THE FINAL SOLUTION OF THE HITCHIKER’S PROBLEM #5

MATJAZ OMLADIC!, MARTIN VUK, AND ALJAZ ZALAR3

ABSTRACT. The recent survey [2] nicknamed “Hitchhiker’s Guide” has raised
the rating of quasi-copula problems in the dependence modeling community in
spite of the lack of statistical interpretation of quasi-copulas. In our previous
work we addressed the question of extreme values of the mass distribution
associated with a mutidimensional quasi—copulas. Using linear programming
approach we were able to settle [2, Open Problem 5] up to d = 17 and disprove
a recent conjecture from [25] on solution to that problem. In this note we use
an analytical approach to provide a complete answer to the original question.

1. INTRODUCTION

Copula is simply a multivariate distribution with uniform margins, but when we
insert arbitrary univariate distributions as margins into it, we can get any multi-
variate distribution. This seminal 1959 result of Sklar [23] has made them the most
important tool of dependence modeling [9,16]. On the other hand, the statistical
interpretation of quasi-copulas is problematic since they may have negative vol-
umes locally. They come naturally as (pointwise) lower and upper bounds of sets
of copulas. The lower Fréchet-Hoeffding bound W, say, the pointwise infimum of
all d-variate copulas, d > 2, is in general a quasi-copula, unless d = 2, while the up-
per bound M, the pointwise supremum of all d-variate copulas, is always a copula.
Quasi-copulas were first introduced in 1993 by Alsina, Nelsen, and Schweizer [1],
but the dependence modeling community may have been somehow withheld from
wider use of them perhaps due to their deficiency described above.

The new era for this notion starts in 2020 with the seminal paper [2] by Arias-
Garcia, Mesiar, and De Baets, listing the most important results and open problems
in the area. Some vivid activity followed this paper. The six open problems listed
there are sometimes nicknamed “hitchhiker’s problems”. The first one solved seems
to have been hitchhiker’s problem #6, Omladi¢ and Stopar [20] in 2020; the second
one was hitchhiker’s problem #3, Omladi¢ and Stopar [21] in 2022; the next solu-
tion appeared in 2023, it was hitchhiker’s problem #2, Klemment et al. [14]; and
then, a possible solution for the bivariate case of hitchhiker’s problem #4 was given
by Stopar [24] in 2024. The hitchhiker’s problem #5 appears to be more involved.
It asks to find the maximal negative and positive mass that a quasi-copula can have
as well as to characterize the type of boxes that have the maximal mass. This prob-
lem started originally by Nelsen et al. in 2002 [17], where an analytical solution for
the bivariate case is given. In 2007 de Baets et al. [5] propose a linear programming
approach to give the trivariate case. In 2023 Ubeda-Flores [25] extends the linear
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programming approach up to dimension four and conjectures the growth for higher
dimensions. In our very recent work [6] we extended this approach further, up to
dimension 17 and disproved conjecture of [25]. In this paper we give the final solu-
tion of the problem for all dimensions. It turns out that there is no closed formula
that applies simultaneously in all dimensions. However, there is an explicit formula
for each dimension that requires performing a simple algorithm to determine the
smallest positive integer that satisfies a particular inequality. This smallest integer
then determines the maximal positive (resp. maximal negative) volume of a box
over all quasi-copulas and also a realization of a box and a quasi-copula. The over-
all growth of the maximal volumes is exponential. For the maximal positive value,
the boxes B are always of the form [a, 1]¢, while for maximal negative values this
applies to d > 7.

2. STATEMENTS OF THE MAIN THEOREMS

In this section we introduce the notation and state our main results that solve
[2, Open Problem 5], i.e., Theorem 1 solves the maximal negative volume problem,
while Theorem 2 solves the maximal positive volume problem. Concrete examples
are also presented (see Examples 1 and 2).

Let D C [0,1]¢ be a set. We say that a function Q : D — [0, 1] satisfies:

(1) Boundary condition: If for u := (u1,...,uq) € D, the following holds for
any index i =1,...,d:

(a) Q(ur,...,ui-1,0,ui41,...,uq) =0 and
(b) Q(l,...,l,ui,l,...,l):ui.

(2) Monotonicity condition: @ is nondecreasing in every variable, i.e., for each
1=1,...,d and each pair of d-tuples

U= (u17' "aui—17ui7ui+17"'7ud) € Da

=2

= (U1, ooy W1, Uiy Uiy 1, - - -5 Ug) € D,

such that u; < @;, it follows that Q(u) < Q(w).
(3) Lipschitz condition: Given d-tuples (ug,...,uq) and (vi,...,vq) in D it
holds that

d
Qur, -y tta) = Qur, vl < 3 Jui — vyl
=1

If D =[0,1]¢ and Q satisfies (1), (2), (3), then Q is called a d-variate quasi-copula
(or d-quasi-copula). We will omit the dimension d when it is clear from the context
and write quasi-copula for short.

Let @ be a quasi-copula and B = H?Zl[ai, b;] C [0,1] a d-box with a; < b; for
each i. We will use multi-indices of the form I := (I, I,...,I;) € {0,1}% to index
24 vertices H?Zl{ai, b;} of B. We write

Qg , if ]Ik = O7

xp = ((z1)1,- .-, (z1)a), where (x1)k = {bk, I - 1.

