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ABSTRACT. This article studies algebraic certificates of positivity for noncom-
mutative (nc) operator-valued polynomials on matrix convex sets, such as the
solution set Dy, called a free Hilbert spectrahedron, of the linear operator in-
equality (LOI) L(X) = Ao ® 1+ Z?Zl A; ® X; = 0, where Aj are self-adjoint
linear operators on a separable Hilbert space, X; matrices and [ is an identity
matrix. If A; are matrices, then L(X) > 0 is called a linear matrix inequal-
ity (LMI) and Dp, a free spectrahedron. For monic LMIs, i.e., Ag = I, and
nc matrix-valued polynomials the certificates of positivity were established by
Helton, Klep and McCullough in a series of articles with the use of the theory of
complete positivity from operator algebras and classical separation arguments
from real algebraic geometry. Since the full strength of the theory of com-
plete positivity is not restricted to finite dimensions, but works well also in the
infinite-dimensional setting, we use it to tackle our problems. First we extend
the characterization of the inclusion Dy, C Dy, from monic LMIs to monic
LOIs L; and L2. As a corollary one immediately obtains the description of a
polar dual of a free Hilbert spectrahedron Dy, and its projection, called a free
Hilbert spectrahedrop. Further on, using this characterization in a separation
argument, we obtain a certificate for multivariate matrix-valued nc polynomi-
als F' positive semidefinite on a free Hilbert spectrahedron defined by a monic
LOI. Replacing the separation argument by an operator Fejér-Riesz theorem
enables us to extend this certificate, in the univariate case, to operator-valued
polynomials F'. Finally, focusing on the algebraic description of the equality
Dy, = Dy,,, we remove the assumption of boundedness from the description
in the LMIs case by an extended analysis. However, the description does not
extend to LOIs case by counterexamples.

1. INTRODUCTION

In this section we state the main concepts and results of this paper. Subsection
1.1 places the content of the paper in a general context. In Subsections 1.2-1.6
definitions intertwine with the main results. Subsection 1.7 is a guide to the orga-
nization of the rest of the paper.

Throughout the paper 52, 541, 76, & , 4 stand for separable real Hilbert spaces
unless stated otherwise.
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1.1. Context. The name Positivstellensatz refers to an algebraic certificate for a
given polynomial p to have a positivity property on a given closed semialgebraic
set. Finding a certificate for an operator-valued polynomial p positive semidefinite
on an arbitrary closed semialgebraic set is a hard problem. Even if p is a matrix-
valued polynomial, the optimal certificates are only known to exist for very special
sets, namely matrix convex sets defined as matrix solution sets of linear matrix
inequalities (LMIs). The aim of this paper is to generalize characterizations of
noncommutative (nc) matrix-valued polynomials which are positive semidefinite on
a LMI set to characterizations of nc operator-valued polynomials which are positive
semidefinite on arbitrary matrix convex sets. By [21], every closed matrix convex
set is a matrix solution set of a linear operator inequality (LOT).

Our problem belongs to the field of free real algebraic geometry (free RAG);
see [27] and references therein. Free RAG has two branches - free positivity and
free convexity. Both branches present exciting mathematical challenges, and lend
themselves to many applications.

Free positivity is an analog of classical real algebraic geometry [9, 38, 39, 40,
45, 48, 50], a theory of polynomial inequalities embodied in Positivstellensétze.
It makes contact with noncommutative real algebraic geometry [12, 25, 28, 26,
31, 41, 51]. Free Positivstellensitze have applications to quantum physics [46],
operator algebras [35], quantum statistical mechanics [36, 11], the quantum moment
problems and multiprover games [20].

Matrix convex sets and free convexity arise naturally in a number of contexts,
including engineering systems theory, operator spaces, systems and algebras and is
closely linked to unital completely positive maps [4, 44, 22, 33]. The simplest exam-
ples of matrix convex sets are matrix solution sets of LMIs. A large class of linear
systems engineering problems transforms to LMIs [27, §1.1], which led to a major
advance in those problems during the past two decades [52]. Furthermore, LMIs
underlie the theory of semidefinite programming, an important recent innovation
in convex optimization [43]. As mentioned above every closed matrix convex set is
a matrix solution sets of a LOI by [21].

1.2. Free sets, matrix convex sets, linear pencils and LOI sets. This work
fits into the wider context of free analysis [53, 54, 34, 42, 47, 1, 8, 18, 28, 46], so we
start by recalling some of the standard notions used throughout this article.

1.2.1. Free sets - matriz level. Fix a positive integer g € N. We use S, to denote
real symmetric n x n matrices and S9 for the sequence (S9),,. A subset I' of SY is
a sequence I' = (I'(n)),,, where I'(n) C S¢ for each n. The subset I is closed with
respect to direct sumsif A = (4,,...,4,) € '(n) and B = (B, ...,By) € I'(m)

implies
_ A 0 Ay 0O
asn=([4 2] 2 )ermem

It is closed with respect to (simultaneous) unitary conjugation if for each n,
each A € I'(n) and each n x n unitary matrix U,

U*AU = (U*AU,...,U*A,U) € T(n).

The set I' is a free set if it is closed with respect to direct sums and simultaneous
unitary conjugation. If in addition it is closed with respect to (simultaneous)
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isometric conjugation, i.e., if for each m < n, each A = (44,...,4,) € I'(n),
and each isometry V : R™ — R™,

VEAV = (V*A V..., V*A,V) € T(m),
then I' is matrix convex [30].

1.2.2. Free sets - operator level. Fix a separable Hilbert space J£. Let Lat(.2")
denote the lattice of closed subspaces of #. For a K € Lat(#), we use
Sk to denote the set of all self-adjoint operators on K. Let S stand for the
set (Sk)rx. A collection I' = (I'(K))x where I'(K) C S% for each K a closed
subspace of ', is a free operator set [30] if it is closed under direct sums and
with respect simultaneous conjugation by unitary operators. If in addition it is
closed with respect to simultaneous conjugation by isometries V : H — K, where
H, K € Lat(%), then T is operator convex.

1.2.3. Linear pencils and LOI sets. Let ¢ be separable real Hilbert space and I,
the identity operator on 4. For self-adjoint operators Ao, A1,..., A, € Sup, the
expression
g
L(z) = Ao+ > Ajx;
j=1

is a linear (operator) pencil. If 57 is finite-dimensional, then L(z) is a linear
matrix pencil. If Ay = I, then L is monic. If Ay = 0, then L is homogeneous.

To every tuple A = (A4y,...,4,) € S%, we associate a homogeneous linear pencil
A4 and a monic linear pencil L4 by

Aa(x) = Zijj, La(x):=Ip + As(x).

The operator Hilbert convex hull oper-conv , {A} of A is the set
oper-conv ,,{A} = U Vir(A)V = U (V*r(A)V, ..., V*r(4,)V),
(9,7, V)e (9,7, V)ell
where II is the set of all triples (¢, 7,V) of a separable real Hilbert space ¢, a
contraction V : # — ¢ and a unital *-homomorphism 7 : B(5¢) — B(¥).

Given a tuple of self-adjoint operators X = (X1,...,X,) € S% on a closed
subspace K of a Hilbert space ¢, the evaluation L(X) is defined as

g
LX)=A @Ik + Y A;eX;,
j=1
where [ stands for an identity operator on K.
We call the set
Dp(1)={x € RY: L(z) = 0}
a Hilbert spectrahedron or a LOI domain, the set
Dr =(Dr(n)), where Drp(n)={X e€SY: L(X) =0},
a free Hilbert spectrahedron or a free LOI set, the set
0Dy, = (0DL(n)), where ODp(n)={X e€SJ: L(X) = 0,L(X) # 0}
the boundary of a free Hilbert spectrahedron and the set
DY = (Dp(K))kerat(x) where Dp(K)={X € S%: L(X) = 0}.
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an operator free Hilbert spectrahedron or an operator free LOI set, where
A is a separable real Hilbert space. Note that Dy (1) C RY is a closed convex set
and by the classical Hahn-Banach theorem every convex closed subset of RY is of
this form. If L is a linear matrix pencil, then we omit the word Hilbert from the
definitions.

1.3. Inclusion of free Hilbert spectrahedra. Our first main result is an al-
gebraic characterization of the inclusion Dy, C Dy, where Ly and Ly are monic
linear operator pencils.

Theorem 1.1 (Operator linear Positivstellensatz). Let L;, j = 1,2, be monic
linear operator pencils with coefficients from B(;), j = 1,2. Then Dy, C Dy, if
and only if there exist a separable real Hilbert space &, a contractionV : 565 — K,
a positive semidefinite operator S € B(7%) and a x-homomorphism 7 : B(J6) —
B(%) such that
Ly =8+ V*n(L.)V.

Moreover, if Dy, (1) is bounded, then V' can be chosen to be isometric and 7 a

unital x-homomorphism, i.e.,

L2 = V*TF(Ll)V

For the proof see Corollary 2.9. The main techniques used are complete positivity
and the theory of operator algebras. Namely, we define a unital *-linear map 7
between the linear spans of the coefficients of both pencils, connect Dy, C Dy,
with 7’s complete positivity, invoke the Arveson extension theorem to extend it to
a completely positive map on B(7]) and finally use the Stinespring representation
theorem to obtain the result.

We demonstrate by Examples 2.12 and 5.1, that the assumption of monicity of
L;, j = 1,2, is in general needed in Theorem 1.1.

Inclusion of free spectrahedra for matrix pencils was considered in [28] and [26].
Our approach is the same as the one from [28], where the problem was solved in
the finite-dimensional case for a bounded set Dy, (1) (see [28, Corollary 3.7]). We
were able to modify it to work independently of the finite-dimensionality and the
boundedness of Dy, (1). Namely, Theorem 1.1 extends [28, Corollary 3.7] from
matrix to operator pencils Lj, Ly and removes the assumption of boundedness of
the set Dr,(1). [26, Corollary 4.1] solves the problem in the finite-dimensional
case also for an unbounded set Dy, (1) but uses completely different techniques,
including a Putinar-type separation argument, which does not seem to extend to
the infinite-dimensional case.

1.4. Equality of free spectrahedra. Our second main result is a characterization
of different linear pencils which give the same free spectrahedron, see Theorem 1.2
below. Before stating the result we introduce some definitions. Let Ag, A1,..., 44 €
Sz be self-adjoint operators and L(z) = Ao + Z?Zl Ajz; a linear pencil. Let
H C 5 be a closed subspace of ¢ which is invariant under each A4;, i.e., A;H C
H. Since each A; is self-adjoint, it also follows that AjHL C HY, ie., H is
automatically reducing for each A;. Hence, with respect to the decomposition
# = H® H*, L can be written as the direct sum,

= - [ L 0

g
L=Lol*= 0 f}}’ where f/:IH—l—Zfljxj,
j=1
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and A; is the restriction of A; to H. We say that L is a subpencil of L. If H is
a proper closed subspace of 7, then L is a proper subpencil of L. If D; = Dj,
then L is a whole subpencil of L. If L has no proper whole subpencil, then L is
o-minimal.

Theorem 1.2 (Linear Gleichstellensatz). Let Ly = Ig, + Z?Zl Ag i, k=1,2,
dj € N, Ay ; € Sq,, be monic linear matriz pencils. Then Dy, = Dy, if and only if
every o-minimal whole subpencil Ly of Ly is unitarily equivalent to any o-minimal
whole subpencil L, of La, i.e., there is a unitary matriz U such that

Ly =U*L,U.

First we remark that even though Dy, = Dy, if and only if Dy, C Dy, and
D, C Dy, it is not clear how to prove Theorem 1.2 only by using the matrix ver-
sion of Theorem 1.1. The proof is more involved (see Theorem 3.1). Our approach
uses the idea from [28], where it is shown how Dy, is governed by the multiplicative
structure C*(S), i.e., the C*-algebra generated by the set S of the coefficients of
L. Using this and the theory of real C*-algebras, Theorem 1.2 is proved under the
assumption Dy, (1) = Dy, (1) is bounded in [28, §3.3]. Analyzing the proof one can
notice that it works for o-minimal pencils Ly, Lo that satisfy the implication

Dil = Dig = Dhiq = Dhﬂg’

where

th(xo, CeTg) = xoLj(xglxl, e ,xalxg), ji=1,2
are the homogenizations of L;, j = 1,2. Note that the evaluation of a ho-
mogeneous linear pencil L(x) = Z?:o Ajz; on a tuple of symmetric matrices

X = (Xo, X1,...,X,) € S¢T! is defined as
g
LX)=> A; X,
=0

and

Dy = (Dr(n)), where Dp(n)={X¢ecSI: L(X) >0}
is its free Hilbert spectrahedron. By this observation and a lengthy case analysis we
establish Theorem 1.2 irrespective of the boundedness of the set Dr, (1) = Dr,(1)
in Section 3.

However, Theorem 1.2 does not extend to linear operator pencils. Example 3.11
shows, that not every operator pencil has a whole subpencil which is o-minimal,
while Example 3.12 gives two o-minimal operator pencils which have the same free
Hilbert spectrahedron but are not unitarily equivalent.

