THERE ARE MANY MORE POSITIVE MAPS THAN
COMPLETELY POSITIVE MAPS

IGOR KLEP!, SCOTT MCCULLOUGH?, KLEMEN SIVIC?, AND ALJAZ ZALAR*

ABSTRACT. A x-linear map ® between matrix spaces is positive if it maps positive
semidefinite matrices to positive semidefinite ones, and is called completely positive
if all its ampliations I,, ® ® are positive. In this article quantitative bounds on the
fraction of positive maps that are completely positive are proved. A main tool is the
real algebraic geometry techniques developed by Blekherman to study the gap between
positive polynomials and sums of squares. Finally, an algorithm to produce positive
maps that are not completely positive is given.

1. INTRODUCTION

For F € {R,C} and n € N, let M,(F) be the vector space of n x n matrices over F
equipped with the involution * which is conjugate transposition for F = C and trans-
position for F = R. Let H, (resp. S,) stand for its subspace {A € M, (F): A* = A} of
hermitian (resp. real symmetric) matrices. A matrix A € H,, (resp. A € S,)) is positive
semidefinite (psd) if and only if all of its eigenvalues are nonnegative; equivalently,
v*Av > 0 for all v € F*. We write A = 0. A linear map ® : S — T between matrix
spaces is #-linear if ®(A*) = ®(A)* for all A € S. It is positive if ®(A) = 0 for every
A = 0 in its domain S. For k£ € N, a *-linear map ® : S — 7 induces a *-linear map

W MUF) @S = My(S) = Mp(F) @ T = My(T), M®Ar Mo d(A)

where ® stands for the Kronecker tensor product of matrices. A x-linear map ® is k-
positive if &) is positive. If ® is k-positive for every k € N, then ® is completely
positive (cp). Obviously, every cp map is positive, and the transpose map My(F) —
M, (IF) is positive but not 2-positive and thus not cp.

Positive maps occur frequently in matrix theory [Hogl4, Wor76] and functional anal-
ysis (e.g., positive linear functionals). Cp maps are ubiquitous in quantum physics
(where they are called quantum channels or operations) [NCI10], and operator alge-
bra [Pau02]. Both types of maps are also important topics in random matrix theory
and free probability [VDN92]. In quantum information theory cp maps are used to
describe the quantum mechanical generalization of a noisy channel. The Stinespring
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representation theorem [Pau02, Theorem 4.1] provides the justification for their phys-
ical interpretation as reduction of a unitary evolution to a subsystem. Positive maps
that are not cp do not possess such physical realizability, since they may fail to pre-
serve positivity on entangled states. However, they do preserve positivity on separa-
ble states, and thus are of great importance for detecting entanglement of a system.
We refer to [AS06, ASY14, HSR03, P-GWPR06, SWZ11] for a small sample of the
vast quantum information theory literature on entanglement breaking maps; see also
[JKPR11, Ste08, PTT11]. Verifying whether a linear map is positive is computationally
intractable; numerical algorithms, based on Lasserre’s [Las09] polynomial sum of squares
relaxations for detecting positivity are given in [NZ16].

Recently Collins, Hayden, Nechita [CHN17] studied entanglement breaking maps from
a free probability viewpoint [VDN92] using von Neumann algebras. Among other results
they present random techniques for constructing k-positive maps that are not k + 1-
positive in large dimensions [CHN17, Theorem 4.2]. The gap between positive and cp
maps was also investigated by Arveson [Arv09a, Arv09b], and Aubrun, Szarek, Werner,
Ye, Zyczkowski [SWZ08, ASY14]. Arveson used operator algebra to establish:

Theorem 1.1 (Arveson [Arv09a]). Let n,m > 2. Then the probability p that a positive
map ¢ : M,(C) — M,,(C) is cp satisfies 0 < p < 1.

Remark 1.2. Theorem 1.1 is established by considering the dual problem to estimating
the probability that a positive map ¢ : M,(C) — M,,(C) is cp, which is to estimate
the probability that a random state on M, (C) ® M,,(C) is separable. Now we briefly
explain the probability distribution on the state space from [Arv09a]. Arveson introduces
a compact Riemannian manifold V of dimension n*(2m — 1) on which the unitary group
U(nm) acts as a transitive group of isometries and induces a probability measure on V.
The state space can be parametrized as the orbit space of the subgroup {[Ai; ]} ,_; © Aij €
C} of U(nm) where I,,, stands for the identity m x m matrix, and as such inherits the
probability measure from ) which is the underlying measure in Theorem 1.1.

Szarek, Werner and Zyczkowski use classical convexity and geometry of Banach spaces
to improve upon Arveson’s results by providing quantitative bounds on the probability p
(in the case where n = m) and establish its asymptotic behavior, see [SWZ08, Theorem 5].

In this paper we investigate the gap between positive and completely positive maps by
translating the problem into the language of real algebraic geometry [BCRIS].

1.1. Main results and reader’s guide. The contribution of this paper is threefold.
First, we will study nonnegative biquadratic biforms that are not sums of squares by
estimating volumes of appropriate cones of positive polynomials. The study of positive
polynomials is one of the pillars of real algebraic geometry, starting with Artin’s solution
of Hilbert’s 17th problem, cf. [Mar08, Lau09, Rez95, Put93, Sce09, Scw03, KS10, Powl1,
Cim12, Ozal3]. To estimate the ratio between compact base sections of the cones of
sums of squares biforms and nonnegative biquadratic biforms we shall employ powerful
techniques, based on harmonic analysis and classical convexity, developed by Blekherman
[Ble06] and Barvinok-Blekherman [BB05].

Let R[x,y| be the vector space of real polynomials in the variables x := (z1,...,x,)
and y := (y1,...,Ym). Let R[x,y]x, x, be the subspace of biforms of bidegree (ki, k»),
i.e., polynomials from R[x,y| that are homogeneous of degree k; in x and of degree ks in
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y. Note that the dimension of R[x, y]x, r, is equal to ("“,:i_l) (m+:22_1). Let

(1.1) Posg,glm,f2 ={f e R[x,¥|or, 2k, f(x,y) >0 forall (x,y) e R" x R™},
(1.2) SOSE;,;T)%Q) = {f € R[x, y|ok okt f = fo for some f; € ]R[X,y]kl,;@} ,

be the cone of nonnegative biforms and the cone of sums of squares biforms; respectively.
In all but a few stray cases the cone of sums of squares biforms is strictly contained in
the cone of nonnegative biforms.

Theorem 1.3 (Choi, Lam, Reznick [CLR80, Theorem 8.4]). Let n,m > 2. Then

Posng%kQ) = Sosgkm% if and only if n =2 and ks =1 orm =2 and ky = 1.

We shall estimate the gap between the cones POSEQI; )% ) and Sosgg,’g)%) by comparing
volumes of compact sections of these cones obtained by intersecting each with a suitably
chosen affine hyperplane ’H(Zk, 2k C R[%, Y]ok, 2k, Let T := St x S™~1 and consider the
product measure o = oy X 0y on T, where S"~! C R?, 8™~ ! C R™ are the unit spheres
and oy, oo are the normalized Lebesgue measures on S™ ! and S™ !, respectively. The
LP norm of a biform f € R[x, y]ok, 2k, on T is given by

I [urar=[ ([ 1w ant)) doe)

while the supremum norm by

[l = ma |f(a. ).

Let H gkm%k be the hyperplane of biforms from R[x, y]ok, 2x, of average 1 on T', i.e.,

HEZ]CTQ]CQ {f € R[x, ok 265 : /f do = 1}

/
Let (Posgkm;k )> and <Sos 2 2k1) be the sections of the cones POSE% )Qk and Sosgﬁ%h),
( 0

(Sos

/ /
Thus (Pos(;km)% )) and (SOSE;];T)%Q)> are convex and compact full-dimensional sets in the

(
(
(n,
(

SOS(% 2ks) ﬂ Gh (2k1,2k2)"

n,m) o (n,m) (n,m)
2k1,2k2)> = POS(Qk:l 2%ks) n H (2k1,2k2)"
2% 2k2)>

finite dimensional hyperplane Hgkmék ) For technical reasons we translate these sections
by subtracting the polynomial (377", 27)" (3°7", y3)*, i.e.,

——(n,m) n,m !
POS(le 2k1 {f E R[X Y]2k1,2k52 f+ Zx kl Zy‘] k2 (P SEle,)QkQ)> }7

—~ (n,m) n,m !
SOS(kal 2ks) {f € R[x, ylok, 2000 [ + Zx kl Z?J] k2 ( SE%%@)) }

7j=1
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Let M := ME;;:)%) be the hyperplane of biforms from R[x, y]ox, ok, With average 0 on T,

(13) M = {f € R[X,y]gkhgkzi / f do = 0} .

Notice that

PoS g5, o1,y © M and  Sosg, op,) € M.

The natural L? inner product in R[x, y]ax, ok, is defined by

(f.g) = /T fg do.

With this inner product M is a Hilbert subspace of R[x, y]ag, 2k, of dimension Dy, and
so it is isomorphic to RPM as a Hilbert space. Let Sy, By be the unit sphere and the
unit ball in M, respectively. Let ¢ : RPM — M be a unitary isomorphism and ¢, the
pushforward of the Lebesgue measure p on RPM to M, i.e., Yu(E) = u(v=(E)) for
every Borel measurable set £ C M.

Lemma 1.4. The measure of a Borel set E C M does not depend on the choice of
the unitary isomorphism 1, i.e., if ¥ : RPM — M and ¢, : RPM — M are unitary
isomorphisms, then (11).pu(E) = (¥9).u(E).

Proof. We have

(¥2)eu(E) = p(y(B) = p((vy" o tn oy )(E)) = u((dy o) (Y1 (E)))
= W (E) = (¢1)uu(E),

where the first equality in the second line holds since 15 * 0 ¢); is a linear isometry and u
is the Lebesgue measure. [

The bounds for the volume of the section of nonnegative biforms are as follows.

Theorem 1.5. For n,m € N we have

Vol Pos ™ o 22 92 3
Coky 2Ky < (k1 2h2) < 2 ( min ! 2
b Vol By - 2k +n’ 2k3 +m ’
where
33.107% max(n,m)"2, ifky =ky =1
Coky 2ky — 1
v exp(—3) (2[max(n, m) In(2 max(ky, ko) + 1)]) 2 otherwise.

Next we give bounds for the volume of the section of sums of squares biforms.

Theorem 1.6. For integers n,m > 3 we have

1

—~ (n,m) D aq

Vol Sos(%h%ﬂ

<e
Vol BM > G2k ,2kg

d2k‘1,2k‘2 S
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where
8 a_l  JmmTngm .
278.6 2-%, if k1 =ky =1
Dot 2k = (kat hy)) 2 n?m# otherwise
21/6-42k1+2k2. \/(21.:1 (2ky)! (5 +2k1)"1 (% +2k2)*2
210\/_ \/m7 Zf ki =ky =1
€2k1 2k k k ) .
1,2k2 /G - A2k1+2ka . —(2’21)3 1222’?2)’ nTETmoe, otherwise
Combining the previous two theorems we obtain:
Corollary 1.7. For integers n,m > 3 we have
1
(n m) DM
Soky 2k < —— () < 92k 2ks >
VOI P (le 2ks)
where
3v3 ; N A
21072, /min(n,m)’ Zf by =hy =1
— 1
f2k172k2 = (nklm (2+max(k27k2))>7 |
Coky 2k, - (B 2kn)F (2 1 2ky) k2 , otherwise,
212.52.63.108 ifky=ky =1
G2k 2k 3% \/min(n,m)+1’ e
’ : 1 :
Doy, ok, - (PP~ m*2 " min(n, m)) "2, otherwise,
and
.(k»ll ks!)2
Cor, 2k,

V3 420tk 1) SOk (2k)! - min(ky, ko)

2k1)! (2ks)!
Dopyoky, = V3-¢®-4%at2hatl, \/% Mn(2max(ky, ko) + 1)].
1+ R9.

Proof. For the case k1 = ky = 1 see Theorem 3.2. For the other constants fo, 2k, , G2k, 2ks 5
Co%ky 2ky s Dok, 2k, combine Theorems 1.5 and 1.6 together with the estimate [Nt] < N[t],
used for N = max(n,m) and ¢ = In(2 max(ky, ko) + 1). |

Section 2 is devoted to Theorems 1.5 and 1.6. The proof of Theorem 1.5 is given
in Subsection 2.1, while for the proof of Theorem 1.6 we need some preliminary results
about the apolar inner product on the vector space of biforms introduced and studied in
Subsection 2.2. Finally, Theorem 1.6 is established in Subsection 2.3.

The second contribution of the paper is the estimate on the gap between the cones of
positive and completely positive maps. By converting the problem into the language of
real algebraic geometry, the following estimate will follow from Theorems 1.5 and 1.6 by
choosing k1 = ky = 1.

