POSITIVE POLYNOMIALS AND THE TRUNCATED MOMENT
PROBLEM ON PLANE CUBICS

MARIO KUMMER' AND ALJAZ ZALAR?

ABSTRACT. The truncated moment problem supported on a given closed set K in R2
(K-TMP) asks to characterize conditions for a given linear functional on bivariate poly-
nomials of bounded degree to have an integral representation with respect to a Borel
measure p with supppu C K. The solutions to the K-TMP are known for K, which is
a line, a quadratic curve, and for some cases of cubic curves. In this paper, we solve
the C—-TMP for every cubic curve C'. Our first result states that the extreme rays of
the cone of polynomials of bounded degree, nonnegative on C, have only real zeroes.
This result allows us to establish certificates for the positivity of polynomials on C' with
degree bounds. To obtain concrete forms of these certificates, a case-by-case analysis is
required. Up to affine linear change of variables, we divide cubics into 29 cases, 13 irre-
ducible and 16 reducible ones. Using the certificates, we concretely solve the nonsingular
C-TMP in terms of positive semidefiniteness of two or three localizing moment matrices.
In most irreducible cases, we also provide constructive solutions to the nonsingular and
singular C-TMPs, which can be used to compute a representing measure concretely.
Upper bounds for the Carathéodory number are also obtained, which in some cases are
sharp or differ by at most 1 from the sharp bound.

1. INTRODUCTION

Let k € Ny be a non-negative integer. We denote by R[z,y|<; the vector space of
polynomials of (total) degree at most k. Let

L:Rlz,yl<or = R

be a linear functional and K C R? a closed set. The truncated moment problem on
K (K-TMP) asks to characterize conditions for the existence of the Borel measure p,
supported on K, such that

L(f)= /de,u for every f € Rlz,y]<ax.

A measure p is called a K—representing measure (K—rm) for L. If L has some K—rm,
then it is called a K—moment functional (K—mf).

The moment problem (MP) is a classical question in analysis that has been studied
since the end of the 19th century, appearing first in the memoir of the famous Dutch
mathematician Stieltjes in 1894. The fact being especially fascinating about the MP is its
interplay with many different areas of mathematics and a broad range of applications, such
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as operator theory, probability and statistics, numerical analysis and, more recently, real
algebraic geometry, polynomial optimization, control theory, partial differential equations,
machine learning, data analysis and others [13,14,30, 39,42, 43].

The TMP is a variant of the MP that occurs even more frequently in applications,
since only finitely many data is given. Apart from the applications, the TMP is also
more general than the full version, which is a remarkable result of Stochel [61]. A lot
of work on univariate TMPs was done in the early second half of the 20th century by
Akhiezer, Krein and Nudelman [1,2,41], while in the last three decades renown interest in
TMPs started with a series of papers by Curto and Fialkow [15-19,21,22], leaning on the
interplay of TMPs with real algebraic geometry (RAG). RAG studies certificates, called
Positivstellensdtze, for positivity of polynomials on positivity sets of other polynomials
[12,46,51,52,57]. One of the roots of RAG is Hilbert’s 17th problem from 1900, which
asked whether every positive polynomial is a sum of squares of rational functions, and
was answered in the affirmative by Artin (1926). The connection between the MP and
RAG is Haviland’s theorem from 1935 [38], which states that the MP with a distribu-
tion p supported on a closed set K in RY has a solution if and only if the corresponding
functional, defined on the vector space of all polynomials, maps polynomials, positive on
K, to [0,00). This interplay received new attention with Schmiidgen’s solution of the
multidimensional MP in 1991 [58], which combines the Positivstellensatz with ideas from
functional analysis. However, in order to apply this interplay to the truncated case, one
needs Positivstellensétze for positive polynomials with degree bounds. Such certificates
are difficult to obtain and this is the reason why concrete solutions are only known in very
special cases, such as when K is a quadratic plane curve. Besides some easily derived
properties of the moment matrices, i.e., matrices with a special arrangement of moments
Bi; = L(x'y’), concrete solutions contain other conditions that are difficult to obtain in
general. The TMPs on plane curves of degree more than two and also on the whole plane
R? are widely open.

A concrete solution to the TMP is a set of necessary and sufficient conditions for the
existence of a K—rm pu, that can be tested in numerical examples. Let Z(P) stand for the
vanishing set of a polynomial P € Rz, y|<,. The bivariate K—TMP is concretely solved
in the following cases:

K = Z(P) for a polynomial P with 1 < degp < 2.