1.5. Free Hilbert spectrahedrops and polar duals.

1.5.1. Free Hilbert spectrahedrops. Let 52, ¢ be separable real Hilbert spaces. Let
D, Q;, Ay, € Sy be self-adjoint operators and

g h
L(z,y) =D + Z Qjx; + Z Tryr € Sop(z,y)
j=1 k=1
a linear pencil in the variables (x1,...,24;y1,...,yn). We call the set

proj, Dr(1) := {x € RY: Iy € R" such that L(z,y) = 0}
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a Hilbert spectrahedral shadow [10], the set
proj, Dr, = (proj, Dr(n))n,
where
proj, Dr(n) := {X € $¢: 3Y € S" such that L(X,Y) > 0},
a free Hilbert spectrahedrop, and the set

proj, D7 = (proj, Dr(K)) kevat();
where
proj, Dr(K) ={X € Sk: 3Y € Sk such that L(X,Y) > 0},
an operator free Hilbert spectrahedrop. If L is a linear matrix pencil, then
we omit the word Hilbert from the definitions.

1.5.2. Polar duals. Let JZ be a real separable Hilbert space. The free polar dual
(resp. the free Hilbert polar dual) K° = (K°(n)), of a free set L C S9 (resp. a
free operator set K C S%,) is

g
Ko(n)={A€S§: La(X)=1, 0T+ > A;®X; = 0forall X € K}.
j=1
The operator free polar dual (resp. the operator free Hilbert polar dual)
.[Cf ° = (K°(K))keLat(x) of a free set I C SY (resp. a free operator set K C §7%,)
is

g
Ko(K)={A€S): La(X)=Ix®I+Y A;®X; =0 forall X € K}.
j=1
1.5.3. Polar duals of free Hilbert spectrahedra and free Hilbert spectrahedrops. In

this subsection we state our main results on polar duals of free spectrahedra and
free spectrahedrops. Let o7, # be separable real Hilbert spaces.

Theorem 1.3. Suppose L := [, + Z§=1 Ajz; is a monic linear operator pencil.
The operator free Hilbert polar dual (ng)%’O of the set Dig is the set

oper-conv , {(A1,...,Ag)}.

Theorem 1.4. Suppose L := I, + Z?:l Qjx; + 22:1 Tryr is a monic linear
operator pencil, where Q;, 'y, € Sye. The operator free Hilbert polar dual of K :=
proj, D7’ is the set
K*° = {Ae€S%,:(A0) € (DF)"°}
= {A € SY% : 3 a separable Hilbert space &4, an isometry V : A — 4,
and x-homomorphism 7 : B( ®R) — B(¥Y) s.t.
. Q0 . r o
A=V 7T‘(|: 0 0 })V7 0=V 7T(|: 0 0 })V}7
For the proof of Theorems 1.3 and 1.4 see Theorems 2.13 and 2.15, respectively.
They follow from Theorem 1.1. Theorem 1.3 states that an operator free convex
set is generated by a finite set if and only if it is the polar dual of an operator free
Hilbert spectrahedron, while Theorem 1.4 states a similar result for corresponding

projections. The polar dual problems for finite-dimensional Hilbert spaces 7 and
& were considered in [29, §4.3, §4.4].
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1.6. Nc polynomials and operator Positivstellensatze.

1.6.1. Words and nc polynomials. We write (x) for the monoid freely generated
by ¢ = (z1,...,2,), i.e., (z) consists of words in the g noncommuting letters
x1,...,24. Let R(z) denote the associative R-algebra freely generated by z, i.e.,
the elements of R{x) are polynomials in the noncommuting variables = with co-
efficients in R. The elements are called noncommutative (nc) polynomials.
Endow R(x) with the natural involution * which fixes RU {z} pointwise, reverses
the order of words, and acts linearly on polynomials. Polynomials invariant under
this involution are symmetric. The length of the longest word in a noncommuta-
tive polynomial f € R{x) is denoted by deg(f). The set of all words of degree at
most & is (x), and R(z), is the vector space of all noncommutative polynomials of
degree at most k.

Fix separable Hilbert spaces ¢, 4. Operator-valued nc polynomials are
the elements of B(4, 7%) @ R{x). We write

P= Y A,®we B(JA, )@ R)
we(x)

for an element P € B(J4, 7%) ® R(zx), where the sum is finite. The involution *
extends to operator-valued polynomials by
P = Y AL ®uw € B, /) 9 R(x).

we(x)

If 54 = 26 and P = P*, then we say P is symmetric.

1.6.2. Polynomial evaluations. If P € B(JA, 74) ® R(z) is a nc operator-valued
polynomial and X € B(.#)9, where % is a separable Hilbert space, then

P(X) € B(J, #3) ® B(X)

is defined in the natural way by replacing x; by X; and sending the empty word
to the identity operator on .#. Note that if P € R**%2(z) is a matrix-valued
polynomial, where £;,f> € N are natural numbers, then P(X) : #* — %% is an
operator mapping form #*2 to #% and has a matrix representation (p;;(X))ij,
where P = (p;;(x)):j.

1.6.3. Free Hilbert semialgebraic sets. A symmetric operator-valued nc polynomial
P determines the free Hilbert semialgebraic set by
Dp = (Dp(n)), where Dp(n)={X e€8Y%: P(X) >0},
and the operator free Hilbert semialgebraic set by
DY = (Dp(K))kerar(x) where Dp(K)={X € S%: P(X) = 0}.

Clearly, the sets Dp and D# are a free set and a free operator set, respectively. If
P is a symmetric matrix-valued nc polynomial, then we omit the word Hilbert in
the definitions of Dp and D7 .
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1.6.4. Operator Positivstellensdtze. Now we turn our attention to nc polynomials
positive semidefinite on free Hilbert spectrahedra.

Theorem 1.5 (Operator convex Positivstellensatz). Let L € Sz (x) be a monic
linear operator pencil. Then for every symmetric matriz-valued noncommutative
polynomial F € R**¥(x) with F|p, = 0, there is a separable real Hilbert space
A, a %-homomorphism 7 : B() — B(X'), finitely many matriz polynomials
R; € RV*(x) and operator polynomials Qr € B(RY, . #") @ R(x) all of degree at
most w such that

F=> RiR;j+ Y Qim(L)Qs.
j k

For the proof see Theorem 4.2. The problem for finite-dimensional Hilbert spaces
# and # was considered in [26, 28]. In [26], Theorem 1.5 was obtained for
linear matrix pencils L by modifying a Putinar-type argument. In our approach
we essentially use Theorem 1.1 and a version of the Hahn-Banach theorem [29,
Theorem 2.2] to apply the separation argument from [26] and extend the result to
operator pencils L.

Theorem 1.5 extends to matrix-valued nc polynomials positive semidefinite on a
free Hilbert spectrahedrop.

In the univariate case we are able to extend Theorem 1.5 to operator-valued nc
polynomials F' by reducing the problem to the inclusion of free Hilbert spectrahedra.
For the reduction we use variants of the operator Fejér-Riesz theorem [49].

Theorem 1.6. Suppose L = I, + A1y € Sy (y) is a univariate monic linear
operator pencil. Then for every symmetric operator-valued noncommutative poly-
nomial F € B() @R{y) with F|p, = 0, there exists a separable real Hilbert space
4, a x-homomorphism w : B(J) — B(¥) and finitely many operator polynomials
R; € B(Z)@R(x) and Q € B(,9) @ R(x) all of degree at most W such

that
F= E RiR; + E Qim(L)Qk.
j k

By Examples 2.12 and 5.1 below the assumption of monicity of L is in general
needed in Theorem 1.6. It remains an open question if Theorem 1.5 extends to
operator-valued nc polynomials F.

1.7. Reader’s guide. The paper is organized as follows. In Section 2 we study
the inclusion of free Hilbert spectrahedra (see Subsection 2.1) and polar duals of
free Hilbert sprectrahedra and free Hilbert spectrahedrops (see Subsection 2.2).
The main results are proved with the use of completely positive maps and operator
algebras. In Section 3 we consider equality of free spectrahedra. In Subsection 3.1
we extend the characterization of matrix pencils with the same free spectrahedron
from bounded spectrahedra to unbounded ones, while in Subsections 3.2 and 3.3
we show that the characterization does not generalize to operator pencils. Section
4 studies the existence of a Positivstellensatz for multivariate nc operator-valued
polynomials positive semidefinite on a free Hilbert spectrahedron. The main result,
Theorem 4.2 is the solution for matrix-valued polynomials. This result is then ex-
tended to projections of free Hilbert spectrahedra in Theorem 4.7. Finally, Section
5 focuses on a Positivstellensatz for univariate operator-valued polynomials and
presents the proof of Theorem 1.6.
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Recently Davidson, Dor-On, Moshe Shalit and Solel posted an arxiv preprint
[16] which also considers inclusion of free Hilbert spectrahedra but in a complex
setting. Since they mostly focus on bounded spectrahedra, the overlap with our
results (in Sections 2 and 3) is minimal.

2. INCLUSION OF FREE HILBERT SPECTRAHEDRA AND POLAR DUALS OF FREE
HILBERT SPECTRAHEDRA AND FREE HILBERT SPECTRAHEDROPS

In this section we characterize the inclusion of free Hilbert spectrahedra (see
Corollary 2.9) and describe operator free Hilbert polar duals of a free Hilbert spec-
trahedron (see Theorem 2.13) and a free Hilbert spectrahedrop (see Theorem 2.15).
The main techniques used are complete positivity and the theory of operator alge-
bras. We define the unital *-linear map 7 between the linear spans of the coefficients
of the given linear pencils. There are two crucial observations. The first is the con-
nection between the inclusion Dy, C Dy, and the complete positivity of 7 given
by Theorem 2.5, while the second is an an algebraic trick of extending the pencil
to the direct sum with the monic scalar pencil 1, which makes the extended map
7 completely positive if and only if Dy, C Dy,. The proof of Theorem 1.1 then
follows by invoking the real version of Arveson extension theorem and finally using
the Stinespring representation theorem. Theorems 1.3 and 1.4 are consequences of
Theorem 1.1.

2.1. Domination of free Hilbert spectrahedra. Let J#, 7%, % be separable
real Hilbert spaces. Given L; and Lo monic linear operator pencils

g g
Li(z) = Lm;+Y Ajz; €Su(x), La(x)=Imp+ Y Bjz; €Suz),
j=1 j=1

we are interested in the algebraic characterization of the inclusion of the free LOI
sets (resp. operator free LOI sets)

Dy, €Dy, (resp. Di{ C Dii)

In this subsection we first prove the equivalence between both inclusions, then in-
troduce the unital *-linear maps 7 and 7 between the linear spans of the (extended)
coeflicients of both pencils, study the well-definedeness and complete positivity of
both maps and finally prove the main result; see Corollary 2.9. We also show by
an example that the monicity of pencils is necessary (Example 2.12).

2.1.1. Equivalence of the inclusions Dy, C Dy, and Di{ - Dii.
Proposition 2.1. We have the following equivalence:
DY CcD{¥ & D, CDy,.
To prove proposition we need a lemma.

Lemma 2.2. Let L(z) = Ao + > ; Ajz; € Syr(x) be a linear operator pencil and

X € 89, be a tuple self-adjoint operators on a Hilbert space . Then X € DY if
and only if V*XV € Dp(m) for every m € N and every isometry V € B(R™, ).
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Proof. Let X € Df¥. We have

LV*XV) = Ay@Ixn+Y A;j@VX;V

J

= (I#®@V)(A@m+ > A;@X)IraV)
J

= V) LX) IxpeV)=0.
Hence V*XV € Dy (m).

Let us now assume V*XV € Dp(m) for every isometry V € B(R™, %), m € N.
Suppose X ¢ D7 . Then there is a vector v := Y ;" hy @ up, € # @ H such
that (L(X)v,v) < 0. Without loss of generality we may assume uq,...,u, are
orthonormal. Hence

<L(X)U,U> = <<ZA] ®Xj)(2hk®uk),2hk®uk>
’ 4§ k HQH
DD DA ® X (i ® un) b © w) g
J k l
ZZZ <Ajhk’ hl),;f <Xjuk,ul>%/ < 0.
J k l

Let ey, be the standard basis vectors for R™. Let us define a linear map V : R™ —
A by e — ug. Since {e,...,ent and {u,...,uy} are orthonormal, V is an
isometry. Therefore, L(V*XV) = 0. We have

0 < (LIV*XV)B,8) panm
- <(Z A VXV e ®er), Y b ® €k>
J k k AR
Z Z Z ((A4; @ VX V) (hie @ ex), i ® e1) ypgm
i k1
Z Z Z (Ajhi, hi) o (VEX5Ver, €1)gm
i k1
ZZ Z <Ajhk, hl>% <vaek, Vel>%
i k1
DO (Ajhi, i)y (X juk, w) L = (L(X)v,v) .
i k1

This is a contradiction. Hence X € D7, g

Proof of Proposition 2.1. The non-trivial direction is Dy, C Dy, implies Difi -
Di‘;. Let us take X € DL‘Z/I. By Lemma 2.2,

X e Dii < V*XV € Dp,(m) for every isometry V € B(R™,. %), m € N.
By Lemma 2.2, X € Dﬁ/ implies
V*XV € Dp,(m) for every isometry V € B(R™, %), m € N.
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But Dy, C Dy, implies
V*XV € Dy, (m) for every isometry V € B(R™,. %), m € N.
This concludes the proof. O

2.1.2. Connection with complete positivity. The following operator systems will
play an important role in the sequel:

S1 = span{luy, A1,..., Ag},
S = span{ly, ®1,A,®0,..., A, 0} C B(+# & R),
Sy = span{lsy,Bi,...,By} C B(%).

