THE TRUNCATED HAMBURGER MOMENT PROBLEMS WITH GAPS IN THE
INDEX SET

ALJAZ ZALAR

ABSTRACT. In this article we solve four special cases of the truncated Hamburger moment problem
(THMP) of degree 2k with one or two missing moments in the sequence. As corollaries we obtain,

by using appropriate substitutions, the solutions to bivariate truncated moment problems of degree

2k for special curves. Namely, for the curves y = x2 (first solved by Fialkow [Fiall]), y?2 = 23,

y = x* where a certain moment of degree 2k + 1 is known and y®> = x* with a certain moment
given. The main technique is the completion of the partial positive semidefinite matrix (ppsd) such
that the conditions of Curto and Fialkow’s solution of the THMP are satisfied. The main tools are
the use of the properties of positive semidefinite Hankel matrices and a result on all completions of
a ppsd matrix with one unknown entry, proved by the use of the Schur complements for 2 x 2 and
3 x 3 block matrices.

1. INTRODUCTION

For z = (21,...,24) € RYand i = (i1,...,1q) € Z%, we set |i| = i3 + ...+ ig and 2’ =
2!l ... 2% Given a real d-dimensional multisequence 3 = 3% = { 5i}iezi Jij<2k of degree 2k and

a closed subset K of R, the truncated moment problem (TMP) supported on K for /3 asks to
characterize the existence of a positive Borel measure ;o on R with support in K, such that

(1.1) ﬁi:/K:L‘id,LL(x) for i€ Z%,|i| <2k

If such measure exists, we say that 5 has a representing measure supported on K and p is its
K-representing measure.

We denote by M (k) = M(k)(8) = (i) j—o the moment matrix associated with 3, where the
rows and columns are indexed by X", |i| < k, in degree-lexicographic order. Let R[z], := {p €
Rlz]: degp < k} stand for the set of polynomials in d variables of degree at most k. To every
P =iz i<k a;x’ € Rlzk, we denote by p(X) = 37,74 |51 X" the vector from the column
space C(M (k)) of the matrix M (k). Recall from [CF96], that /3 has a representing measure ;1 with
the support supp p being a subset of Z, := {x € R?: p(x) = 0} if and only if p(X) = 0. We say
that the matrix M (k) is recursively generated (rg) if for p, ¢, pq € R[z]; such that p(X) = 0, it
follows that (pg)(X) = 0.

The full moment problem (MP), where 3; is given for every i € Z2, being the classical question
in analysis and also due to its relation with real algebraic geometry via the duality with positive
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polynomials given by Haviland’s theorem [Hav35], has been widely studied, see e.g., [Akh65,
AhK62, KN77, Las09, Lau05, Lau09, Mar08, PS06, PSO8, Put93, PV99, Sch91, Sch03, Sch17].
The TMP, which is more general than the full MP [Sto0O1], has been intensively studied in a series
of papers by Curto and Fialkow [CF91, CF96, CF98a, CF98b, CF02, CF04, CF05, CFO8] with
the celeberated flat extension theorem they established as a core tool in the field. There are also
various generalizations of the TMP (e.g., [?, Bol96, ?, DU18], to matrix moments, [BK10, ?] to
tracial moments, [IKLLS17] to infinitely many variables). Recently, Fialkow’s core variety [Fial7]
approach led to many new results on the TMP; see also [BF20, DS18]. A concrete solution to the
TMP is a set of necessary and sufficient conditions for the existence of a /K -representing measure.
Among necessary conditions, M (k) must be psd and rg [CF91, CF98b], which also suffice in some
cases. Concrete solutions to the TMP are known in the following cases:

(1) (Truncated Hamburger moment problem (THMP)) d = 1 and K = R. See [AhK62,
Theorem 1.3] or [Ioh82, Theorem A.IIl.1] for the special case of even £ with an invertible
moment matrix and [CF91, Section 3] for the general case.

(2) (Truncated Hausdorff moment problem) d = 1 and K = [0, 00). See [KN77, p. 175] for
the special case of an invertible moment matrix and [CF91, Section 5] for the general case.

(3) (Truncated Stieltjes moment problem) d = 1 and K = [a, b], a < b. See [KN77, Theorems
I1.2.4 and I1.2.3] and [CF91, Section 4] for the general case.

(4) d =2 and K is a curve p(z,y) = 0 with degp < 2. See [CF02, CF04, CF05, FN10, Fial4,
CS16].

(5) d =2and K is acurve y = 2. See [Fiall].

(6) d = 2 and the moment matrix has a special feature called recursive determinateness. See
[CF13] for details.

(7) (Extremal case) The rank of the moment matrix is the same as the cardinality of the corre-
sponding variety; see [CFMOS].

(8) Some special cases are solved in [CS15, Fial7, Blel5, BF20].

In (5), 8 must satisfy certain numerical conditions, which are equivalent to the conditions from
Corollary 3.3 below. The proof is by separating the nonsingular case from the singular one. In
the nonsingular case the existence of a flat extension is established by a detailed and technically
demanding analysis, while the singular case is done by the use of additional features of the moment
matrix such as recursive determinateness and known results for such matrices.

In this article we present concrete solutions to the four cases of the THMP of degree 2k with
some unknown moments 3;,,..., 08, 1 < iy < .-+ < 4; < 2k — 1, in the sequence, which
we call the THMP with gaps (5;,, ..., ;). Namely, we solve the THMP with gaps (f2;-1),
(Bak—2, Pak—1), (B1) and (B1, B2). The motivation to solve this cases of the THMP with gaps is
to obtain the solutions to the special cases of the 2-dimensional TMP. Namely, the solution of the
THMP with gaps:

(1) (Bax_1) gives an alternative solution to the TMP with d = 2 and K being the curve y = x*

(see (5) above). The advantage of our approach is that the proof is short and we also do not
need to separate three subcases, i.e., k =1,k =2 and k > 3.

(2) (Bar—2, Box—_1) solves the TMP with d = 2, K being the curve y = z* and in addition the
moment (33 9o of degree 2k + 1 is known. To solve the TMP for the curve y = x4 with-
out this additional moment, one needs to solve the THMP with gaps (5o _5, fok—2, Bok—1)
which is a possible topic of future research.

(3) (B1) solves the TMP with d = 2 and K being the curve y* = 3.
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4) (1, B2) solves the TMP with d = 2, K being the curve y> = z* and known 35 ,. By 35
g 50 BY P3o

5 5
we mean the moment of 7, i.e., [, 2 du. To solve the TMP for the curve y* = 2 without
this additional information, one needs to solve the THMP with gaps (1, 52, 85), which is
another open question for future research.

1.1. Readers Guide. The paper is organized as follows. In Section 2 we present the tools used in
the proofs of our main results:

e Generalized Schur complements and verification of positive semidefiniteness of block ma-
trices (Subsection 2.1).

e Properties of psd Hankel matrices (Subsection 2.2).

e The solution to the THMP (Subsection 2.3).

e A result about psd completions of partial psd matrices with one unknown entry (Subsetion
2.4).

e An extension principle for psd matrices (Subsection 2.5).

e A result about subsequences of moment sequences (Subsection 2.6).

In Section 3 we solve the THMP of degree 2k with gaps (2x_1) (see Theorem 3.1) and (Sox_2, Sox—1)
(see Theorem 3.5). Corollary 3.3, being a special case of the (f2_1)-case, is the solution to the
TMP with d = 2 and the curve y = 2% as K, while Corollary 3.6, being a special case of the
(Bar—2, Bor_1)-case, is the solution to the TMP with d = 2, the curve y = z* as K and an addi-
tional moment /35 o known.

In Section 4 we solve the THMP of degree 2k with gaps (/31) (see Theorem 4.1) and (31, 32) (see
Theorem 4.5). Corollary 4.4, being a special case of the (;)-case, is the solution to the TMP with
d = 2 and the curve y?> = 2 as K, while Corollary 4.7, being a special case of the (B, Po)-case, is
the solution to the TMP with d = 2, the curve 3> = 2* as K and an additional moment /3 50 known.

Acknowledgement. I would like to thank Jaka Cimpri¢ and Abhishek Bhardwaj for useful sugges-
tions on the preliminary versions of this article.
2. PRELIMINARIES
In this section we present some tools which will be needed in the proofs of our main results in

Sections 3 and 4.

We write M, ,,, (resp. M,,) for the set of n X m (resp. n X n) real matrices. For a matrix M we
denote by C(M) its column space. The set of real symmetric matrices of size n will be denoted by
Sp. For a matrix A € S,, the notation A > 0 (resp. A > 0) means A is positive definite (pd) (resp.
positive semidefinite (psd)).

2.1. Generalized Schur complements. Let

A B
2.1 M:(C D)€5n+m

be a real matrix where A € M,,, B € M, ,, C € M,,,, and D € M,,. The generalized Schur
complement [Zha05] of A (resp. D) in M is defined by
M/A=D—CA*B (resp. M/D =A— BD"C),

where AT (resp. D) stands for the Moore-Penrose inverse of A (resp. D).
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Remark 2.1. (1) If A (resp. D) is invertible, then M /A (resp. M /D) is the usual Schur com-
plement of A (resp. D) in M.

(2) Note that M /A = ( g i ) /A.

The following theorem gives conditions for verifying positive semidefiniteness of a block matrix
of size 2.

Theorem 2.2. [Alb69] Let

A B

be a real symmetric matrix where A € S,, B € M, ,, and C € S,,. Then the following conditions
are equivalent:

(1) M = 0.

(2) C=0,C(BT)CC(C)and M/C = 0.