Corollary 1.8. Forintegers n,m > 3 the probability p, ., that a positive map ® : S,, — S,,
1s completely positive, is bounded by

D L, A\D
3v3 R G o EP UL
21072 . /min(n, m) Prm 33 . y/min(n,m) + 1 7




6 I. KLEP, S. MCCULLOUGH, K. SIVIC, AND A. ZALAR

4
where Dy = (";rl) (m;rl) — 1. In particular, if min(n,m) > w, then

lim Pn.m = 0.
max(n,m)—oco

Here, the probability p,,,, is defined as the ratio between the volumes of the sections
S/gsg:;; ) and f’\o/sg;; " in M.
Remark 1.9.

(1) Szarek, Werner, and Zyczkowski in [SWZ08] provide bounds similar to those in
Corollary 1.8 in the case of complex matrix algebras with n = m. However, their
normalization is different from ours. We normalize using tr(®(l,)) = nm (see
Proposition 3.4), whereas in [SWZ08] the compact cross-section is obtained by
fixing tr(®(I,)) = n.

(2) We note that the normalized probability pnﬁmﬁ (as in Corollary 1.8) does not go
to 0 if min(m,n) is bounded and max(m,n) — oo.

Section 3 converts the positive—cp gap problem into the language of real algebraic
geometry [BCRI8]. To each linear map ¢ : S, — S,, we associate the biquadratic biform
o € R[x,y], po = y*®(xx*)y. Then ® is positive if and only if pg is nonnegative on R+
and @ is cp if and only if pg is a sum of squares of polynomials, see Proposition 3.1 below.
Therefore positive maps that are not cp correspond exactly to nonnegative biquadratic
biforms that are not sums of squares biforms. We note that a different connection between
(completely) positive maps and real algebraic geometry was introduced and investigated
in [HKM13, HKM17].

The third contribution of the paper is the construction (from random input data) of
positive maps ® : S, — S,, (n,m > 3) that are not completely positive, see Section
4. Again, by Proposition 3.1, it suffices to construct nonnegative biquadratic biforms
that are not sums of squares biforms. This construction is done in Algorithm 4.1 by
specializing the [BSV16] algorithm to our context. Algorithm 4.1 depends on semidefinite
programming [WSV00], so produces a floating point output. We discuss implementation
and rationalization, i.e., producing exact output, in Subsection 4.5.

1.1.1. Positive but not completely positive maps on full matriz algebras M, (F). The coun-
terpart of Corollary 1.8 that gives the upper bound for the probability pgm that a random
positive map ¢ : M, (F) — M,,(F) is completely positive is the following.

Theorem 1.10. For integers n,m > 3, the probability pgm that a random positive map
& : M, (F) = M,,(F) is completely positive, is bounded above by

Dm

Cr
C’ 2
pgm < : 1 ’
’ min(n, m) — 5
2287dimR]F)_54.10% n2m2 — 1 ILfF = (C
here C = . d Dy, = ’ ’
where 35 and L me., { nm(n2m+1) -1, if F =R.

Theorem 1.10 is established in Subsection 3.3 as a corollary of the extensions (in Sub-
section 2.4) of the special case k; = kg = 1 of Theorems 1.5 and 1.6 from real biforms to
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symmetric multiforms of multidegree (1,1,1,1), i.e.,

n m
SymF(z,Z,w, W1 1.1,1 := { E E QijkeZi2jWEWe  Agjre € B, agine = @y, for all 4, 7, k,f} :

i,j=1k,e=1

By extending a positive map ® : S,, — S,, that is not completely positive with a linear
map ¥ : K,, —» K,, where K,, stands for the vector space {A € M,(R) | A* = —A} of real
antisymmetric n X n matrices, one obtains a positive map I' := ® @V : M, (R) — M,,(R)
that is not completely positive. The complexification (® & 0)® : M, (C) — M,,(C) where
0 : K, —» K, stands for the trivial map, i.e., ker0 = K,,, is a positive map that is not
completely positive. Thus, the algorithm from Section 4 can also be used to produce
positive maps ® : M, (F) — M,,(F) that are not completely positive.

1.1.2. Comparison with the original work of Blekherman. In [Ble06] Blekherman estab-
lished estimates on the volumes of compact sections of the cones of nonnegative forms and
sums of squares forms. If the degree is fixed and the number of variables goes to infinity
the ratio between the volumes goes to 0. We restrict ourselves to special subcones of these
cones, i.e., the cones of nonnegative biforms and sums of squares biforms. It is not clear
how to directly apply the estimates from [Ble06] to this special case. In fact, [BR+] gives
the example of symmetric nonnegative forms vs sums of squares, where the ratio between
the corresponding volumes behaves differently, i.e., does not tend to 0. Regarding biforms
as tensor products of forms we establish estimates for biforms following the techniques
of [Ble06]. In [BSV16] there is an explicit construction of nonnegative quadratic forms
on special projective varieties that are not sums of squares forms. We specialize their
construction to the context of biquadratic biforms to produce nonnegative biforms that
are not sums of squares biforms.

Recently, Ergiir posted the preprint [Erg+] on arXiv. There he extends some of Blekher-
man’s volume estimates to biforms; like our results in Section 2 his results readily gener-
alize to multiforms. While there is certain overlap with our results, we explicitly compute
all constants appearing in the estimates. Furthermore, some of our estimates are strictly
better than the ones of [Erg+]; cf. Theorem 2.1 and [Erg+, Section 3].

Acknowledgments. The authors thank Greg Blekherman for many inspiring discussions
and for bringing the preprint [Erg+] to their attention. Thanks to Benoit Collins for
helpful suggestions. We also thank the anonymous referees whose useful comments and
interesting questions led to marked improvement in the manuscript.

2. BLEKHERMAN TYPE ESTIMATES FOR BIFORMS

In this section we extend the estimates on the volumes of compact sections of the cones
of nonnegative forms and sums of squares forms established in [Ble06] to biforms. Our
proofs borrow heavily from [Ble06] and to a lesser extent from [BB05]. For clarity and
completeness of exposition we give proofs with all the details, even if some of the reasoning
repeats arguments from [Ble(6].

At various places we will regard the vector space R[x,y]ok, 2k, Of biforms of bidegree
(2k1,2ks) as a module over the product SO(n) x SO(m) of special orthogonal groups
with the action given by rotating the coordinates, i.e., for (A, B) € SO(n) x SO(m) and
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[ € R[x, y]ok, 2k, We define

(2.1) (A, B) - f(x,y) = f(A"'%, Bly).
Note that the cones POSE;,;T)%Q) and SOSE;,;T’)%Q), and the sections ISBEE;,:)%) and SAOJSEZ,;T)Q@)

are invariant under this action.

2.1. Nonnegative biforms. In this subsection we establish bounds for the volume of
the section of nonnegative biforms. The main result is the following.

Theorem 2.1. For n,m € N we have:

_1
Vol Posnr™? P 22 92 3
Coky 2k < (31 2hz) < 2 ( min ! 2
b = Vol By - 2k +n’ 2k3 +m ’
where
33.107% max(n,m)"2, ifky = ko =1
Coky 2k = 1
v exp(—3) (2[max(m,n) In(2 max(ky, ko) +1)])" 2, otherwise.

The proof of Theorem 2.1 occupies the next two subsections. It is inspired by Blekher-
man’s proof of [Ble06, Theorem 4.1].

Let V be a real vector space. Recall that, for a convex body K with the origin in its
interior, the gauge Gy is defined by

Gr:V =R, Gg(p)=inf{A>0:peX-K}.
Lemma 2.2. Let p,q € N be natural numbers such that p > q. For every natural number

n € N we have
pP—q

1 r—q
n\ 9" q
an qa \pP—4¢q

Proof. Using Stirling’s approximation [Fel68, inequality (9.14)]

1
NoTI - exp (—n + > <nl < V271 p"te - exp <—n + —)

12n +1 12n

in (p”), we obtain

22) @Z) - (qn)!((gﬁnz! o)~ (27TQ(pp— q)n)é o (Fp ;) (qq(%;)”)n’
e f(p,q.n) ! ! !

T 12pn 12gn+1 12(p—qn+1

Claim: Let p,q,n € N be natural numbers with p > g. Then
__r
2mq(p — q)n

Note that f(p,q,n) < 0 and hence exp (f(p,¢,n)) < 1. To prove the other inequality
in the claim first notice that it suffices to assume that n = 1 and then we have that

p
(2:3) 2mq(p — q)

exp (f(p,q,m)) <1 and <1

<1l & p<2mqp—q) & 27¢*<p@2mqg—1).
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Now since ¢ + 1 < p it follows that
21q® < 2mq* +2mq — (¢ + 1) = (¢ + 1)(2mg — 1) < p(2mq — 1).

Using this together with the equivalences (2.3) concludes the proof of the claim.

Using the Claim in the inequality (2.2) it follows that

()< - () 629

which proves the lemma. [ |

2.1.1. Proof of the lower bound in Theorem 2.1. We denote K = ﬁégﬂb) Note that K

is a convex body in M with origin in its interior and the boundary of X consists of biforms
with minimum —1 on 7. Indeed, it is easy to see that K consists exactly of biforms from
M with minimum at least —1 on 7" and that every biform with minimum —1 on 7" belongs
to its boundary. However, if f € IC satisfies my := ming, yyer f(2,y) > —1, then the ball

B(f,my+1) :={g € R[x,¥]or, 20 [|f = 9lloc < my+1}

also belongs to C and hence f belongs to the interior of IC. Therefore the gauge G :
M — R of K in M is given by

Gr(f) = |min f(v)| for f e M.

veT

Let i be the rotation invariant probability measure on Sy,. By [Pis89, p. 91],

1 1
Vol IC '\ Pam D o~ PMm
= G"Md
<VOIBM) ( S * M>

By Holder’s inequality we have

1
L
< GKDMdﬁ) R et
Sm Sm

and so

< Vol K

ﬁ> Gldp
VolBy) Ty,

By Jensen’s inequality (applied to the convex function y = 9—16 on R.),

-1
/ Gld z( / G,Cdﬁ) .
S S

Since || f|, = max,er [ f(v)] > | minger f(v)], it follows that

Vol K \ Pt -1
> dn .
<v013M) > ( /S Wl u)

The proof of the lower bound in Theorem 2.1 now reduces to proving the following claim.

Claim 15 [ /] 7 <
Sm

Coky,2ko
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To prove this claim we will use [Bar02, Corollary 2]. Write G = SO(n) x SO(m) and
consider the tensor product (R™)®?%1 @ (R™)®?*2, Let e; € R™, f; € R™ be standard unit
vectors and let w be the tensor

w o= (61)®2k1 ® (f1)®2k2 c (Rn)@)%l ® (Rm)®2k2.
We also define

Vi=w—4q, Whereq:/ (.g?h)w d(gah)7
(g,h)eG

and we integrate w.r.t. the Haar measure on G. Similarly as in [BB05, Example 1.2] we
proceed as follows:

(1) We identify the vector space of biforms from R[x, y]a, 2x, With the vector space Vj
of the restrictions of linear functionals ¢ : (R")®?%1 @ (R™)®2*2 — R to the orbit

{(g. W)w: (9,h) € G}
(2) We identify the vector space of biforms from M with the vector space V5 of the
restrictions of linear functionals £ : (R™)®?%1 @ (R™)®2k2 — R to

B = conv((g,h)v: (g,h) € G).
(3) We introduce an inner product on V5 by defining

(b, 0) = / (((9, 1)v) - £2((9, h)v) d(g, ).

This inner product also induces the dual inner product on V5 = V5 which we also
denote by (-, -).

By [Bar02, Corollary 2],

1
[flloe < (D)7 - 1l »
where Dy, = dimspan{(g, h)w®*: (g,h) € G}. Clearly,

Dy, = dimspan{ge$*'%: g € SO(n)} - dimspan{hfZ****: h € SO(m)}
B 2k k 2ksk ’

where the second equality follows as in [Bar02, p. 404].

2
(24) Dy = 2iak A =1 (2kok +m =1 < 2max(ki, ko)k + max(n,m) — 1 |
2k1k 2kok 2max(ky, ko)k

We now distinguish two cases.
Case 1: k1 = ky = 1.

If max(n,m) is odd, we let 2ky = 9(max(n,m) — 1). Otherwise take 2kg = 9 max(n,m)
to get

Since 2ky = 9¢, for some ¢, € N we get

L 06\ % (10 . 1 \?
D’ < <[ =-10%
= () = (50)
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where we used Lemma 2.2 in the last inequality.
Case 2: k; > 1or ky > 1.
Claim 2: For kg > [max(m,n) In(2max(kq, k2) + 1)],

_1
D < exp(3).
We define the function
H(z) = —zIn(z) = (1 —2)In(l —z) for z € (0,1).

For A\ € (0, %] we have the estimate

= s (o -5 (o ()

>239wwqggy:§@ym%mm

where we used that ;= <1 for A € 0,% in the inequality. It follows that

(
(Z) (H(g)) for a,b € Nand b < |5
<?)