Let us denote the value of @ at the point x; by
ar = Q(x1).
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Let [|T]|; := Zgzl I; be the 1-norm of the multi-index T and sign(I) := (—1)4~ Il
its sign. The @-volume of B is defined by:

(2.1) Vo(B)= Y sign(l)q.

Ie{0,1}4

If the quasi-copula @ is understood, we call it simply the volume of B and denote

it V(B).

The complete solution to [2, Open Problem 5] for the maximal negative volume
is the following.

Theorem 1. Assume the notation above. Let d € N and d > 7. Define
(c1,€2,. - 0pa)) =
(51 (- (5D (). i d s cven,
T 5 5 () () (D) i d s oda

Define co =0 and

1—1
1 . d
wi = i+1<]Z:ocL‘§J—j 1) Jori=1...13)

Let ig be the smallest integer in {1,..., 2|} such that
Wiy, — Z CL%J*Z-O.

Then:

(1) The mazimal negative volume Vg (B) of some box B over all d-quasi-copulas
Q s equal to —w;, .

(2) One of the realizations of B and Q is

. d [17]] 2
20 z : d d
B |:ZO I 17 :| ) Q(O,..A,O) 07 q1 pa 51 fO'f' allT € {0’ } \ {O} )
where:

(a) If d is even, then for j =1,...,d we have
(2.2) 5 — ﬁ, if j=d or (j is odd and (;lj) > c%_io),
: j .
0, otherwise.
(b) If d is odd, then for j =1,...,d we have
1
23) 4 —{ oF 1’

0, otherwise.

if j=d or (j is even and (jj) > CL%J—:’O)V

, d
This realization of Q@ on {Z_Jil, 1} indeed extends to a quasi-copula Q :

[0,1]¢ — [0,1] by [6, Theorem 2.1].

Let us demonstrate the statement of Theorem 1 in the smallest dimension d = 7.
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Example 1. Assume the notation from Theorem 1. Let d = 7. Define

(1, ¢2,¢3) = ((f) (?) (g)) — (6,6,20)

19
= (e —1) = ==
wi- = gles —1) = 5

and ¢y = 0. Let

’U.)27_ = %(63 +02 — 1) = %,
1 31
’U.)37, = Z(Cg +Cg +Cl — ) = Z
Note that the smallest ¢ € {1,2,3} such that w; — > c3_;, is 39 = 1, i.e., w1, > c.
By Theorem 1, the maximal negative volume of some box B over all 7-quasi-copulas
Q is equal to

Further on,

5 — 3, ifje{4,7},
J 0, ifje{1,2,3,5,6}.

Hence, one of the realizations of B and @ is

1 7 0, if ”H”l € {Oa 1,273}’
=31 w0 =0 @=1] & il e @50
1, ifI=(1,...,1).

Note that this realization agrees with the one obtained by computer software ap-
proach in [6, Table 1].

The complete solution to [2, Open Problem 5] for the maximal positive volume
is the following.

Theorem 2. Assume the notation above. Let d € N and d > 2. Define

(crrea. 0 lasn) ) 1=
(90395 (). i dis even,
] D (G (D (G i s o
Define co =0 and

1

7+ 1

Wi 1= ( CL%J—l—ﬁl) fori=1,....[=5=]-1
j=0

Let ig be the smallest integer in {1,...,[ %] — 1} such that
Wiy ,+ = Clast | —1—iq

Then:

(1) The mazimal positive volume Vg (B) of some box B over all d-quasi-copulas
Q is equal to w;, 4.
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(2) One of the realizations of B and Q is
i d (RS
B = |:71()H7 1:| y  4(0,...,0) = 07 qr = Z 61 fO’f' allT € {07 l}d \ {O}da
i=1
where:
(a) If d is even, then for j =1,...,d we have
(2.4) 5; = ﬁ, if j=d or (j is even and (fj) > c%_l_io),
0, otherwise.
(b) If d is odd, then for j =1,...,d we have
1
(25) ;= { fotl’

0, otherwise.

if j=d or (j is odd and (;lj) > CLdziJ—l—io)’

, d
This realization of Q@ on {iozil, 1} indeed extends to a quasi-copula Q :

[0,1]¢ — [0,1] by [6, Theorem 2.1].

Let us demonstrate the statement of Theorem 1 in dimension d = 8.

Example 2. Assume the notation from Theorem 2. Let d = 8. Define

= () () ()=

1
w1, 4 = 5(03 + 1) =18,

1
Wo 4 1= g(Cg +co + 1) =19,

1
= 1(03 +co+c+1)=16.

and ¢g = 0. Let

w3, +

Note that the smallest ¢ € {1,2,3} such that w; y > cs_; is ig = 2, i.e., wa 4 > c1.
By Theorem 2, the maximal positive volume of some box B over all 8-quasi-copulas
Q is equal to

w2 4+ = 19.
Further on,
5. = %7 lf]€{45678}7
Tl o0, ifje{1,2,3,57)

Hence, one of the realizations of B and @ is

0, if |[I]; € {0,1,2,3},
8 Lo
) Lo ||y € {4,5},
B=|21] , =0, a=1 >
{3 } 4(0,...,0) a1 2, if |1, € {6,7},
1, ifT=(1,...,1).

