see that ¢(K,, o) = K,_15 where & = (s, ...,d,_1) € R"2 By Claim 2, C(My(¢(5)))
is spanned by the columns from the set {X©@ Y X® . y"2X®"} and this columns are lin-

early independent. Note that S,stﬁ)l) (thn1) = (PMk(qﬁ(B)PT)]{X(m7Y)3(1>7.__7Yn,2)3<1>} > 0, where
EW = (fkm_l, tok+2-nn—1,- - -, tak—1,n—1). By the induction hypothesis used for gb(E) and the set

K1, ¢(3) admits a representing measure on ,,_; 5, which concludes the proof of the induction
step.

This concludes the proof of the theorem. ([l

Note that in the case of two lines we have that S,(f 2) (E(k72)) = ,iﬂ 2) and hence Theorem 5.1 is

precisely the pure case solved by Corollary 3.2 (which was also used to prove the base of induction
in Theorem 5.1). In the case of three lines Sk73(1?(k73)) is equal to ¢(M)(t) from the proof of
Theorem 4.2. Using Corollary 4.3 under the assumption Sy, 3 > 0, 3 admits a representing measure
iff also ¢(M)(t)|cwqy2xr-1yp (xxy = 0 which is independent of t. The smallest n where solving

the linear matrix inequality S ) (t(k,n)) > 0 in Theorem 5.1 is necessarily n = 4, which we
illustrate in the following example.

Example 5.5. Letn = 4, k > n, o = (a1, az,a3) € R3 and /3 be a bivariate sequence of degree
2k. If the measure for 8 supported on Ky = {(z,7) € R*: y(y — o1)(y — aa)(y — a3) = 0}
exists, then it generates some extension of 3, where the moments

Bok—3a = (01 + g + a3) - Box—33 — (a2 + aras + apa) - far—32 + ranas - Bop—s.1,
Bok—a5 = (01 + a2+ 3) - Pog—a4 — (12 + g + aoeig) - Pog—a3 + raaas - Pog—a 2,
Bok—s6 = (01 + g + 3) - Bap—s5 — (1@ + a1 + asas) - Bor—s4 + 1nas - Bop—s 3,
Bok—a6 = (1 + g + ag) - Pog—a5 — (102 + a0 + a0v3) - Pog—aa + yasas - Bog—a 3,
Bok—35 = (01 + g + a3) - Bap—34 — (1 + a1a3 + a20i3) - Par—33 + s - Bag—s.2,
Bok—36 = (1 + g + a3) - Pog—35 — (102 + 003 + ai3) - Pog—3.4 + yasas - Pog—3 3,

are already determined by [, while the moments

Bok—24(t1) = (aq + g + a3) - t1 — (@100 + @103 + @sas) - Pok—22 + 10003 - Pog—21,
Bok—25(t1) = (a1 + g + a3) - Por—24(t1) — (102 + s + asas) - t1 + arasas - Pog_a2,

Bok—2,6(t1) = (a1 + ao + a3) - Pok—25(t1) — (12 + a0z + o) - Por—2.4(t1) + arasas - tq,

also depend on ty, which is the moment of 22*~2¢%. We denote by t, t3 the moments correpond-

ing to 2% 1y?, x?*~143, respectively. The moment matrix Sy 4(t1,t2, t3) extending Sy 4 with the
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additional columns and rows Y2X*~1 Y3 X#*=2 y3 Xkl g equal to

)Z' YX'(l) YZX'(Q) Y3X(3) y2xk-1 y3xk—2 y3xk-1
o d d d3
XT Aoo Aot Aog2 A1a t; ti t1
t3
(YX(l))T A(7)11 A1l A1g Aoy Ei c2 /BQk:—Zi(tl)
(Y2X@)HT AT, AT, Azp Aszg b1 ba bs
(YS)Z(B) )T A’{4 A%ZL A§4 Agq al a2 as
y2xk-1 dT ta Tt of af Bok—2,4(t1)  Pok-35  Bar—2,5(t1)
y3xk—2 ¥ty et bF al Bok—3,5 Bak—4a.6 B2k—3,6
y3xk-1 df t1 ts T Bok—2,4(t1) bl az Bor—2,5(t1)  Bor—3,6 Bak—2,6(t1)
where
T T
= ( Br-15 Bok—a5 )" by = ( Be-14 Bok—34 )"
T T
= ( Br-1,3 Bok—3,3 ) , dy = ( Br—1,2 Bak—2.2 ) ;
T T
= ( Br—2,6 Bok—5.6 ) , by = ( Br—2,5 Bok—a,5 ) ;
T T
= ( Br—2.4 Bok—3,4 ) ) dy = ( Br—2.3 Bok—3,3 ) )
T T
= ( Br-16 Bok—a,6 ) ; bz = ( Br-15 Bok—3.5 ) ;
T T
C3 = ( 51{71,4 521673,4 ) ) dz = ( 5k71,3 521%3,3 )

are vectors. By Theorem 5.1, a K ,—representing measure for 3 exists if there are ¢;,%5,3 € R
such that the matrix Sy 4(¢1, 2, t3) is positive definite.

Under the assumption Sy, > 0, the sufficient condition Sk,n<€(k7n)) > 0 from Theorem 5.1
for the existence of a K, ,—representing measure is not always necessary already for n = 3 by

the following example (for n = 2 it is necessary due to a trivial reason Sk,g(g(k,zﬂ = Sk,2). For
the Mathematica file with the numerical computations see https://github.com/ZalarA/
TMP_parallel_lines.

Example 5.6. Let £ = n = 3. The intersection of the varieties
0=(y—1)(y—2)(y—3) 0=y’s” +a(z+1)(z +2),
are 9 real points, which can be checked using Mathematica:

p1 = (0, 1), P2 = (0, 2), p3 = (0,3), Ps = (—341, 1), P =~ (—0597 1),
Pe = (_118373)7 pr = (_0177 3)7 Ps = (_6707 2)7 Do = (_02987 2)7

We generate the moment matrix M3 with the atoms p;, ¢ = 1,...,9, all with densities é.

and

Claim 1. The submatrix S3 3 = (PM3;P7)|.«) cannot be extended with the row and column Y2X?
to a positive definite matrix.

Proof of Claim 1. Since the atoms p;, © = 1,...,9, lie on the union of linesy = 1, y = 2 and
y = 3, the moment matrix M3 has a column relation (Y — 1)(Y — 2)(Y — 3) = 0. The extension

5373(@,,3) defined by (5.7) has only one unknown entry t; » in the column Y2X? and row X?* which
we denote by t for short. Note that S 5(ts5) = S3.3(t) has the same form as (¢(M))(t) for k = 3
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from the proof of Theorem 4.2. The restriciton (S33(t))|ow), (v2x2)\ (x2 is independent of t and

since the atoms in the measure lie on the variety y*z? + z(z + 1)(x + 2) = 0, it has the column
relation Y3 X? + Y X (X +1)(X +2) = 0. By Lemma 2.4 used for the psd extension M = S5 5(¢)
of S3 3, S33(t) must also satisfy this column relation. This proves the claim. |

Claim 2. S; 3 is positive definite.

Proof of Claim 2. The matrix Sy 3 is equal to >_;_, 1v;07, where

_ 2 .3 2 .2 2 T
Uz‘—(l Ty T Ty Y Yili YiXp Y yzxz)

and p; = (z;,y;). The vectors vq,...,vg are linearly independent, which can by checked us-
ing Mathematica by computing the determinant (=~ 1.83 - 10%) of the 9 x 9 matrix with columns
v1, ...,y and hence S 3 is positive definite. |
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