Since (3) = (,%,) and H (%) = H (*

, , we conclude

a

(2.5) (Z) < exp ( (9)> for a,b € N and b < a.
a

Writing Cy = max(kq, ko), Cy = max(m,n) and using (2.4), (2.5) we get

2k < —

i < (o (i3 o v (20 )))
B —1 Cy—1 201k
= p(QC’lln( QClk)+ ln(1+02_1)>
— C12_]- 201]{5
= exp(QC' ( + 201k: )) ( ’ 1n(1+02_1)>

Cz - ex Cz_lln 1+ 201k

PAT% Cy—1

k
exp

IA

exp

where we used In(1 4 z) < z for x > —1 in the second inequality. Let as assume that

ko Z ’702 111(201 + 1>—|
Then

exp (C’zk; 1) < exp(1),

since kg > (5. To prove Claim 2 it remains to establish

(2.6) exp (CQI{; ! In (1 + éfl_kol>) < exp(2).

11
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Notice that (2.6) holds if and only if

I (1+ 2C’1k0> < 2k

Co—1) — Cy—1
Now
In(1 < In({———).
n(+02—1>\_//n( 02—1
ko>Co2

Thus it suffices to prove that

n (204 Dk 2
Cy—1 Cy—1

or equivalently

k
(Cy—1) (In(2C; +1) +In 0 < 2kg.
Cy—1

Using In(z) <z —1 < z for x > 0 we estimate the left hand side from above by

(CQ — 1) In (201 + 1) + ko
and since

(Cg - 1) In (201 + 1) + ]{30 S 2/{30

if and only if

(Cg - 1) In (201 + 1) S ko,

(2.6) holds. Hence Claim 2 follows.

To prove Claim 1 it remains to estimate the average L% norm, i.e.,

(2.7) a-f Il 37 = / ) ( | 7 do—)%dﬁ.

Notice that

ey [ ([ 72 a0) " g - / ) ([ te.to.mpoacan) e

where Sy, is the unit sphere in V5 endowed with the rotation invariant probability measure
c. Combining (2.7), (2.8) we obtain

M

a-f ) ( | ets h>v>2k0d<g,h>> < 2olv.0) _ ok,

where we used [BB05, Lemma 3.5] for the inequality and [BB05, Remark p. 62] for the
last equality. This equality proves Claim 1 and establishes the lower bound in Theorem
2.1. ]
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2.1.2. Proof of the upper bound in Theorem 2.1. Before proving the upper bound in Theo-
rem 2.1 we introduce the gradient inner products needed in the proof. Let f € R[x, y]ox, 2k,
be a biform. For every fixed y € R™ we define a form f¥ € R[x]|;, by

fy(x) = f(Xay)
Recall [Ble06, p. 367] that the gradient inner product on R[x]s, is defined by

1
<h1, h2> — —2/ <Vh1, th) d0'1 for hl, h2 < R[X]le,
8 4k1 Sn—l
where
oh oh "\ Ohy Ohs
Vh = (a—xl, . a—xn) for h € R[x|or, and (Vhy, Vhy) = Z:; o O

We define the x-gradient inner product on R[x, yog, 2k, by

R )

Note that positive definiteness follows by noticing that if f € R[x,y|ox, 2k, IS a nonzero
biform, then there exists (z,y) € S™! x S™! such that f(z,y) # 0. By continuity it
follows that f* is nonzero for every yo in some neighbourhood of y. Thus (f*°, f*) >0
for every yo in some neighbourhood of y. Hence (f, f) o, > 0.

Let ||l be the x-gradient norm of f and let By, be the unit ball in the x-gradient
norm.
Proof of the upper bound in Theorem 2.1. Let Pos® denote the polar dual of the section

——(n,m) .
Pos gk, ok, i M,

Pos = {f € M: (f,9) <1 forallge ﬁ;sgﬁ)%z)}‘

By the Blaschke-Santalé inequality [MP90] applied to i’\o/sgzln,z) we get that

(2.9) Vol (f’\o/sg,ng)) Vol (Pos®) < (Vol Bu)*.

(Note that for the validity of (2.9) we used the fact that the origin is the Santalé point
of f’gég,:)%z) This fact follows by observing that the origin is the unique point in the

convex body lg\c)/séng)QkQ) fixed by the action of SO(n) x SO(m) and that f’\o/sgg;b) is also
invariant under the action of SO(n) x SO(m).) Hence it suffices to prove that

1 L

Vol Pos® \ "M 1 2k2 +n 2k2+m\ ) 2

2.10 —_— > = L 2 .
(2.10) (VOIBM> =9 (max< o2 7 2k2 ))

Let B, be the unit ball of the supremum norm in M. We notice that
B = P ()Pt
and by taking polar duals we get
B = COHVGXHUH{F/)—O\S/O, —555"}
By a theorem of Rogers and Shephard [RS58, Theorem 3], it follows that
Vol BS, < 2PM Vol Pos®.
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Thus

Vol Pos® | ™ 1
2.11 _— > —.
(2.11) ( Vol Bg, ) — 2
Using (2.10) and (2.11) the proof of the upper bound in Theorem 2.1 reduces to estab-
lishing

1 1
Vol B° \ Pm 2k +n 2k2+m 2
2.12 0 > 1 2 .
(2.12) <VO]BM) = <maX< 2k2 ' 2k2 ))
Vol B \ Pw  [2k2+n\?2
Claim: &S > 1 .
aim (VOIBM) = ( 242 )
We estimate
(2.13) 1flle = ax, (g}gax \fy(fc)|> > max, 1 (e 2 1 e, >

where the first inequality follows by [Kel28, Theorem 1V],
T, 9 ) < 482 17,

Using (2.13) we get the inclusion

(2.14) By C By, and hence B, C B,

where B3, and Bg, are the polar duals of B and By, , respectively. Since By, is an
ellipsoid (the x-gradient norm is induced from an inner product), we deduce

o (VTOIB/\/()2
1B° — O OM)
Vol By, = el B,.,
and hence by (2.14),
(VOIBM)2
1B, > ~—————.
Vol B = Nl B,

Therefore the proof of the Claim reduces to showing that

2k +n
2k2

. f) . > )

We estimate

U = [ ) pdent)

2k? +n 2k? +n
> U AW _
= 2]€% /Sml <f ) f > 02(y) 2]{;% <f7 f) )

where the inequality follows by [Ble06, (4.3.1)]. This proves the Claim.

By interchanging the roles of x and y in the Claim we also obtain the inequality

Vol B, D*M> 2%k2 +m\ ?
VOlBM B 2]€% ’

which proves (2.12) and concludes the proof of the upper bound in Theorem 2.1. ]
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2.2. The apolar inner product on RIx,y|ok, ok, Before tackling the bounds for the
volume of the section of sum of squares biforms we have to extend some of the results on
the apolar inner product given in [Ble06, §5].

For technical reasons we identify R[x, y]ok, ok, With R[x]or, ® R[y]ak, in the natural way.
Recall from [Rez92, p. 11] that for a form

r= Z Cati - i € R(xog,,
the associated differential operator D7 is defined by
o o
Dy = ce—.
r Z a i1 81';5{1

The operator D¥ induces the inner product on R[x]s,, called the x-apolar inner prod-
uct, defined by

(r,8), = Dj(s) for s € Rx]g,.

Note that positive definiteness follows from DX(r) = > ¢2 - iy!---i,!. Analogously we

define the differential operator Dy for a form ¢ € R[y]a, and the y-apolar inner product

<'7 '>dy on R[Y]QkQ'
To every form f € R[x]ox, ® Rly]o,,

[ = Zfel ) ® fra(y)

= Z Z c((f)xil .. Zn ® Z d(ﬂe)y.{l e ygr"bn ,
we associate the differential operator D; by

_ y
Df - ZDfa fz2

_ Z Z ) Z (0)
_ c ... — ® d — ... - ,
o 813111 axln B ayil ay%n

£ \a=(i1,...,in) " B=(j1,rdm)

and the corresponding inner product, called the apolar inner product, by

(f:9)a=Ds(g) for g € Rlx|or, @ R[yla,.

Example 2.3. For f = f; ® fo € R[x]|ar, @ Rly|ox, and g = g1 @ g2 € R[x]ox, @ Rly]og,,
we have

Df(g) =Dy, (gl)DfQ (92).

Note that this inner product is invariant under the action of SO(n) x SO(m). For a
point v = (v1,...,v,) € S"" !, we denote by v?* the form

k1= (v 4 A V) € R[] ok,

We define a linear operator 7T, : R[x]or, — R[x]ox, by

(2.15) T,(r) = /Snl r(v)v*ide; (v).
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Analogously for a point u = (uy,...,u,) € S™ ! we denote by u?*? and T the form and
the linear operator on R[y]ox, given by

W = (3w € Ry, and T = [ tujudosfa).
j=1 sm-
Finally let
T: R[X]Qlﬂ ® R[Y]Qk& - R[X]Qlﬂ ® R[Y]QkQ

be the linear operator defined by

T (Z fo® fz2> = ZTv (for) ® T (fe2) -

Some properties of the operator T" we will need are collected in the following lemma.

Lemma 2.4. The following statements hold:
(1) The operator T' relates the two inner products by the following identity,

(Tf,9)q = (2k1)1(2k2)!(f, 9) -

(2) The operator T is bijective.
(3) The operator T' has eigenspace span {(27:1 e e (ST y2)k2}7 i.e.,

T ((Z )M ® (Z yf-)'”) =c- ((Z )M ® (Z y?)'”) :

where

L(k + 3)T(5) T(k2 + 5)0(3)

T AT+ 2) V(e 2)

Proof. By bilinearity it suffices to prove Lemma 2.4 (1) only for elementary tensors f =
f1® f2, 9= g1 ® g2 € Rx|ox, @ R[y]ox,. Since

<vag>d = <val7gl>dx <Tuf2ag2>dya
<fag> = <f17gl><f2792>7

Lemma 2.4 (1) follows by [Ble06, Lemma 5.1].

Since T" maps from the finite-dimensional vector space into itself, to prove Lemma 2.4
(2), it suffices to prove that the kernel of 7" is trivial. Let us assume that T'f = 0 for some
f € Rlx|ar, ® Rly|ok,. By Lemma 2.4 (1) it follows that (f, f) = 0. Hence f = 0 and the
kernel of 7" is trivial.

Finally, Lemma 2.4 (3) follows by

T ((Z )" ® (Z y?)’“"‘) =T, ((Z x?)’“) ® T ((Z yf)’f?)

T(k1+%)r(%) & NS F(k’2+%)F(%) m -
- (ﬁr(lﬁ—l—g) <Z%) ) ® ( NGO (]Zy]) ),

=1

where the second equality follows by [Ble06, p. 371] used for T, and T*. |
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Let £ be a full-dimensional cone in R[x]or, @R[y]ar, containing (371, 27) @ (3", y7)*

in its interior, and satisfying fT fdo > 0 for all non-zero f € L. Let L be the subset of
M defined by

L= {f e M: f—l—(Zm?)kl ®(Zyj2)k2 € E}.
i—1 =1

Let £* be the dual cone of £ w.r.t. the L? inner product and £} the dual cone of £ in the
apolar inner product,

L0 = {f € Rlxlar, @Rlylow,: {f,9) 20 forallge L},

Li = {f € Rxlor, @ Rlylaw,: {f,9)4 20 forallge L}

Proposition 2.5. The biform (307, x7)" @ (3271, y7)™ belongs to the interiors of L*
and L.

Proof. The biform 7 @32 = (37, 27)" @ (3°72, y7)* is in the interior of £* (vesp. L})

if and only if (rf' @ s§2,g> > 0 (resp. (1" ® 51;2,g>d > 0) is true for all g € L. Since

<7“ffl ® 852,g> = /(Tfl ® 352) - gdo = / gdo,
T T

(resp.
1

<rffl ® s’”,g>d = T N1onT <T_1 (rfl ® sk

7 (2k1)!(2K,)! ):9) = (2k1)!(2kz) e (( ®5).9)

_ 1 /d
T 2k)(2k)le S0

where ¢ is defined as in Lemma 2.4 (3), and the first equality follows by Lemma 2.4 (1),
(2), while the second one by Lemma 2.4 (3)), this is true by definition of L. |

Let £* and L'le be defined by

L = {feM:f+(Zx?)kl®<Zy?>k2€£*},
i=1 Jj=1

L: = {f eM:f+(D e e > e L;} .
i=1 j=1
The following is an analog of [Ble06, Lemma 5.2].