For deg P = 1 the solution is [21, Proposition 3.11] and uses the far-reaching flat
extension theorem (FET) [16, Theorem 7.10] (see also [20, Theorem 2.19] and [44] for
an alternative proof). Alternatively, it can be also obtained by reducing the problem to
the univariate setting (see [69, Remark 3.3.(4)])

Assume that deg P = 2. By applying an affine linear transformation it suffices to
consider one of the canonical cases: 22 +y? =1,y = 22, 2y = 1, 2y = 0, y?> = y. The case
r? 4+ 9% = 1 is equivalent to the univariate trigonometric moment problem, solved in [17].
The other four cases were settled in [17-19,33] by applying the FET. For an alternative
approach by reducing the problem to the univariate setting see [47, Theorem 4.4] (for
z? 4+ y* = 1), [6, Section 6] (for zy = 0), [68] (for y* = y), [67] (for zy = 1) and [69] (for
y = a?).

K =R?, k =2 and the moment matrix is positive definite.
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This case was first solved nonconstructively using convex geometry techniques in [35]
and later on constructively in [27] by a novel rank reduction technique.

K is one of Z(y — %) [32,36,66], Z(y* — 23) [66], Z(y(y — a)(y — b)), a,b € R\ {0},
a # b [62,68], Z(xy® — 1) [67], Z(y(ay + 2* + ¢*)), a € R\ {0} [65], Z(y(z — y?)) [65],
Z(zy—y*—q()), q € Rlz]<3 [64] or Z(y—2?) [36]. The main technique in [32] is the FET,
in [64-68] the reduction to the univariate TMP is applied, while in [36] the core variety
approach (see (b) below) and the results on positive semidefinite matrix completions are
used.

The moment matrix has a special feature called recursive determinateness [22] or ex-
tremality [23].

k = 3 on a special cubic curve K [25].

The solutions to the K—TMP, which are not concrete in the sense of the definition

above, but are partly algorithmic, are known in the following cases:

K = Z(P) C R? with P(z,y) =y — q(z) or P(z,y) = yq(z) — 1, where q € Rx].

[32, Section 6] gives a solution in terms of the bound on the degree m, quadratic in k and
degp, for which the existence of a positive semidefinite (psd) extension of the moment
matrix is equivalent to the existence of a K—rm. In [69] the bound on m is improved
to deg P for P(z,y) = y — q(x) and P(x,y) = yz* by working with the corresponding
univariate TMPs.

K =R?, k = 3 and the moment matrix is positive definite.

In [34] this case is approached via a new notion, called the core variety V. It is shown
that for the sextic nonsingular case a rm exists if and only if V is nonempty, the result
extended to the general case in [9]. In contrast to the nonsingular quartic case (see
(B) above), positive definiteness of the moment matrix does not guarantee a rm exists.
Moreover, if V is nonempty, then either V = R? or |V| = 10, with the latter case having a
unique rm. However, the solution based on the core variety does not belong to the class
of concrete solutions, since ¥V might be very difficult to compute in general.

The moment matrix satisfies special cubic relations [25].
Special cases of the sextic two—dimensional TMP [26,62,63], i.e., 2k = 6.

For an arbitrary closed set K C R?, a solution in terms of positive extensions of the linear
functional is the truncated Riesz—Haviland theorem [21].

K=Z(xy—y™—qx),meN, m>4, qecRlx]<m_1 [64].

Some other special cases of the TMP have also been studied in [8,9, 29,34, 40], while
[49] considers subspaces of the polynomial algebra and [24] the TMP for commutative
R-algebras. For an excellent monograph with a recent development in the area we refer
a reader to [59].

A constructive solution to the K—TMP is a solution, where not only the existence
of a K—rm is characterized, but a concrete K—rm is explicitly constructed.

The psd=sos question for a given plane curve C' asks whether every positive polynomial
on C'is a sum of squares of polynomials. The complete answer to this question was given
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by Scheiderer for irreducible curves [55,56] and Plaumann for reducible curves [50]. The
psd=sos question has an affirmative answer if and only if C' is one of the following;:

(i) A smooth affine rational curve [55, Proposition 2.17].

(ii) A non-rational, irreducible, virtually compact (see [56, Definition 4.8]) curve that
is either smooth or has only singularities, which are ordinary multiple points with
independent tangents [56, Theorem 4.18].