(3) A= 0,C(B) CC(A)and M/A > 0.

If m = 1in (2.2), then rank M € {rank A, rank A+1}. The following proposition characterizes
w.r.t. the value of M /A when each of the possibilities occurs in the case M is psd.

A b
M:<bT c>€Sn+1
be a real symmetric matrix where A € S,,, b € R" and ¢ € R. Then rank M = rank A if and only
if M/A = 0. Otherwise rank M = rank A + 1.

Proof. By Theorem 2.2, the psd assumption implies that b € C(A). By the properties of the Moore-
Penrose inverse { ATb + w: w € ker A} is the set of solutions z of the system Az = b. Therefore,

Proposition 2.3. Let

A 0 A O
@3) C(M>—C(<5T ¢~ BT(ATb + w) >)—C((bT M/A))’
where the second equality follows from the fact that A is symmetric, b € C(A) and w € ker A.
Now, the statement of the proposition follows from (2.3). 0

The following proposition gives an explicit formula, called the quotient formula [CH69], for
expressing the Schur complement of a 2 x 2 upper left-hand or a 2 x 2 lower right-hand block in a
3 x 3 block matrix using 2 x 2 block submatrices.

Proposition 2.4. Let

A B D v | D A | B D
K = BT ¢ FE = E = BT N € Sn1+n2+n3
Dt ET F DT ET ‘ F DT

be a 3 x 3 block real matrix, where A € S,,,,C € S,,, F € S,, are real symmetric matrices and
B € My, nys Dnyng, oy ng are rectangular matrices. If M and A are nonsingular, then

2.4) K/M:(ng D)/A [( 5‘T B )/A} (M/A)™! K BAT g)/A}.

If N and C are nonsingular, then

oo w=(5 %) fe-[(5 B) o[ ) /e]
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Proof. By an easy calculation we have that

A

M/A L 2)A
K/A =
A B A D
DT ET /A DT F /A

Now the quotient formula [CH69] K/M = (K/A)/(M/A) yields (2.4).
By Remark 2.1 (2), it is true that K/N = L/N where

BT
|5

B D \ A
Now (2.5) follows from (2.4). [

L =

2.2. Hankel matrices. Let & € N. For
ﬁ = (607 R 7ﬁ2k) S R2k+17

we denote by

Bo B P - B
B B - Brt1
Aﬁ = (52#]')?7]‘:() = B - - - . € Skt

Lo Bak-1
ﬁk ﬂk+1 e /82k71 ﬂQk
the corresponding Hankel matrix. We denote by v; := (5j+g>§:0 the (j + 1)-th column of Ag,
0<j5<k,ie.,

AB:(VO Vk).

As in [CF91], the rank of 3, denoted by rank [, is defined by
k+1, if Agis nonsingular,
rank § = . . ..
min {i: v; € span{vop,...,v;_1}}, if Agis singular.
We denote the upper left-hand corner of Ag of size m + 1 by
Ag(m) = (Bits); =0 € Sm1.

The following proposition is the alternative description of rank /3 if Az is singular.

Proposition 2.5. [CF91, Proposition 2.2] Let k € N, § = (0o, ..., Pox), and assume that A is
positive semidefinite and singular. Then

rank § = min{j: 0 < j < k such that Ag(j) is singular}.

Important property of psd Hankel matrices is the following rank principle.

Theorem 2.6. [CF91, Corollary 2.5] Let k € N, 8 = (Bo,...,B2), B = (Bo,-- -, Pok—2), Az = 0
and r = rank E Then:

(1) rankAg =r.

(2) r <rank Az <r+ 1.



6 ALJAZ ZALAR
(3) rank Ag = r + 1 if and only if
Bak > @oBok—r + ...+ r_1Bo—1,
where (o, ..., or-1) = Ag(r = 1) (B, ..., Bor1)”
We will use the following corollary of Proposition 2.5 and Theorem 2.6 in the sequel.

Corollary 2.7. In the notation of Theorem 2.6, under the assumptions Ag = 0, Ag is singular, and
r = rank 3, then

r =rank 3 = rank Ag(r — 1) = rank Ag(r) = ... = rank Ag(k — 1) = rank Ag.

We denote the lower right-hand corner of Az of size m + 1 by

Botk—m)  Bo(k—m)+1  Botk—m+1) - Bok—m
Bok—m)+1 Ba(k—m+1) - - Bok—mt
k .
Ag[m] = (6i+j)i,j:m—k | Botk—mt1) : € Smt1
3 : : Bak—1
Bok—m  Bok—mt1 e Bok—1  Por

Let
B = (Bok, Bok—15 - - -, o)

be the sequence obtained from 3 by reversing the order of numbers. Using Corollary 2.7 for a
reversed sequence implies the following corollary.

Corollary 2.8. In the notation of Theorem 2.6, under the assumption Ag = 0, Ag is singular and
r = rank 3", where 37 := (B, . .., f2), it holds that

r = rank 87 = rank Ag[r — 1] = rank Ag[r] = ... = rank Ak — 1] = rank Agiren-
Proof. Corollary 2.7 used for 3™ implies that
(2.6) r = rank /B(I‘CV) = I‘ank Aﬁ(rev) (7“ - 1) == I‘ank Aﬁ(rev) (T) - ... = Aﬂ(rev)(k - 1) == I‘ank AB’(WV).
(0)

For / = 0,...,k define the permutation matrices P, : R‘*! — R! by eﬁ.@ €y g b =

1,...,0+ 1, where ege), . ,eﬁl is the standard basis for R“"!. Note that Agen (¢) = P Ag[(] P,
and hence rank Agw(¢) = rank Ag[¢], which together with (2.6) implies the statement of the
corollary. O

A sequence 3 = (S, ..., Pax) With r := rank J is positively recursively generated if Ag(r —
1) > 0 and denoting (o, - . ., pr—1) := Ag(r — 1)7Y(B,, ..., Bar_1)T, it is true that

(2.7) ﬂj = (,006]'_7«—'—"' +§07~_1ﬁj_1 for j :7‘,...,2]€.
Note that (2.7) is equivalent to

(2.8) Vi = QoVjr + -+ vy for j=r,... k.
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2.3. Solution of the truncated Hamburger moment problem.

Theorem 2.9. [CF91, Theorem 3.9] For k € Nand = (B, - . ., Pax) with By > 0, the following
statements are equivalent:

(1) There exists a representing measure for [3 supported on K = R.
(2) There exists a (rank [3)-atomic representing measure for .

(3) B is positively recursively generated.

(4) Ag = 0 and rank Ag = rank f3.

A straightforward corollary of Theorem 2.9 and Corollary 2.7 is the following.

Corollary 2.10. Let k € Nand = (B, . .., Pax) with By > 0. Suppose that Ag is singular. The
following statements are equivalent:

(1) There exists a representing measure for [3 supported on K = R.
(2) There exists a (rank (3)-atomic representing measure for [3.
(3) B is positively recursively generated.

(4) Ag > 0 and rank Ag = rank Ag(k — 1).

2.4. Partially positive semidefinite matrices and their completions. A partial matrix A =
(aij)ij— is a matrix of real numbers a;; € R, where some of the entries are not specified.

A partial symmetric matrix A = (a;;)7,—, is partially positive semidefinite (ppsd) (resp. par-

tially positive definite (ppd)) if the following two conditions hold:
(1) a;; is specified if and only if a;; is specified and a;; = a;;.
(2) All fully specified principal minors of A are psd (resp. pd).

It is well-known that a ppsd matrix A(x) of the form as in Lemma 2.11 below admits a psd
completion. (This follows from the fact that the corresponding graph is chordal, see e.g. [GISW 84,
Dan92, BW11].) In the notation of Lemma 2.11, if A(z¢), zo € R, is a psd Hankel matrix, then
Corollary 2.7 implies that (2.9) below holds. Since we will need an additional information about
the rank of the completion A(z) and the explicit interval of all possible z for our results, we give
a proof of Lemma 2.11 based on the use of generalized Schur complements assuming (2.9) holds.

Lemma 2.11. Let
Al a b
Alz):=| ¥ a = | €85,
'z B

be a partially positive semidefinite symmetric matrix, where A, € S,,_s, a,b € R"2, o, 8 € R and
x is a variable. Let

A A b
A2:=<a; Z)esn_l, Agzz(b% 5)6571—17

vy = bTAfa+/(Ay/A))(As/A)) € R.
Suppose the following holds:
(2.9) Aq is invertible or rank A; = rank A,.

Then:
(1) A(xo) is positive semidefinite if and only if xo € [x_, z].

and
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(2)
max { rank Ay, rank As}, for zo € {z_, 2},

rank A(zo) = { max { rank As, rank A3} +1, forxy € (x_,z,).
(3) If A(x) is partially positive definite, then A(x') is positive definite for ' € (x_, ).

Proof. By Theorem 2.2, A(x) = 0 if and only if
(2.10) Ay =0, ( Z ) € C(Ay) and f(z):=A(x)/As > 0,

The first condition of (2.10) is true by the ppsd assumption.
Since A, > 0, it follows by Theorem 2.2 that a € C(A;) and hence by the properties of the
Moore-Penrose inverse we have that A; (A} a) = a. Thus,

(2.11) C(Az):c((fT1 a—aOTAfa)):C((le A;}Al)).

Now we separate two cases according to Ay /A;.
Case 1: A;/A; > 0.

(2.11) and the assumption of Case 1 imply that C(Ay) = C(A; & 1). Since Az > 0, it follows by

Theorem 2.2 that b € C(A;). Therefore ( b )T € C(A; @ 1) for every x € R. Thus the second
condition of (2.10) is true for every = € R.