Lemma 2.6. Let £ be a full dimensional cone in R[x]ox, @R[y]ox, such that the polynomial
(i a0, y3)* s the interior point of L and [, fdo > 0 for all non-zero f € L.
Then we have the following relationship between the volumes ofz; and Zi:

1

ky! k! < VolL‘le Pm < ( ky! k! )(12k1,2k2
(% + le)kl (% + 2]{32)k2 = VO]Z; - (g 4 k1>k1 (% + k2)k2 )
where

2% —1 \? %y —1 \? 2k, 2k 2
oy 2ky = 1 — | ———— | — | + .
n—|—2k‘1—1 m+2k2—1 n+2k1—2m+2k2—2
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Proof. From Lemma 2.4 (1) it follows that for all f, g € R[x]or, @ R[y]ok,, (f,g) > 0 if and
only if (T'f, g), > 0. Therefore, T" maps L* to L. By Lemma 2.4 it follows that for all
f.9 € Rix]or, ® Rlylog,, (f,9), > 0if and only if (T7'f, g) > 0, where 7! is the inverse
of T'. Therefore, T' maps L£* onto L},
(2.16) T(L) = L.
Let Ay, = >0, 6822 (resp. Ay = >, 5y 2) be the Laplace differential operator on R[x]
(resp. R[y]). Then R[x]ox, (resp. R[y]ox,) splits into irreducible SO(n)-modules (resp.
SO(m)-modules) [Vil68, Chapter IX §2],

Rix]o, = @f;oTiHn,le—zu (vesp. Rlylor, = @ﬁiongm,%g—%)a
where

Ty = Zx? and H, o = {r € R[x]s;: Ayr =0}

(resp. sy = > 0 y7 and Hpp5 = {s € R[yly;: Ays = 0}). Then the SO(n) x SO(m)-
module R[x]o, ® R[y]ak, splits into submodules as follows:
R[x]2t, @ Rylor, = Bty B2 (reHn ny—2 @ 53 Hom oky—2;)-
By Lemma 2.4 (3),
Tt o) = (1 0 )

where

_D(ky+ D) Dk + H0()

VT + ) VAl +5)
Since +T" commutes with the action of SO(n) x SO(m) and fixes r}' ® s52, it also fixes the
orthogonal complement of ¥t @ s’“2 which is the hyperplane of all biforms with integral

0 on T. Using this and (2.16), we conclude that 7" maps L* to Zi. Applying [Ble04,
Lemma 7.4] componentwise for 17" we have that

ki ko
%T (%:fm@fw) Z (chﬂké% fo1) ®€2k(f€2>>

j=0 k=0

k1 ko

-y (m )@ fm)> |

7=0 k=0

where

- k! Tk + %) ko! T'(ky + %)
P = TR+ 3) (ke — B Tk + £+ 3)
and 03;(fo) (vesp. €3, (fe2)) denotes the orthogonal projection of fy1 to ry* 7 H, o; (resp.
feo to sﬁfrka,gk). Note that cg, 1, is the smallest among the coefficients c;, and the lower
bound on the change in volume is

SR I
Vol £ "M . k! T(ky + 5) k! D(ka +73) .
Vol £* 2k + %) T(2ky +2) ey koo -

Estimate
k! T'(ky + %) ko! T'(ko + %) S k! ko!

This proves the lower bound in Lemma 2.6.
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To prove the upper bound in Lemma 2.6 observe that the largest coefficient of contrac-
tion occurs in the submodule H,, o, ® Hppy 2k, Which has dimension

DH = (dlmR[X]le — dimR[X]gkl_Q)(dimR[y]ng — d1m R[y]ng_g)
B 2k, 2k — 2 2k 2ky — 2 ‘
The dimension D, of the ambient space M is
n+2k —1\ /m+2ky — 1
Dy = — 1.
M ( 2k, ) ( 2k, )

n+ 2k, — 1\ [m + 2k, — 1
Dy = .
H ( 2k, )( 2y ) C,

We have

where

o (k1 2%y 2kl 2y

Thus
Dy=Dy-C+C < Dp-C+1.
c<1
If ki > 1 or ky > 1, then
Dy 1 1
b — < O
DM DM (+212€1 1)( +22kz 1)
4
= C+
< 2k 2ks,

where o, ok, 1S as in the statement of Lemma 2.6. On the other hand, if k1 = ky = 1,
then

o+ ! <C+ 5 < Qo
Dy nn+ 1)m(m+1) —4 n(n+ 1)m(m+ 1) ’
Estimating cg,x, from above gives
o Fo! D(ki+5) ko! T(ke + %) < kq! ko!
BTk +5) T2k + 3 T (B k) (2 4 kg)ke
which concludes the proof of the lemma. [

Lemma 2.7. The dual cone Sos; to the cone of sums of squares Sosgﬁékz) in the apolar

inner product is contained in the cone of sums of squares SOSEZI;T)QIQ),

* (TL,?’TL)
Sos,; € Sos(%l’%z) )

Proof. Let W be the space of quadratic forms on R[x];, ® R[y],. For A, B € W with the
corresponding symmetric matrices .#4 and .#p with respect to an orthonormal basis for
the apolar differential inner product, we define the inner product of A, B by

(A, B) = tr (M Mp).
For ¢ € R[x], ® R[y|x,, let A, be the rank one quadratic form given by
Ay(p) = (p.a)g  for p € R[xli, @ RIyls,.
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For any B € W we have

(44, B) = B(q).
For f € R[x|or, @ Rly|ok,, let Hy be the quadratic form on R[x|;, ® R[y]x, given by
(2.17) Hy(p) = (p*, f), for p € Rlx]y, ® R[ylx,.

If f € Sos), then Hy is positive semidefinite by definition. Therefore it can be written as
a finite nonnegative linear combination of forms of rank 1,

Hy = ZA% for some qi € R[xg, ® Rylg,
k

Let W; be the subspace of W given by the linear span of the forms H, with g € R[x]a, ®
R(y]ok,- Let Py, be the orthogonal projection onto W;. We claim that

2k T2k T
219 Puta = (30) () e

From
{h € R[x|og, : h(v) =0 for all v € R"} = {0},
it follows by [Rez92, equality (1.9)] that
span {v*": v € R"} = R[x]a, .
Analogously span {u?*?: u € R™} = R[y]o,. Thus
(2.19) span {v*" @ v : v € R, u € R™} = R[x]oy, @ R[y]ok,-

To establish (2.18) it suffices to show that A, — (21511)7

forms H 2k, g,2¢ since these span W;. We observe that

<2k1) (2k2) Av’“1®uk2<p)
(k‘l' k?g!)Q

1(2,6]22)71]{(1% is orthogonal to the

H oy g2 (p) = (2k1)! (2k2)! p(u, v)? =

2k1\ [ 2k,
- A 1 2 .
(kl)(k?) ’Uk®’u,k (p)
Therefore

2k \ 2k
<A‘Ik — (kll) (k;) Hq%? Hy2k1®u2kl> = Hv2k1®u2k1 (Qk) — Hqi’ Avk1®uk1>

= H’U2k1®u2k1 (qk) - qu%: (Ukl ® ukl) — 0

Hence,

= (4 5 () () e = By oy

% A M
and

H

f— (2kk11) 1(2:22)712]6%% O

From (2.17) it follows that

(2:20) <p2,f—(2:1)_ () Zqz> —0 for all p € Ry, ® R,
d

1 i
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In particular, by the equality (2.19), the linear span of the squares of forms from R[x];, ®
Rly]x, is the whole space R[x]|o, ® R[y|ox,. Therefore (2.20) implies that

2k \ T (2K T
<gaf - ( kl ) ( k2 ) Zq£>d =0 for all g€ R[X]le ® R[Y]kav

k

and hence f is a sum of squares,

21\ 2k T
f:(/ﬁ) (/@) ;qk'

This concludes the proof of Lemma 2.7. [

2.3. Sums of squares biforms. In this subsection we establish the bounds for the
volume of the section of sums of squares biforms. The main result is as follows.

Theorem 2.8. For integers n,m > 3 we have

1
S5 (n»m) DM
Vol 5089y, o
ok, 2k, < G2k < €oky 2k
1, 2 — — 1, 27
Vol BM
where
1 vnm+nt+m ; — —
55 (n+4) (m+4)” ik =k =1
— k k
doky ok, = (k1! ko)) V/Erl g nEms otherwise
2v/6-42k1+2k2. /(2ky)! (2ky)! (5 +2k2)"1 (5 +2k2)"27 ’
10 1 '
2 \/6 " Vnmtntm’ Zf kl - kQ =1
€2k ,2ko 2%k ) (2ko)! k1 L>) .
26 - 42k1+2k2 (2k1)! (2k2)! ;3' ](62!2)' -n"2m” 2, otherwise,

Blekherman [Ble06, Theorem 6.1] established volume bounds for sum of squares forms.
Our proof freely borrows from his ideas. An important ingredient in the proof will also
be the following version of the Reverse Holder inequality.

Lemma 2.9. For a biform g € R[x,y|k, x, of bidegree (k1,ks) we have

1
2
2do ) = < gRatke = flrtke do ).
g 9lla 9l g
T T

Proof. By definition,

(2.21) /T g2do = / - < /y Y dag(y)) doy (z).

For every fixed x € S"!, ¢g*(z,y) is a polynomial in y of degree 2k,. By the Reverse
Holder inequality [Duo87, Corollary 3] used for p = 1, k = ko, Py(y) = g(x,y) we obtain

(222 ([ senanm) <o ([ o in)

for each z € S"~!. Hence using (2.22) in (2.21) we have

(2.23) /TgZ do < 42k /xesn_l (/yesm—l g(z,y) dag(y)>2 doy ().
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The expression fy cgm—1 9(%,Y) dosy(y) is a polynomial in x of degree ki. Using the Reverse
Hoélder inequality [Duo87, Corollary 3] for p =1, k = ky, Pr(x) = fyesmfl g(x,y) doa(y),

</ </ 9%:9) d‘”(y))zdffl(%))é <4h ( / /  glay) daz<y>dal<x>> .

Using this in (2.23) we get

2
/92 do S 42k1+2k2 (/ / g({L‘,’y) dO'Q(y) dO’l(lU))
T :EES”_I yESm—l

g2tk o)1

Taking square roots concludes the proof of the lemma. [ |

2.3.1. Proof of the upper bound in Theorem 2.8. We write Sos = S/ESE;,;T)%Q). We define

the support function Lg of Sos by

Sos Sos
gESos

The average width W of Sos is given by
(2.24) We = 2/ Lg dp.
Sm

By Urysohn’s inequality [Scn93, p. 318] applied to Sos we have

1

—
(225) <VolSos) Ve

Vol BM 2

Let Sy be the unit sphere in U := R[x, ]z, », equipped with the L? norm, i.e.,

ot = [P o= [ ([ ol dnt) ) o)

The extreme points of Sos are of the form

P o (S (SR where g€ Rlusley md [ o =1
i=1 j=1 T

For f € M,

<f, (Z x?)’WZ y?)’“2> = /dea =0,

and thus
Lgs(f) = max(f, g°).

9ESy

Let || |lsq be the norm on RI[x, y]ok, 2k, defined by
_ 2
1o = ma {7, 7).

Clearly,
(2.26) L. (f) < [Iflsq-
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Using (2.24), (2.25) and (2.26) we deduce

1

Vol Sos | "M ~
(vw ) < [ Wl
ol D g S

To prove the upper bound in Theorem 2.8 it now suffices to prove the following claim.

Claim: / [ fllsq it < eary 2k,
Sm

For f € R[x, y]ak, 2k, let Hy be the quadratic form on R[x, y|, &, defined by

Hf<g> = <f> 92> for all g € R[X7Y]k1,k2'
Note that
[ fllsa = [[Hf |-

Here ||H¢||« stands for the supremum norm of Hy on the unit sphere Sy. Let i be the
SO(n) x SO(m)-invariant probability measure on Sy. The L?* norm of H; for a positive

integer p is defined by
1
2
Iyl = ([ 7).

We will bound ||H ||« by & L?* norm of H; for p high enough. Note that H; is a form
of degree 2 in the vector space U of dimension D;,. By the proof of [Ble06, Theorem 4.2]
we have that

1H lloo < 2V3]|Hyll2py-

It suffices to estimate

a-f Lo, 27 = / ) ( |u gZ>2Dudﬁ<g>)wl” )

Applying Holder’s inequality and interchanging the order of integration we obtain

(227 as ([ [ wnapannaie) ™
St S
We estimate the inner integral as follows:
TR = (Fpralgf) T d)
_ 21 Pru() >2D“ -
e [ () 9

(2.28)

IA

W [ (i)

where pr,(¢g?) denotes the projection of g* into M. Observe that

lglly = 1.
By Lemma 2.9 used for ¢? it follows that

I, < 4
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Using this in (2.28) we get

2 2Dy
(229) : <f7 92>2Du dﬁ(f) < 44(k1+k2)Du/S <f’ Mg)”> dpj(f)

As in [Ble06, p. 376] we estimate

(2:30) L. (v %y D (\/;>

Combining (2.29) and (2.30) we see

(2.31) / <f,92>2D“ dni(f) < 44(k1+k2)Du< 2Du>
Sm

Using (2.31) in (2.27) we obtain

2D = 2D
< A2(kitk2) “Hu / 1 du(g) — f2(k1tk2) _“_
V Dum g, D pm

To prove the Claim it remains to establish

@

2Dy €2k 2o
Dy — 24/3 - 42(k1tk2)
The dimensions Dy, Dy, are easily verified to be

. n+k —1\ (m+k—1
D, = dlmR[X,Y]kl,lm:( ki >( /f22 )7

' n+ 2k — 1\ (m+2ky — 1
Do — 4R 1 -1
M im R[x, y]ok, 2k, ( 2%, ) ( 2ks )

(2.32)

We distinguish two cases depending on ky, ks.