Recall from §1.4 that the homogenization L; of L; is
BLi(zo,. .. my) = 2oLj(xg ..., mp wy).
By Lemma 2.3 below, the inclusion Dy, (1) C Dy, (1) implies that the unital linear
map
%381—)82, Aj@lHBj,

is well-defined, while the stronger inclusion Duy, (1) € Dup,(1) implies the well-
definedness of the unital linear map

7'181%82, AjHBj.
In particular, 7 is well-defined if Dy, (1) is bounded.

Lemma 2.3. Assume the notation as above.
(1) If Dr,(1) € Dr,(1), then the map 7 is well-defined.
(2) If Dy, (1) € Duy, (1) or Dp, (1) is a bounded set, then the map T is well-
defined.

Proof. First we prove (1). It suffices to prove that

g g
po(Lw ®1) + ZHi(Az’ ©0) =0 implies polx + Z.UiBi =0,
i=1 i=1

where po, ...,y € R. First we notice that po = 0. From Y9, ui(4; ©0) =0
it follows that Y7 _, tu;(A; ® 0) = 0 for every t € R. Hence, (tpi,...,tug) €
Dy, (1) € Dy,(1) for every t € R. Suppose to the contrary that > 7_, u;B; #
0. Since Z?:1 i B; is self-adjoint, it follows that there is h € % such that
(29, miBi)h,h) # 0. But then t(u1,...,puq) ¢ Dy, for t — oo or t — —oc,
which is a contradiction. Hence >.7_, y1;B; = 0 and the map 7 is well-defined.

For the proof of (2) let us first consider the inclusion Dy, (1) € Dup,(1). We
have to prove that

tolyn + Z w;A; =0 implies polm + Z wiBj = 0.
J J
Suppose to the contrary that poly, + >, p;B; # 0. Since poly + 325 piBj is
self-adjoint, it follows that there is h € % such that <(uofm +22; ,uij)h,h> #

0. Therefore t(po, t1,...,1g) ¢ Dup, for t — 0o or t — —oo. But this is a
contradiction with ¢(uo, p1,. .., tg) € Dup, € Dup,. Hence 7 is well-defined.
Now we consider the case of a bounded set Dy, (1). In this case the set

{IﬁﬁaAlw"aAg}
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is linearly independent; the proof is the same as in the matrix case (see [28, Propo-
sition 2.6]). Thus 7 is well-defined. O

The following example shows that for unbounded sets Dy, (1), the assumption
Dr,(1) C Dyg,(1) does not suffice for the well-definedness of the map 7.

Example 2.4. Let {; = 1+ x and ¢> = 1 be monic linear scalar polynomials. Note
that Dy, (1) = [-1,00) C R = Dy, (1) but by the definition of the map 7 : R — R
we have that 7(1) = 1 and 7(1) = 0, which is a contradiction.

Now we define the n-positivity, n € N, and the complete positivity of a map
¢ : Sl — 82

mapping between operator systems S; C B(J%), j = 1,2, invariant under the
transpose. For n € N, ¢ induces the map

=1, R¢:R"@8 =8" =>8", MA— M d(A),
called an ampliation of ¢. Equivalently,
Ty - Thn o(T1) - o(Tn)

We say that ¢ is n-positive if ¢, is a positive map. If ¢ is n-positive for every
n € N, then ¢ is completely positive. If ¢, is an isometry for every n € N, then
¢ is completely isometric.

In the following theorem we prove that the n-positivity of 7 is equivalent to
the inclusion Duy, (n) € Dup,(n). If D, (1) is bounded this is equivalent to the
inclusion Dy, (n) C Dg,(n). Since Dy; (n) C Dug,(n) if and only if Dr,(n) C
Dy, (n), 7 is n-positive if and only if Dy, (n) C Dy, (n).

Theorem 2.5. Let

g g
j=1 j=1

be monic linear operator pencils. Suppose Diy, (1) C Dur,(1). Let 7 : Sy — Sa be
the unital linear map A; — B;. Then:

(1) 7 is n-positive if and only if Duy,, (n) C D, (n).

(2) 7 is completely positive if and only if Di;,, € Dy, .

(3) If dim(s%) = n, then T is completely positive if and only if T is n-positive.
In particular, if Dy, (1) is bounded, then

‘DLl (n) g DLZ (n) And ‘DhLl (n) g DhLz (n)

and hence

(4) 7 is n-positive if and only if D, (n) C Dp,(n).
(5) 7 is completely positive if and only if Dy, C Dy,.

Let Ly be the monic linear pencil

g
Ly = Luer + Y Ajz; € Swer(z),
i=1
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A; 0
0 0

Dp,(n) € Dp,(n) < Dy (n) C Dig,(n).

where flj = { } € Sy . Then

If D1, (1) C Dp,(1), let 7 : 3; — Sy be the unital linear map A; &0 — By. Then:
(7) T is n-positive if and only if D, (n) C Dr,(n).
(8) T is completely positive if and only if D, C Dy,.

Remark 2.6. Notice that 7 and 7 are well-defined; see Lemma 2.3.

To prove Theorem 2.5 we need an additional technical lemma.

Lemma 2.7. Let L = I + 22:1 Ajz; € Syp(x) be a monic linear pencil. Then
for a tuple X = (X1,...,X,) €S, we have

g g
LX)=Ir®Li+> A40X;20 & Lily+y X;®A; =0
j=1 j=1
Proof. The lemma follows by observing that after applying a permutation called
the canonical shuffle [44] to L(X) we obtain I,, @ Ly +>°7_, X; ® A;. O

Proof of Theorem 2.5. First we prove (1) and (2). Since (2) follows from (1), it
suffices to prove (1). The nontrivial direction is (<). Suppose T € S s
positive semidefinite. Then T is of the form Y ® I,4 + Zj X; ® A; for some

Y, Xi,..., Xy € R™™. We have to prove that 7(1') =Y @ I, + >, X; ® B; = 0.
From T = T*, it follows that
1 N *
Y ® L +Zj:Xj®Aj = (VY +Y) ® Ly +zj:(xj+xj)®AJ«).
Thus we may assume that Y, Xq,..., X, € S,,. But since
(Y, Xl, e 7Xg) € DhL1 (n) g DhL2 (n),

it follows by Lemma 2.7 that 7(T) is n-positive.
Second we prove that if Dy, (1) is bounded, then

Di,(n) € Di,(n) & Du,(n) C Duy(n).

The non-trivial direction is (=). Let us take X := (Xo,X1,...,Xyn) € Du, (n).
We have to prove that X € Duy,(n). If X > 0, then this follows (possibly after
approximation argument Xo — X + €l,,) from Dy, (n) C Dy, (n). Let us suppose
that Xo % 0. Then there exists v € R"™ with (Xgv,v) < 0. Define V : R — R"™ by
r +— rv. The map V* : R" — R is given by u — (u,v). We have
(I @ V) "Ly (X) (I, @V) = L @ VXV + Y A; @ VX,V
J
= Iy ®(Xov,v) + ZAj ® (X;v,v) = 0.

J

Since Iy, ® (Xov,v) <0, it follows that 3, A; ® (X;v,v) = 0. Thus

(t(Xiv,0),...,t(Xgv,v)) € D, (1)
for every ¢t > 0, which contradicts the boundedness of Dy, (1).



14 ALJAZ ZALAR

Finally, we prove that
Dr,(n) € Dry(n) & Dip, (n) C Dug,(n).
The nontrivial direction is (=). Let us take (Xo, X1,...,Xn) € Duj (n). We have
to prove that (Xo, X1,...,Xp) € Dup,(n). We know that
(L ©1) @ Xo+ > _(4;©0)® X, = 0.
J
Clearly, this is equivalent to

Iy ®Xo+» A;®X; = 0and Xo = 0.
J

We have to prove that

Iy, ® Xo+ Y B;®@X; = 0.
J
By the approximation argument we can replace Xy >~ 0 with Xy + €, for € > 0.
1

So without loss of generality we may assume that X, > 0. Since X, 2 is invertible,
it follows that Ran(l; ® Y, 2?) = 7 @ R" for j = 1,2. Therefore

0= L @ Xo+ Y A;®X;
J

_1 _1
& 02 In®X, 2) (In @Xo+ > A0 X)L @ X, °)
i

_1 1
= Ln®l+Y A;j®X,*X;X; 2.
J
1 1
(and 0 < Ly, ® Xo+ 3, By ® X; & 0% L, © [ + 3, B; ® X * X, X, *.). By
the assumption Dy, (n) C Dp,(n), Ly @ In + 32, A; ® XO_%XJ-XO_% > 0 implies
_1 _1
I ® In+ 32, Bj @ X * X;X, ® = 0, which concludes the proof. O

If L; and Lo are monic linear matrix pencils such that Dy, (1) is unbounded and
Dy, € Dy,, it is not necessary that D, C Dy, by Example 2.8 below.

Example 2.8. For the following monic linear matrix pencils

[ 1+ 221 + 229 0 0
L1<$1,SE2) = 0 14 22, 0 s
i 0 0 1+ 2z9
[ 14z +20 0 0
Lg(l‘l,xg) = 0 14+ x4 0 s
i 0 0 14 29
we have
1 1 1
Dr,(n) = {(X1,X2) €8,: Xy + Xo = —§ImX1 = _51”’X2 - _iln}v
DLg(n) = {(XlaXQ) S Sn5 Xl +X2 i *InaXl t *InaXQ t *In}

for every n € N. Hence, Dy, (n) C Dy, (n) for every n € N, i.e., Dy, C Dy,. But

L 1) € DhL1 (1) \ DhL2(1)

1.2 =
(-1,3:3
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and hence
Duy, (1) & Du, (1),

2.1.3. Characterization of the inclusion Dy, C Dr,. We characterize the domi-
nation Dy, C Dy, by using the connection with complete positivity explained in
§2.1.2.

Corollary 2.9 (Operator linear Positivstellensatz). Let

g g
Ly =14 —I—Zijj S S{;ﬁ(.%), Lo = I —I-ZBjxj S S%<$>
j=1 j=1
be monic linear operator pencils. If Dy, C Dy, then:
(1) There exist a separable real Hilbert space J¢, an isometry V : 5 — K
and a unital x-homomorphism m : B(J4 ® R) — B(X') such that

. 0 0 N L1 0
Lg(x)Vw({o 1})V+V7r([ 0 0})‘/.
(2) There exist a separable real Hilbert space %y, a contraction Vg : e — o,

a unital x-homomorphism g : B(J4) — B(J#) and a positive semidefinite
operator S € B(.75%) such that
LQ(I) =S5+ VO*Wo(Ll(x))‘/E).
(3) If Dr,(1) is bounded, then Vy in (2) can be chosen to be isometric and
S =0, ie.,
Lo () = Vo'mo(La(x))Vo.

Proof. First we will prove (1). By Theorem 2.5 (8) the map 7 is completely positive.
By the real version of Arveson’s extension theorem [13, Proposition 4] (take E =
B(sA), Ey = S1, Kn(E) = {A € M,(B(s4)): A = 0}), there exists a completely
positive extension 7 : B(s#) — B(J%) for 7 : S§ — Sz. By the Stinespring
theorem, there exist a separable real Hilbert space J#°, a *-homomorphism 7 and
an isometry V : J#% — (2 such that 7(C) = V*n(C)V for all C € B(J4 @ R).
Hence,

Lg(x):i'([Ll(x) 0}) - v*w([“(x) O}W

0 1 0 1
= VW([O 1])V+V7r({ 0 O])V.
Now we will prove (2). Observe that 7T'(|: I‘Sﬁ 0 }) is a hermitian idempotent,

hence a projection onto J# := Ran(w([ Iﬁﬁ 8 ])), by [14, 3.3 Proposition]. We

define a contraction

Ly, 0
%::Pjéw([ 7o

:|)V:c%ﬂl—><%7

where P/’g is a projection from £ to J#;. We define a new representation

7o : BUA) — B(Xp), AHpjgow([ a0 ])I%-



16 ALJAZ ZALAR

Since Ran(w([ 61 8 }) C Jy, mp is well-defined. Thus
Lg(l‘) = S + VE)*TF()(Ll(SC))Vb,
where S := V*7T(|: 8 (1J })V = 0.
Finally, the proof of (3) is the same as the first part of the proof of (1) working
with 7 instead of 7. O

Remark 2.10. (1) If D, (1) is unbounded, then in (2) of Theorem 2.9, V;
cannot always be chosen to be isometric (and hence S = 0). See Example
2.8 above: if Ly = Vf'w(L1)Vy for an isometry Vg, then Duny, C Duy, which
is not true. If Ly and Ly are monic linear matrix pencils and we restrict
ourselves to #*-homomorphisms 7 mapping into finite dimensional spaces,
then Vj can be chosen to be isometric if and only if span{A;,..., A;} does
not contain a positive definite matrix by [26, Remark 4.4].

(2) If 74 is finite-dimensional, then every unital *-homomorphism = : B(J4]) —
B(.¢') is unitarily equivalent to the direct sum of the identity *-homomorphism.
Hence if 7% is infinite-dimensional, then we can replace in Corollary 2.9
above

w0y P 0] ey
by

0 1 0 O

If J# is finite-dimensional, then those sums are finite as in [28, Corollary
3.7] and [26, Corollary 4.1].