Note that the assumption of Case 1 and Proposition 2.3 imply that rank A; > rank A; and hence
the assumption (2.9) implies invertibility of A; and A,. By Proposition 2.4, used for A(z) as K,
Ay as M and A, as A, we have that

(2.12) f(z) = As/A; — (AyJA) H(z — bT Afa)?

Therefore f(zo) > 0 if and only if xy € [z_, 2], which is the third condition of (2.10). Now by
Proposition 2.3 we know that rank A(z) > rank A, if and only if f(zo) > 0, which establishes
(1),(2) in the case Ay /A; > 0.

Case 2: A5/A; = 0.
(2.11) and the assumption of Case 2 imply that
A
(2.13) ClA)=C(( o ))-
Therefore, using (2.13), it is true that

(2.14) (2)€C(A2) & (2)2(&;)2:(;4%;) for some z € R" 2,

Since Az > 0, it follows by Theorem 2.2 that b € C(A;) and hence by the properties of the Moore-
Penrose inverse {A]b + w: w € ker A} is the set of all solutions z of the system A;z = b.
Therefore, using (2.14), it follows that

( abc ) €C(4y) & xe{a"ATb+a"w: w € ker A1} = {a” A] b},
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where we used the fact that A, is symmetric, a € C(A;) and w € ker A; for the last equality. So
only zg = a’ Afb satisfies the second condition of (2.10).
Now by definition of the generalized Schur complement, we have

fl@)=p8— (" x)A;(b).

X

By the properties of the Moore-Penrose inverse

Jr
AT by A +v  for some v € ker As.
2 Zo 0

Hence,

flzo) =6 — (0" wo)((Agb)ﬂ):ﬁ—bTAfb:Ag/Alzo,

where the second equality follows from the fact that A, is symmetric, ( bl 2 )T € C(Ay) and
v € ker Ay, and the last inequality follows by the ppsd assumption. Note that zp = 2, = z_
and by Proposition 2.3, rank A(xy) = rank A, if and only if A35/A; = 0, in which case also
rank A3 = rank A,. Otherwise we have f(z¢) = A3/A; > 0, which implies by Proposition 2.3
that rank A(xy) = rank A3 = rank A; + 1. Thus (1),(2) are true in the case Ay /A; = 0.

(3) follows from (2) by noticing that As/A; > 0, A3/A; > 0 and rank Ay = rank A3 =
n—1. 0

2.5. Extension principle. The extension principle for psd matrices is the following.

Lemma 2.12. Let A € S, be a positive semidefinite matrix, () C {1,...,n} a subset and Ag be
the restriction of A to rows and columns from the set (). If v € ker Ag is a nonzero vector from
the kernel of A, then the vector v with the only nonzero entries in rows from () and such that the
restriction V|g to the rows from () equals to v, belongs to ker A.

Proof. By permuting rows and columns we may assume that A is of the form A = (g? g) We

have to prove that

(2.15) A(S) =0.

Since A is psd, for every w := ( UENTE ) € R™ we have that

(2.16) 0 < wAw” = 2u"B"v + u"Cu.

If BTv # 0, then we define u := —aBTv where o > 0 is an arbitrary positive real number, and

plug into (2.16) to get
(2.17) 0 < —2a HBTUH2 + o®v" BCB"v = a(av” BOB™v — 2 HBTUHZ) =: aS(a).

Since lim,_,o S(a) = —2 HBTUH2 < 0, (2.17) cannot be true for o small enough. Hence BTv = 0,
which proves (2.15). O
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2.6. Subsequences of one-dimensional moment sequences.

Proposition 2.13. Let k € Nand 8 = (B, . .., Bor) with By > 0 be a sequence which admits a
representing measure supported on IX = R. Then for every i,j € N, where 0 < 1 < j < k, a
subsequence B0 == (By;, ..., [Ba;) also admits a representing measure supported on K = R.

Proof. Note that Apg is of the form

AIB(O,i—l) * *
Apg = * Aﬁ(iu‘) *
* * Aﬁ(j+1,k)

By Theorem 2.9, Ag = 0 and hence Aﬁ(i,j) >~ 0. For i = j the statement is clear, i.e., the
representing atom is (35; with density 1. Assume that ¢ < j. We separate two cases according to the
invertibility of Ag.;).

(1) If Agis = 0, then rank A5 = rank 849 = j — i + 1 and by Theorem 2.9, () admits

a measure.
T
A o Aﬂ(i,j—l) v
Blid) —
v 52]‘

(2) Else
is singular, where v = ( B - Baj ) We separate two cases according to the invert-
ibility of Agi-1).

o If A/B(i,jq) is invertible, then rank Aﬁa,jﬂ) = rank A/B(i,j).

e Else A1 is singular and by Corollary 2.7 used for 349 as 3, we get rank A g2 =
rank Aga,;-1. This implies that the last column of A4 ;-1 is in the span of the other
columns of Ag(i,j_n. By Lemma 2.12, the j-th column of Az is in the span of the
columnsi+1,...,j—1. Since [ is positively recursively generated, the (7 + 1)-th col-
umn of Ag is in the span of the columns 7 +2, ..., j and in particular the last column of
Aﬂ(i,j) is in the span of the other columns of Aﬁ(i,j). Hence rank A/@(i,jfl) = rank Aﬁ(i,j).

In both subcases of (2), rank Agq,;-1) = rank Agq.; and Corollary 2.10 implies that [0)
admits a measure.
O

3. TRUNCATED HAMBURGER MOMENT PROBLEM OF DEGREE 2k WITH GAP ([(2;_1) AND

(62k727 ﬁZkfl)

In this section we solve the THMP of degree 2k with gaps (f2_1) (see Theorem 3.1) and
(Bak—2, Por—1) (see Theorem 3.5). As a corollary of Theorem 3.1 we obtain the solution to the
TMP for the curve y = 2° (see Corollary 3.3), while as a corollary of Theorem 3.5 we get the
solution to the TMP for the curve y = z? and an additional moment f33 55 _» given (see Corollary
3.6).

3.1. Truncated Hamburger moment problem of degree 2% with gap (52_1).

Theorem 3.1. Let k € N and
5(@ = (507 Bi, ... ﬁ%-m%ﬁ%)

be a sequence where each 3; is a real number, 3y > 0 and x is a variable. Let

B = (507 s a/62k—4) and /g = (607 s 7/82/6—2)
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be subsequences of B(x), v :=( B --- Pak—2 ) avector and

~ AE v?
A'_( v 52k>

a matrix. Then the following statements are equivalent:

(1) There exists xy € R and a representing measure for (xq) supported on K = R.

(2) There exists xy € R and a (rank (3)-atomic representing measure for B(xo).
(3) Ap(y) is partially positive semidefinite and one of the following conditions is true:
(a) k=1
(b) k > 1 and one of the following conditions is true:
(i) Az = 0.
(ii) rank AB = rank Ag = rank A.
Proof. First we prove the implication (1) = (3). By Theorem 2.9, Ag(,,) = 0 and rank Ag,,) =

rank 3(xg). Ag(,) = 0in particular implies that Ag,) is ppsd. If k£ = 1, then (3a) holds. Otherwise
k> 1.1f AB > 0, then (3(b)i) holds. Else Ag is singular and hence

(3.1) rank AE = rank Ag = rank f(xy) = AB(zo)

where the first two equalities follow by Corollary 2.7 used for B(xo) as 5 and the last by Theorem
2.9. A; being a principal submatrix of A and A being a principal submatrix of

AE ul T
Asay=| u P2 z0 |,
v Zo Bok

where v = ( fr—1 --- Pok—3 ), imply together with (3.1) that (3(b)ii) holds and concludes the
proof of the implication (1) = (3).
Second we prove the implication (3) = (2). We separate two cases according to k.

e £ = 1. We have that Ag.,) = fo x . For xy = v/of2, Ap(z,) 1s of rank 1 and the
B(z) z B B(zo0)
2

second column is the multiple of the first. Hence, by Corollary 2.10, a 1-atomic measure
exists, proving the implication (3) = (2) in this case.
e k& > 1. Notice that Ag(,) is of the same form as A(x) from Lemma 2.11, where AB, AE’

A correspond to Ay, Ay, Az, respectively. Since both cases (3(b)i) and (3(b)ii) satisfy the
assumption (2.9), it follows by Lemma 2.11 that there exists xq such that Ag(,,) = 0 and

(3.2) rank Ag(;,) = max {rank AE’ rank g} .

Since in the case (3(b)i), it holds that rank A < rank Ag, while in the case (3(b)ii),
rank % = rank AB’ we obtain from (3.2) that rank Ag(,,) = rank AE' By Corollary 2.10,
(rank [)-representing measure for 3(xg) exists, which proves (2).

The implication (2) = (1) is trivial. O



12 ALJAZ ZALAR

Example 3.2. For k =9, let
AU (z) = (1,0,1,0,2,0,5,0,14, 0,42, 0, 132,0, 429, 0, 2000, z, 338881),

5(2)(1:) B <14 779 67 1055 1935 18195 43115 336151 926695 6407195 19736547
B 2747 87167 327 64 7 128 7 256 512 7 1024 2048
124731423 419176415 2469281827 8894873563 49568350247 1006568996907)

4096 ' 8192 16384 32768 65536 262144 ’

B (z) = (8,0,78,0,1446, 0, 32838, 0, 794886, 0, 19651398, 0, 489352326, 0, 12216629958, 0, 305262005766,
x, 7630169896518).