Note that this realization agrees with the one obtained by computer software ap-
proach in [6, Table 2].
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3. TOWARDS THE PROOF OF THEOREMS 1 AND 2

In this section we first recall the formulation of the maximal volume problems
from [6] in terms of the linear programs (see Proposition 1). Then we simplify
the linear programs by using symmetries in the variables (see Proposition 2 and
Corollary 1). Next, the simplified linear programs are further reduced to smaller
ones observing redundancy of some conditions (see Proposition 3). Finally, the dual
linear programs, which need to be solved, are obtained (see Proposition 4). We use
them to prove that the proposed solution is indeed optimal.

3.1. Notation and preliminaries. Fix d € N. For multi-indices
I=(,...,I;) €{0,1}¢ and J=(Jy,...,J4) € {0,1}¢

let
J-T=(J1—T,...,Ja—14) € {-1,0,1}*
stand for their usual coordinate-wise difference. Let E(®) stand for the multi-index

with the only non-zero coordinate the /—th one, which is equal to 1. For each
¢ =1,...,¢ we define a relation on {0, 1}¢ by

I<J & J-I1=E®.
For a point 2 = (1,...,24) € R? we define the functions

d
Ga:R? 5 R, Gala):=)» ai—d+]1,
i=1

H;:RT SR, Hy(z) := min{z1,22,...,24}.

In our previous work we proved the following proposition.

Proposition 1 ([6, Propositions 3.1 and 3.2]). Define the following linear program

min Z sign(I)q,

aig,...,ad,
bi,....ba, Ie[1]d
qi for He{O,l}d
(3.1) subject to 0<a; <b; <1 i=1,...,d,

0<qg—q<b—ay foralll=1,...,d and alll1 <, J,
max{0, Gy(x1)} < g < Hy(z1) for all T € {0,1}%

Let TV 12" be some order of all multi-indices 1 € {0,1}Y4. If there emists
an optimal solution (ai,...,a}, b, ..., b5, quy, ..., qyzay) to (3.1), which satisfies
by = ... =10 =1, then the optimal value of (3.1) is the mazimal negative volume
of some box over all d-quasi-copulas.

Moreover, if there exists an optimal solution to (3.1) where min is replaced with
max, which satisfies b] = ... = by = 1, then the optimal value of (3.1) is the
maximal positive volume of some box over all d-quasi-copulas.

Remark 3.1. In [6, Section 3] we presented numerical solutions to (3.1) up to
d = 18 for min and up to d = 17 for max. In the case of min and 7 < d <
18 we obtained optimal solutions with b7 = ... = b = 1 and so we solved the
maximal negative volume problem. Cases d < 7 have to be considered separately
by extending Proposition 1 from the 2%-element grid []7_, {a;, b;} to the 3%-element
grid H?Zl{ai,bi, 1}. In the case of max and 2 < d < 17 we obtained optimal
solutions with b7 = ... = b}, = 1 and so we solved the maximal positive volume
problem. |
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3.2. Symmetrization of the linear program (3.1) and the dual. By the fol-
lowing proposition it suffices to consider symmetric solutions to the linear program
(3.1).

Proposition 2. Assume the notation from Proposition 1. There exists an optimal
solution to the linear program (3.1) of the form

* * Lk I *

a*,...,a" bt 0 00b

( ) ) sV ) 7qH]1(1)H17 7qH]I(2d)H1)
d d

for some a,b,q1,...,qq € [0,1].
Analogously, replacing min with max in (3.1) above, the same statement holds.

Proof. Let Sy be the set of all permutations of a d-element set {1,...,d}. For

® € Sy and 1V == (1P, ..., 1) € {0,137, let ®(1D)) = (1)), ..., 1),)). If

* * 1% * % *
(al,...,ad,bl,...,bd,qﬂ(l),...,qﬂ(2d))

is an optimal solution to (3.1), then
(a:;(l)a s 7a$(d)a brb(l)a s 7b><k1>(d)> qz;»([[(l))a R qz(ﬂ(zd)))

is also an optimal solution to (3.1). Hence, an optimal solution as stated in the
proposition is equal to

1 * * * * * *
ﬁ Z (a<I>(1)7'-~7a<I>(d)7b<I>(1)7'--ab<1>(d)7Qq>(]1(1))a"'aq¢(ﬂ(2d)))a
T ®eS,

where the summation is the coordinate-wise one. The proof for max instead of min
is the same. O

An immediate corollary to Proposition 2 is the following.

Corollary 1. The optimal value of the linear program (3.1) is equal to the optimal
value of the linear program

min zd:(—l)d*i (?) Qis

a,b,40,q1,---,qa o
subject to  0<a<b<l1,
(3.2) 0<¢—qgi-1<b—a fori=1,...,d,
max{0,(d—i)a+ib—d+1} < ¢ <a
fori=0,....,d—1,
max{0,db —d+ 1} < gq <b.