Case 1: k; = ko = 1. Observe that

2Dy, B 23 . nm B 23
Dy nn+Dm(m+1)—4  (n+1)(m+1)— %
23 23
< = .
~ n+1)(m+1)—1 nm+n+m

Case 2: k; > 1or ky > 1.

Note that L L
n—+ 2 1 — 1 m + 2 9 — 1
Dy > ( - 1) - ( — 1).
M ( 2k, ) ( ko )
Hence
n+ki1—1 m-+tko—1

. nt2ki—1 m+2ka—1 :
D (+2k1 )_1(+2k2 )_1

Using (2.33) together with the estimates

(o) k), (") R
FE -1 R O mEe )

(2.34)
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which we prove below, it follows that

| |
2Du < 2(2]{71)(2]{52)7171%17”71%2
D oy ey

This proves (2.32) and establishes the upper bound in Theorem 2.8. Hence it only remains
to prove (2.34). We have

(") - ("N @R a4 1) (k= 1))
n+2k1—1 — n24n—2 (n+2k1—1 - |. _ . _ |
(") -1 (n+2§1\/_1)>(n§1) w2 () (k) (n—1)(n+2) - (n 4 2k — 1)
2kq -
< (2k1)! - n(n+1) _ <2k1)!n_k1,
~~ (k) (n—1)(n+2)(n+ Dnkr—1~~ (k)!
ki >1 n>3
which proves (2.34). |

2.3.2. Proof of the lower bound in Theorem 2.8. Let By, be the unit ball of the || ||sq norm

B ={f € Mi il < 1) = { £ € M: max|(7.5%)] <1},

where Sy stands for the unit sphere in U := R[x, y]x, 4, equipped with the L? norm. By
the Claim in the proof of the upper bound of Theorem 2.8, we have

(2.35) /|m@@s@mw

Sum

1 1
Vol By, '\ Pm Dy g~ M
— = GpMd
(verme) (/SM o)

where G, is the gauge of By, in M. Observe that
GBsq(f> = ||f||sq

By [Pis89, p. 91],

By Holder’s inequality we have

Pag) 1

—Dpg 1~ _ ~

([ otman)™ = [ anian
Sam Sm

Vol By, Dt g~
> i,
(VOIBM) 2 /SM Gp. i

By Jensen’s inequality (applied to the convex function y = % on R.y),

and so

-1
Gpdii > ( GBsqdﬁ> :
S S
Therefore using (2.35) we have
1
Vol By, \ Pm B
!/
Let (Sos’)” be the polar dual of Sos’ := (SOSE;L]’CT)%Q)> . By definition,

(Sos)* ={feM:(f,g0 <1 forall g€ Sos'}.
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Claim: B, = (Sos')” () — (Sos')°.

First we prove the inclusion (C) in the Claim. Let us take f € By, and show that
f € (Sos")’ M — (Sos")°. By definition of (Sos’)” we have to prove that

(2.37) [(f,h)] <1 forall h € Sos'.
By assumption f € Bsq we have

(2.38) ‘<fa 92>‘ <1 forallge SR[X,y]kl,kQ‘

2
Notice that every b = 3% € (Sos')° can be written as h = S5 \; <h—) , where \; =

=1 z VA
[h3do and 3°F | A\ = 1. Since feSnyk 1y 1t follows by (2.38) that )<f,\hK>’ <1

Hence |(f, h)| < 1. This proves (2.37).
The inclusion (2) in the Claim is trivial (since the definition (2.38) is a special case of

the definition (2.37)).

Let Sos* be the dual cone of Sos in the L? inner product,
Sos* = {f € R[x, y]ok, 28, : (f,g) >0 for all g € Sos},

and let S/o\s?k be the set

Sos* = {fGR[X V)ok 2k, 0 f + Zz )" ( Z% )" € Sos™ ) H(gk@kz}
— {feM: (F+ Qe oy gy 20 for augeSos}

i J
— {fe/\/l (f+( Zx klZy ke ) >0 forallgESos}

= {fGM.<f,g>_—1 forallgESos}
= {feM:(-f,g) <1 forall g€ Sos'}
= —(Sos)",

where the second equality follows by definitions of Sos™ and H" % % ) the third by homo-
geneity of the inner product and the forth by <(Zl i)kl(zj yj)k2,g> =1 for g € Sos'.

Using Sos* = — (Sos)” together with (2.36) and the Claim we get

1

VolSos™ \ ™ |
(239> (VOI B,/\/[ ) Z 621431,2/62'
Since (D, xl)kl(z y?)¥ is in the interior of Sos!” (2ky )Qk) and for all non-zero f €

(n,m)

SOS(QIfCl oky) WE have fT fdo > 0, it follows by Lemma 2.6 that

1

1Soss | "M ! !
(2.40) Vol Sos > k - ks _,
Vol Sos* (5 +2k)% (3 + 2ky)k2
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where

Sos;; = {f € R[x, y]oky 2000 f + Zaz )FL( Zyj )*2 € Sos? ﬂ H(Z,;f)%z }

and Sos); C R[x, y]ok, 2k, is the dual cone in the apolar inner product of Sosglﬁ)%). Com-

bining (2.39) and (2.40) we obtain

1

Vol Sos;; | "M S ky! ks
Vol B = ke (0 ok )R (2 4 2ky)h2

—_—

By Lemma 2.7, Sosd C Sos(;kmék ) and the lower bound of Theorem 2.8 is proved. [

2.4. Extension of the results to symmetric multiforms. Let F € {R,C} and
F|z,Z,w, %] be the vector space of polynomials over F in the complex variables z :=
(z1,...,2,) and w := (wy, ..., w,y,), equipped with conjugation as the involution * (in case
F = R the involution is trivial on the coefficients). Let SymF[z,Z, w,%]; 111 be the real
subspace of symmetric multiforms of multidegree (1,1,1,1), i.e

n m
SymIF[z Z w W]l,l,l,l = {Z Z aijkgzizjw_kwg: Qijke < F, Qijke = QAjigk for all ’i,j, k,g} .

i,j=1k,(=1

Remark 2.10. Tt is easy to check that the real dimension of Sym F[z,Z,w,#|; 1,11 is n?m?

for F = C and inm(nm + 1) for F = R.

Let F[z,w] stand for the vector subspace of F|z,Zz,w,w| of polynomials in z,w, and
F[z,w], for the subspace of [F|z, w| of bilinear polynomials, i.e., polynomials from |z, w|
that are linear in z and w. Let

Posp = {f € SymF|z,Z,w,%|1111: f(z,w) >0 forall (z,w) € C" x C"},
Sosp = {f € SymF[z,z,w, Wi 11: f = Zf:fr for some f, F[Z’W]l»l} ’

be the cone of nonnegative multiforms and the cone of sum of hermitian squares multi-
forms, respectively. Let Sym C|z,Z, w, W], stand for the real subspace of Clz,Zz, w,w| of
symmetric bilinear polynomials in (z,z) and (w,w), i.e.,

Sym C[Z,z, Wyﬁ]l,l = {Z Z (CLijZﬂUj + W + bijZ_ﬂUj + Ezlw_j) D Qi bi]’ € C} .
i=1 j=1

Proposition 2.11. We have

Sosyp C {f € SymF[z,z,w,%Wi111: [ = fo for some f, € SymC|z, z, w,ﬁ]m} )

Proof. The proposition follows by the equality
ff = fet fim

where f € F|z,w];; and fre 1= fzf*,fim = % belong to Sym C|z, z, w, Wl ;. [
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Now we introduce new real variables x := (z1,...,x9,) and y := (y1, . . ., Y2n) such that
2 =T+ Tpyj, Wg=Yp+i Yngr for j=1,...,n k=1...,m

Under this identification the real vector space SymF|z, Z,w,W|; 111 becomes a subspace of
R(x, y]2,2 which we denote by Cp. We write Pose, C Cr and Sos¢, C Cr for the images of
sets Posy and Sosg, respectively. Let Pos2 2™ and Sos'2"2™ be defined as in (1.1) and

(2.2) (2,2)
(1.2), respectively.
Proposition 2.12. We have
Pose, = POSEQH M) Cr Sose, C Sos.gg’)2 ™ A Cp.

Proof. The equality for Pose, is clear. The set SymClz,z,w,w];; maps bijectively to
R[x,y]11. (Clearly Sym Clz,z, w,w];; maps to R[x,y];; and by expressing

1"—Zj+z_j - '_Zj—Z_j _wk+w_k _wk—w_k
j 9 ) n+j % R 2 sy Ym+k 2
for j =1,...,n, k =1,...,m, we see that each element from R[x,y]|;; comes from an

element of Sym C[z,z,w, W]y ;.) Therefore the set

{f € SymF[z,Z,w,w|1111: [ = fo for some f, € SymClz,z,w, W11}

maps bijectively to Sosgn2’)2 ™ " Cp. Thus by Proposition 2.11 the inclusion Sose, C
SymF[z,Z,w,wl|; 11,1 follows. [
Recall the definitions of the product measure o from Subsection 1.1 and the set ME; ;n )

from (1. 3) and replace (n,m) with (2n,2m). We define the vector subspace Mg, of
(2n,2m)
M(22
MC]F = ME;g)Qm) N Cr,

and its sections lg\cgcw S/\o/scIF by

f)\()-éc]F = {fEMCF f+ Zx Zy] EPOSC]F},

=1

§5sCF = {fEMcF f+ Zx Zy] ESosCF}.

=1

The subspace Mg, is a Hilbert subspace of R[x, y]s.2 equipped with the L?(c) inner prod-
uct and we write D Mey for its dimension; so it is isomorphic to RM¢ as a Hilbert space.
Let S Mg B Mey be the unit sphere and the unit ball in Mg,, respectively. Let p be the
(unique w.r.t. unitary isomorphism) pushforward of the Lebesgue measure on RPMer to
Me, (cf. Lemma 1.4).

The bounds for the volume of the set ﬁ)/SCF are as follows.

Theorem 2.13. For integers n,m > 3 we have:

1

1Posc, | e 11\
3%.1079 22max(nm)%§ Vol Pose, * <2 (min ,—— :
VOIBMC]F I+n 1+m
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We regard the vector space SymF|z, Z, w, |1 11,1 as a module over the group G where
G = SU(n) x SU(m) is the product of special unitary groups if F = C and G = SO(n) x
SO(m) is the product of special orhogonal groups if F = R, with the actions given by

(A, B) - f(z,Z,w,w) = f(A 'z, A-1Z, B~'w, B~1%)

where (A, B) € G, f € SymF|z,Z,w, %1111 and conjugations over A~', B~! are trivial if
F=R.

Proof of Theorem 2.15. The proofs of both bounds are analogous to the proofs of the
corresponding bounds in Theorem 2.1 with some minor changes:
(1) Since Cp is a subspace in R[x,y]|22 where x = (21,...,%2,), ¥ := (Y1, -, Yom), We
work with twice as many variables as in Theorem 2.1.
(2) In the proof of the lower bound there is a slight change in the part where we
estimate | Smie, | fllo, dii. Namely, we use the fact that the elements in S,

correspond to restrictions of linear functionals in Sy, where Vs is a vector subspace
of V, (that is identified with Mc,). On replacing Vs with Vs, the equality (2.8)
remains true and also the rest of the proof is the same.

(3) In the proof of the upper bound the validity of the inequality (2.9) for 13;)/5%
(resp. IS\OJSCR) follows since /PSE)ECC (resp. ISSéCR) is invariant under the action of
SU(n) x SU(m) (resp. SO(n) x SO(m)) and since the origin is the only fixed point
under this action. ]

We next present the upper bound for the volume of the set S/Z)/SCF.

Theorem 2.14. For integers n,m > 2 we have

1

(VO] Sosc, ) e gttt g 1

Vol B, nm—1

Proof. The proof is analogous to the proof of the upper bound in Theorem 2.8 with some
minor changes:
(1) Since Cr is a subspace in R[x, |22 where x = (21,...,%2,), ¥ := (Y1, -, Yom), We
work with twice as many variables as in Theorem 2.1.

(2) Since Lg— (f) = max

—~ (2n,2m)

(f,9) and SfovscIF C Sos = S0S(59) it is true that

Soscy, QEéBJSCF
§5§cF(f) < ?;%(f, g). Now the inequality LSOSCF(f) < || f[l4, is established in the
same way as the inequality (2.26) and everything up to the equality (2.32) remains
the same. The estimate of %Z’F becomes

8nm 8 22 . .
QDM < \/ n2m2—1 — nm—ﬁ < Vam—1’ if F = C,
D - / 16nm _ 16 4 : _
MC]F nm(nm+l)—2 - nm—i—l—% < \/nm717 lf F = R

For the first inequality we used Remark 2.10. [

3. POSITIVE MAPS AND BIFORMS

In this section we connect linear maps on matrices with biforms, thus translating the
question of comparing the size of the cone of completely positive maps with the size of
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the cone of positive maps to the question of comparing the size of the cone of sums of
squares biforms with the size of the cone of positive biforms.