Let AO), j = 1,2, 3, denote A from Theorem 3.1 corresponding to 3 (x). Using Mathematica
[Wol] one can check that:
e A = 0fori=1,2,3.
[ ] AE(U b 0, Ag(g) z 0, Ag(g) t 0 and dim (ker AE(;;)) =1.
e rank Ag,) = rank AB) = rank Age = 8.
Therefore:
® Aza(y) is ppsd and (1) satisfies (3(b)i) of Theorem 3.1, implying that a 9-atomic measure
for B (z) exists.
® Age) () is not ppsd ind by Theorem 3.1, there is no representing measure for 3 (z).
o A 363 (2) is ppsd and 3 (3) satisfies (3(b)ii) of Theorem 3.1, implying that an 8-atomic measure
for 3 (z) exists.
The following corollary is a consequence of Theorem 3.1 and is an alternative solution of the
bivariate TMP for the curve y = 23, first solved by Fialkow in [Fiall].

Corollary 3.3. Let k € Nand § = (@J)idezfi i+j<or be a 2-dimensional real multisequence of
degree 2k. Suppose M (k) is positive semidefinite and recursively generated. Let

u® = (Bosis Bris Boi) fori=0,...,2k =2,

b= (U(O)a e 7U(2k_2)) and B = (U(O)a o ulRR) Bo2k—1, B1.2k-1)
be subsequences of 3. Then (3 has a representing measure supported on y = x° if and only if the
following statements hold:
(1) One of the following holds:
o Ifk >3, thenY = X3 is a column relation of M (k).
° If]ﬂ = 2, then the equalities 50’1 = 63,0, ﬁLl = 6470, ﬁog = ﬂg’l hold.
(2) One of the following holds:
(a) AE > 0.
(b) Az = 0 and rank A = rank Az = rank M (k).
Moreover, if the representing measure exists, then:

e If Aj is nonsingular, there exists a (3k)-atomic measure.
o If Az is singular, then the measure is (rank M (k))-atomic.

Proof. Form € {0,1...,6k — 2,6k} we define the numbers Em by the following rule

Bm = B (mod 3),[2 |-
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Claim 1. Every number Em is well-defined.

We have to prove that m (mod 3) + | %] < 2k. We separate three cases according to m.
e m <6k —4: [F] +m (mod3) < (2k —2) +2 =2k,
e m € {6k — 3,6k —2}: [F] +m (mod 3) < (2k — 1)+ 1 = 2k,
e m = 6k: | %] +m (mod 3) = 2k + 0 = 2k.

Claim 2. Lett € N. The atoms (z1,23), ... (7, ) with densities Ay, ..., \; are the (y — z%)-
representing measure for 3 if and only if the atoms Zy, ..., T with densities Aq,...,\; are the

R-representing measure for 6( )= (,6’0, s B, T ,ﬁ%)

The if part follows from the following calculation:

t

= m (mod 3 SLmJ m (mod 3)+3| 2 |

B = Bm (mod 3),| 2] = E )\eflig i E Ao, 5] E Aexy”,
-1 -1

where m = 0,1,...,6k — 2,6k.
The only if part follows from the following calculation:

Bii = Bicsjr1 = = Bi (mod 8).j+|2]
t . t
~ i (mod 3)+3(j+|%]) i (mod 3)43L3] 3
= Bi (mod 9143G+14)) = D My =) A Q= Z WEHCHE
/=1 /=1

where the equalities in the first line follow by M (k) being rg.

Using Claim 2 and a theorem of Bayer and Teichmann [BT06], implying that if a finite sequence
has a K -representing measure, then it has a finitely atomic /K -representing measure, the statement
of the Corollary follows by Theorem 3.1. UJ

Remark 3.4. (1) Corollary 3.3 in case £ = 1 is an improvement of [Fial 1, Proposition 5.6.ii)]
by decreasing the number of atoms from 6 to 3.

(2) For M (1) > 0 and AE # 0, (2) of Corollary 3.3 is not satisfied and hence the measure does
not exist. Since this is the case under the assumptions of [Fiall, Proposition 5.6.iii)], the
additional conditions in [Fiall, Proposition 5.6.ii1)] are never satisfied.

(3) Examples in the Example 3.2 above are derived from [Fial 1, Example 5.2], [Fia08, Exam-

ple 4.18], [Fia08, Example 3.3], which demonstrate the solution of the moment problem

for the curve y = 2.

3.2. Truncated Hamburger moment problem of degree 2k with gaps (5ax—2, f2k—1)-
Theorem 3.5. Letk € N, k > 1, and
5(1‘7 y) = (ﬁ()y 517 s 7/62k—37 Yy, x, ﬁ?k)

be a sequence, where each [3; is a real number, 5y > 0 and x,y are variables. Let

Bi=(Boy. ., Pors) and B:=(Bo,...,Pon4)
be subsequences of 5(x,y),

:<5k sz—s), Si:(@k—l ﬁzk—:a) and wi:(ﬁk—Q 52k:—5)
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~ AE ul
A'_( u 52k>

a matrix. Then the following statements are equivalent:

(1) There exist xq,yo € R and a representing measure for B(x, yo) supported on K = R.
(2) There exist xo,yy € R and a (rank ) or (rank § + 1)-atomic representing measure for

B(x0, Yo)-

(3) Ap(ay) is partially positive semidefinite and one of the following conditions holds:

(a) k=2 and 3t < \/ByBi.
(b) k > 2, the inequality

(3.3) sALST < udbw® +\/(A3/A5)(A/A3).
holds and one of the following conditions is true:
(i) Az = Q.
(ii) rank AB = rank AE = rank ( AB sT ) — rank A.
Moreover, if the representing measure for 3 exists, then:

2
o [f k = 2, then there is a 1-atomic measure if &=V Bofs. Otherwise there is a 2-atomic
measure. _
e Ifk > 2, there exists a (rank (3)-atomic if and only if one of the equalities

vectors and

() sAtsT = udte” —\[(A5/A)(A/A;) o sALsT = uAtwT +\/(A5/A5)(A/A;5)
holds.

Proof. Note that 5(x, y) admits a measure if and only if there exist yy € R such that 5(z, yo) admits

a measure. Theorem 3.1 implies that the following claim holds.

Claim 1. 3(x, y) admits a measure if and only if the following conditions hold:

(1) Ag(a.yo) s ppsd.
(2) One of the following is true:
@) A(Eﬂzk—s,yo) >~ 0, where

(
Bo B ) .
) ifk = 2,
( By
_ N T T _
A(Eﬁ%—&y) =9 AB st Aﬁ w 51 - Bk ! )
s = W Pop_a Pop_3 where s; = : , otherwise.
\ 51 Bor—s Yo Bok—4
(b) rank AE = rank /Al(yo), where
Bo y .
fk=2
R ( y Bs )’ ! ’
(y) = A~ U(y)T AE U)T UT
( u(ﬂ ) =| w Pors ¥ and wu(y):=(u y ), otherwise.
y) Bk u 3
Y 2k
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Claim 2. Let & > 2. Assume Az - 0 or rank A3 = rank A;. Then /Al(yo) > 0 if and only if
(3.5)

~

A(y)isppsd and 1y € [uA;Ar T—\/(AB/AB)(E/AE),uA;IwT—I-\/(AE/AB)(g/AB) =:[y_,yy]

Moreover,

max { rank Agz, rank g}, for yo € {y_,y+},

3.6 k A(yo) = i
(3.6) rank A(yo) { max{rankz‘lg, rankA} +1, foryo € (Y-, y4).

The assumption (2.9) of Lemma 2.11 used for A\(y), Az, Az, Aas A(z), Ay, Ay, A, respectively,
are by the assumption of Claim 2 satisfied and hence Claim 2 follows by Lemma 2.11.

Claim 3. Let & > 2. Assume A; > 0 or rank A3 = rank Az. Then Ag(,,) is ppsd for some
Yo € Rif and only if Ag(,, is ppsd, s* € C(Ag) and (3.3) holds.

Note that Ag(s,) is ppsd if and only if A 5 = 0 and ﬁ(yo) >~ 0. By Theorem 2.2,

i . B,82k—3,90) —
A3 ooy = 0 if and only if

(3.7) Az =0, s'€C(Az) and A Ag=yo— sAgsT >0,

(Eﬂzk—s,yo)/

By Claim 2, A (yo) is psd if and only if (3.5) holds. Now note that the first condition of (3.5) (which
also includes the first condition of (3.7)) is equivalent to Ag,,) being ppsd and that y, satisfying
the third condition of (3.7) and the second condition of (3.5) exists if and only if (3.3) holds. This
proves Claim 3.

First we prove the implication (1) = (3). By Claim 1, in particular Ag, ) is ppsd.

If £ = 2, then A(E,Bl,y) = 0, which implies that 1y, > g—i, and A\(yo) > 0, which implies that

Yo < v/ Bofs. Hence, g—i < v/ BofBs, which is (3a). Since A, ) being ppsd implies that also Ag, )
is ppsd, this proves the implication (1) = (3) in this case.
It remains to prove (1) = (3) in the case £k > 2. We separate two cases according to the
invertibility of Aj.
° Ag > 0: Using Claim 3, Ag, ) is ppsd, (3.3) and (3(b)i) holds, which proves the implica-
tion (1) = (3) in this case.
o Az 0: It follows that A(E, Bor—3.40) % 0 and hence (2b) of Claim 1 must hold. Corollary

2.7 used for (E, Bak—3,Yo) as [ implies that
(3.8) rank AE = rank Ag.