Analogously, replacing min with max in (3.1) above, the same statement holds.

It turns out that some of the constraints in (3.2) are redundant, while introducing
new variables d; = ¢; — g;_1 further decreases the number of constraints.
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Proposition 3. The optimal value of the linear program (3.2) is equal to the op-
timal value of the linear program

: d—1
. _1)d+i 5
a,b,qgr;tlsllr,l...,éd Jz:;( ) <] B 1) I8

subject to b <1,
0; <b—a fori=1,...,d,

d—1
qo0 + Z(Sz S a,
i=1

d
db—d+1§(I(]+Z5i7

i=1
a>0,6>0,g0>0,6; >0 fori=1,...,d.

Analogously, replacing min with max in (3.3) above, the same statement holds.

Proof. First let us prove that in (3.2) the conditions
(d=—da+ib—d+1<¢q fori=0,...,d—1,
(3.4) gi<a fori=0,...,d—2,
a<b
follow from the other conditions. We have that
qi-1=qa+ (@a-1—qa) >db—d+1+a—-b=a+(d—1)b—d+1,

where we used the second and the fourth conditions from (3.2) for the inequality.
This is the condition in the first line of (3.4) for i = d — 1. Inductively, using

Gd—j = qd—j+1 + (qd—j — Qa+j+1),

the conditions in the first line of (3.4) for i =d —2,...,1 follow.
The conditions in the second line of (3.4) follow easily from

a2qq—1 2 qi-2 = --- = qo-
Finally, the condition in the last line of (3.4) follows from
44 = qa—1 + (g2 — qa—1) <a+(b—a)=b,

where we used the second and the third conditions from (3.2) for the inequality.

Now we introduce new variables §; = ¢; — ¢;_1, 1 = 1,...,d and the constraints
of the reduced linear program (3.2), i.e., (3.2) without the constraints from (3.4),
become as in (3.3). The only non-trivial thing to verify is the form of the objective
function. But this follows by a simple computation:

Sy (§)a- S (§) (w+ Z 5)

i=0 i=0
4 ki;(—nd-i () +j§6j (é(—l)d—’“ (1):
0 (—1)d+3 (971)

where we used 33, (—1)F () = (=1)"(",,") in the last equality. O
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3.3. The dual linear program of (3.3). Recall that writing the linear program
in the form max{c’z: Az < b,z > 0} where ¢ € R” and b € R™ are real vectors,
xr
A € R™*™ ig a matrix, z is a vector of variables and the inequalities are the
coordinate-wise ones, its dual program is given by min{bTy: ATy > ¢,y > 0},
y

where y is a vector of dual variables. Namely, for each constraint of the primal
program, there is a variable for the dual program, while for each variable of the
primal program, there is a constraint for the dual program.

Rewriting the objective function Hgn cT'z of (3.3) in the form —(m;xx(—c)Tx) the

dual linear program of (3.3) is the following:

—( min Y1+ (d— 1)1/3),

Y1,l1,--5ld,Y2,Y3

d
subject to Zli —y2 >0,
i=1

d
y1— » li+dys >0,
, S
y2 —y3 = 0,
dtje1(d—1 :
lLi4+ys—ys > (—1)“" . forj=1,...,d—1,
j—
ld_y32_17

y1 >0, y2>0,y3>0,1;, >0 fori=1,...,d.

Analogously, the dual linear program of (3.3) with the objective function max ¢’ z
x

is the following;:

min y1 + (d — 1)ys,
Y1,l1,.-ld,y2,y3

d
subject to Zli — 1y >0,
i=1

d
y1— Y li+dys >0,
(3.6) -1
y2 —y3 > 0,
arj(d=1 ~
lj+y2—y3 > (-1) i1 forj=1,...,d—1,
la—ys > 1,

ylZanQZan3ZO7li20 forizla"'7d'

It turns out that both linear programs can be simplified.
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Proposition 4. The optimal solutions to (3.5) and (3.6) are equal to the optimal
solutions to

(- 1),

l17...,ld7y3
d
subject to — Z l; +dys =0,
(3.7) =t i
lj+(d—=1)ys > (—Ddﬂﬂ(. 1) forj=1,...,d—1,
j—
ld = ma‘X(07 -1+ y3)7
y3 >0, >0 fori=1,...,d,
and
min (d—1)ys,
ll,...,ld,yg
d
subject to — Z l; +dys = 0,
i=1
(3.8) ' a1
o= (0 (9T ]) forg =1
ld — Y3 = 1,
y3 >0, 0; >0 fori=1,...,d,
respectively.

Proof. We will prove the proposition by first establishing a few claims.

Claim 1. Their exists an optimal solution (y7,!7,...,15,y5,y5) to the linear pro-
gram (3.5) (resp. (3.6)) which satisfies y5 =y + dy;.