We denote by L(S,,S,,) the vector space of all linear maps from S, to S,,. There is a
linear bijection I' between linear maps L(S,,S,,) and biforms R[x, y]22 of bidegree (2,2)
given by

(3.1) I': L(S,,Si) = R[x,y]22, @+ pa(x,y) =y P(xx")y.

Thus I translates between properties of linear maps from £(S,,, S,,) and the corresponding
properties of biforms from R(x,y|s2. Positivity (resp. complete positivity) of a map ®
corresponds to nonnegativity (resp. being a sum of squares) of the polynomial pg:

Proposition 3.1. Let  : S,, — S,, be a linear map. Then
(1) @ is positive iff pe is nonnegative;
(2) ® is completely positive iff pe is a sum of squares.

Proof. The implication (=) of (1) is trivial. For the implication (<) observe that any
positive semidefinite matrix X € S, can be written as the sum X = Zle v;v; where
v; € R™ for each i. Hence y*®(X)y = Zle Y pa(v;v})y is positive for every y € R™.

To prove the implication (=) of (2) first invoke the Arveson’s extension theorem [Pau(2,
Theorem 7.5] to extend ® to a completely positive map d M, — M,, and then the
Stinespring’s representation theorem (see [Pau02, Theorem 4.1] or [Cho75, Theorem 1])
to represent ® in the form X — Ele V*XV; for some ¢ € N where Zle ViV is a
bounded operator of norm ||®||. (The proofs of the real finite-dimensional versions of
[Pau02, Theorem 7.5] and [Pau02, Theorem 4.1] can be found, for example, in [HKM13,
§3.1].) Hence

4 J4
pa(x,y) = D> ¥ VixxViy =) gl (x,y),
=1 i=1

where ¢;(x,y) = x*V;y for each i.

It remains to prove the implication (<) of (2). It suffices to prove that there is an
extension of ® to a completely positive map & : M, — M,,. Since po(x,y) is a sum of
squares, it is of the form

¢ ¢ m n 2 ¢
pe(xy) = D alxy)’=> (Z Zqz’jkxk%) =) (5" (@ie)x)?
i=1 i=1 \j=1 k=1 i=1
¢
= > ¥ (i) kX% (gik) 1Y,
=1
where ¢;(x,y) = > 2711 > i Giry; € R[x,y]. From pe(x,y) := y*®(xx*)y it follows that
¢
P(xx") = Z(Qijk)ijX*(Qijk>;k'
i=1
Hence the map ® : M, — M,, defined by
N ¢
O(X) = (qijr)inX (qij)y for all X € M, (R)

i=1

is a completely positive extension of ®. [ |
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Let Pos(S,,S,,) and CP(S,,S,,) denote the cone of positive maps and the cone of
completely positive maps from S,, to S,,, respectively. By Proposition 3.1, comparing

the cones Pos(S,,S,,) and CP(S,,S,,) is equivalent to comparing the cones POSE;L:;)L ) and
(n,m)
5085 ) -

3.1. Comparing the volumes of f’\o/sg;;) and S/E)/sg:;;). In this subsection we obtain

bounds on the ratio between the volumes of the sets ngsg;; : and ?&EZS ). By Theorem

1.3 the sets are the same if and only if n < 2 or m < 2. Here is the main result of this
subsection.

Theorem 3.2. For integers n,m > 3 we have

_1
3-V3 . Vol SOSE;L:;)L) P - 212 .52 . 63 .10
21072 . /min(n, m) Volf’\()/sgg) 38 . /min(n,m) + 1’

n—2|—1) (m;—l) 1= (n+1)n(q+1)m—4

where Dy, = ( . In particular,

N

=0 <min(n, m)~

).

Proof. We first prove the upper bound. Combining the lower bound in Theorem 2.1 with
the upper bound in Theorem 2.8 we have
—~ (n,m) ﬁ

Vol Sos .5, - 212.52. 62 - 105 - \/max(n, m)
Vol f;\og(”vm) - 3 -vnm+n+m '

(2,2)

Observe that

max(n,m) 1 - 1
Vnm+n+m \/minm,n) 41 4 min(mn) min(n, m) + 1

max(m,n)

It remains to prove the lower bound. Use the lower bound from Theorem 2.8 and the
upper bound in Theorem 2.1 to obtain

—~ (nm)\ Dy
vam+n+m  +/2+max(n,m) - Vol 5085 9 oM
28v/6(n + 4)(m + 4) 2v/2 ~\ vol f;g;g:;’;)
Note that
1, 1\(2 1 1
\/(nm +n+m)(2 + max(n,m)) \/(1 + ot a)Gn Tt min(n,m)) - min(n,m)
o 4 4 21072 ’
210\/3(n + 4)(m + 4) 210/3(14+24)(1+ ) N
where the estimate in the denominator follows by
4 4 72
1+—-)(14+—) < —.
(+)1+2) < o
n,m>3

This concludes the proof of Theorem 3.2. [ |
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3.2. Comparing the volumes of cones of positive and completely positive maps.
We define the probability p, ,, that a randomly chosen positive map ® : S,, — S,, is

completely positive to be the ratio between the volumes of the sections Sf(;sg:;;) and

Posgy in M, ie.,

Pnm = nm)
2,2)

Corollary 3.3. Forn,m € N, n > 3,m > 3, the probability p,, ,, that a random positive
map P : S, — S,, is completely positive, is bounded by

3v3 . 2125261108\ "
< Pnm < . ;
21072 /min(n, m) 3% - /min(n,m) + 1

4
where Dy = (”;rl) (m;rl) -1 = w. In particular, if min(n, m) > w,
then
lim Pnm = 0.
max(n,m)—oo
Proof. Corollary 3.3 follows by the definition of p,, ,,, and Theorem 3.2. [

The hyperplane ’HE;;; ) corresponds, under our identification, to linear maps @ : S,, —
S satistying tr(®(1,)) = nm by the following proposition.

Proposition 3.4. Let ® : S, — S,, be a linear map and pe the corresponding biform.
Then pe € 'HEZ;;) if and only if tr(®(1,)) = nm.

To prove Proposition 3.4 we need the following lemma.

Lemma 3.5. Let o be a normalized Lebesque measure on S*~t. Then

- 1
/ ra'tdo(x) = —1,.
S§n—1 n

Proof. Since the measure ¢ is rotation invariant, it follows that for every orthogonal matrix
Q € M,(R) we have

/Sn_1 rx'de(x) = /Sn_l(Qx)(Qx)tdﬁ(:r) = /Sn_l(thQt)d?i(x) =Q (/Sn_1 mtd’&(x)) Q'

where the last equality follows by linearity of ). Thus

Q < /S xxtd’&(;c)) _ ( /S mfdz;(a;)) 0.

Since orthogonal matrices span the vector space M, (R), / rr'do(r) commutes with
Snfl
every matrix from M, (R). Therefore

/ rvx'do(r) = al,
Snfl
for some o € R. Now

no = tr (/Snl a:xtd&(x)) = /Sn1 tr(xz)do(x) = /Sn1 tr(z'z)do(z) = 1,

where the the second equality follows by tr being linear and the last equality follows by
o being normalized. This proves Lemma 3.5. [
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Proof of Proposition 3.4. By definition,
Do € Hgg) if and only if /pq,(x,y)da =1.
T

We have
[mtenar = [yatao= [ ([ @) dnim) i)

/Sn1 tr <<I>(mt) /Sm1 yytd@(y)) do ()

= % Sn_ltr (®(z2")) doy (z) = %u« (CI) ( /5 m:tdo—l(x)»

Lemma 3.5

= (@),

Lemma 3.5

where the third and the fifth equality follow by linearity of the maps tr and ®. Therefore

Po € ’HE;;;) if and only if tr (®(1,)) = nm. u
3.3. Extension of the results to all real or complex matrices. In this subsection
we connect linear maps on the full matrix algebra over F where F € {R,C} with the
subspace of real biforms. This connection will translate the question of comparing the
size of the cone of completely positive maps with the size of the cone of positive maps to
the question of comparing the size of the cone of sums of squares biforms with the size of
the cone of positive biforms on the subspace of biforms.

We denote by L(M,(F), M,,(F)) the vector space of all x-linear maps from M, (F) to
M,,(F). Let ®¢ : M,(C) — M,,(C) stand for the complexification of a *-linear map

O : My(R) — M,(R), ie.,
®C(A+iB) := ®(A) +i®(B)
where A, B € M,(R). It is easy to check that ®C is x-linear. We write
LE(M,(R), My (R)) := {@° | ® € L(M,(R), M, (R))}

for the real vector subspace of L(M,(C), M,,(C)) obtained by complexifying the maps
from L£(M,(R), M,,(R)).

There is a natural bijection I' between *-linear maps £(M,,(C), M,,(C)) and symmetric
multiforms Sym C[z,z, w,w|; 11,1 given by
(3.2) T':L(M,(C),M,(C)) = SymClz,z,w,W|1111, P+ pa(z,w):=wd(ZZ")w.
Note that
(3.3) I (L5(Mn(R), M,,(R))) = SymR[z, Z, w, #1111

Thus I converts properties of x-linear maps in £L(M,(C), M,,(C)) and LE(M,,(R), M,,(R))
to corresponding properties of multiforms in Sym C[z, z, w, @] 111 and Sym R[z, Z, w, W]y 111,
respectively. Positivity (resp. complete positivity) of a map ® corresponds to nonnega-
tivity (resp. being a sum of hermitian squares) of the polynomial pg:

Proposition 3.6. Let ® : M, (F) — M,,(F) be a x-linear map. If F = C, then:

(1) ® is positive iff py is nonnegative;
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(2) @ is completely positive iff po = Y. qiq- is a sum of hermitian squares with
dm S C[Z,W]Ll.

IfF =R, then:

(3) @ is positive iff ppc|rnxrm is nonnegative.
(4) © is completely positive iff pec = >, qrqr is a sum of hermitian squares with
Gm € R[Z,W]Ll.

Proof. The proof of Proposition 3.6 is analogous to the proof of Proposition 3.1. Since in

the case F = R, positivity of ® is determined on real symmetric matrices, (3) is clear. Since

a x-linear map @ is cp iff the Choi matrix [®(E;;)];; is psd [Pau02, Theorem 3.14] where

E;; stand for the matrix units, ® in (4) is cp iff € is cp. Hence (4) follows from (2) by

noticing that since pge belongs to SymR|z, Z,w, W]y 11,1, we can further replace each ¢, =
(r) (r) (r) (r)

) . (O i — Qg
Z ag’,;)zjwk in pgc = Z ¢ q, with g,; = Z %zjwk and ¢,.o = Z #zjwk

7.k T 7.k 7,k
such that » " q7q, = Y (510r1 + Gatr2) and g1, gr2 € Rlz, w1, =

T

Let Pos(M,,(F), M,,(F)) and CP(M,,(F), M,,(F)) denote the cone of positive maps and
the cone of completely positive maps from M, (F) to M,,(IF), respectively. By Proposition
3.6, comparing the cones Pos(M,,(C), M,,(C)) and CP(M,(C), M,,(C)) is equivalent to
comparing the cones Posc and Sosc, while comparing the cones Pos(M,,(R), M,,(R)) and
CP(M,(R), M,,(R)) is equivalent to comparing the cones

Pr:={p € SymR|[z,Z,w,W|1111: p|lrnxrm > 0}

rtadsy

and Sosg. Since Posg C Pgr the upper bound for the probability of a random map from
Pos(M,,(R), M,,(R)) belonging to CP(M,(R), M,,(R)) can be obtained by comparing the
cones Posg and Sosg. By identifying SymF[z, Z, w,W]; 1,11 with a subspace Cr of R[x, y]22
where x = (x1,...,29,) and y = (y1,...,Y2m), comparing the cones Posp and Sosp is
equivalent to comparing the cones Pos¢, and Sos¢,. We also write P¢, C Cr for the image
of the cone Pg under the identification between Sym R[z,Z, w, ;11,1 and Cg.

We define the probability p;,,, that a randomly chosen positive map ® : M,(F) —
M,,,(F) is completely positive to be the ratio

Vol Sos, .
— % ifF =C,
p]F o Vol POSCC
n,m VolS?jsc .
YolSosex  if F = R,
Vol Peg

where Pe, = {f € Mey: f+ (50, x?)(ZfZﬁ y3) € PCR} .