(3) The assumption of monicity of pencils can be replaced by the assumption of
nonempty Dy, and the existence of an invertible positive definite element
in the linear span of coefficients of L;. In the statement of Corollary 2.9, V'
then becomes a bounded operator, which is not necesarrily a contraction.

B2 { 00 } , D2, { L0 ] and @2, L1 respectively.

If A5 is finite-dimensional of dimension 7, then the inclusion Dy, (n) C Dy, (n)
is sufficient for the conclusion of Corollary 2.9 to hold.

Corollary 2.11 (Operator-to-matrix linear Postivstellensatz). Let

g g
Li(x) = Ix+» Az €Sylr), Ly(z)=1I,+» Bjz; € R™"(z)
j=1 j=1
be a monic linear operator polynomial and a monic linear matrix polynomial, re-
spectively. If D, (n) C Dg,(n) then:
(1) There exist a Hilbert space J¢, an isometry V € B(R"™, %), and a unital
s-homomorphism m : B(# & R) — B(#) such that

0 0 " Ly 0

o 3 v g

(2) There exist a Hilbert space %y, a contraction Vo € B(R™, %), a unital
x-homomorphism mg : B(#¢) — B(J£) and a positive semidefinite matriz
S €8S, such that

Lo(z) = v*w({

LQ((E) = S + VO*’IT()(Ll)‘/o.
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(3) If Dr,(1) is bounded, then Vy in (2) can be chosen to be an isometry and
S =0, that is
LQ(JZ) = Vo*ﬂ'o(L)‘/o.

Proof. By Theorem 2.5, D, (n) C Dy,(n) implies Dy, C Dy,. Now everything
follows by Corollary 2.9. O

2.1.4. Counterezample for non-monic pencils. We present an example which shows
that the assumption of monicity of pencils in Corollary 2.9 is necessary. The ex-
ample is a generalization of [57, Example 2].

0
trahedron Dy, = {0}. The polynomial £(y) = y is non-negative on Dy, (1), but there
do not exist a Hilbert space %', a unital *-homomorphism 7 : B(R?) — B(%¥),
polynomials r; € R(y) and operator polynomials ¢, € B(R, #")(y) such that

y=> _17+> gn(L)g
j %

Proof. For K = R?, the identity *-homomorphism 7, i.e., 7(x) = , and polynomi-
als r; € R(y), g € R?*!(y) the proof is already done in [57, Example 2].
Let us now prove a general case. If ¢, 7, r;, q; existed, we would have

S i+ > gim(L)gr
J &

S+ it + Y e (B + s
i k ¥

Example 2.12. Let L(y) = { ; y } be a linear matrix polynomial with a spec-

Let us write
My,

ZJ: rimy €ERWY), @)= qrmy € BR,A)(y),

m=0

where N; € Ny is such that a;n, # 0 and M € Ng is such that by p,, # 0.
Comparlng the coefficients at 1 of both sides we get

Z o+ Z G 07 (E11)qr 0-
J k

Since

and
m(En) = m(E) = m(En)”,
m(E11) is a hermitian idempotent, hence a projection. Therefore

qu om(E11)qr,0 = qu o(m(E11))*m(E11)qk0 > 0.

Thus,
j 0= Z% o(m(E11)) m(Er1)gr,o = 0.

It follows that
Tj0 = 0 and 0= W(Ell)qk,O = qZ,Oﬂ—(Ell)* € B(%/, R)
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Indeed,

((m(E11)qr,0)"m(E11)qr,0)1, 1)
(m(E11)qr,0l, m(E11)qk,01)

= |[7(E11)qk,0lll-

It follows that
Ran(qx,0) € ker m(E11) ().

Hence,
Qe 07 (E12 + E21)qr,0 = @ 07 (E11E12 + Ea21F11)qr 0
= QZ,OW(EMEM)(]/@,O + qz,oﬁ(EmEu)Qk,O
= @ om(En) m(Ei2)qk0 + g om(Ea1) 7(E11)qk0 = 0.
—_——— —_———
=q;; om(E11)*=0 0
The coefficient at y on the RHS is

doriirio+Y o ria+ > G m(Bu)gko + > Giom(Bi) g +
s e :

0 0 0

+ Y giom(Bra + Ea1)aro-
k

0
This is a contradiction, which finishes the proof. O

2.2. Polar duals of free Hilbert spectrahedra and free Hilbert spectra-
hedrops. In this subsection we describe operator free polar duals of free Hilbert
spectrahedra and free Hilbert spectrahedrops (see Theorems 2.13 and 2.15 below).

Theorem 2.13. Let A € S%, be a tuple of self-adjoint operators from S . Then
the operator free Hilbert polar dual (Dii)%’o is given by

oper-conv , (A) = (Dﬁ)x’o.

Proof. Tt is easy to see that oper-conv ,{A} C (Dfi)x’o. Indeed, let us take
X = V*1(A)V € oper-conv ,{A}, where ¢ is a separable real Hilbert space,
V& — 4 a contraction and 7 : B(#) — B(¥) a unital *-homomorphism. We
have to prove that LX|DLxA = 0. For every Y € Dii we have

Lx(Y) = Lyerayv(Y)

= I®I+) V7(4)V ey,
j
= (VeI IeI+) w(A)eY)(Vael).
j
Using that

IoI+) m(A)eY; = @ehIel+) A;Y))

J J

= (@) (La(Y)) =0,

where the last inequality follows by 7 ® I being a *-homomorphism, it follows that
X e (DL{‘ P
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Let us now prove the opposite direction, i.e., (Dfi )#+° C oper-conv _, {A}. Sup-
pose that X € S%, belongs to (Dfi)‘%/"’. We have to prove that X € oper-conv , (A).
By assumption Lx| DY, > 0. Using Corollary 2.9 (2) there exist a separable
real Hilbert space ¢, a contraction V : J# — ¥, a unital *-homomorphism
7w B(J#) — B(¥9) and a positive semidefinite operator S € B(.¢) such that
Lx =S+ V*n(La)V. In particular, X = V*1(A)V € oper-conv , (A). O

The set oper-conv ,-(A) is closed in the weak operator topology.

Corollary 2.14. For a tuple A € S%, the set oper-conv , (A) is closed in the weak
operator topology. In particular, it is closed in the norm topology.

Proof. Let oper-convy, (A) denote the closure of oper-conv ,, (A) in the weak oper-
ator topology. We have

(DX )* e = oper-conv , (A) C oper-conv , (A)
Theorem 2.13
C oper-conv'y (A) C (DF)*°.
easy

Theorem 2.15. Let (Q,T) € S:q};h be a tuple of operators from S%h and

: V4
K = proj, Dz, .. -

The operator free Hilbert polar dual K ° is the set
K¥e = {AeS%:(A,0)e D/}
= {AeS%: 3 a separable real Hilbert space 4, an isometry V : X — 9
and x-homomorphism 7 : B(#€ ®@R) — B(¥Y) s.t.
. Q0 . r o
a=vn( g o v o=vee( g oo v,

where ' = Q&0 and T =T @ 0.
If K(1) is bounded, then K ° is the set
o H 0
K% = {AesY,: (A,0) €D}
= {AeS%: 3 a separable real Hilbert space 4, an isometry V : # — 4
and *-homomorphism m : B(#) — B(¥Y) s.t.
A=V*'r(Q)V, 0=V*r(T)V}.
Proof. By definition, K7#° = {A € §%,: La|x = 0}. It is easily seen that
{A S Sii/: Lalk = 0} = {A S Sgg L(A,O)lDf" >~ 0}.
To get the second equality in the first statement of the theorem use Corollary 2.9.
If not only K(1) but also Dr,, . (1) is bounded, then the second equality in the

second statement of the theorem also follows by Corollary 2.9. From now on we
assume that only K(1) is bounded. Let (4,0) € D7*°.

Claim: DhL(QYF) C DhL<A=0).



20 ALJAZ ZALAR

By assumption Dp, ., € Dp, , - Let
(Xo,..., X, Y1,...,Y) € DhL(M) (n) for some n € N.

First we prove that X = 0. It suffices to prove this fact for n =1 (by the same
reduction as in the proof of Theorem 2.5). Let as assume on contrary that X < 0.
From

Ir@Xo+Y Q@X;+) @Y =0,
j k
it follows that

I%v®tX0—|—ZQj®th+ZFk ®tYy =0 for every ¢t > 0.
j k

Since tXg < 0 for t > 0, it follows that
I%®1+ZQj®th+ZFk®tYk =0 foreveryt>D0.
j k

J
Therefore

(tX1,...,tX,) € K1) for every t > 0.
If (X1,...,X,) # 09, this contradicts the boundedness of K(1). Else (X1,...,X,) =
09. But then

Zrk®Yk = —Ipr ® Xo = ILyx ®|Xo|,

k

and hence for every (Xi,...,X,) € RY there exists ¢ > 0 such that

Ir@1+Y QeX;+) Iheth =0
j k

This again contradicts the boundedness of K(1).

Now for (Xo,...,Xg,Y1,...,Y) € DhL(Q,m(n) with Xy >= 0, as in the proof of
Theorem 2.5, it follows that (Xo,..., Xy, Y1,...,Y%) € Du, , oy~ This concludes the
proof of Claim.

By Theorem 2.5.(2), the unital linear map
Trspan{lye, Q,..., Qg T1,...,Th} = span{l g, A1, ..., Ay},

QjHAj, Fki—>0(;g/,

is completely positive. Now the same proof as for (3) of Corollary 2.9 applies to
get the second equality in the second statement of the theorem. (I

3. EQUALITY OF FREE SPECTRAHEDRA

In this section we consider the equality of free spectrahedra. Our main result,
which extends [28, Theorem 1.2] from bounded to unbounded spectrahedra, states
that up to obvious redundancies, two linear matrix pencils define the same free
spectrahedron if and only if they are unitarily equivalent. We refer the reader to
§1.4 for basic definitions, context and the precise statement of the main result, i.e.,
Theorem 1.2. In Subsection 3.1 we present the proof of Theorem 1.2 (see Theorem
3.1 below), in Subsections 3.2 and 3.3 we show that Theorem 1.2 does not extend
to linear operator pencils. More precisely, in Subsection 3.2 we present an operator
pencil that does not have a whole subpencil which is o-minimal, while in Subsection
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3.3 we give two o-minimal operator pencils with the same free spectrahedron but
are not unitarily equivalent.

3.1. Characterization of the equality Dy, = Dy,. The main result of this
subsection is Theorem 3.1. We use the approach from [28, §3.3], where the result is
proved for a bounded spectrahedron Dy, (1) = Dr,(1). The crucial observation is
that boundedness of Dy, (1) = Dy, (1) is not essential for the approach to work, as
it works for a o-minimal pencils Dy, = Dy, that satisfy Du,, = Duy,. We prove
this holds also in the unbounded case.

Theorem 3.1 (Linear Gleichstellensatz). Let

g g
Ly = Id+Zijj ESd<$>, Lo ZIe—FZBjxj ESe<x)
j=1 j=1
be monic linear matrix pencils. If D, = Dy, and Ly, Ls are o-minimal, then
d = e and there is a unitary matriz n X n matriz U such that

U*L U = Lo.

To prove the theorem we will need some preliminary results. Even though The-
orem 3.1 does not extend from matrix to operator pencils, most of the preliminary
results do in fact work for operator pencils.

Let 57, J¢ be separable real Hilbert spaces and let us define the unital linear
spaces

Sl = Span{I%,Ajij:]-w"ag}gS%’
Sy = span{ly,Bj:j=1,...,9} CSx.

The following proposition translates the equality Dy, = Du, into properties of
the unital map 7 mapping from &; to S3. Recall from Section 2 that a map 7 is
completely isometric if and only if every ampliation 7,, n € N, is an isometry.

Proposition 3.2. Let L; = I.%HrZ?:l Ajzj € Syp(x) and Ly = L)(+Z?:1 Bjzj €
S (x) be monic linear operator pencils. Then Dw,, = Duy, if and only if the unital
linear map 7 : S1 = Sa, Aj — Bj, is well-defined and completely isometric.

For the proof of the implication (=) we will need two observations. The first is
an observation on convex sets (see Lemma 3.3) and the second connects the equality
of free spectrahedra of homogenizations of monic pencils with the equality of their
boundaries (see Lemma 3.4).

For a set C' C R™ we write bC' for its boundary (in the topology of R™).

Lemma 3.3. Let C1,Cy C R"™ be closed convex sets, 0 € int C; Nint Cy. If bC7 C
ng then 02 Q Cl.

Proof. By the way of contradiction, assume Cy € Cy and let a € Cy \ C;. The
interval [0,a] intersects bCy in pa for some 0 < p < 1. Then pa € bCy. By
assumption pa € bCy. Since 0 € int Co, Cy contains a small disk D(0, €). Then the
convex hull K of the set D(0,¢€) U {a} is contained in Cy and pa € int K C int Cy
contradicting pa € bCs. (|

Lemma 3.4. Let L1 € Syp(x) and Ly € S (x) be monic linear operator pencils.
Then Diy,, = Duy,, if and only if ODw,, = 0Dhy,.
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Remark 3.5. Note that for a homogeneous linear pencil L € Sy{x) it is always
true that bDp(n) C 0Dr(n), but not necessarily bDp,(n) = 0Dr(n). Taking

L(mo):{(l) 8}530

we see that

bDL(].) = {0} C {LC() ER: xp > 0} = 8DL(].)
However, if L is monic, then we have bDr,(n) = 0Dr(n) for every n € N by Lemma
3.6 below.