Proof of Claim 1. Let (yi,13,...,0},y5,y3) be an optimal solution to (3.5). From
the first two constraints in (3.5) it follows that

d
(3.9) i +dys > L >y
=1

If the left inequality in (3.9) is strict and yi > 0, then there exists € > 0 such
that (y7 —€,05,...,05,v5,y3) is a feasible solution to (3.5) such that

(yi =€)+ (d—1ys <yi + (d—1)ys.
But this contradicts to the optimality of (y,13,...,15,v3, s )

If the left inequality in (3.9) is strict, y; = 0 and y5 > 0, then there exists € > 0
such that (y7,17,...,0%, y5 — €,y5 — €) is a feasible solution to (3.5) such that

yi +(d—=1)(y3 —€) <yi +(d—1ys.

But this contradicts to the optimality of (yi,{T,...,05,v5,93).

Hence, the left inequality in (3.9) is an equality. If the right inequality is strict,
we just increase y3 to Z?zl l; and we get another optimal solution to (3.5). This
proves the lemma for (3.5).

The proof for (3.6) is the same. |

Using Claim 1, the linear programs (3.5) and (3.6) simplify to:
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—( min y1 + (d - 1)?43)7
Yisl1,.ld,ys
d
subject to  y; — Zli +dys = 0,
i=1
Y1 + (d* 1)y3 >0,

, d—1
o+ -z ot (971)

(3.10)

forj=1,...,d—1,
ld_ﬁUBZ—L
y1 >0, y3>0,10;, >0 fori=1,...,d,

and

min y1 + (d — 1)ys,
y1,l1,--ld,y3

d
subject to Y1 — Zli +dys =0,
i=1
y1 + (d—1)ys >0,

(d—1
Li+y+ (d—1ys > (—1)*H (j B 1)

(3.11)

foryj=1,...,d—1,
ld_y3217
y1 >0, y3>0,0; >0 fori=1,...,d.

Observation 1. Since y; > 0,y3 > 0, the inequality y; + (d — 1)y > 0 in (3.10)
and (3.11) is redundant.

Claim 2. Their exists an optimal solution (yi,!},...,[}, y3) to the linear program
(3.10) (resp. (3.11)) which satisfies yj = 0.

Proof of Claim 2. Let (y1,15,...,15,v3,y3) be an optimal solution to (3.10). Assume
that y7 > 0. Then (0, .0 0+ dy—_rl,yg‘ + dy_i‘l) is another optimal solution
to (3.10).

The proof for (3.11) is the same. |

Using Observation 1 and Claim 2, the linear programs (3.10) and (3.11) simplify
to

(mn @-m)

l1 ..... ld,’yg
d
subject to — Z li +dys =0,
i=1
(3.12) d1

L+ (d—1)ys > (—1)H+t! ( |

1) forj=1,...,d—1,
j—

la—ys > —1,
y3 >0, 0; >0 fori=1,...,d,
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and
min (d—1)ys,
l1,--5ld,ys
d
subject to — Z li +dys =0,
i=1
(3.13) i (=1 ‘
li+(d—=1)ys > (=) ) forj=1,...,d—1,
j—
ld — Y3 2 1)
y3>0,1; >0 fori=1,...,d,
respectively.

The following claim shows that in the optimal solution to the linear programs
(3.12) and (3.13), one of constraints {4 > 0 and Iy — y3 > £1 is an equality.

Claim 3. If (y7,!3,...,1},v3) is an optimal solution to the linear program (3.12)
(resp. (3.13)), then I} = max(0, —1 + y3) (vesp. I; =1+ y3).
Moreover, [; = 0 can only occur for d < 6.

Proof of Claim 3. Let (yi,l},...,0},y5) be an optimal solution to (3.12). Assume
that ¢ := % — max(0, —1 + y3) > 0. Then there exists € > 0 such that

(Y5, i+ (d— Ve, .., U5y +(d—1)elg — (d® —d+ 1)e,y5 — ¢)

is still a feasible solution to (3.12) with a smaller objective function, which is a
contradiction to the optimality of (yi,{},..., 1}, v3).
The proof for (3.13) is the same, using also that I} = max(0,1 4 y3) =1 + 3.
Let us establish the moreover part. In this case y5 < 1. Since every ys large
enough extends to a feasible solution to (3.12) (e.g., Iy = ... = lg—1 = 0 and
lqg = dys), convexity of the feasible region implies that there is a feasible solution
with y3 = 1. But then for this solution the first constraint in (3.12) implies that

(3.14) > li=d

We separate two cases according to the parity of d.

Case 1: d = 2d’ for some d’ € N. Summing up the inequalities with positive right
hand side in (3.12) we get

(3.15) 3> lj—&—(d—l)(g—l) >y (j_i)

7 odd, 7 odd,
j<d j<d

Using (3.14) in (3.15), it follows that
d d—1 d-1 d-1 d-1
(2 -1) > = .
d+d-1(5-1)= > (j—l) ( 0 >+< 2 )+ +<d—2)

For d > 8 this is a contradiction.
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Case 2: d = 2d’ — 1 for some d’ € N. Summing up the inequalities with positive
right hand side in (3.12) above we get

(d—1)2 d—1
(3.16) DLt ) 1)
J even, J even,
j<d j<d
Using (3.14) in (3.16), it follows that
(d—1)2 d—1 d—1 d—1 d—1
d+ —— > = - .
+ 2 - j;ﬂ ji—1 1 + 3 et d—2
j<d
For d > 7 this is a contradiction.
This proves Claim 3. |

Using Claim 3, the linear programs (3.12) and (3.13) simplify to the linear pro-
grams (3.7) and (3.8), respectively. O

4. BASIC TECHNICAL RESULT

The following proposition is the basic result, which will be used to prove Theo-
rems 1 and 2.