(iii) A reducible curve such that: a) all singularities are ordinary multiple points with
independent tangents, b) there are no non-real intersection points, c) all irreducible
components of C’, which is the union of all irreducible components of C' that are
not virtually compact, are smooth and rational, and d) the configuration of the
irreducible components of C’ contains no loops [50].

Let us mention here that the psd=sos question for homogenuous polynomials on projec-
tive varieties is solved in [10], while the question of degree bounds in positivity certificates
is studied in [11].

The Carathéodory number Cary(K) of the moment cone
Mo (K) :=A{L : Rlz,y|l<or — R: L is a K—mf},

is the smallest natural number such that every L € Moy, (K) can be represented as a
conic combination of at most Carg,(K') point evaluations. By Richter’s result [53] (see
also [59, Theorem 1.24]) Carg(K) is finite. Estimates of Carg,(C) for arbitrary affine
curves C' were recently obtained in [54], while for compact curves sharper asymptotic
estimates appear in [28, Theorem 4.8|. Recently, Baldi, Blekherman and Sinn showed
that Carg,(C) is the smallest possible (i.e., 3k) for any connected plane cubic C' with
smooth projective closure and only one point at infinity, while for every disconnected
plane cubic with a smooth projectivization it is 1 more than the smallest possible (i.e.,
3k+1). This gives an abstract solution to the C—~TMP in terms of the existence of positive
rank—preserving extensions of the moment matrix, i.e., in the connected case the solution
to the C—TMP is equivalent to the existence of a flat extension of the moment matrix
[4, Theorem 6.2.2], while in the second case the moment matrix must have a positive
semidefinite extension which in turn admits a flat extension of rank at most 1 greater
than the rank of the original matrix [4, Theorem 6.2.4]. See also [5, Example 5.15] for
a concrete numerical example demonstrating that the existence of a flat extension is not
sufficient in the disconnected case.

The motivation for this paper is the following problem:

Problem. Let C' be a plane cubic curve.

(1) Obtain algebraic certificates for positivity of polynomials on plane cubics with de-
gree bounds.

(2) Solve the C=TMP concretely.
(8) Solve the C—=TMP constructively.

Let ®(z,y) = (ax+by+c,dr+ey+ f), a,b,c,d,e, f € R, ae —bd # 0, be an invertible
affine linear transformation (alt). Since the solution to the C~TMP implies the solution
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to the ®(C)-TMP, it suffices to solve Problem for chosen representatives of equivalence
classes of plane cubic curves with respect to the relation

Ci~Cy < (Cy=9(C;) where ® is some invertible alt.

Up to ~ every irreducible cubic has one of the forms (e.g., [48])

(1) (Dy=p), II)zy=ple), 1)y =p), IV)zy’+ay=p2),
where p(z) = bz® + cx? + dx + e. Form (I) can be further transformed into y = 2, being
one of the solved cases (see (C) above).

Up to ~ every reducible cubic is of the form ye(x,y) for some ¢ € Rlz,y| of degree
2. Namely, it is a union of the x—axis and a conic, where the conic is either a circle, a
parabola, a hyperbola or two lines. Depending on the position of the line and a conic
there are 16 cases to consider:

e A line and a circle intersect at a double real point or intersect at two non-real points
or intersect at two real points.

e A line and a parabola intersect at a double real point or intersect at a real point and
a point at infinity or intersect at two non-real points or intersect at two real points.

e A line and a hyperbola intersect at a point at infinity with multiplicity 2 or intersect
at a real point and a point at infinity or intersect at a double real point or intersect at
two non-real points or intersect at two real points.

e Three parallel lines.
e Three lines that intersect at a real point.
e Two parallel lines and one line intersecting both in different points.

e Three lines that intersect at 3 real points.

In this paper we settle (1) and (2) of Problem completely, while (3) of Problem for most
irreducible cases.

1.1. Reader’s guide. Let C' be a plane cubic.

In Section 2 we first introduce the notation and definitions. Then we state our first two
main results, which are positivity certificates for polynomials on C' with degree bounds,
i.e., Theorems 2.3 and 2.4 for cubics without (resp. with) non-real intersections points. In
Tables 14 the abstract elements appearing in both theorems are specified for all different
choices of C up to affine linear equivalence. As a consequence of positivity certificates,
we obtain solution to the nonsingular C-~TMP, e.g., Corollaries 2.6 and 2.7.

Section 3 is devoted to the properties of the extreme rays of the cone of positive poly-
nomials on C. The main result, Theorem 3.1, states that each extreme ray consists only
of real points. From this it follows as a corollary that for irreducible C' with a smooth
projective closure there are exactly two types of extreme rays, i.e., Corollary 3.5.