Corollary 3.7. Forn,m € N, n > 3,m > 3, the probability p]fl’m that a random positive
map @ : M, (F) — M,,(F) is completely positive, is bounded by

DMC]F

ol

Vol S/gs
i < C]F <

i (228—dimRF)% . 3—% X 52 X 10
~ Vol Posg,

n,m

1
\/min(n, m) — 1
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(228—dimR]F>.54.10%
35 2

In particular, if min(n, m) >

%21, fF=C
whereDMcF :{ n m ) if )

nm(nm+1) . o
—— -1, fF=R.
then
lim  pt,  =0.
max(n,m)—oo
Proof. By combining the lower bound in Theorem 2.13 with the upper bound in Theorem
2.14 as in the proof of Theorem 3.2 and observing that

/max(n,m) 1

1
= < ,
vnm —1 \/min(m7 n) — —+t— \/min(m, n)—1

max(n,m)

Corollary 3.7 follows by the definition of py . u

4. CONSTRUCTING POSITIVE MAPS THAT ARE NOT COMPLETELY POSITIVE

By Proposition 3.1, each biform f € R[x, y]s2 that is positive but not a sum of squares
yields an example of a positive map ® : S,, — S,, that is not completely positive. By
Proposition 4.1 below, all extensions of ® to M, (R) and the complexification of the
trivial extension are positive but not completely positive. In this section we specialize the
Blekherman-Smith-Velasco algorithm [BSV16, Procedure 3.3 to produce many examples
of positive biforms of bidegree (2,2) that are not sums of squares.

4.1. Extending positive maps from real symmetric matrices to the full matrix
algebra M, (F), F € {R,C}. Let K, be the vector space of real antisymmetric n x n
matrices, i.e.,
K,={Ae€ M,(R) | A*=—-A}.
The vector space M,(R) can be expressed as the direct sum
M,(R) =S8, @ K,,
and a x-linear map ® : M,(R) — M,,(R) uniquely decomposes as a direct sum

where
Dls, : S, —S,, and Pk, : K, > K,

are the restrictions of ® to §,, and K,,, respectively. Conversely, given linear maps & :
Sp = Sy and ¥ : K, — K,,, the map I' := & & ¥ : M,(R) - M,,(R) defined by
IS+ A) :=P(A) + V(A) is readily seen to be *-linear.
Recall that the complexification ®€ : M,,(C) — M,,(C) of a *-linear map ® : M, (R) —
M,,(R) is defined by
®C(A +iB) := ®(A) +i®(B)
where A, B € M,(R).

Proposition 4.1. Let & : S, — S,, be a positive but not completely positive map and
v : K, = K, alinear map. Then:
(1) The map T := &V : M,(R) — M,,(R) is positive but not completely positive.
(2) Let 0 : K, — K, be the trivial map, i.e., 0(A) = 0 for all A € K,,. The map
(® ®0)¢: M,(C) — M,,(C) is positive but not completely positive.



36 I. KLEP, S. MCCULLOUGH, K. SIVIC, AND A. ZALAR

Proof. To prove (1) it suffices to observe that I' is positive iff its restriction I'|ls, = @ is
positive and that I' being cp would imply that ® is cp. As in the proof of Proposition
3.6 note that (® @ 0)€ is cp iff ® © 0 is cp. Thus to prove (2) it only remains to show
that (® @ 0)C(X) is psd for all psd matrices X € M, (C). Decompose a psd matrix X as
X = X + iXim where X, Xim € M,(R). Since X = X*, it follows that X, € S, and
Xim € K,,. For all v € R” we have that v*X,.,v = v*Xv > 0. Hence X, is psd. Thus
(® ®0)°(X) = &(X,.) is psd which concludes the proof of (2). |

4.2. Specialization of the Blekherman-Smith-Velasco algorithm. To use [BSV16,
Procedure 3.3] we have to observe first that biquadratic forms are in bijective correspon-
dence with quadratic forms on the Segre variety (see [BSV16, Example 5.6]). Indeed,
let

Onm - Pnfl X ]P)mfl N ]P)nmfl,
([er oot s oo ym]) = [y sy Y e Yl

be the Segre embedding. Its image 0,,,(P"! x P™71) is the zero locus of the ideal
Lim C Rlz11, 219, -+ y Z1m, - - - » Znm] generated by all 2 x 2 minors of the matrix (zz])”
Moreover, the ideal I,, ,, is radical and consists of all polynomials vanishing on an,m(JP’"*l X
Pm=1) [Har92, p. 98]. It is also well known that o, ,,(P"~! x P™~1) is smooth (being the
determinantal variety of all n X m matrices of rank at most 1) [Har92, p. 184-185] and
that its degree equals ("7 %) [Har02, p. 233]. We write V(I,,,) for the image of the
Segre embedding o, ,,,(P"~1 x P71, ie.,

V(Lm) ={[z11: -t 2am] €EP" 1 f(z) = 0 for every f € L},

where
zZ = (211, 212y« v+ s Rlmy -« + an),

and Vg(I,,) for the subset of its real points.

Since I, is the homogeneous ideal of all polynomials that vanish on V(I,,,), the
quotient ring C[z]/I,, ,,, is the coordinate ring C[V (I, ,,,)] of the variety V (I, ). Moreover,
the Segre embedding o, ,, induces the injective ring homomorphism o, : C[z]/Lm —
Clx, y] satisfying o7, (2i; + Inm) = @iy for 1 <i <n,1 < j < m. The restriction of o,
to the real quadratic forms is then a (linear) bijective correspondence between quadratic
forms from R[z]/I, ,, and biforms from R[x, y]2 .

Lemma 4.2. Let f € R[x,y|a2 be a biform of bidegree (2,2). Then:

(1) If f € R[x,y|22 is a sum of squares, then it is a sum of squares of biforms from
R[X, Y]l,l-

(2) The biform f € R[x,yla2 is a sum of squares if and only if the quadratic form
aﬁfm_l(f) € R[z]/I,m is a sum of squares.

Proof. First we prove (1). We have

) Ji ks 2
m f:z(zzfijk) |

i=1 \j=0 k=0
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where iy € N, j;,k; € NU{0} and fi;r € R[x,y];x are biforms of bidegree (j,k). Let fji
be the bihomogenous part of f of bidegree (j, k). Then

2 2

f=1J2= Z Z Z fije fie—j)2—k)-

i=1 j=0 k=0

Since fjo = for = 0 for every j, k € NU {0}, it follows from (4.1) that f;;o = fjor = 0 for
each 7, 7, k. Hence

(42) f = Zfinla
1=1

which proves (1).
To prove the implication (=) of (2) note that all f;;; from (4.2) are in the image of

o .. Hence o "~ (f) = S, a;ﬁm_l( fi11)? is a sum of squares. It remains to prove the

implication (<) of (2). Since f is in the image of o}, it follows from
—1 il
ofm ()= [h
i=1

where 41 € N and [h;] is the equivalence class of h; € R[z| in R[z]/I, ,,, that

i1
i=1
which proves (<) of (2). |
We write
Pos(Vk(Inm)) = {f €R[z]/Inm: f(z) >0 forall ze€ Vr(l,m)},
Sos(Ve(Inm)) = {f eRz|/Lim: f= fo for some f; € R[z|/I,m},
for the cone of nonnegative polynomials and the cone of sums of squares from R|z|/I,, .
respectively.
For n > 2,m > 2, [BSV16, Procedure 3.3] is an explicit construction of nonnegative

quadratic forms from R(z]/I,, ,, that are not sums of squares forms from random input
data. We now present this procedure specialized to our context of biquadratic biforms.

4.3. Algorithm.

Algorithm 4.1. Let n > 2, m > 2,

d =n+m—2 = dimo,,, (P" 'xP"™ ') and e = (n—1)(m—1) = codim o, ,, (P"" ' xP"1).
To obtain a quadratic form in Pos(Vk(1,,m)) \ Sos(Vk(I,.m)) proceed as follows:

Step 1 Construction of linear forms hy, ..., hg.

Step 1.1 Choose e 4+ 1 random points 2 € R™ and 3 € R™ and calculate their
Kronecker tensor products 2z = z() @ 3y € R*™.
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Step 1.2 Choose d random vectors vy,...vs € R™" from the kernel of the matrix
(20 L. e
The corresponding linear forms hq, ..., hy are

hj(z) =v;-z€R[z] forj=1,...,d.
If the number of points in the intersection

ker((vi ... vd)*)ﬂV(In,m)

is not equal to deg(V (1,,,,)) = ("*™ %) or if the points in the intersection are

not in linearly general position, then repeat Step 1.1.
Step 1.3 Choose a random vector vy from the kernel of the matrix

(z(l) . z(e))* .
(Note that we have omitted z(*1.) The corresponding linear form hy is
ho(z) = v§ -z € R|z].
If ho intersects hy, ..., hy in more than e points on V' (I, ,,), then repeat Step
1.3.

Let a be the ideal in R[z]/I,, ,, generated by hg, hy, ..., hq.

Step 2 Construction of a quadratic form f € (R[z]/L,..) \ a*.
Step 2.1 Let ¢1(z), ... S9()(7) (z) be the generators of the ideal I, ,,, i.e., the 2 x 2
2 2

minors z;;2, — Zig2k; for 1 <e <k <n,1<j<l<m. Foreachi=1,... e
compute a basis {wgl), . ,w((jil} C R™ of the kernel of the matrix
Vi (29)*
(s
Vo))

(Note that this kernel is always (d 4 1)-dimensional, since the variety V (1, ,,)
is d-dimensional (in P ') and smooth.)

Step 2.2 Let e; denote the i-th standard basis vector of the corresponding vector space,
i.e., the vector with 1 on the ¢-th component and 0 elsewhere. Choose a
random vector v € R™™ from the intersection of the kernels of the matrices

(Z(Z)®w§-z) Z(Z)®ng_> fori:1,...,€
with the kernels of the matrices
(ei®ej—ej®ei)* for 1 <i<j<nm.

(The latter condition ensures v is a symmetric tensor in R™ @ R™™. Note
also that we have omitted the point z(¢+1).)
For 1 <i,k <nand 1< j [ <m denote

Eijkl = (ei X ej) X (ek X el) —+ (ek X el) (29 (ei X ej) - Rn2m2.
If visin

Span({vi®7}j+?}j®vi:OSiSde}U{Eijkl_Eilkj;lSi<k§n71§j<lgm})7
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then repeat Step 2.2. Otherwise the corresponding quadratic form f
f(z) =v"- (z®z2) € Rlz]/Lnm,

does not belong to a?.
Step 3 Construction of a quadratic form in R[z]/I, ,, that is positive but not a sum of
squares.

Calculate the greatest 6y > 0 such that dyf + Z?:o h? is nonnegative on Vi (I, ).
Then for every 0 < § < dg the quadratic form

(6f +>_hD)(z)

is nonnegative on Vr(I,,,) but is not a sum of squares.

4.4. Correctness of Algorithm 4.1. The main ingredient in the proof is the theory of
minimal degree varieties as developed in [BSV16]. Since the Segre variety o, ,,(P""! x
P™~1) is not of minimal degree for n,m > 3 [BSV16, Example 5.6], Sos(Vk(I,m)) <
Pos(Vk(Im)). Hence results of [BSV16, Section 3] apply; their Procedure 3.3 adapted
to our set-up is Algorithm 4.1. While Step 1 and Step 3 follow immediately from the
corresponding steps in [BSV16, Procedure 3.3|, we note for Step 2 that “vanishing to the
second order at 2”7 means f(z?) =0 and Vf(2)) € span {Vg;(z?): 1 <j < (5) (%)}
Moreover, the former step is redundant, as the relation

(2)(%)
VIf= > No | D) =0

together with the well-known identity 2¢(z) = (V¢(z))*z for any quadratic form ¢ imme-
diately yields f(2?) = 0, since 2 € V(I,,,,). The quadratic form df + Y7 h? is never
a sum of squares, since f ¢ a®, while it is nonnegative on Vi (I,,,) for sufficiently small
0 > 0 by the positive definiteness of the Hessian of Zj:o h? at its real zeros 21, ..., 2(),
see the proof of the correctness of Procedure 3.3 in [BSV16]. We note that the verifi-
cation in Step 1.2 is computationally difficult, but since all steps in the algorithm are
performed with random data, all the generic conditions from [BSV16, Procedure 3.3] are
satisfied with probability 1. Hence, Algorithm 4.1 works well with probability 1 without
implementing verifications.

4.5. Implementation and rationalization. Step 1 and Step 2 are easily implemented
as they only require linear algebra. (The verification in Step 1.2 can be performed using
Grobner basis if m, n are small, but is “always” satisfied with random input data.) On the
other hand, Step 3 is computationally difficult; testing nonnegativity even of low degree
polynomials is NP-hard, cf. [LNQY09]. We thus employ a sum of squares relaxation
technique motivated by (the solution to) Hilbert’s 17th problem [BCR98]. Consider the
following polynomial optimization problem: find the maximal §, such that

d
¢
(4.3) aﬁm <5of + Z hf) <Z (:Bjyk)2> is a sum of squares.
i=0 gk
For a given ¢ € N the condition (4.3) can be converted to a linear matrix inequality

using Gram matrices of polynomials. Thus maximizing d, subject to this constraint is a
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standard semidefinite programming problem (SDP) [WSV00]. We start by solving (4.3)
for ¢ = 1 using one of the standard solvers. If the obtained maximum is dy = 0, then we
increase ¢ and solve another SDP. We repeat this until we obtain a maximum dy > 0. In
fact, in our numerical experiments this always happened with ¢ = 1 already.

Any &y > 0 for that (4.3) holds gives an example of a positive biquadratic biform that
is not a sum of squares. Together with Proposition 3.1 this yields instances of positive
but not completely positive maps.