Proposition 5. Let
0<ci <cep<...<¢
be given positive real numbers with c¢; < cy,
e1 <0,...,e,. <0

given negative real numbers, o € R such that

—crp < a < cg
and a linear program
min w
W,Y1,Y2,0 Yk
213224400y Zr
subject to Y14+ Fy+21+.. .+ 2, =w+q,
yitw>¢ fori=1,...k,
(4.1) zitw>e fori=1,...,m
w > 0,
y; >0 fori=1,...k,
zi >0 fori=1,...,r
Define
1 it
w; = i—l—l(ch_jia) fori=1,... k.
7=0
and co := 0. Let
(4.2) io be the smallest integer in {1,...,k} such that w;, > ck—i,-

Then the optimal solution (w*,yf,...,y5, 25,...,2}) to (4.1) is

* * * * *
(W Yy Upy 21y s 20) = (Wig, 0,00, 0, Ch—ig+1 — Wigy - -+, Ck — Wiy, 0,...,0).
—— ——

k—io r
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Proof. First we establish two claims.
Claim 1. There is at most one ¢ € {1,...,k} such that w; € [cp—i, Ck—it1)-

Proof of Claim 1. Let i be such that wy € [¢)_7, C,_541)- Note that wy > ¢, 7 is
equivalent to

-1
(4.3) aj—az>(i+1)e,
j=0
Hence,
1 i
ws ZN—( ck_»—a) > ¢ 3,
i+1 Z—|—2 Z% J k—1
7= (4.3)
which in particular implies that w; ié [¢y 7 1:Cx_7)- Inductively we can prove
that w;,, > ¢, 7 for I = 1,2,...,k — i, whence w;, ¢ [ck_;_l,ck_g_lﬂ). This

proves Claim 1.
Claim 2. Let ig be as in (4.2). Then w;, € [Ck—iq, Ch—ig+1)-

Proof of Claim 2. First note that i is well-defined, since there exists i € {1,...,k}
such that w; > ¢ci_;, e.g., i = k due to wy, = %(25:1 cL — a) > 0 = ¢g. Also note
that ¢ = iy is the unique candidate for the containment w; € [¢r—;, ck—it1). This
follows from the following two observations:

e By definition of iy, we have that w; < cy_; fori=1,...,i9 — 1.

e As in the proof of Claim 1, w; > cx_j, > cp—it1 for i =ip+1,..., k.
So it only remains to prove that w;, < cx—i,+1. Assume on the contrary that w;, >
Ck—io+1. First notice that in this case iy # 1, since w; = %(ck—a) < %(ck +cp) = Ck.
Then

io—1
Z ch—j — = (io + 1)cp—ig+1,
§=0
which implies that
i0—2
Z Ch—j — Q210" Ch—jgt1-
3=0
Further on,
=
Wiy—1 = %< Z Cr—j — Ol) > Ck—ig+1-
=0
But this is a contradiction with the minimiality of ig. |
Let now (w*,y},...,y5, 2{,..., %) be an optimal solution to (4.1).
Claim 3. 2 =0fori=1,...,r.

Proof of Claim 3. If there is i such that z; > 0, then there exists ¢ > 0, such that
(44) (w* - Gayi + €. ayl: + C,ZT,- .. 7’2:—1,2: - (k+ 1)672:—0—13 N 72:)

is still a feasible solution to (4.1). This contradicts to the optimality of w*. |

Clearly w = ¢ extends to a feasible solution of (4.1), e.g., y1 = cx + @, y; =0
fori=2,...,kand z; =0fori=1,...,r. So w* < ¢,. We separate two cases for
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the value of w*.

Case 1. w* = c¢;. Note that there is ¢ such that y; > 0. But then there exists
€ > 0, such that

(4.5) (W =€yl +e6...,yi 1 +6y; —keyi+e...,y+60,...,0)
——
T

is still a feasible solution of (4.1), which contradicts to the optimality of w*.

Case 2. w* < ¢. Clearly yf > max(¢; — w*,0). If there exists ¢ such that
y; > max(c; — w*,0), then there exists € > 0, such that (4.5) is still a feasible
solution to (4.1). This contradicts to the optimality of w*. So y} = max(c; —w*,0).
Let ip be such that w* € [ck—?o’ Ckﬁoﬂ)' Then

y}‘:...:yz%:o and y! =c¢; —w* fori >k —ip.
Further on,
k k
Y= > (i—w)=w+a,
1=1 i=k—ig+1
whence
1 k 1 Go—1
w* = = ( c»—a)zA ( ck,-—a):w«..
i1\, Z Z i+ 1 Z_;) ! o
i=k—1io+1 J=

Since by Claims 1 and 2, the only ¢ such that w; € [ck—i,, Ck—iy+1) 1S %0 defined by
(4.2), it follows that ig = 9 and the optimal solution to (4.1) is as stated in the
proposition. O

5. FINAL STEP IN THE PROOF OF THEOREM 1

Assume the notation as in the statement of Theorem 1 and Section 3.2. In this
section we will solve the linear programs (3.7) and (3.2), which by Proposition 1
also solves the maximal negative volume quasi-copula problem and proves Theorem
1.