By Proposition 2.13, (B, Bok—3, yo) also admits a measure and Corollary 2.10 used for
(B, Pak—3, Yo) as B implies that

(3.9) rank Ag = rank A(Eﬁ%f&yo)'

(2b) of Claim 1 together with (3.8) implies that all the inequalities in the estimate rank AB <

rank A < rank g(yo) are equalities and in particular,

(3.10) rank Az = rank A
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(3.8), (3.9), (3.10) and Claim 3 imply that Ag, ) is ppsd, (3.3) and (3(b)ii) holds, which
proves the implication (1) = (3) in this case.

Second we prove the implication (3) = (1). We separate two cases according to k.
If £ = 2, then we are in the case (3a). For yo = v/Bof4, 5(x,40) is ppsd and satisfies (2a) of

Claim 1if 20 < +/Fofs and (2b) if 2 = \/FyBs. In both cases Claim 1 implies the implication
(3) = (1) is true in this case.

Else k£ > 2. If (3(b)i) holds, then in particular AE > 0. Otherwise (3(b)ii) holds and in particular
rank AE = rank AB‘ In both cases the assumptions of Claims 2 and 3 are fulfilled. By Claim 3, the

matrix Ag(,. ) is ppsd and by (3.6) of Claim 2, rank E(y+) = max{rank Az, rank ,Z(} If (3(b)i)
holds, then rank A(y,) = rank A7 = k — 1. Else (3(b)ii) holds and rank A(y,) = rank A5 =

rank A. In both cases, 5(x,y, ) satisfies (1) and (2b) of Claim 1 above and thus the measure exists
which proves the implication (3) = (1).

The implication (2) = (1) is trivial.

Now we prove the implication (1) = (2). If 5(x, yo) has a representing measure, then:

e By Theorem 3.1 it has a (rank(ﬁ Pak—3, Yo))-atomic representing measure.
e By Proposition 2.13, ﬁ and (6 Pak—3, Yo) also have measures and hence by Theorem 2.9,
rank Az = rankﬁ and rank(ﬁ Bok—3,%0) = rankA (B ok —s.w0)"

Since rankA (Book_so) € {rank Aﬂ, rank Az + 1}, the implication (1) = (2) is true.
It remains to prove the moreover part. We separate two cases according to k.

o If k = 2, then rank A = rank(fy) = 1. So l-atomic measure exists if and only if
rank A g, g, y,) = rank E(yo) = 1 for some 7o. But from the form of A, s, ,) and ﬁ(y)

this 1s possible only if yy = gl = /P04 Otherwise there is a 2-atomic measure.
e Else k£ > 2. By Proposition 2.3 and (3.7) above, rank A = (Bofoksive) = = rank A if and only

if yg = SA% sT. In the proof of the implication (3) = (1) we see that rank AE > rank A.

Using this in (3.6) above, it follows that sA;fsT must be equal to y_ or y, which is exactly
(3.4).
This concludes the proof of the theorem. 0J

The following corollary is a consequence of Theorem 3.5 and solves the bivariate TMP for the
curve y = z* where also Bs.0k—2 1 given.

Corollary 3.6. Let = ( 5@]-)1»73-623 i+j<2k be a 2-dimensional real multisequence of degree 2k and
let 33 92 be also given. Suppose M (k) is positive semidefinite and recursively generated. Let

ul?) = (Bosis Bri» Basis B34) fori=0,...,2k —1
B = (u(o), o uRd) Bo,2k—2, B1,2k—2, Bo2k—2) and 5 = (B\, B3,26—2, Bo,2k—1)

be subsequences of [3,
u .= ( u(k) o e u(2k_1) 61,2]6*1 ) , S = ( ﬁ&k*l u(k) oo u(2k_1) 51’2k71 ) ,
= ( 52,/2;—1 @3,k—1 u) (2R 51,%—2 52,%—2 53,%-2 )

~ Az o’
A= B
< u ok )

vectors and
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a matrix. Then [3 has a representing measure supported on y = x* if and only if

sALsT <uAtu” +/(A5/45)(A/A3).

one of the following statements hold:

(1) One of the following holds:
o Ifk >4, thenY = X% is a column relation of M (k).
o If k = 3, then the equalities 50’1 = 5470, 51’1 = 5570, 62’1 = 66,0 hold.
o If k = 2, then the equality )1 = [, holds.
e k=1
(2) One of the following conditions holds:
(a) Ag > 0.

(b) Ag = 0 and rankAB = rank AE = rank ( AE s ) = rank A.

Moreover, if the representing measure exists, then there is a (rank (3)-atomic measure if

sAGst € {“AEU’T —/(45/45)(A/A5) uttu + <A5/Ag)(ﬁ/Aa)} -

and (rank 3 + 1)-atomic otherwise.
Proof. Form € {0,1...,8k — 3,8k} we define the numbers Bm by the following rule
ﬁm = ﬁm (mod 4),[ ]~

Claim 1. Every number Em is well-defined.

We will prove that m (mod 4) 4 | 3] < 2k if m # 8k — 5, while for m = 8k — 5 we have
BSH = [33.0x—2. We separate three cases according to m.
m < 8k —8: 7] +m (mod 4) < (2k — 3) + 3 = 2k.
m € {8k — 8,8k — 7,8k —6}: [ 7] +m (mod 4) < (2k —2) + 2 = 2k.
m € {8k — 4,8k —3}: [ 2] +m (mod 4) < (2k — 1) + 1 = 2k.
m = 8k: [ 7] +m (mod 3) = 2k 4 0 = 2k.

Claim 2. Let ¢t € N. The atoms (z1,z}), ... (7, x}) with densities Ay, ..., \; are the (y — z%)-
representing measure for 5 and (s 2h—2 if and only if the atoms z, . .., z; with densities A, ..., \;

are the R-representing measure for B(x y) = (50, .. ﬁgk 2, Y, T sz)

The if part follows from the following calculation:
t

o m (mo 4 m (mod 4)+4| 2|
B = Bm (mod 4),2 Zz)\ew ( d4)$gL4J Z/\z z, 55 ZM% ,

=1
where m = 0,...,8k — 3, 8k.
The only if part follows from the following calculation for ¢ 4+ j < 2k:

Bij = Bi-ajtr =+ = By (mod 4),+ 1]

Py i (mod 4)+4(j+[%]) i (mod 4)+4[ %] 4
= Bi (mod 4)+4(j+1 1) Z Aoy Z Ao ;= Z Aey(p)’,
(=1
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where the equalities in the first line follow by M (k) being rg, and

t ¢
B32k—2 = Psk—5 = Z Ayt 0 = Z A ()2,
=1 =1

Using Claim 2 and a theorem of Bayer and Teichmann [BT06], implying that if a finite sequence
has a K -representing measure, then it has a finitely atomic K -representing measure, the statement
of the Corollary follows by Theorem 3.5. UJ

4. TRUNCATED HAMBURGER MOMENT PROBLEM OF DEGREE 2k WITH GAP(S) (/31), (1, B2)

In this section we solve the THMP of degree 2k with gaps (3;) (see Theorem 4.1) and (31, /32)
(see Theorem 4.5). As a corollary of Theorem 4.1 we obtain the solution to the TMP for the curve
y?> = 3 (see Corollary 4.4), while as a corollary of Theorem 4.5 we get the solution to the TMP
for the curve y? = z* and an additional moment 3 5.0 given (see Corollary 4.7).
4.1. Truncated Hamburger moment problem of degree 2k with gaps (5 ).
Theorem 4.1. Let k € N, k > 1, and

B(I’) = (50,%‘, 627 R 7/82k)

be a sequence where each (; is a real number, 3y > 0 and x is a variable. Let

Bi=(Ba Bo2), Bi=(Bo.Bu) Bi=(Bu.. Pow2) and B:=(By,....Bx)
be subsequences of B(x),

vi=(f2 - Ber) and uw:i=(p> ... B)

~ (B v ~ (B w
A'—(UT A5 and A := uT AE

matrices. Then the following statements are equivalent:

vectors, and

(1) There exists o € R and a representing measure for 3(xq) supported on K = R.
(2) There exists ©o € R and a (rank ) or a (rank  + 1)-atomic representing measure for
B(zo).
(3) Ag is partially positive semidefinite and one of the following conditions is true:
(a) (i) k:2andA5>—O.
(ii) k> 2, Az = 0and A > 0.
(b) rank AB = rank AE = rank Aﬁv.

Moreover, if the representing measure exists, then there does not exist a (rank (3)-atomic measure
if and only if (3b) holds and rank A5z < rank A.

Proof. First we prove the implication (1) = (3). By Theorem 2.9, Ag(,,) = 0 and rank Ag,,) =
rank 3(x¢). The condition Ag ) = 0 implies that Ag(,) is ppsd. We separate two cases according
to the invertibility of AE'
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e Az > 0: Since Aj is a principal submatrix of Ag(,), we conclude that rank Ag,) >
rank Az = k, and hence Ag(,,) is either invertible or rank Ag(s,) is singular and by Corol-
lary 2.10 used for $(zo) as 3, rank Ag(y) = rank A 5 . 5. In both cases

Bo o .
fk=2
( o P2 )’ 1 ’
A(ﬁo,:voﬁ) - Po o W . ’
zo B2 w0 where v = (85 -+ B ), ifk>2

v wf Az

is invertible. If k > 2, Ais a principal submatrix of A( Bos10,5) and it follows that A = 0.
Hence, (3a) holds. Together with Ag(,) being ppsd, proves the implication (1) = (3) in this
case.

e Ajis singular: Since 3 is a subsequence of 3(z) of the form from Proposition 2.13 with

1 = 1,5 = k, it admits a measure. By Corollary 2.10 used for E as (3, it follows that

4.1) rank AE = rank AB'
By Corollary 2.8 used for 3(zg) as f3, it follows that
4.2) rank Ag = rank AB‘

Hence, (4.1) and (4.2) imply that (3b) holds. Together with Ag,) being ppsd, proves the
implication (1) = (3) in this case.
Second we prove the implication (3) = (2). Let P, : R¥1 — R*+1 be the following permutation
matrix

0 0 1
Pp=( o 10],
it 00

where O stands for the row of & — 2 zeros and [j_; is the identity matrix of size & — 1. Then
Pl A, P is of the form
As wl ol
T B
PrAsmPi=1 w f =
u oz fo

)

wherew = ( 83 -+ [re1 ) is a vector.
Claim. Ag,) is psd if and only if
g € {uA;ng - \/ (AE/AB)@/AB),uAng + \/ (AE/AB)(E/AE)] = [z_,z,].