Lemma 3.6. Let L = Lywo+)_5_; Ajz; € Sy (x) be a monic homogeneous linear
operator pencil. Then bDy(n) = dDr(n) for every n € N.

Proof. The nontrivial inclusion is 0Dy, (n) C bDp(n). Since
Dy (n) =int Dr(n) UbDy(n),
it suffices to prove that if X € 9Dp(n) then X ¢ int Dy, (n). Let
Y = (1,,,0,...,0) € SI+.
If X € 0D (n), then L(X) # 0 and hence
LIX—eY)=L(X)— ey @1, 0
for every € > 0. Thus X ¢ int D (n), which concludes the proof. O

Proof of Lemma 3.4. Since Ly and Lo are monic, the equality 0Dn,, = 0Dny, is
equivalent to the equality Dy, (n) = bDup,(n) for every n € N, by Lemma 3.6.
Now the implication (=) is obvious, while the implication (<) follows by Lemma
3.3. ([l

Proof of Proposition 3.2. First we will prove the direction (=). By Lemma 2.3, the
inclusion Dy, (1) € Dsp, (1) implies that 7 is well-defined. By Theorem 2.5.(1),
the inclusion Duy,, € Dy, implies that 7 is completely positive.

Finally we prove that the map 7 is completely isometric. Suppose T' € S;'*™ has
norm one. Then

I T
T I
By complete positivity of 7, we have that

(W) = { T(é*) il } - 0.
By Lemma 3.4, 0Dvy,, = 0Dy, and thus 7(W) % 0. Hence, 7(T') has norm one.
Thus 7 is completely isometric.

Now we prove the implication (<), i.e., Duy, = Duy,. Since the map 7 is unital
completely isometric, the map 77! is also unital completely isometric. By [44,
Corollary 7.6], 7 and 7! are completely positive. Thus, by Theorem 2.5.(2), the
equality Dur,, = Dup,, follows. O

W::[ }>0 and W £ 0.

Remark 3.7. The equality Duy, = Duy, clearly implies Dy, = Dy,. If Dy, (1) is
bounded, then Dy, = Dy, implies Dn;,, = Dny,. Hence, for a bounded set Dy, (1)
we can replace Duy,, = Duw, by Dy, = Dp,. Moreover, since closed bounded
convex sets are the convex hulls of their boundaries [7, (3.3) Theorem|, we can
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replace Dy, = Dy, by 0Dy, C 0Dy, (This implies Dy, C Dy, and Lemma 3.3
implies Dy, C Dy,,).

For unbounded sets this cannot be done in general. Take I~/2 = L; ® Ly and
f)l = Ly where L; and Ly are as in Example 2.8. Then we have DE2 =Dp, = Dil
but (-1, 3,3) € Dz (1) \ Dz, (1).

DRID)

Proposition 3.8 below states the properties of the C*-algebra generated by a o-
minimal matriz pencil. This is the direction (=) of [28, Proposition 3.17] without
the assumption of boundedness of Dy, (1) which is not needed in the proof. (Note
also that truly linear pencil in the assumptions of [28, Proposition 3.17] should
be replaced by monic linear pencil.) The result uses Arveson’s noncommutative
Choquet theory [3, 5, 6] and to a lesser extent [17].

The following definitions are needed in the statement of Proposition 3.8. Let

S:=span{ls,A;: j=1,...,9} TSy

be the unital linear subspace in Sy and let C*(S) be the real C*-algebra generated
by S in M4(R). Let K be the biggest two sided ideal of C*(S) such that the natural
map

C*"(8)—=C*(S)/K, a—a=a+K

is completely isometric on S. K is called the Silov ideal for S in C*(S). A
central projection P in C*(S) is a projection P € C*(S) such that PA = AP for
all A € C*(S). A projection @ is a reducing projection for C*(S) if QA = AQ
for all A € C*(S).

Proposition 3.8. Let L € Sy{x) be a monic linear matriz pencil. If L is o-
minimal, then

(1) Ewvery minimal reducing projection @ is in C*(S).
(2) The Silov ideal of C*(S) is (0).

Proof. The proof is the same to the proof of the implication (=) of [28, Proposition
3.17] which assumes Dy, (1) is bounded. (Note also that truly linear pencil in the
assumptions should be replaced by monic linear pencil.) We only emphasize that
the complete isometry of the mapping C*(S)P 5 A — A(I — Q) at the end of the
second paragraph and Proposition 3.2 implies that L is not o-minimal. Now by
Lemma 3.10.(1) below, L is not o-minimal. The same arguments are used also for
the contradiction with o-minimality of L in the third and fourth paragraphs. [

Remark 3.9. (1) For the implication (<) of [28, Proposition 3.17] one needs
the fact that the equality D; = Dj implies the complete isometry of the
map S — SQ where the coefficients of L and L are I,Aq,...,A; and
Q,QA1Q,...,QA,Q respectively. By Remark 3.7 this is not always true
for unbounded sets Dy (1). Therefore the proof of the implication (<) of
[28, Proposition 3.17] does not extend to unbounded sets Dy, (1). However,
this implication is not needed for our purposes.

(2) Tt is not known if Proposition 3.8 extends to operator pencils. However,
extending Proposition 3.8 to operator pencils does not extend Theorem 3.2
to operator pencils (see §3.2 and §3.3). The proof of Theorem 3.2 also uses
the classification of finite dimensional real C*-algebras.
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The following lemma states the equivalence between the o-minimality of a monic
linear operator pencil L and its homogenization PL and the connection with the o-
minimality of the extended linear pencil L & 1.

Lemma 3.~10. Let L(xz) = I + 25:1 Ajz; € Syr(x) be a monic linear operator
pencil and L =L ® 1 € Syper(x) its extended linear pencil. Then:

(1) If L is o-minimal, then "L is o-minimal.
(2) If L is o-minimal and Dw, # Dz, then "L is o-minimal.

Proof. First we prove (1). Assume that L is o-minimal and prove that "L is o-
minimal. By the way of contradiction, let "L have a proper whole subpencil

ViPLVy = Iy, w0 + Ajz;  with  Dyeupy, = Dy,
where V; : Hy — ¢ is the inclusion of a proper closed subspace H; into 7. The
equality Dysupy, = Dung, implies that Dyyry; = Dp. Hence Vi"LV; is a proper
whole subpencil of L, which contradicts the o-minimality of L.

It remains to prove (2). If bT is not o-minimal, then it has a proper whole
subpencil

V'LV = Ipyao + Ajay  with Dy, = Dip

where Vs : Hy — 57 @ R is the inclusion of a closed subspace Hs into 57 & R. The
equality DV;hiV2 = D,; implies that

Let Py : # @R — H be the projection onto JZ, i.e., Py (v,a) =v.
Claim: Py (Hy) = .

For every tuple X € S¢ we have

(VsLVa)(X) = (Va® L) L(X)(Va® 1)
= (VLeL)(LX)oL)(Va®1,)
= GOL)(LX)®0)(Va@ L)+ (Va® L) (00 L,)(Va®1,)
(3.2) = (Va® L) (LX) ®0)(Va @ I,).

Let V3 : Py (Hz) — € be the inclusion of a closed subspace Py (Hs) into J2.
Notice that

Va(v® o) = V3(v) @ where v @« € Hy and v € Py (Hs),a € R.

Every vector f € Ho ® R" is of the form

F=> (vjea)@u
j
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where v; € Py (Hsz),a; € R and u; € R™ for each j. We have
<(V2 ® LL)*(L(X) ©® O)(VZ ® In)fa f>H2®Rn =

k k
<(L(X) @ 0) Z(Uj @ aj) Q Uy, Z(Uj @D aj) & Uj>
Jj=1 Hy®QR™

Jj=1

k k
SECC) SRS SEEy
j=1 j=1

Pj@(HQ)@R"
k k
= <(V3®In)*L(X)(V3®In)ZUJ ®uj,2vj®uj> .
i=t i=t Py (Hz)®R™

By this calculation and (3.2) we conclude that
(3.3) Dyyrvy € Dy iy,
If Py (Hz) € 5, then by o-minimality of L we have
(34) DL g_ DVS*LV3~

Now (3.1), (3.3) and (3.4) give us a contradiction
Dr, G Dy;yrvs € Dy gy, = Dr.

Thus Py (Hy) = 7 which proves the claim.

Since by assumption Duj, # Dy, there is n € N and a tuple (Xo, ..., X,) € SgH!
such that
"L(X) =0 and ML(X)="L(X)® X, # 0.
Therefore Xy # 0. So there exists a vector u € R™ such that (Xqu,u) = —1. Let
V . & Ru — 5 & R"™ be the inclusion of 57 @& Ru into 5 & R™. Then

VLX)V ="L(—1, (Xyu, 1), .. (Xgu,u) =0,
BL(—1, (Xqu,u) s . (Xgu,u) = VLX)V @ -1 # 0.
Thus
(=L p1s o pg) = (=1, (Xqu,u), ..., (Xgu,u)) € Du (1) \ Dyz (1).
Hence >, Ajpj = Ly and ), Ajp; is invertible. Therefore

(3.5) (Z Ajpj) = A .

Using this and the fact that Hs is reducing for every flj we conclude that

H D0 = ,(Z Ajpj)# ®0 = ,(Z Ajp;)Pre(H2) 0 = (Z Ajp;)Hy C Ho.
(3.5) J Claim J J
Since Hy is a proper closed subspace of 5 @& R, it follows that Hy = 57 @ 0.
Therefore
%*hivé _ hL
is proper whole subpencil of "L. In particular Du;, = D.;, which contradicts the
assumption in the statement of the lemma. O
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Proof of Theorem 3.1. We will separate two cases. In Case 1 we will establish the
theorem under the assumption Duy,, = Dup,. In Case 2 we will show that assum-
ming Duy,, 7# Dry, leads to a contradiction.

Case 1: Duy, = Dup,.

By Lemma 3.10.(1) the linear pencils "L; and "L, are o-minimal. By Lemma 3.2
the unital linear map 7 : S; — Sz, A; — B; is well-defined, completely isometric
s-isomorphism. By Proposition 3.8, the Silov ideals for S; in C*(S;) and S in
C*(82) are trivial. Now the remaining part of the proof is the same as for the proof
of [28, Theorem 3.12].

Case 2: Duy, # Dup,.

Let f/j,j = 1,2, be the extended linear pencils of L;, j = 1,2, defined by
El ZZLl@l, ig :Lg@l
We have the equalities
D; =D, =D, =Dj,.
Claim 1: Dhil = Dhig-

By Theorem 2.5, the inclusion Dy, € Dy, = DE2 implies Dhil - Dhiz and by
analogy the inclusion Dy, C Dy, = Dil implies Dhi2 C Dhil- Hence Dhil = DhL2~

Claim 2. D.; # Duy, for £ =1,2.

Since we are in Case 2, Duny, # Duy,. It follows that
thq 75 DhLl or DhEQ 75 Dth-

By symmetry let us suppose D.j  # Dng, and prove that D.y # Dunp,. Assume
that Dy = D, . Since Dy, © Duy,, there exists a tuple

(X07X1, . ,Xg) S DhL2 \DhiQ
where Xo, X1,..., X, € Sp,. Note that Xo 2 0. Let v € R™ be a vector such that
(Xov,v) = —1. Hence
(=1, {(X1v,v), ..., (Xgv,v)) € Dug, (1) \ Dy, (1).
Thus >, B; (X;v,v) > 0. Since Dy, = Dy, it follows that
Z A] <Xj1},1}> >~ 0.

J
(Otherwise limy_, oo I+t Zj Aj (Xjv,v) 7 0but limy_y oo I+t Zj B; (X;v,v) = 0,
which is a contradiction.) But since Duy, = D,z , it follows that

ZAj <X]"U,’U> % 0.
J

Let
H = Ran(z A (Xjv,v)).

J
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We will prove that
V*L1V,
where V : H — R¢ is the inclusion of H into R, is a proper whole subpencil of
L1, which contradicts to the fact that Lq is o-minimal. We have to prove that H is
reducing for every A; and that Dy, = Dy,. It suffices to prove that A;|g. = 0.
Since
I®0+ Y Bj(Xjv,v)+eB; =0
J

for every j and every € > 0 small enough, it follows from Dy, = Dy, and an
approximation argument that
(36) ZA] <Xj’U,’U> + EAj >_' 0

J

for every j and every ¢ > 0 small enough. Let us take u € H*. By (3.6) we first
conclude that

(Aju,uy = 0.
and second that

) A (Xjv,v) £ €dj)u =0.
J
Finally, since v € H* it follows that

Aju =0.

Therefore Aj| . =0 for every j =1,...,g. This proves the claim.
Claim 3. Linear pencils "L, are minimal for ¢ = 1, 2.
This follows by Claim 2 and Lemma 3.10.(2).