Let (If,...,1%,y3) be an optimal solution to (3.7). By the moreover part of

Claim 3 in the proof of Proposition 4, under the assumption d > 7, we have that
I, =—14yj. Writing w := (d — 1)ys, (3.7) becomes

7( min w),
li,sla—1,w

d—1
subject to 7Zli+w+1:0,
(5.1) i=1
drjr1(d—1 .
Li+w>(-1) i1 forj=1,...,d—1,
w>0,0;>0 fori=1,...,d—1.
The solution to (5.1) will lean on the use of Proposition 5. Let ¢;, i = 1,..., 4]

be as in Theorem 1. Let r :=d —1 — LgJ and let e1,. .., e, be the right hand sides

—(?j) in (5.1) in some order. By Proposition 5 with & = 1, the optimal solution

to (5.1) is w* = w;,,— and:
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(1) If d is even, then

- { (‘;:}) —wj,,—, jisodd and (‘;:}) > ca_yy,

(5.2) ]
0, otherwise.

(2) If d is odd, then

= { (;lj) —w;, —, Jis even and (;lj) > Cld| iy

(5.3) .
0, otherwise.

Hence, in an optimal solution to (3.5) except (5.2) or (5.3), also the following

hold: yf =0, I3 = -1+ w;,,—, y3 = ﬁwioy,, Y5 = 7 w;,,—. Using the
complementary slackness, in an optimal solution to the dual (3.3) of (3.5), we have
a* = 95, b" =1, g5 = 0 and 6} are as in (2.2) if d is even, while §7 are as in (2.3)

if d is odd. This give the desired solution to (3.2) and proves Theorem 1.

6. FINAL STEP IN THE PROOF OF THEOREM 2

Assume the notation as in the statement of Theorem 2 and Section 3.2. In this
section we will solve the linear program (3.8) and (3.2), where min is replaced by
max, This solves the maximal positive volume quasi-copula problem and proves
Theorem 2.

Let (I3, ...,1}, y3) be an optimal solution to (3.8). By the moreover part of Claim
3 in the proof of Proposition 4, we have that I} = 1 4+ y35. Writing w := (d — 1)ys,
(3.13) becomes

min w,
Iyl 1,w
d—1
subject to —Zli—i—w—l:O,

(6.1) i=1

I arj(d—1 ;

i+ w>(—1) J(j—l) forj=1,...,d—1,

w>0,0;>0 fori=1,...,d—1.
The solution to (6.1) will lean on the use of Proposition 5. Let ¢;, i =1, ..., L%J -1
be as in Theorem 2. Let r := d — [%5!] and let ey, ..., e, be the right hand sides
—(jj) in (6.1) in some order. By Proposition 5 with & = —1, the optimal solution

to (6.1) is w* = w;, 4+ and:
(1) If d is even, then

l;‘ _ { (?j) — W;y,—, Jis even and (‘j:}) > Cd

(6.2) .
0, otherwise.

(2) If d is odd, then

o { (?:i) — Wi,,—, Jisodd and (‘;j) > Cla) g
J

(6.3) .
0, otherwise.

Hence, in an optimal solution to (3.6) except (6.2) or (6.3), also the following hold:
yr =003 = 1+ﬁwio’+, Y5 = %wioﬁ_, Y5 = ﬁwm&- Using the complementary
slackness, in an optimal solution to the dual (3.3), with max instead of min, of (3.6),
we have a* = ioij_l, b* =1, g5 = 0 and 67 are as in (2.4) if d is even, while 07 are
as in (2.5) if d is odd. This give the desired solution to (3.2) with max instead of
min, and proves Theorem 2.
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7. MAXIMAL NEGATIVE VOLUME PROBLEM IN DIMENSIONS d < 6 ANALYTICALLY

The solutions to the maximal negative volume quasi-copula problem in dimen-
sions 2 < d < 6 are already known, i.e., see [17] for d = 2, [5] for d = 3, [25] for
d =4 and [6] for d = 5,6. However, the solutions for d > 3 are numerical, based
on the solution to the corresponding linear programs using computer software. In
this section we will present analytical solutions.

Assume the notation as in Section 3.2. We will solve the linear program (3.7)
and consequently (3.2) analytically for 3 < d < 6.

Let (I3, ...,1},y3) be an optimal solution to (3.7). By the moreover part of Claim
3 in the proof of Proposition 4, we have [; = 0 for d < 6.