Moreover,

max{rank Az, rank A}, ifag € {o_ 2y},

4.3 k Ag(ag) == 1
(4.3) PN Ap(ao) { max{rank Az, rank A} + 1, ifzg € (z_,xy).

Denoting the matrices

Ax wl Az u”l
o B - B
A._(w 52) and B.—(u 50),
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and the permutation matrix P, : R — R¥ by

0 1
PQ_([kl 0)7

where 0 stands for the row of £ — 1 zeroes and [;_; the identity matrix of size k — 1, we have that
A=P]A;P, and B=P]AP,

In particular,

4.4) rank A = rank AE and rank B = rank A.

If (3a) holds, then AE > 0 implies that A5 > 0. If (3b) holds, then in particular rank AB =

rank Az = rank.A. Hence, the assumption (2.9) of Lemma 2.11 used for Pl Ag P, Ay A B

as A(z), A1, Az, A, respectively, is satisfied and using also A/A; = Az/A; and B/A; = E/AB,
Claim follows.

First assume that (3a) holds. We separate two cases according to the inverbility of A,
e A = 0: From Az > 0 and A+ 0 it follows, using Proposition 2.3, that AE/AB > 0 and
A /AB > 0. Hence by the definition of ., we have x_ < . and by Claim, Ag(,,) > 0 for

o € (z_, ). By Theorem 2.9, (rank 8(z)) = (rank 3+ 1)-atomic representing measure
for 5(z) exists, which proves the implication (3) = (2) in this case.
o Ais singular: From Az > 0 it follows that A; > 0. Since Ais singular, Proposition 2.3

implies that A /AB = O, and hence by the deﬁnluon of xo, we have z_ = x,. By Claim,
Ap(zs) = 0 with rank Ag(,,) = rank Az. We separate two cases according to k.

— k = 2: Since A = ( Bo B2 ) and 3y > 0, it follows that the second (also the last)

Bo Ba
column of A is in the span of the first (also the others) one.
~ —~ N .7
— k > 2: By assumptions A > 0 and A = ( ;4 gl ) being singular, where the u; is
1 Pk

equaltou; = ( B Brr2 -+ Por—1 ), it follows that the last column of A'is in the
span of the others.
By Lemma 2.12, the last column of Ag,, ) is also in the span of the others and by Corollary
2.10, we have that (rank §(x.)) = (rank ()-atomic representing measure for 3(z.) exists,
which proves the implication (3) = (2) in this case.
Otherwise (3b) holds. Proposition 2.3 implies that AE/AE = 0, and hence by the definition of

74, we have x_ = x. By Claim, Ag(,,) = 0. The assumption rank Ag = rank AE’ also implies
As ul ..
that the last column of AE = uﬁ gz ), where uy = ( Br - Bar—1 ), is in the span of the
2 P2k

others. By Lemma 2.12, the last column of Ag,, ) is in the span of the others. Hence, by Corollary
2.10, (rank B(z))-atomic measure for S(z.) exists. Since 3 is a subsequence of 3(z) of the
form from Proposition 2.13 with ¢ = 1, j = k, it admits a measure and hence Theorem 2.9 implies
that rank AE = rank E From (4.3), it follows that:

e If rank A < rank Ajz, then rank 3(z4) = rank Az = rank B.

e Else rank A = rank Az +landrank (z1) = rank A = rank 3 + 1.
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This proves the implication (3) = (2) in this case.

The implication (2) = (1) is trivial.

It remains to prove the moreover part. Observe that in the proof of the implication (3) = (2),
(rank B) atomic measure might not exist if (3a) holds with A = 0 and does not exist if (3b) holds
with rank A5 < rank A. We will prove that in the first case there always exists a (rank /3 ) atomic

measure. Assume that Az > 0 and A > 0. We will prove that one of Ag(zy) or Ag(,, ) satisfies
4.5) rank Ag(,,) = rank Ag,_y(k — 1),

and hence by Corollary 2.10, a (rank 3(z)) = (rank §)-atomic measure exists. Using Proposition
2.4 with for Ag(,), AE’ AB as K, N, C, respectively, and denoting u := AE/AE’ we have that

-1 T 1 112 1 2
f(z) = Aﬁ(z)/Ag = <ﬁg — e(x)AE e(x) ) - <ﬁk — e(x)AE 2 > =:g(x) — ah(x) ,
where e(z) = ( x Po -0 Br_q ) and z = ( Brs1 -+ Pok—1 ) From the proof of the
implication (3) = (2), we know that x_ < x, and
(4.6) fla2) = f(as) =0,
Note that g(z) = A g, , 5 /A
4.7) gla_) = g(as) =0,

then h(x_) = h(xy) = 0. But h(x) is a linear function in x, so this is possible only if h(z) = 0 for
every x € R. This is possible only if

48) AT =(0 by - b )" forsomebs,....by€R and  B=Y  Bib.

We write (Ag(z))|s,,s, for the restriction of Ag, to rows from S; and columns from S,. Since
Apg(y) is a Hankel matrix, we have

which is equal to

(?51? ft):(e<§£T ‘45)

(4.8) implies that the last column of (A/g )i

----------

.....

of the others and Agis smgular which is a contradiction with the assumption Az > 0. Therefore

(4.7) cannot be true and one of g(z_) and g(z.) is positive. By Proposition 2. 3 this means that
A(ﬁo,mﬁ) = 0 or A(Bo,mﬁ) > 0 and hence rankAﬁ v B = k or rankAﬁ o0 B) = k. By
Proposition 2.3 and (4.6), rank Ag(,_) = rank Ag(,,) = rank A~ — k. Therefore rank Ag(a_

rank A, . 3 or rank Ag,, ) = rank A, 5. Noticing that Ay arp) = Asas)(k — 1), it

follows that one of x4 satlsﬁes (4.5). This concludes the proof of the moreover part. [

Remark 4.2. For k = 1, the THMP with gaps (/3;) coincides with the THMP with gaps (/32;_1) and
hence the case k = 1 is already covered by Theorem 3.1.
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Example 4.3. For k =9, let

979 462979 261453379 156925970179
B (z) = <1,x,11,0,—g—,0,4103,0,——?;——,0,2174855,0,————Er———,O,1275350087,0,—————Er————g

O,776760884999>,

15 177 2445 36177 554325 _ 8656377 _ 136617405 _ 2169039777
(2) ::<1 220 2
/8 (’:C) ,ZE, 2 703 2 ) ) 2 707 2 707 2 70’ 2 707 2 707 2 ’07
138214318741)
8 7
15 177 2445 36177 554325 _ 8656377 _ 136617405 2169039777
(3) ::<1 29 2
6 (x) 7x7 2 707 2 707 2 707 2 707 2 707 2 707 2 707 2 707
34553579685)
2 Y

1
B (z) = 5(9, x,133, 235, 3157, —7987, 86893, —281995, 2598757, —10096867, 82154653, —362972155,

2699153557, —13062280147, 91112865613, —470199300715, 3134918735557, —16926788453827,
109327177835773),
Let A® and A®, i = 1,2, 3, denote A, A, respectively, from Theorem 4.1 corresponding to 3 (z).
Using Mathematica [Wol] one can check that:
o@”>QwabM:23Aﬁmmhmmﬂ“tOmmMH@agm):L
e Fori = 1,4 we have A® = 0 fori = 1,4, while for i = 2,3 it holds that A® = 0 and
dim (ker Av(i)> =1.
oA@D>ObM:1ﬂAM%@iOmﬂ&m(@u%@>:L
® Ag(g) > (0 and AB(3) = 0.
Therefore:
® Azay(,) is ppsd and (3a) of Theorem 4.1 is true, implying that a 9-atomic measure for
BY () exists.
o 3®)(z) does not satisfy (3a) neither (3b) of Theorem 4.1, implying there is no representing
measure for 33 (z).
o Apge(, is ppsd and ) satisfies (3b) of Theorem 4.1 together with rank Az, = rank A®),
implying that an 8-atomic measure for 5 (z) exists.
® Agw(, is ppsd and 3 () satisfies (3a) of Theorem 4.1, implying that a 9-atomic measure for
W (x) exists.
The following corollary is a consequence of Theorem 4.1 and gives the solution of the bivariate
TMP for the curve y? = 3.