Sections 4-8 are devoted to proving explicit versions of Theorems 2.3 and 2.4 and
solving the C—TMP for all possible C' up to affine linear equivalence. Namely:

e In Section 4 we study C' defined by an irreducible cubic polynomial P(x,y) in the Weier-
stral form. There are five such cases to be considered depending on the smoothness
and the number of connected components. We solve both singular and nonsingular C'—
TMPs, constructively for all singular cases and concretely in all nonsingular cases. In
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the case of a nodal curve y? = z(x—1)? and a cubic with an isolated point y* = z%(z—1)
we also solve the nonsingular case constructively.

e In Section 5 we study C' defined by an irreducible cubic polynomial P(z,y) of the form
xy? + ay — ba® — cx? —dx —e, a,b,c,d, e € R. We distinguish six such cases according
to the signs of @ and b. In each case, explicit descriptions of the pair (f,V*)) from
Theorem 2.3 are given, while a constructive solution to the C-TMP for the curve
xy® + ay — dr — e = 0 is established.

e In Section 6 we study C' defined by an irreducible cubic polynomial P(z,y) of the form
zy — c(z), with degc = 3. An explicit description of the pair (f, V®*)) from Theorem
2.3 is given and also a constructive solution to the C-~TMP is derived.

e In Section 7 the pair (f,V®) from Theorem 2.3 is explicitly described for the curve
y = 2.

e Finally, in Section 8 we study reducible cubic curves. In Proposition 8.1 we divide them
into 16 equivalence classes up to affine linear equivalence. Then explicit descriptions
of the pair (f, V) from Theorem 2.3 are established for each of these classes.

Acknowledgements. The second-named author is grateful to Lorenzo Baldi, Grigoriy
Blekherman and Seonguk Yoo for very helpful discussions. He is also thankful for the
hospitality of the TU Dresden during the research stay in summer 2024, where most of
the work was done.

2. NOTATION AND MAIN RESULTS

In this paper closed sets K C R? in K-TMP will be cubic curves and we will denote
them with C. Namely, C' C R? stands for an algebraic subset whose vanishing ideal

(2.1) I={f eR[z,y]: f(x) =0 for all z € C'}

is generated by a polynomial P € R[z,y| of degree three. Note also that C' = Z(P).
We denote by R[C] the ring of polynomial functions C' — R. We have R[C] = Rz, y]/I]
because [ is the kernel of the restriction map

We write Q(R[C]) for the total ring of fractions of R[C]. If C'is irreducible, then Q(R[C])
is the usual quotient field R(C') of R[C]. Let m € Ny be a non-negative integer and let
R[C)<m be the image of R[x, y|<,, under the restriction map R[z,y] — R[C] and

I, =Rz, yl<m N 1.
Let C C C and k € Ny. We write
Posor(C) = {f € R[C)<ax | f(z) >0 for all z € C}.
Let L : R[z,y|<or — R be a linear functional and
L:Rlz,yl<x x Rlz,yl<e = R, L(f,9) = L(fg)

the corresponding bilinear form. A necessary condition for L to be a C—mf is that it
vanishes on all polynomials p € I<9;. The induced functional

L¢ R[C]Sgk — R, Lc(f + I) = L(f)
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is then well-defined.

Assume from now on that L is well-defined. We call L¢:

1) positive if Lo(f) > 0 for every 0 # f € Pos<o,(C).

2) strictly positive if Lo(f) > 0 for every 0 # f € Pos<ar(C).

) square positive if Lo(f?) > 0 for every 0 # f € R[C]<.

4) strictly square positive Lo (f?) > 0 for every 0 # f € R[C]<.

Remark 2.1. (1) Note that the square positivity of Lo is generally a weaker condition
than the positivity of Lo, but the positivity of Lo is a necessary condition for Lo to
be a C—mf.

(2) The verification of the positivity of L is generally a hard problem, since Positivstel-
lensétze (see §1), which are “simple enough”, are hard to establish. Simple enough
means that they contain only finitely many summands whose degree is bounded as a
function of the degree of the given polynomial, a property called stability.

(3) In contrast to the verification of positivity, checking square positivity is easy. Let L¢
be a bilinear form

Lo R[C]<, x R[Cl<y = R,  Lc(f,g) == Le(fg)

induced by Lo. Choose a basis By, for R[C]<; and let M be a matrix representing L¢
in this basis. The square positivity (resp. strict square positivity) of L¢ is equivalent
to M being psd (resp. pd).