7.1. Case d = 3. The linear program (3.7) for d = 3 is

—( min 2yg>7
l1,l2,y3

subject to  3yz = l1 + o,

2
l1+2y32(0> =-1
2
ly +2ys > <1> =2

129320, 11207 1220

Repeating the arguments from the proof of Proposition 5, in the optimal solution
(11,15, y3) we have that I§ = 0 and 5 + 2y5 = 2. Using this in 3y3 = T + 5 we get
Ys = % So the minimal volume box of some 3-quasi-copula has value —%. Hence,
an optimal solution (yi,15,13,13,y5,v3) to (3.5) for d = 3 is (0,0, %,O, g, %) Using
the complementary slackness, an optimal solution (a*,b*, ¢5, d7,03,05) to its dual
(3.3) is equal to (%, %, 0,0, %, 0). Finally, an optimal solution to (3.2) is

2 4 2 2
= 770707 = 7)'
55 55
7.2. Case d = 4. The linear program (3.7) for d =4 is

(a",b", a5t 03, 03) = (

— ( min 3y3) ,

l1,l2,l3,y3

subject to dys =11 + 1o + I3,

3
Iy +3y3 > (O> =1

3
la + 3ys Z—<1> =-3

3
l3+3y32 (2> =3

1>y3>0,1,>0,12>0,l3>0.
Repeating the arguments from the proof of Proposition 5, in the optimal solution
(11,15, y3) we have that I3 = 0 and one of the cases:
o [ +3y; =1and 5+ 3y; =3, or
o [} =0andlj+3y; =3,
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Using these in 4y3 = I + 15 we get y3 = % in the first case and y; = % in the

second case. In the first case [J = f% < 0, which is not in the feasible region.

So the second case applies and the minimal volume box of some 4-quasi-copula
has value —2. Hence, an optimal solution (y},13,13,15,53,y5) to (3.5) for d =
4 is (0,0,0, %, 1—72, %) Using the complementary slackness, an optimal solution
(a*,b*, q5, 07, 05,0%,05) to its dual (3.3) is equal to (3 50,0,0,2 O). Finally, an

’ . . 7T 3T
optimal solution to (3.2) is

i} 36
(a’*ab*quaq;q;aq37QZ) = (?7?

7.3. Case d = 5. The linear program (3.7) for d =5 is

— ( min 4y3> ,

l1,l2,l3,l4,y3

subject to Sys =11 + 1o + 13+ 1y,

4
11+4y32( > =-1

0
4
lo +4ys > (1> =4
4
l3+4y32—( ) =—6
2
4
ly +4ys > (3> =4

12:‘/320; l1207 l2207 l3207 l420

Repeating the arguments from the proof of Proposition 5, in the optimal solution
(13,015, 15,15, y%) we have that I7 =15 =0 and 15 + 4y% = I + 4y3 = 4. Using these
in 5y; =15 + 1} we get y3 = 1% So the minimal volume box of some 5-quasi-copula
has value —322. Hence, an optimal solution (y,15,13,13,15.y3,y3) to (3.5) for d =5
is (O7 0, %, 0, %, %7 %) Using the complementary slackness, an optimal solution
(a*,b*, g5, 67, 05,05, 05, 0%) to its dual (3.3) is equal to (%, %,0,0, 14—3,07 %,0). Fi-
nally, an optimal solution to (3.2) is

8 12 4488).

(a*7b*aQS7QTaQS7Q§aQZ7qz):(Eaﬁa 9 7E5T35T33T3

7.4. Case d = 6. The linear program (3.7) for d = 6 is
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— min 5y3)
(l1,12713,l4715,y3 ’

subject to  6ys =11 +lo+ 13+ 1la+ 15 + s,

)
li +5ys > (O) =1

lo + 5y3 >

Vv

|
TN
— v
N~

Il

|

t

I3+ 5y3 >

\%
N\
N Ot
N—
I
[
o

5
l4+5y3>—<3> - 10
)
l5 + 5ys > (4) =5

12y3207 5120, ZQZOa l3205 14207 1520

Repeating the arguments from the proof of Proposition 5, in the optimal solution
(5,15, 15,13, 1%, y3) we have that I3 = I} = 0 and and one of the cases:

o [T +5y; =1,15+5y; =10 and I + 5y3 =5, or
o [1=0,I13+5y; =10 and I3 + 5y3 = 5, or
o |7 =0,154+5y; =10 and If = 0.

Using these in 6y3 = 7 +15 + 1 we get y3 = % in the first case, y3 = % in the sec-

ond case and y3 = 19 in the third case. In the smallest candidate for the solution,
1

ie., 2—?, we have that [] = —% < 0, which is not in the feasible region. The second

smallest candidate for the solution, i.e., %—g indeed comes from the feasible (and

hence optimal) solution, i.e., (IF,13,15,05,1%,y5) = (0,0 8 0,3 15). So the mini-

' 160 Y2 160 16
mal volume box of some 6-quasi-copula has value _%' Hence, an optimal solution

(Y, U5, 5,05, 05, 1, 1, v, y3) to (3.5) for d = 6 is (070707%’0’%’0’ %,%). Using
the complementary slackness, an optimal solution (a*,b*, g3, 07, 05,03, 95, 0%, 65) to
its dual (3.3) is equal to (%, %—2, 0,0,0, 1—56, 0, 1%, O). Finally, an optimal solution to
(3.2) is

5 15 5 5 5 5)

O7Oa0a777 Y

*,b*7 *a *7 *, *a *7 *7 6 :(7777 190 o
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