Now we define new pencils ﬁg(xo,xl, ..o xg) for £=1,2 by

i}g(xo,xl, cosg) =L, &1+ (I, ®1)zo + Z;ljxj.
J

Claim 4. The following observations are true:
(1) For X := (X¢, X1,...,X,) € (R™™)9! we have
Le(Xo, X1, Xg) =" Lo(Xo + g, X1, ..., Xy).
(2) D; =D;, .
(3) For X := (X_1, X0, X1,...,X,) € (R"*")972 we have
MLo(X_1, Xo, X1, ..., Xg) =" Lo(X_1 + Xo + Ig, X1, ..., X,).
(4) D, = Dy,
(5) Let
Sy = span{[n@l,flj:jzl,...,g}
:S?vg::span{ln@l,éj:jzl,...,g}

and let 7 : :?\I — 3; be the unital linear map defined by Aj — Bj. Then 7
is well-defined and completely isometric.
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(6) Ly is o-minimal for ¢ = 1,2.

The statements (1) and (3) are clear. By Claim 1, (1) implies (2) and (3) implies
(4). (5) follows by Lemma 3.2. Let us prove (6). Let us say L, is not o-minimal.
Hence, Dy, = Dy, where V : H — R is the inclusion of a proper reducing

subspace H of every Aj into R?1. But then since
V*ﬁg(:ﬂo —1lzq,...,2y)V = V*hig(xo,xl, o xg)V,

we get
Dhiz = DV*hEzV’

which is a contradiction with "L, being o-minimal.

Now, by the same proof as in the Case 1, we conclude that d +1 = e+ 1 and
there is a unitary operator U : R4 — R4+1 such that

Loy =U*L U, and whence Lj=ULyU*.

By (1) of Claim 4, this implies
(3.7) Ly =U*L1U and whence L, = ULsU".
Write U : R4t — R+ in the form

Ui uiz

Ul Uy |’
where Uy : RY — ]Rd, U12, Uz are vectors in R? and uss is a real number. Plugging
this in the equations above we get

Ly = UfjL U + ubjus

L1 = UpiLUjy + uiguls.
Hence

L1 = UllUflLlUllUfl + U11U§1u21Uf1 + ulgutu.
Thus for
W =U Uy, and S = UpubjusnUfy + upauly =0

we get
(3.8) Ly =W*LiW + 8.

Claim 5. The matrix W is an isometry, i.e., W*W = I;. In particular,
I, =Un Uy, = U U, 0 =wu91 = ujo.
From (3.8) it follows that
A = WAW foreveryj=1,...,g,
Iy = W'W+S.
If W*W # I, then if
1>M2>...2X>0

are the eigenvalues of W*W, we have 1 > \4. Since 1 > |[W*W| = |[W|?, it
follows that 1 > ||W||. Let u1,...,uq be the eigenvalues of W. From 1 > |[W]] it
follows that |p;| <1 for every j =1,...,d. From

1> Ao Ag = det(W*W) = det(W)? = 1] - - - |l
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it follows that there is an eigenvalue p of W such that |u| < 1. But then there is
an eigenvector v € C? such that Wo = pv. Since 4; = W*A,;W, we have
Aj = (WEy*A, W for every k € N.
Therefore Ajv = (Wk)* A;Wkv for every k € N. But
Jim I(WE)* A;Wholl < lim [W(|A; [[|W 5ol < [[A;] lim |ul* o] = 0.
—00 k—o0 k—o0

Hence

Ajv=0 for every j.

Since L; is o-minimal, we conclude that ﬂjgzl ker A; = {0}. But this is in contra-
diction with v € ﬂ?zl ker A;. Hence W*W = I; and the claim is proved.

By Claim 5, Ly = U{;L1Uy; for a unitary Uy;. Hence Duny, = Dup,, which
contradicts the assumption of Case 2. O

3.2. Non-existence of a o-minimal whole subpencil. Example 3.11 below
shows that in contrast with a matrix pencil, an operator pencil does not necessarily
have a whole subpencil which is o-minimal.

Example 3.11. Let

. n
L(J?) = Ig2 + dlag(m)ne]\] S 3(62)

be a diagonal linear operator pencil on ¢2. We claim that
DL(’ITL) = {X €Sy X = 7Ig2}

and there does not exist a o-minimal whole subpencil of L.

Let {e;}ien be the standard basis of 2, e; has 1 in the i-th coordinate and 0
elsewhere.

First we will prove the claim about D (m). Let X € S,,. Since

(L(X)(e; ®@v),e;@u)y = <ei Qv+ i—l—%ei ® Xv, e ®u>

i
= 15 €5 ) m 1665 Xa m
(e o+ (pees ) (X
=0

for every i # j and every u,v € R™, X € Dr(m) if and only if

0 < (L(X)(e; ®@u),e; ®@u) = (U, U)gm +

;
I —X)u,u .
(Ut g 20me)
for every i € N and every u € R™. This is equivalent to I,,, + ﬁX = 0 for every
7 € N and further on to X > —%Im for every ¢ € N. Hence, X € Dy (m) if and
only if X = —1I,,.
To prove that L does not have a o-minimal whole subpencil let us first argue

that the only reducing closed subspaces of the operator €, := diag(nf:l) are the
subspaces H with the orthonormal basis of the form

(3.9) {ei; 1 i; € N,j € N}

7
m <Xu, U>Rm
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For i € N, let e; = h1 + ho where hy € H and hy € H'. From

——e; = ——h1+ ——ho = Qi(e;) = Qi (h1 + ha) = Qi (h1) + Qi (ha),
1 1 1
1+ 1+ 1+ —_—— N —

H HL " L

it follows that

i
i+l
Since the eigenspace corresponding to the eigenvalue ZJ%I of Q; is span{e;} (one

dimensional), it follows that e; = hy or e; = hy. Hence, e; € H or ¢; € H~+. Thus
the orthonormal basis of H is of the form (3.9).
Therefore:

Ql(hz) hz for i = 1, 2.

(1) Subpencils of L are of the form V*LV, where V is the inclusion of some
subspace H with the orthonormal basis {e;; : i; € N, j € N} into 2.

(2) A subpencil V*LV is whole if and only if the sequence (i;); diverges.

(3) The whole subpencil V*LV is not o-minimal, since it has a whole subpencil
f/*V*LVf/7 where V is the inclusion V : H, — H of the subspace H; with
the orthonormal basis {e;; : i; € N, j € N} \ {e;, } into H.

3.3. Counterexample to the operator linear Gleichstellensatz. By Example
3.12 below o-minimal operator pencils with the same free Hilbert spectrahedron
are not necessarily unitarily equivalent. Hence Theorem 3.1 does not extend from
matrix to operator pencils.

Example 3.12 is constructed by the use of an outer s-automorphism [2] of the
Cuntz C*-algebra C*(S1, S2) [15] generated by the isometries S1,S2 € B(4) on a
Hilbert space . such that 5157 + 5255 = Id. Recall that a x-automorphism 6
is outer if there does not exist a unitary U € C*(S1,52) such that §(A) = U*AU
for all A € C*(S51,53).

Example 3.12. Let N = {1,2,...} and let ¢; be a standard unit vector on a
complex Hilbert space £2 := ¢?(N), i.e., the only nonzero coordinate is the i-th one
which is 1. Let S; and Sy be bounded operators on ¢ defined by e; — eg;_q for
i € N and e; — eg; for i € N respectively. The C*-algebra C*(S1,.52) was studied
by Cuntz [15]. He showed that there is a unique *-isomorphism

0: C*(Sl,SQ) — C*(Sl, Sg)

such that
0(S1) =52, 6(S2) = 51.

We claim that linear operator pencils

Ll(l') = Igz —+ A1£L'1 -+ AQZL’Q -+ A3£L’3 —+ A4CE4,
Lo(x) = Ip+ Agwy + Arxe + Agxs + Aszy,

where
Ay = S+ SFeB(f?), Ay:=Sy+S5e B(1?),

Ay = i(S1—S7) e B(?), Ay=i(S.—S;) e B(?),
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are o-minimal pencils with Dy, = Dy, but there is no unitary operator U : £? — (2
such that
(3.10) Ly=U*LWU or Ly=U*L1U.
Claim 1. DLl = DLQ'

Clearly, the C*-algebra
./4 = C* (Al, AQ, Ag, A4)

generated by A;, j = 1,2,3,4, equals to C*(S1,S2). Hence 6 maps L; to Ly and
Ly to Ly. From 0(L1) = Lo, it follows that Dy, C Dy, and similarly 0(Ls) = Ly
implies DL2 g DLl- Thus Z)L1 = DL2.

Claim 2. L; and Ly are o-minimal.

It is sufficient to prove that there is no common reducing subspace for the oper-
ators Ay, As, Az, Ay. Let us say that H is their common reducing subspace. Then
it is also reducing for the operators

A2 — ’LA4

A —iA
%:Sl, and ?:Sg.

By the proof of [2, Theorem 1], S; and Sy have no common proper reducing sub-
spaces. Hence Ly and Lo are g-minimal.

Claim 3. There does not exist a unitary operator U : £ — 2 satisfying (3.10).

If there would exist a unitary operator U : £2 — (2 satisfying (3.10), then in
particular

(3.11) Ay =U*A3U or Ay =U*A3U.

We will prove that ker A3 = ker A3 # {0} and ker Ay = {0} which contradicts to
(3.11). Note that S; and S; are bounded operators on ¢? defined by

€91+ €, eg; — 0 forie N and eg_1+— 0, eg; — € for i € N,
respectively. Hence,
A3€1 = 2(51 — Sik)el =0= —i(S1 — Sik)el = Igel = e; € ker A3 = kel"(Aig,)
It remains to prove that ker Ay = {0}. Let us say
f= Zajej € ker Ay where a; € Cfor all j € N.

j=1
We define e 21 = 0 for every k € N. We have

e’} 0o
(312) A4f = iZO&j@Qj — 7;205]‘6% =0.
j=1 j=1

If aj, # 0 for some jo € N, then it follows from (3.12) inductively that
Qjy = Q4j5, = A5y = -+ = OYnjg = ...

But then ||f|| = co and hence f ¢ ¢2. Therefore f = 0 and ker A, = {0}.
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4. OPERATOR POSITIVSTELLENSATZ FOR MULTIVARIATE MATRIX POLYNOMIALS

In this section we characterize multivariate matrix polynomials that are posi-
tive semidefinite on a free Hilbert spectrahedron (see Theorem 1.5 above and its
restatement Theorem 4.2 below) and a free Hilbert spectrahedrop (see Theorem
4.7). Under the assumption of finite-dimensional Hilbert spaces Theorem 1.5 was
proved in [26] by modifying the classical Putinar-type separation argument. By
essentially using Corollary 2.9 we are able to apply the separation argument also
for infinite dimensional Hilbert spaces 7. Precisely, we use Corollary 2.9 to prove
that a certain set of nc matrix polynomials, i.e., the truncated quadratic module
generated by an operator pencil, is closed. If J# is finite-dimensional, its closede-
ness follows by Caratheodory’s theorem and a compactness argument in R”, while
for infinite-dimensional .7 the compactness argument only works after translating
the question to finite dimensions by Corollary 2.9.

4.1. Restatement of Theorem 1.5. To prove Theorem 1.5 we have to refine its
statement. For this sake we introduce some definitions.

For P € R (x), an element of the form P*P € R®*¥(x) is caled a hermitian
square. Let ¥ denote the cone of sums of squares of v X v matrix-valued polyno-
mials, and, given a nonnegative integer NNV, let X5, C 3* denote sums of squares of
polynomials of degree at most N. Thus elements of X%, have degree at most 2NV,
ie., X5 C RY(x),y. Since the highest order terms in a sum of squares cannot
cancel, we have R"*¥(x),, N X" = X%

Fix v € N. Let ITIZ be the set of all triples (¢, m, V), where J# is a separable
real Hilbert space, V : R¥ — ¢ an isometry and 7 : B(#) — B(X¥) a *-
homomorphism.

Let L € Syz(x) be a monic linear operator pencil. Given v1,vs,,8 € N, we
define the (v1,19; @, 8) truncated quadratic module generated by L,

finite
V1,V v [ L 0 V1 XU
M2y2(L) = X4+ > BiV; wk({ 0 1 })kak; By € R () ,
k(Ao i, Vie ) €115 OF
In the case Dr(1) is a bounded set, we can replace *-homomorphisms of the ex-

tended pencil L & 1 by *-homomorphisms of L in the definition of the truncated
quadratic module.

Proposition 4.1. If Dy (1) is a bounded set, then:
finite
My (L) =S8 + > BiVime(L)ViBy: By, € R (z)
Ky (S, Vi) €T
Proof. 1t is sufficient to prove that for every isometry V € B(R2,.¢") and every

+-homomorphism 7 : B(# & R) — B(%') there exist an isometry V e B(R",.%)
and a x-homomorphism 7 : B(5¢) — B(.%') such that
v*w([ oY })V — VRV
. L (L
Since V 7T(|: 0 1

Dp(1) is bounded, this is true by Corollary 2.9.(3). O

})V is a monic linear pencil positive semidefinite on Dy and
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The following is the restatement of Theorem 1.5.

Theorem 4.2 (Operator convex Positivstellensatz). Let L € Sye{x) be a monic
linear operator pencil and F € RY*Y (x) a matriz polynomial of degree at most
2d+1. If F|p, = 0, then
vl
Fe My, (L),
where L :=v - o4(d) and o4(d) := dim(R(z),).

The proof of Theorem 4.2 is given in Subsection 4.4. In the next two subsec-
tions we prove the connection between positive linear functionals and operators and
show that the truncated quadratic module is closed. Both results are important
ingredients for the separation argument in the proof of Theorem 4.2.