4.5.1. Rationalization. Step 1 and Step 2 can be performed over Q, leading to rational
forms hj;, f. But in Step 3 of the algorithm we are using SDPs, so the output d, will
be floating point. Pick a positive rational 6 < dg. We now explain how tools from
polynomial optimization ([PP08, CKP15]) can be used to provide an exact, symbolic
certificate of positivity for the produced form o f + ZZ o h? by computing a positive

semidefinite rational Gram matrix G for off,, (5of +3¢, Z) (ij (zyk) ) . That is,
letting p = o, <50f +3¢, hf),

(4.4) p(Z (ijk)2)f —WOW

Jk

where W = W(x,y) is the bihomogeneous vector (z'y”) = sj=¢41. Since p(z@,y@) =0
for i < e, each positive semidefinite G satisfying (4.4) will have at least an e- dlmensmnal
nullspace. Let P be a change of basis matrix containing the vectors W (z®, y®) i < e, as
the first e columns and a (rational) basis for the orthogonal complement as its remaining
columns. With respect to this decomposition, write
* G G
Pap = {G G} |
By construction, we want G411 and G1y to be equal to 0. Solve these linear equations and
use them in Gag to produce G. Then run a SDP to solve G = 0. Use the trivial objective
function, since under a strict feasibility assumption the interior point methods (which
all state-of-the-art SDP solvers use) yield solutions in the relative interior of the optimal
face, leading to solutions of maximal rank [[.SZ98]. If the output of the SDP is a full
rank floating point G, simply use a rationalization that is fine enough to yield a positive
semidefinite matrix (cf. [PP0Og]).

4.6. Example. In this subsection we give an explicit example of a positive map that is
not completely positive built off Algorithm 4.1. Let

po(z,y) = 10423y} + 28327ys + 18z7ys — 31025y + 1827y1y3 + 40Tyoys + 31011 29y°
— 18z 23y7 — 162139y5 + 52x123Y5 + 4x129Y;5 — 26212315 — 6102122910 — 4431 23Y11
+ 3671 29y1Y3 — 2007123y y3 — 4431 T0yays + 32211 33Y2y3 + 28515y5 + 1625y7 + Avowsyt
4632293 +9x3y2 +20z923y5 + 7x2y3 + 125:B§y§ — 20x2$3y§ + 16229115 +4w§y1y2 —60x273Y1Y2
+ 522513 + 26235193 — 330T223Y1y3 — 2025y0ys + 2023y2y3 — 100223Y2ys3.
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The corresponding linear map ® : S5 — S3 is as follows:

104 —155 9 285 8 26
O(Ey) = |—155 283 2|, P®(Ep)=|8 63 -10],
9 2 18 26 —10 7
(16 2 13 310 —305 18
P(Es)=12 9 10|, ®(Ep+Ey)=|-305 —-16 -22f,
113 10 125 18 —22 4
[ 18 —22 —100 4 =30 —165
QB3+ E3) = | =22 52 161 |, ®(Hoz+Ep)=|—-30 20 =50
| —100 161 —26 —165 —50 —20

We claim that pe is nonnegative but not a sum of squares. Equivalently, ® is positive
but not cp. We will establish this by explaining how this example was produced using
Algorithm 4.1.

Start with the points

1 1

My 1 1 —-1] 1 1 -1
PACINIC) 1 -1 1] 1 -1 1
@ ¢ =] -1 1 1/-1 1 1],
@ @ 1 1 1] 1 1 1
) 4O 2 -3 3|-2 0 2

where each 2,y € R3. Find some random linear forms hj from Step 1, e.g., using

s 2 2 -1 -2 00 1 0 2
vl 0 2 3 -2 30 -3 0 -3
wl=-3 7 0 -7 -31 0 -1 6
v 9 —14 0 14 -3 2 0 -2 —6
vl 0 6 0 -6 —60 0 0 6

Finally, a random quadratic form (in z) f satisfying the conditions described in Step 2 is

oll5(f) = Satyi —3atys +4xlys —datyiye + Taty1ys — 205 yoys +42122Y; — 12125y +7172Y5
+5x1x3y§+2x1x2y§—2x1x3y§+2x1x2y1y2—3x1x3y1y2+7x1x2y1y3—14x1x3y1y3—10x1x2y2y3
+@123Y2ys — 2057 + 3T3YT — 2w2w3y; + 205Y; + 0aays + xy5 + 225Y5 — Avaay; — T5y1Ye

+ 225y192 + 535Y1ys + 285y1ys — 50aT3y1ys — T3y2ys + 403Yays.

Next run the SDP maximizing ¢y subject to “afg(zzl:o hi =+ d0f) >,k (xjyx)? is a sum of
squares”. The optimal objective value is dy ~ 3.41628. Choosing o = 2, let

4
szjS(Zh?—i-Zf).
i=0

Then p = pg. As explained above, p is not a sum of squares, whence ® is not completely
positive. Alternately, a SDP can be used to compute an explicit example of a linear
functional positive on sum of squares and negative on p.
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Finally, we used the rationalization procedure described in Subsection 4.5.1 above to
prove p is nonnegative (with ¢ = 1). We provide a Mathematica notebook® where the
interested reader can verify the calculations.

APPENDIX A. SUMS OF PRODUCTS OF EVEN POWERS OF LINEAR FORMS

In [Ble06] Blekherman also estimated the volume of the section of the cone of sums of
even powers of linear forms. The tools developed in this article can be used to extend his
result to the cone of sums of products of even powers of linear forms in different sets of
variables. The main result of this appendix, Theorem A.1 below, provides bounds for the
volume of the section of this cone.

Let Lf ka% stand for the cone generated by the products of the form £(x)%1¢(y)%>
where /(x) and U'(y) are linear forms in x := (z1,...,2,) and y := (y1,...,Ym), respec-

tively, i.e.,
Lf i 2y = {f € R, Y]k 2k s f= D 0™ with ¢ € R[]y, € € R[yh},

where R[x]; and R]y]; stand for the vector spaces of linear forms in x and y, respectively.

Recall the definitions of the product measure o from Subsection 1.1 and the vector
space M := MEZ;')L) from (1.3). Equip M with the L?(¢) inner product and let By be
the unit ball in M. Write Dy, for the dimension of M and let x be the (unique w.r.t.
unitary isomorphism) pushforward of the Lebesgue measure on RPM to M (see Lemma

1.4). Let ijgk?;kz) be the set
~ (n,m) n,m
T { FeM:ft Zx i Zyj e }

The bounds for the volume of the set Lf (Z,;T)%Q) are as follows.

Theorem A.1. Forn,m € N we have:

(nm) \ Dt
hoky 2ky < %}ijkz) < J2ky 2Kz
where
I lmax <2/€%—12—n7 2/6%—1;771) ki ko! |
’ 2 2k3 2k3 (5 + 2k )k (7 + 2kg)e
| 1 Falky 021,243
J2k1,2ks = Cotr 2k <(% + le)kl(% + QkQ)kQ) )
and
33.107% max(n,m)"2, if ki = ky = 1,
ok 2k { exp(—3) (2[max(n, m) In(2 max(ki, ko) + 1)])~ 3 otherwise,

(21 Y Z=1 \P, (L 2k 2k \?
0% e — —_— - - a7 4 :
2k1 2k n+ 2k — 1 m+ 2ky — 1 n+ 2k —2m+ 2k, — 2

Isee https://www.math.auckland.ac.nz/~igorklep/ or the arXiv source of this manuscript
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The proof of Theorem A.1 closely follows the proof of [Ble06, Theorem 7.1] which gives
volume bounds for the cone generated by 2k-th powers of linear forms in x. We will need
the following lemma.

Lemma A.2. The sets Lf ;km)% ) and POSE% )% , are closed in the apolar inner product
on R[X Y]2k1,2k2

Let S"~! be the unit sphere in R™. For a point v := (vy,...,v,) € S"7!, we denote by
v?* the form v 1= (vizy + ... + v,2,) %,

Proof of Lemma A.2. First we will prove that the set Pos := POSE% )% ) 1s closed. Let
(n,m)

{pi}ien be a sequence from Pos := POS(% ok, CONVErging to some element p € R[x, y]ak, 2%, -
We have to prove that p € Pos. For every u € S !, v € S™ ! we have that

1

Ry P P @0 = (0 = p)(w ).

Therefore p(u,v) = lim p;(u,v) and hence p(u,v) > 0 for every u € "', v € S™~1. This
proves that p € Poslgrizi Pos is closed.

It remains to prove that the set Lf := Lfg;kmgk  is closed. Let {{;}ien be a sequence
from Lf converging to some element ¢ € Rx, y]ok, 2k,- We have to prove that ¢ € Lf. By

Caratheodory’s theorem [Rez92, Proposition 2.3] we may assume that each ¢; is of the

form
Z ( Zazm% ’“(Z bipkyk)%g) ;
k=1

o
where r = dimR[x, y|ok, 2k,, @ip; € R, by € R for all 4,p, j,k and 2?21 |laipi|? # 0,
Sy |bipk|* # 0 for all 4, p. For all i, p we define

Mip = max(|bip1|, ceay ’blpm‘)

Note that M;, > 0. For each p there exists k") € {1,...,m} such that |b;um| = M, for
infinitely many i € N. Passing to subsequences we may assume that |b;,.)| = M;, for all
p and ¢ € N. We have

T n ﬁ m b T n m 5
k ipk k ) ~ k
=3 <(Z M aiy) ™1 (D M—éyk)Q 2) =) ((Z ipg )" () bighe)? 2) :
p=1 j=1 k=1~ p=1 j=1 k=1

Note that for all p, k the sequences {|l~)ipk|}i€N are bounded by 1 and hence the sequences
{bipk }ien have convergent subsequences. Passing to subsequences we may assume that
all the sequences {b;p; }ien are convergent; we write by, for their limits. Let e; (resp. £;)
denote the i-th (resp. j-th) standard basis vector of R™ (resp. R™), i.e., the vector with 1
on the i-th (resp. j-th) component and 0 elsewhere. Note that

1 ~
W@ t;, efkl R I g = (0 —0;)(ej, £1) = l(ej, £x) — Z 12:715@251?-
! p—

Since ¢; converges to £ in the apolar inner product, it follows that

~2k172ko
é(e], fk - Zlilgj § :a’zp] bzpk
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Therefore for all p, j, k the sequences {a?]fjlb?ﬁ }ien are bounded above and hence have

convergent subsequences. Passing to subsequences we may assume that all the sequences

{ ~ 2k1 b2k2
ij ipk

the sequence {a2"

}ien are convergent Now since ]b y| = 1 for all 4, p, it follows that for each p, j

2k1 7.2ko
ipj JIEN — {alp] bzpk

{@ip; }ien can have at most two accumulation points. Passing to subsequences we may

ipk(P
» yien is convergent, and hence the bounded sequence

assume that all the squences {a;y,; }ien are convergent; we denote the limits by a,;. Then
T n m
-3 (o S ) e
p=1 \ j=1 k=1

which concludes the proof of the lemma. [

Proof of Theorem A.1. We write Lf := Lf" % % and Pos := Posggkm% By Lemma A.2,

Lf and Pos are closed in the apolar inner product on R[x, y]ok, 2k, - Slnce
(f,u*™ @v™*2) = (2k1)1(2k2)! f (u,v) for all f € RIx, ¥k, 2k, w €S, v €S,

we have that
Lf; =Pos and Lf = Pos],

where Lf}; (resp. Pos) is the dual to the cone Lf (resp. Pos) in the apolar inner product.
In particular,

(A.1) Lf = Pos,.

Let Pos™ C RI[x, y]ok, 2k, and Pos C M be the dual cone of Pos and the polar dual of Pos
in the L?(o) inner product, respectively. By an analogous reasoning as for the equality
(Sos")® = —Sos in the proof of the lower bound in Theorem 2.8, we conclude that

(A.2) Pos = —Pos .
By (A.1) and (A.2) we have that

Vol Lf \ ™ (VolPos; \ " [ Vol Posd Vol Pos | ™
Vol By ~ | Vol By Vol Pos. Vol By '

Since Pos has (357, 7)1 @ (327", y7)™ as an interior point and [, fdo > 0 for all non-zero

SN
f € Pos, we can estimate (XOEOSSZ) "M 1y Lemma 2.6 and obtain
O oS

_1

(A 3) kl!/{igl < VOll/D\O_éZ bam < ( ]ﬁ[k2! >062k1,2k2
(5 2k (R + 2ka) T\ Vol Pos| = \(Z 4 2k (2 + 2ky)™ ’

where gy, o, is defined as in the statement of the theorem. Using the lower bound in

the estimate (A.3) together with the estimate (2.10) proves the lower bound in Theorem
A.1. By the estimate (2.9) and the equality (A.2) we have that

— =1 1
Vol Pos* | "™ < ( B ) D
Vol By ~ \ Vol Pos '
Using the lower bound in Theorem 1.5 and the upper bound in the estimate (A.3) proves
the upper bound in Theorem A.1. [
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