Corollary 4.4. Let § = (@'J)i,jezi it+j<or be a 2-dimensional real multisequence of degree 2k.
Suppose M (k) is positive semidefinite and recursively generated. Let

u® = (ﬁl,z'aﬁo,iﬂaﬁm) fori=0,...,2k -2,
B = (U(O)> e 7U(2k72))7 g = (ﬁ7 51,21@71, ﬁo,%); B = (52,0, U(l)a e ,U(%*Q))
and (3 := (B, 51,%—1,50,%)
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be subsequences of [3,

vi= (u® o u D B )

~ 5 v
A‘_(U% Aﬁ)

a matrix. Then B has a representing measure supported on y*> = x° if and only if the following
statements hold:

(1) One of the following holds:
o Ifk >3, thenY? = X3 is a column relation of M (k).
° Ifk = 2, then the equalities 50’2 = 63,0, ﬁl’g = 54,0, ﬁ073 = 53’1 hold.
o k—=1.
(2) One of the following holds:
(a) Ag>—0andA>—0.
(b) AE >~ 0 and rank AE = rank AE = rank AB'

a vector and

Moreover, if the representing measure exists, then there exists a (rank E )-atomic measure if (2a) is
true or (2b) holds with rank Az = rank M (k). Otherwise there is a (rank (8 + 1)-atomic measure.

Proof. Form € {0,2...,6k} we define the numbers 3,, by the following rule

B ﬁ,%, if m (mod 3) =0,
Bm = BQ,\_%J_M if m (mod 3) =
ﬁlv[%b if m (mod 3) = 2.

Claim 1. Every number B’m is well-defined.

We have to prove that i + j < 2k, where ¢, j are indices of 3; ; used in the definition of Em We
separate three cases according to m:

e m (mod 3) = 0: 3 < 2k,
em(mod3)=1:2+ (%] —1) <2+ (2k—2) =2k
o m(mod3) =21+ |Z] <1+ (2k—1)=2k

Claim 2. Let ¢ € N. The atoms (22, 23),... (22, z}) with densities )y, ..., \; are the (y* — z3)-
representing measure for 3 if and only if the atoms x1,...,x; with densities \y,..., \; are the
R-representing measure for 5(x) = (5o, z, Pa, - - . , Bak)-

The if part follows from the following calculation:

N Bo,m, if m (mod 3) = 0, S (x5, if m (mod 3) o ¢
B =4 Bomj-1, ifm(mod3)=1, = S, )\g(xe) ()57, if m (mod 3) Z)\Exg :
Bimy, if m (mod 3) = 2, S (@) if m (mod 3) 2 =1

where m = 0,2, ..., 6k.
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The only if part follows from the following calculation:

5@3‘ = 5¢—3,j+2 == @' (mod 3),j+2[%] — Bz(i (mod 3))+3(j+2[£])
t ) t ) t
2(i¢ (mod 3))+3(j+2| = 2(i (mod 3)+3| % ; i .
_ Z/\m( ( NH3G+2L5]) _ )\Mz( ( ) L3J)x23 _ ZAE(ZE?) (:E?)J?
=1 (=1 =1

where the first three equalities in the first line follow by M (k) being rg.

Using Claim 2 and a theorem of Bayer and Teichmann [BT06], implying that if a finite sequence
has a K -representing measure, then it has a finitely atomic /K -representing measure, the statement
of the Corollary follows by Theorem 4.1. 0

4.2. Truncated Hamburger moment problem of degree 2k with gaps (1, 32).
Theorem 4.5. Let k € N, k > 2, and
ﬂ(l‘7 y) = (/807 x,Y, 537 CII) 52]4:)

be a sequence, where each [3; is a real number, 5y > 0 and x,y are variables. Let

~ V)

B = (54, cee 7521%2), B = (54, S aﬁzk), B = (56, cee 7521%2), E = (56, cee 752k)
be subseqeunces of f(x,y),

vi= (B o B ), ui=(B - Be), si=(B - Brn ),
wi= (P - B2 ),

Z::(f% ;1)5) and Z:z(f% Xﬁ)

vectors, and

matrices. Then the following statements are equivalent:

(1) There exist xo,yo € R and a representing measure for 3(xg, yo) supported on K = R.
(2) There exist xo,yy € R and a (rank ) or (rank § + 1)-atomic representing measure for

B(z0, Yo)-

(3) Ap(zy) is partially positive semidefinite,

4.9) sA%sT < udtol + \ (4A5/A5)(A/As)

and one of the following statements is true:
(a) Az = 0 and one of the following holds:
(i) (A) k = 3 and the inequality in (4.9) is strict..
(B) k >3, A = 0 and the inequality in (4.9) is strict.
(ii) The following inequalities holds:

uA;guT < SA%_ST and uA%’wT — \/(AE/AE)(‘Z/AE) < SA%ST.

(b) rank Az = rank Ag = rank (s" Az).

Moreover; if the representing measure exists, then there is a (rank 3)-atomic if and only if (3(a)ii)
or (3b) holds.
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Proof. Note that 3(z, y) admits a measure if and only if there exist yy € R such that 5(x, yy) admits
a measure. Theorem 4.1 implies the following claim holds.

Claim 1. 3(x, y) admits a measure if and only if the following conditions hold:

(1) Ag(a,yo) 18 ppsd.
(2) Denoting

B(yo) == (Yo, B3y -+ -, Bak—2) and  B(yo) == (Yo, B3, - - -, Par),

one of the following is true:

(@) Az = ( Yo 5 > > 0and A(y) > 0, where

ST AE
( Bo ‘ y Bs
” ’ if k =3,
A~
— B3 g
Aly) = 4 ) Bo y w Bs
< o7 vAy; ) =l v Bs w |, vy!= ( Y ) and w{ = : , otherwise.
v(y) B oI wl A v
1 Ag Brt2

\

(b) rank AE(yo) = rank AB(yo) = rank Agz.

We denote by
Aly) = ( u(io);p u/(é) ) where u(y)=(y u).
Claim 2. Assume AE > 0 or rank AE = rank Ag. Then A(yo) = 0 if and only if
(4.10)

A(y)isppsd and o € [UA% T—\/(AE/AE)(E/AE),uA%wTJr\/(AE/AE)(E/A?)J = [y_, vs].
Moreover,

max{rank Az, rank A}, ye{y_,u},

4.11 k A(yo) = A
( ) ran (yO) { maX{rank AE’ rank A} + 17 Yy e (y—7 y-‘r)

Let P; be the permutation matrix as in the proof of Theorem 4.1. We have that P} A (y) Py is of
the form

A= wl u”
T B
4.12) P; A(y)PQ = wo By oy ,
u vy Bo

and denoting the matrices

A= wT A= uT
-— B — B
A: ( w B ) and B: ( « By ) ,

and the permuation matrix P; : R¥~! — R*~! by

0 1
P3_([k2 0)7
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where O stands for the row of k£ — 2 zeros and ;. is the identity matrix of size k — 2, we have that
(4.13) A=P{A;P; and B=P]AP;.

By the assumptions in Claim 2 and (4.13), AE > 0 or rank AE = rank A. Hence, the assumption
(2.9) of Lemma 2.11 used for PQTZ(y)PQ, AE’ A, B as A(z), Ay, Ag, A3, respectively, is satisfied
and using also ‘A/AE = AE/AE’ B /AE —A /AE’ Claim 2 follows.

Theorem 2.2 implies the following claim.

Claim 3. It is true that:
(D) AB(yo) = 0 if and only if

(4.14) Az = 0, st e C(Ag) and AB(yo)/AB =Yg — SA%ST > 0.
2) AE(yo) >~ 0 if and only if
(4.15) Az =0, ut €C(Az)  and Az /A5 =1y - uAguT > 0.

Claim 4. Assume Az - 0 or rank AE = rank Az. Then Ag(, ) is ppsd for some yo € R if and
only if g, is ppsd, s € C(Az) and (4.9) holds.

Note that Ag; 4, is ppsd if and only if Az, = 0 and g(yo) >~ 0. The first condition of (4.10)
(which also includes the first condition of (4.14)) is equivalent to Az, ,y being ppsd. Further on, y,
satisfying the third condition of (4.14) and the second condition of (4.10) exists if and only if (4.9)
holds. This proves Claim 4.

First we prove the implication (1) = (3). By Claim 1, in particular Ag, ,,) (and hence also
Ap(z,y)) 1 ppsd. Since 5 (yo) also admits a measure by Proposition 2.13, we either have AE(yO) >0
and in particular AE > 0, or AE(yo) is singular and it follows by Corollary 2.8 that AE > 0 or
rank AE = rank AB'

If (2a) of Claim 1 holds, then in particular A5 > 0 and if £ > 3 also A > 0. Since Ag(yo) > 0,
it follows using Proposition 2.3 that A5(yo)/Az > 0 or equivalently yo > SAB+ s, Since by Claim
2, Yo € [y_,y.], this implies that SAB+ s < y, which means that the inequality in (4.9) is strict.
Hence, A/g(w) is ppsd, AE > 0 and (3(a)i) holds. This proves the implication (1) = (3) in this
case.

Assume now that (2b) of Claim 1 holds. There are two cases to consider:

e Az - 0: It follows that rank AE(yo) = rank Az, , = k — 1, which implies that:
- AE(yo) > 0 since AE(yo) is of size k — 1.

— By Proposition 2.3, yg = SA%— s" since A, = g% ASB ) is singular.