4.2. Positive linear functionals and the GNS construction. Proposition 4.3
below (see [26, Proposition 2.5]), embodies the well known connection, through the
Gelfand-Naimark-Segal (GNS) construction, between operators and positive linear
functionals. The only difference between the statements of Proposition 4.3 and [26,
Proposition 2.5] is that the pencil L is operator-valued here but was matrix-valued
in [26, Proposition 2.5]. Therefore, the proof of Proposition 4.3 needs an additional
argument. Namely, in the notation of Proposition 4.3 the fact that a tuple of
operators X belongs to Dy, if A is nonnegative on M ,’:flg z(k) (L) follows immediately
by construction if L is matrix-valued but needs a proof if L is operator-valued.

Proposition 4.3. If A\ : RV*"(x),, ., — R is a linear functional which is nonneg-
ative on Xy | and positive on X7\ {0}, then there exists a tuple X = (X1,...,X,)
of symmetric operators on a Hilbert space X of dimension at most voyu(k) =
vdimR(z), and a vector v € X®”, such that

A) = (F(X)7:7)
for all f € RV¥(x)y, .1, where (-,-) is the inner product on X. Further, if L €

Soe(x) is a monic linear operator pencil and A is nonnegative on M,:fit(k)(l)),
then X € Dy,.

Conversely, if X = (X1,...,Xy) is a tuple of symmetric operators on a Hilbert
space X of dimension N, the vector v € X®¥, and k a positive integer, then the
linear functional A : R"*¥(x),, o, — R, defined by

AS) = (F (X))

is nonnegative on Xy, . Further, if L € S {x) is a monic linear operator pencil

and X € Dy, then X is nonnegative also on M,:_’,fl w(L) for every £ € N.

In the proof we will need the following special case (see [30, Theorem 3.1] and
[32, §6]) of a theorem due to Effros and Winkler [21].

Theorem 4.4. If T' = (I'(n))nen C SY is a closed matriz convex set containing 0
and X € SY, is not in T'(m), then there is a monic linear pencil L if size m such
that L(Y) = 0 for allY €T, but L(X) # 0.

Proof of Proposition 4.3. The nontrivial direction is (=). The proof is the same
as that of [26, Proposition 2.5], just that we need to show that in the case that A
is nonnegative on M,:ffﬁ(k)(L), we have X € Dy,. If L is matrix-valued, then this

follows by an elementary calculation. If L is operator-valued, we will additionally
need Corollary 2.9 and Theorem 4.4.
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Let us assume the notation from the proof of [26, Proposition 2.5]. Namely,
the positive semidefinite symmetric bilinear form defined on the vector space K =

R1*¥ <m>k+1 by

(4.1) (f,h) = A" f).

induces a positive definite bilinear form on the quotient X := K /N, where N :=
{f € K: {f,f) = 0}, making it a Hilbert space. By positive definiteness of the
form (4.1) on the subspace X = R ¥ (z),, X can be considered as a subspace of
X with dimension voy (k). The symmetric operators X; : X — X are defined by

X]f:ijfa f€X71SJ§ga
where P is the orthogonal projection from X onto X.

Suppose A is nonnegative on M,::f}f(k)(L). Denote L = Ly + >0, Ajz; and

A= (Ay,...,Ay) € B(A)9. Let £ := voy(k). Take an arbitrary isometry V €
B(R¢, ¢). Given
P
p=| : | ex®,
DPe
note that

w(| 5 PE) = (- Av-rason (Omp)

(o
= < Z Aver(a;eo0yv Pzjp, p> <p - ZAv*w(Aj@o)vxjp»P>
< I, — ZAV* J@o)vfcj)pyp> = Ap"(Ie = Av-r(asoyv (7))p)
= A(p*V*W([ é (1) })Vp) >0
Claim. X € Dy (¢).
If X ¢ Dr(¢), then by Theorem 4.4, there is a monic linear pencil £ of size £

such that £(Y) = 0 for all Y € Dy, and £(X) # 0. But by Corollary 2.9.(1),

a:v*w([g ?])V

for some *-homomorphism 7 : B(# & R) — B(J#") where % is a separable real
Hilbert space, and some isometry V € B(R?, #). By the calculation above,

L(X) =0,
which is a contradiction. Hence, X € Dy, (¢). O

4.3. The truncated quadratic module is closed. Fix a, 3,1, € N and let
k = max{2«,20 4+ 1}. Let L € Sy (x) be a monic linear operator pencil. The
truncated quadratic module M;’j,é” (L) generated by a monic linear operator pencil
L is a convex cone in R"*¥(x),.

Given € > 0, let

Be(n):={X €8%: | X| <¢}, and Bc=|] Bc(n)

neN
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There is an € > 0 such that for alln € N, if X € SY and || X|| < e, then L(X) = 51

In particular, B, C Dy,. Using this € we norm R****2 (z), by

1
2

(4.2) Pl := max{[[p(X)[| : X € B}.

(On the right-hand side of (4.2) the maximum is attained. This follows from the
fact that the bounded nc semialgebraic set B, is convex. See [31, Section 2.3] for
details.)

By the Proposition 4.5 below, M ”“”2 (L) is closed. This is the same result as
[26, Proposition 3.1] but the proof is much longer and uses Corollary 2.9 essentially.

The latter is used to prove that a limit of a certain convergent sequence of linear
0 (_i) ])Vk, where 7y, : B( @ R) — B(%}) is
a x-homomorphism, %} is a separable real Hilbert space and V;, € B(R"2, ;) is
L 0

0 1

matrix pencils of the form Vkﬂ'k([

an isometry, is again of the form Vﬁ([ })V with 7 a *-homomorphism and

V € B(R¥2, %) an isometry.

Proposition 4.5. The truncated quadratic module M';?(L) C R *V(z) s
closed.

Proof. Suppose (P,) is a sequence from M (1;,1[’3”2 (L) which converges to some P €
R "1 (x) of degree at most x. By Caratheodory’s theorem on convex hulls [7,
Theorem 1.2.3], there is an M (at most the dimension of R***"1(z), plus one)
such that for each n there exist matrix-valued polynomials R, ; € R"**"(z)_,
Ty, € R"*¥2(z) , *-homomorphisms 7, ; : B(# & R) — B(J#, ;) where %, ; is a
separable real Hilbert space, and isometries V,, ; € B(R"2, %, ;) such that

2 L 0
=3 mRm—i—ZTglV;ﬂrm [ 01 })Vn,i:ﬁn,i.
=1

Claim 1. The sequences (R, ;), and (T}, ;), are bounded in norm for each i.

The sequence (P,),, is bounded in norm, i.e., ||P,| < N? for every n € N and
some N € N. Fix i € N. For every X € B, and every n we have

RoRui(X) =0 and T7,V; wm([ L0 })VMTM(X)>O.

n7, nl 0

Thus for every X € B, and every n it follows that

’I’LZ nz

Po(X) = RE,Rps(X) and  Po(X) = T,V wm({ o })VM-TW(X).

Hence, for every n we have

* 2
N? 2 ||Pall 2 || By i Rl = I Bl
N2 Z ||Pn|| Z ‘Tn anzﬂ-ﬂ ’L(|: 0 :|)Vn 'ITW’L
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So (Ry,i)n is bounded. Let us denote L(z) = I + > ; Ajx;. For the boudedness
of (T,,,;)n observe that

1 * * Iy O
H "lH = 5 ‘ Tn an iTn,i (2 |: 0 1 :|) Vn,iTn,i
_ * * I# 0 ZjA]J?] 0
- 2‘TMV“7T”’(2[ 0 1} [ 0 0
B > ij 0
0
- 1‘T*V* ({I;f+Zij 0]>VT-
— n,g ' n,i nz 1 n,itn,i
. 1% L 0
= Tnzvnzﬂ-nl<|: 0 1:|)VnzTnz
< NZ

By Claim 1 and since we are in finite dimensional vector spaces, (R, i)n, (Thn,i)n
have convergent subsequences with limits R; € R**¥1 (x), T; € R"2*"1(z).

L 0

Claim 2. The sequences (V,*;mp ; ([ 0 1

]) Vii)n C R¥2%¥2 (g} are bounded

in norm for each 4.

The following estimate holds:

* L 0
([ 2])

-
= max IV2®I+21V*,17Tn,i([%j 8:|)Vn,i®XJ
=

g Aj 0
< 1+_ nax V;,ﬂn,i({ 0] 0})Vn,z®XJ

=
<14y (Y /
< ) Viamna| 50 [ 101

g

< 1+EZ V;;l"/rn,i([ 14Oj 8 :|)Vn,z
j=1
g . A 0

< 1+ed Vil il H[ J 0”’ Vil
j=1

<

g
L+e> |14
j=1
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By Claim 2 and since we are in a finite dimensional vector space, the sequences
from Claim 2 converge for each ¢ to a monic linear matrix pencil

ii =1, + ZAj’ixj € R¥2*v2 <.Z'> .
J

Claim 3. Dy, C Dﬁi for each 1.

Fix i € N. Suppose there is X € Dr(m) \ D; (m). Then there is a vector
v € R”? ® R™ of norm 1 such that

(4.3) <£i(X)v,v> <0
. L 0 - .
Since (V;ﬂrnz( 0 1 )Vn,i)n converges to L; in the norm, there is ky € N such
that
. L 0o . KL(X)U,UM
(44) ‘ Li - Vko,iﬂ'ko,i(|: 0 1 :|)Vk0,i S 2 HXH B .

)Vko.i are monic, the following estimate holds

Since L; and V,:(J’ﬂko,i([ g

_ O
[

21X : L0 :
_ 6 (Li = Viymeoa(| o 4 )Vko,i)(m )
€B.
> € 2 0,t" Fos? 0 1 0! ~~ 2
(4.4)

/\
N
=
\
=
E
z
l;|
SES
— O
| I
N———
=
5_/
—
>
S~—
J@
4
\/
IA
o~
~
>
S~—
\’@
4
~~—"

and hence

(4.5) <<V1:0,1'7Tk0,i([

=N
— O
—_
S~—
=
j=)
\1/
—~
s
<
<
~_—
IA
S
~
b
~—
<
e
~——
o
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But since
Vima| ¢ 5 o)
= ) (maa| ¢ § o) e
= et (e § | 00) ths L)
— (L ® 1) ((M@Im)({ LX) 0 ])) (Vg © I)
S

where 7y, ; ® I,, is a *-homomorphism A® B +— 7y, ;(A) ® B, this is a contradiction
with (4.5). Hence, Dy, C Dj .

To conclude the proof we use Corollary 2.9.(1). There is a triple (¢, m;, V;) of
a separable real Hilbert space .%;, a x-homomorphism 7; : 77 @ R — % and an
isometry V; such that

L=qu§?bw

Therefore (P, ), converges to

Somm o rvend ) s i

i=1 i=1

O

4.4. Proof of Theorem 4.2. In this subsection we prove Theorem 4.2. The argu-
ment is a classical one going back to at least Putinar [48] and its noncommutative
version in [31], but with a consequential difference. Namely, the difference is in the
separating functional A\, which produces perfection, i.e., the Positivstellensatz holds
not only for positive definite polynomials but for semidefinite ones as well and we
also get degree bounds (like [26]).

Proof of Theorem 4.2. Suppose F ¢ Mgde(L)- By Proposition 4.5 and the Hahn-
Banach separation theorem there exists a linear functional A : R¥*¥(x),,, ; — R

that is nonnegative on Mcll’_’fl 4(L) and negative on F. By [26, Lemma 3.2], we can

assume A is positive. (Note that the functional A from the proof of [26, Lemma
3.2] is non-negative also on M§f1,d(L)~) By Proposition 4.3 with k = d, there is a
tuple of symmetric matrices X € Dy, acting on the finite-dimensional Hilbert space
X and a vector v such that

A(P) = (P(X)7,7)
for all P € R**¥(z). In particular,
(F(X)y,7) = A(F) <0,

so that F(X) is not positive semidefinite, contradicting D;, C Dg and the proof is
complete. (I
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4.5. Convex Positivstellensatz for free Hilbert spectrahedrops. This sub-
section focuses on polynomials positive on a free Hilbert spectrahedrop. The main
result, Theorem 4.7, extends Theorem 4.2 from free Hilbert spectrahedra to free
Hilbert spectrahedrops.
Let L be a monic linear operator pencil of the form
g h
L(z,y) = Ix + Z Qjz; + kayk € Sor ()
j=1 k=1
and let I = proj, Dy. Fix positive integers vy, s, d € N. We define the (v1,v9;d)
truncated quadratic module in R"**"* (z),, , associated to L and K = proj, Dy,
by
finite
R A YR
k, (A, mx, Vi) EITE OF

L 0 v
0 1 ])VkRk: oeXix),

Ry € R (x) ZRZVk*Wk([ I;f 8 })VkRk =0 for all £}.
k

In the case Dr(1) is a bounded set, we can replace x-homomorphisms of the
extended pencil L ® 1 by *-homomorphisms of L in the definition of the truncated
quadratic module.

Proposition 4.6. If Dy (1) is a bounded set, then:
finite
M2 (L)y = {o+ > RiVimu(L)ViRy: o € S5 (x)
ko (A, Vi) ETTE

Ry € R (2), Y " RpVim(Do) Vi Ry, = 0 for all £}.
k
Proof. The proof is the same as the proof of Proposition 4.5 using Theorem 2.15
instead of Corollary 2.9. (]

The main result of this subsection is the following Positivstellensatz:

Theorem 4.7. A polynomial F' € R">*¥(x),, | is positive semidefinite on K if
and only if F € M¥2(L),.

Remark 4.8. Several remarks are in order.

(1) In case there are no y-variables in L, Theorem 4.7 reduces to Theorem 4.2.

(2) If d =0, i.e., F is linear, then Theorem 4.7 reduces to Theorem 2.15.

(3) If L is matrix-valued, then Theorem 4.7 reduces to [29, Theorem 5.1].

(4) If L is matrix-valued and variables commute, a Positivstellensatz for com-
mutative polynomials strictly positive on spectrahedrops was established
by Gouveia and Netzer in [24]. A major distinction is that the degrees of
the Ry and o in the commutative theorem behave very badly.

4.6. Proof of Theorem 4.7. The proof uses the same idea as the proof of Theorem
4.2, i.e., construction of a positive separating functional and then the connection
with operators via the GNS construction. What has to be proved additionally is
that the truncated quadratic module MY**2(L), is closed (see Proposition 4.9) and
that the tuple of operators X from the GNS construction belongs to the closure of
the free Hilbert spectrahedrop (see Proposition 4.10).
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Proposition 4.9. The truncated module MY "2(L)4 is closed.

Proof. The proof is the same as the proof of Proposition 4.1 using Theorem 2.15
instead of Corollary 2.9. ]

Proposition 4.10. If A : R"*¥(x),, ., — R is a linear functional which is nonneg-
ative on 7 | and positive on X3\ {0}, then there exists a tuple X = (Xy,...,X,)
of symmetric operators on a Hilbert space X of dimension at most vou(k) =
vdimR(z), and a vector v € X", such that

A(S) = (F(X)7:7)
for all f € R"*¥(x)y, .1, where (-,-) is the inner product on X. Further, if L(x,y) €

Sue(x) is a monic linear operator pencil and X is nonnegative on M:’W#(k) (L),
then X is in the closure proj, Dy, of the free spectrahedrop proj, Dy coming from
L.

Conversely, if X = (X1,...,Xy) is a tuple of symmetric operators on a Hilbert
space X of dimension N, the vector v € X®, and k a positive integer, then the
linear functional A : R"*¥(x),, o, — R, defined by

AC) = (F(X)7,7)

is nonnegative on X . Further, if L(z,y) € Sx(x) is a monic linear operator

pencil and X € proj, Dy, then X is nonnegative also on M;’ea#(k)(L)k for every

¢eN.

Proof. The nontrivial direction is (=). The proof goes the same as the proof of [29,

Proposition 5.4], just that we need to add the explanation, why in the case that

A is nonnegative on M;’VU#(}C)(L);C, we have X € proj, Dy. If L is matrix-valued,

then this is [29, Proposition 5.4], while for operator-valued case there are minor
changes. To establish [29, Equality 5.5] use Theorem 2.15 with T' and ©Q replaced
by 7(T') and 7 () for some *-homomorphism 7 : B(¢) — B(.¥), where % is a
separable real Hilbert space. In the next statement replace

277: WiTW; =0, z”: WiQW; = A
j=1 j=1
by
W*rTe0)W =0, W*'n(Qae0)W =AW € B(R?,. %) an isometry.
Now the [29, Equality 5.7] becomes

0 > wla(Xu=0_e@v) La(X)D e @v)

D (e @v) (WD) n(L(X,Y) & 1)(W @ I)(e; @ v;)
= Z(ei @pi(X))* (W @ I)'n(L(X,Y) & 1)(W @ I)(e; @ p;(X)7)
and [29, Equality 5.8] becomes
0> (PX)y)" W@ I)'n(L(X,Y) & 1)(W @ I)(p(X)y) = Ag),
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where p(z) = >, e; @ p;j(x) € Rvo#(k)xv(z), and
¢ = AX)" (W @ 1) r(L(X,Y) & W @ DFX) € M0 (L),
This is in contradiction with the nonnegativity of A on M;’W#(k)(L)k. O

Proof of Theorem 4.7. The proof is the same as the proof of [29, Theorem 5.1], just
that we use Proposition 4.9 instead of [29, Proposition 5.3] and Proposition 4.10
instead of [29, Proposition 5.4]. O

5. OPERATOR POSITIVSTELLENSATZ FOR UNIVARIATE OPERATOR POLYNOMIALS

In this section we extend Theorem 4.2 in the univariate case from matrix-valued
polynomials to operator-valued ones. Namely, in the univariate case, F' in Theorem
4.2 can be operator-valued but the conclusion still holds. For the precise statement
see Theorem 1.6 above. The main step is the reduction to the inclusion of free
Hilbert spectrahedra by the use of variants of the operator Fejér-Riesz theorem
[49]. In Subsection 5.2 we also study the case of a non-monic L. By Examples 2.12
and 5.1, Theorem 1.6 does not extend to the non-monic case.

5.1. Proof of Theorem 1.6. Since L is monic, the set Dy (1) is an interval with
non-empty interior. We separate three cases.

Case 1: Dy (1) =[a,b], a < b, a,b € R.

By the linear change of variables we may assume that Dy (1) = [—1,1]. By [13,
Proposition 3],

ORSLTED S It (e o1
J k

where R; € B(#){(y), Qi € B(#, #?){y) and

o deg(F)

deg(i) < CB) deg(By) < )

2
(For the degree bounds see [19, Theorem 2.5] and use the identity x(1 — z) =
22(1—2)+ (1 —2)%x.)

It remains to prove the statement of the theorem for the pairs (L(y), (1+y)Ilx),
(L(y), (1 — y)I¢). Further on, it suffices to prove it for the pairs (L(y),1 + y),
(L(y),1 —y). We use Corollary 2.11 and conclude the proof.

Case 2: Dy (1) = [a,00) or (—o0,a], a € R.

By the linear change of variables we may assume that Dy (1) = [-1,00). By [13,
Proposition 3],

F=> RiRj+ Y Qi(1+y) Ly Qs,
j K

where R; € B(#)(y), Qx € B(#)(y) and

deg(F)

deg(4;) < 2( . deg(By) < 2B

2
(The degree bounds are easy to see by comparing the leading coefficients.)
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It remains to prove the statement of the theorem for the pair (L(y), (1 4+ y)Ix).
As in Case 1 it suffices to prove it for the pair (L(y),1+ y). By Corollary 2.11 the
statement follows.

Case 3: Dy(1) =R.

By [13, Proposition 3], F' = _; RjR; where R; € B(J)(y) and deg(R;) <
deg(F)
=B

5.2. Non-monic case. If L is not monic in Theorem 1.6, then the conclusion
is not true in general (see Example 2.12 in Section 2 above). However, by [37,
Corollary 4.3.1], it extends to the matrix-valued pencil L with Dy = ). (The case
F = —1 is the content of [37, Corollary 4.3.1], while for an arbitrary F' one uses the
identity ) (P~ ( —U (F=1) .) But the following counterexample shows that

[37, Corollary 4.3.1] does not extend to the operator-valued pencil L with Dy = §.

Example 5.1. Let L(y) = Ao + A1y € B(£?) be a linear operator pencil, where

1 1
AO = @nEN(_ﬁ% Al = @nEN(ﬁ)

Then the spectrahedron Dy, (1) is §§ and £(y) = —1 is non-negative on Dr (1), but
there do not exist a Hilbert space ¢, a unital *-homomorphism 7 : B(¢?) — B(¥),
polynomials r; € R(y) and operator polynomials b, € B(R, . %")(y) such that

(5.1) 1= 17+ gm(L)g
j k

Proof. Let us say that J&, m, r;, qi satisfying (5.1) exist. Observe that A; = AfAy.
Therefore

> aim(L(y))ar = qu (Ao)"m(Ao)ar -y + qu Ao)ar
k

If >, gim(Ao)gr = 0, then

(5.2) 1= 17+ > qim(Ag)*m(Ao)gry-

J k
This is a contradiction since the right-hand side of (5.2) is nonnegative for y > 0,

while the left-hand side is always -1. Therefore ), ¢;m(Ao)gr # 0. Let us write

M,

ZJ: rimy ERW),  ak(y) =Y army € BR,H)(y),

m=0

where N; € N is such that ry, # 0 and M € Ny is such that 7(Ao)qr,m, # 0.
We can indeed choose such My, since otherwise w(Ao)qk,a, = qZ,M,ﬂT(AO) =0 and
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hence
M,
Gim(Ao)gr = Y gim(Ao)gy
£,j=0
My, M —1 M —1
> Ghnm(A0) ™ + Y i m(Ao)an, v + > gim(Ag)gsy'
jzoﬁ'—’ =0 T £,j=0
M —1 Mp—1 M —1
= > a@m(A)gy ™ = (> amy) T (A))( D drmy)
£,j=0 m=0 m=0
and

My,
> agim(Anar = Y gim(Ao)m(Ao)giy
k

£,j=0
My, My —1
= Zq}kwﬂ(Ao)Tr(Ao)ijMkﬂJr Z aim(Ao) m(Ao)qar, yMr +
I =0 —
Mk,fl
+ D aim(Aay™
£,j=0
M1 My —1 My —1
= > @ A)gy™ = (3 @) (AN dkmy)
£,j=0 0 =

JVIk—'I‘k

We are repeating this calculation until 7(Ao)qx, pr, —r, 7 0and take g :=> """ G my-
The highest monomial according to the ordering of R(y)

dy™ = cy" &m>norm=mn,d>c

in:
2. .2 2N;
(1) TP TN, YT

~——
#0

(2) gim(AD)awy is qi g, m(Ao) ™ (Ao)qr,ag,, y* M1,

#£0

(3) qpm(Ao)gx is ‘at most’ gf 5y, m(Ao)qr, MY
Let M := max{N;, My j,k}. Therefore, the highest monomial on the right-hand
side of (5.2) is

2Mi (or smaller).

Z riNj y*M if M # My, for every k

j: Nj=M~—~~
>0

Z G 2t T(A0) 7 (Ao) gz, y*M T, if M = M, for some k

k: My=M

>0
Since the highest monomial on left-hand side of (5.2) is —1, we conclude that M = 0
and g, = 0 for every k. Thus —1 =73, r?— which is a contradiction. g

Remark 5.2. Theorem 1.6 extends to non-monic L(y) = Ao + A1y € S (y) in
the following cases:
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(1) Dr(1) # 0 and span{Ag, A1} contains an invertible positive definite ele-
ment.

(2) Dr(1) ={a} and Ag, A; are linearly dependent.

(3) Dr(1) =0 and Dprp(1) is compact for some finite-dimensional projection
P e B(J2).

Proof. The proof of (1) is the same as the proof of Theorem 1.6 just that we use a
non-monic version of Corollary 2.11 (see Remark 2.10.(3)).

Now we prove (2). By a linear change of variables we may assume that Dy (1) =
{0}. If Ay # 0, then we have Ag + A1y = Ap(1 + Ay) for some A € R. Hence
Ao = 0. Thus limy_,o L(y) = 0 or lim,, o L(y) > 0. This is a contradiction.
Hence Ag = 0 and L(y) = Ayy. Since D (1) = {0}, there are vy, vy € S such that
(Ajv1,v1) > 0 and (Ajve,v2) < 0. So

<L’U1,’01> o <L1)2,’02>

) Y=97971 -
(A1v1,01) | (A1v2,v2) |
By the identity —y? = w we conclude that —y? is of the form

> => 17+ QiPvLPNQs,
7 k

where 7; € R(z) are scalar polynomials and Qy € M(R,RY)(z) are matrix polyno-
mials. Thus also —y%¢, —y?**1 are of the above form for every ¢ € N and so every
F € B(¥){y) satisfying F(0) = 0 is of the from

Y RIR;+ > QiPNLPxQy,
j k

where R; € B(#')(z) and Q) € B(#,RY)(z) are operator polynomials.

Finally we prove (3). Let (P,), be an increasing sequence of projections from
A to a n dimensional subspace of J# such that P = P, for ¢ = dim Ran(P). We
have the following decreasing sequence of compact sets:

Dp,rp,(1) 2 Dpyyyrpy, (1) 2 - 2072, Dppp (1) = Dr(1) = 0.
Note that the equality N2 ,Dp, 1p, (1) = D (1) follows by the convergence of the
sequence P, LPy to L in the weak operator topology. Since Dp,1p,(1) is compact
and Dp,rp,(1) C Ure, Dp.rp, (1)¢ is a an open covering, it follows that
N
Dp,rp,(1) C | JDpyLp (1) = Dpyrpy (1)°
k

for some N € N. Hence Dp,p,(1)) = 0. By [37, Corollary 4.3.1], —1 is of the
form

1= Zr? + ZQ;:,PNLPNka
ko

J

where 7; € My (R)(x) are scalar polynomials and Q) € M(R,RY)(z) are matrix
_ (P (F+1)—(F-1)*(F-1)
= 1

polynomials. By the equality F , arbitrary F' is of the

form

F=> RiR;+ ) QiPNLPxQy,
j k

where R; € B(#)(x) and Qi € B(#,RY)(x) are operator polynomials. (For the
degree bounds see [37, Theorem 4.3.3].) O
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