- k —1 <rank Ag(y, ) < k for some zy € R such that Ag,, ) = 0, since

Bo u(o, Yo)
A (o) = ( u(wo, 10)”  Agg where u(zo.y0) = (Zo Yo u ).
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From Az, = 0 and yo = SA%_ sT, it follows by Proposition 2.3 and (4.15) that uA/;IuT <

SA% sT. Further on, y_ < SA% sT since by Claim 2, A(yo) = 0 implies that yo € [y_, y.].
Hence, Aﬁ(w) is ppsd, AE > 0 and (3(a)ii) holds. This proves the implication (1) = (3) in
this case.

e Az # 0: By Lemma 2.13, 3 also admits a measure and hence by Corollary 2.10 used for
B as f3, rank AE = rank AB' Together with the second condition in (4.14), this implies that
(3b) holds. Since Ag, ) is ppsd and (4.9) holds, this proves the implication (1) = (3) in
this case.

Second we prove the implication (3) = (1). If (3a) holds, then Ag > 0 and in particular AE = 0.
Else (3b) holds and in particular Az is singular. By Claim 3, AB(S a+s7y = 0 and hence by Corollary
B

2.8 used for B(SA%_ sT) as 3 we conclude that rank Az = rank Ag. Hence the assumption of Claims
2 and 4 is satisfied and Ag, ) is ppsd for every y, from the interval [max{y_, SA%_ST}, yy]. We
separate cases three cases according to the assumptions:

e Case (3(a)1) We separate two cases according to the invertibility of A.

- A0 Since Az > 0and A = 0, it follows that A /A > OandA/A > 0. By
the form of y.. given in Claim 2, we have that y_ < y,. Smce by assumptlon also the
inequality (4.9) is strict, the interval (max{y_, SA%ST}, y+) is not empty and hence
for every yo € (max{y_ sA*sT} Yt )> Apaye) satisfies (2a) above by Claims 2 and 3.
This proves the implication (3) = (1) in this case.

~ Ain singular: First we show that the last column of A is in the span of others. We
separate two cases according to k.

« k = 3: Since A = ( go §3 > and Sy > 0, it follows that the second (also the
3 P

last) column of Aisa multiple of the first (also it the span of the others).

— ~ A T
* k > 3: Since A = 0, the last column of A =

is in the span of the
T o ) P

others, where r = ( Br Brio -+ Pox—1 )
Since Az > 0, it follows that AE > 0 and A/AE = 0. By the form of y. given in

; ; A Alys) o]
Claim 2, we have that y_ = y,. By Claim 2, A(y,) = . 51 >~ 0, where
1 2%k
r o= ( Be -+ Por—1 ), and rankﬁ(yg = rankAB = k — 1. By Lemma 2.12,

the last column of ﬁ(yﬁ is in the span of the others and hence A(y,) > 0. Since by
assumption also the inequality (4.9) is strict, AE(y+) > 0 by Claim 3. Hence, (2a) of
Claim 1 holds for ¢y, = y,, which proves the implication (3) = (1) in this case.

e Case (3(a)ii): A(z, SA%ST) is ppsd. Since

A” + T’T
B(sATsT 2
AE(SA%ST) = ( ( B ) ) ,

T2 55%
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where ry = ( Brs1 o+ Bor—1 ) is singular, the assumption uA%‘uT < SA%-ST and Claim
3 imply that Aﬁ(s A%ST) > 0, hence rank AE(S A%ST) = rank AE(S A%ST) = rank AE' Hence,

(2b) of Claim 1 for yy = SA%_ sT holds, which proves the implication (3) = (1) in this case.
e Case (3b): By assumption rank A5 = rank Ag, it follows that the last column of Az is
in the span of the others. There exists 2, € R such that Ag,,,.) is psd and by Lemma
2.12, the last column of AE(@H) is in the span of the others and hence rank AEm) =

rank Az, .. Since Az, is singular, using Corollary 2.8 with 3 equal to B(zo,y.),
we get rank Ag, = rank Az, which in particular implies that y, = SA%_ST. Hence,
rank Ag(y+) = rank Az, ) = rank Az, which is (2b) of Claim 1. This proves the implica-

tion (3) = (1) in this case.
It remains to prove the implication (1) = (2). By Theorem 4.1, if 5(x, 1) has a representing
measure, then there is a (rank 3(y)) or (rank 3(y) + 1)-atomic representing measure. By Corol-
lary 2.8, rank 3(y,) = rank Az, = rank Azif Az, is singular and rank B(yo) = rank Az+l=

rank 5 + 1 otherwise. B
For the moreover part, note from the previous paragraph that (rank ()-atomic measure exists if
and only if Az, , = rank Az for some yo such the 3(z, yo) admits a measure. The only yo € R

satisfying rank Az, ., = rank Az is SA%_ s” and hence a (rank 3)-atomic measure exists if and only
if G(z, SAJBF sT) admits a measure. From the proof of the implication (3) = (1) we see that this is
true in the cases (3(a)ii) and (3b). Finally, if (3(a)i) holds, then we see that:
e If A - 0, then we must have y_ < SA%_ s and uA:guT < SA%_ s (see the proof of (3(a)ii)),
which means that (3(a)ii) holds.
e If Ais singular, then sAJBr st <y =y, and B(x, SA% sT) does not admit a (rank /3)-atomic
measure.

This establishes the proof of the moreover part. 0

Remark 4.6. For k = 2, the THMP with gaps (i, 32) coincides with the THMP with gaps
(Bak—2, Por—1) and hence the case k = 2 is already covered by Theorem 3.5 .

The following corollary is a consequence of Theorem 4.5 and solves the bivariate TMP for the
curve y° = x* where also 63 o 1s given. Here B% o stands for the integral of 23 wrt. W, 1.e.,

fK x%du.

Corollary 4.7. Let 8 = (ﬁi,j)i,jezi it+j<2k B be a 2-dimensional real multisequence of degree 2k
and let 3 50 be also given. Suppose M (k) is positive semidefinite and recursively generated. Let

ut = (5071,ﬂg70,52,0, Bia), u = (Bos Bai-2, Bait,Brg) for i=2,...,2k—1,

B = (u(l), o ,u(2k_2), Bo.2k—1, 83,253, B2.26—2), B = (ga B1,2k-1, Bo,2k)s
B = (B, 6372]6,3, 6272]9,,2) and E = (Ba 63,2]43717 50,2’6)

be subsequences of [3,

V= ( Bro uM oo w*D Bo 0 By Por—2 Bra—1 ), U= ( v Bok )’

s=(u Psra), w:= ( Bso Pro bra u@ o wY By Bskos Bopet >
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Z::(f;(p) :ﬁ) and 2:2(5% Xﬁ)

matrices. Then (3 has a representing measure supported on y°> = x* if and only if

vectors and

(4.16) sAtsT <udtu” + V (45/A5)(A/A5)

one of the following statements hold:
(1) One of the following holds:
o Ifk >4, then Y3 = X% is a column relation of M (k).
o If k = 3, then the equalities $y3 = Bao, P13 = B50 B23 = Bso, Boa = Ba1,

Bos = B
o If k = 2, then the equality 3y 3 = (4,0 holds.
o k=1.

(2) One of the following holds:
(a) AE = 0, A > 0 and the inequality in (4.16) is strict.
(b) AB > 0 and the following inequalities holds:

uA%uT < SA%_ST and uA%wT - \/(AB/AE)(Z/AE) < SA%_ST.

(c) Az = Oand rankAB = rank Az = rank ( st Ag )

Moreover, if the representing measure exists, then there exists a (rank B)—atomic measure if and
only if (2b) or (2c) holds. Otherwise there is a (rank (3 + 1)-atomic measure

Proof. For {0,3,4,6,...,8k} we define the numbers Bon by the following rule

Bom, if m (mod 4) =0,

B, = Bs, |z -2, %fm (mod 4) =1,
" Bo,m -1, ifm (mod4) =2,
517L%J’ if m (mod 4) =3

Claim 1. Every number Em is well-defined.

We have to prove that 7 + j < 2k, where 4, j are indices of 3; ; used in the definition of Em We
separate four cases according to m:
m (mod 4) = 0: F < 2k.
m (mod4) =1: [F| -2+3 < (2k—1)+1=2k.
m (mod4) =2: [F]| -1+2<(2k—1)+1=2k.
m (mod4) =3: [F]+1<(2k—1)+1 =2k,

We also define §5 = Bg,o-

Claim 2. Lett € N. The atoms (23, 21),... (23, x}) with densities Ay, ..., )\; are the (y> — z%)-
representing measure for § with 3 5.0 known if and only if the atoms zq,...,x; with densities

A1, ..., A are the R-representing measure for g(x, y) = (Bo, x,, 53, . ,B%).
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The if part follows from the following calculation:

Bo,z, if m (mod 4) =0, S (@), if m (mod 4) = 0,

5o Bs|m| 2, if m (mod 4) S (@3 ()72 if m (mod 4) = 1, _
m Bom i1, ifm (mod4) = S (@D (@)=Y if m (mod 4) = 2,
B my, if m (mod 4) S Aerd (e if m (mod 4) = 3,

~+

where m =0, 3,4,6, ...

, 8k and

t t
Bs=Br0=D_Mla)i =D M}
=1 /=1

The only if part follows from the following calculation:

ﬂi,j

= Bi—4,j+3 == Bz (mod 4),j+3tij

t
-y Aag 1 (mod D)4+ )
/=1

53 (mod 4))+4(j+3[ %))

Z )\ S(Z (mod 4)+4[ J

E )\[ .T@ ':CZ 5

where the first three equalities in the first hne follow by M (k) being rg and

ﬁg,o = 35

t t
= Z)\g.ﬁljg = Z)\g(l’?)g
=1 =1

Using Claim 2 and a theorem of Bayer and Teichmann [BT06], implying that if a finite sequence
has a K -representing measure, then it has a finitely atomic K -representing measure, the statement

of the Corollary follows by Theorem 4.5. U
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