Let B:V xV — R be a bilinear form on a vector space V. We write ker B to denote

the kernel of B, i.e.,

ker B:= {v € V: B(u,v) =0 for every u € V}.

Note that if B is a semi-inner product, then by the Cauchy-Schwartz inequality we have

ker B = {v € V: B(v,v) = 0}. The rank of a bilinear form B, denoted by rank B €
Z, U {0}, is equal to the rank of a matrix, representing B in some basis. We denote by
Bly : U x U — R the restriction of B to a vector subspace U C V.

Let V be a finite dimensional vector space in Q(R[C]) and denote by U the vector space

U := Span{gh: g,h € V} C Q(R[C]).
Let f € R[C] and assume that
U :={fgh: g,h € V} C R[C]<o.

Then the functional

if well-defined. Let

ZC’(,J VxV =R, chj(g, h) = Lcﬂzf(gh)

be the corresponding bilinear form. We call Lq:

(1) (XN/, f)-locally square positive if L f(g2) > 0 for every 0 # g € V or equiva-
lently, if ZCV 7 1s a semi-inner product.

(2) (V,f)—locally str_ictly square positive if qu/’f(gQ) > 0 for every 0 # g € V
or equivalently, if L, s Is an inner product.
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(3) singular if ker Lo # {0}.
(4) (V, f)-locally singular if ker L, , # {0}.

Remark 2.2. As in Remark 2.1, checking the (\N/, f)-local square positivity of L¢ is easy
as one only needs to consider positive semidefiniteness of a matrix, representing ZCV/ s in

some basis for V.

The first two main results of the paper are certificates of belonging to Pos%(a) where
C is the set of non-isolated points of C (see Theorems 2.3 and 2.4). They imply solutions
to the corresponding nonsingular C—~TMPs (see Corollaries 2.6 and 2.7). For C' without
isolated points, C' = C and we will show that deciding positivity of the functional Lo
translates to checking its square positivity and (‘7, f)-local square positivity for a certain
choices of the pair (‘N/, f). The choice of (XN/, f) depends on the polynomial, defining the
curve.

Theorem 2.3. Let C' be a cubic curve for which every non-real point lies on a unique
irreducible component and C' the set of non-isolated points of C'. There ezists f € Q(R[C])
such that for every k € N there is a vector subspace V* C Q(R[C]) of dimension 3k so
that the following are equivalent:

(1) p € Posag(C).
(2) There eist finitely many g; € R[C]<), and h; € V¥ satisfying

p=) g+

In the paper we consider each possible C' up to invertible affine linear change of variables
and establish appropriate choices of f and V*). See Tables 1-4 below.

Theorem 2.4. Let C' be a cubic curve defined by a polynomial P = P; Py € Rlx,y| with
deg P =3, deg P, = 1 and deg P, = 2, such that the zero sets of P, and Py intersect in a
pair of non-real points. Then the following are equivalent:

(1) p € Posg(C).
(2) Then there exist finitely many f; € R[Cl<x, h;j € R[Cl<k—1 and g; € R[Cl<k—1

such that
_ 2 2 2
p= E Zfz +X1P1§ jhj+X2PZE 96>

1, if Py is nonnegative on Z(P,),

where

X1 =14 —1, if Py is nonpositive on Z(Py),
0, if Py changes sign on Z(P),

B 1, if Py is nonnegative on Z(Py),
X2 = —1, if Py is nonpositive on Z(P).

Remark 2.5. Note that Z(P,) in Theorem 2.4 is always an irreducible conic. Applying
an affine linear change of variables, it is either a circle, a parabola or a hyperbola. In the
case of a circle or a parabola, x; € {—1,1}, while in the case of a hyperbola x; = 0, as
P, then changes sign on Z(FP).

A functional L : Rz, y]<or — R is C—nonsingular, if ker L = I, and:
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(1) If C is without non-real intersection points and f, V*) are as in Theorem 2.3
above, then ker Lo yw ; = {0}.
(2) If C has a pair of non-real intersection points and P;, P, are as in Theorem 2.4
above, then ker Legicy., ,,p, = {0} and ker Legiey., ,.p, = {0}
A nonsingular C-TMP refers to the C—~TMP for C—nonsingular functionals.

A functional L : Rz, y|<ox — R is C—singular, if Lo is well-defined, but L is not
C-nonsingular. A singular C—TMP refers to the C—TMP for C—singular functionals.

Theorems 2.3 and 2.4 imply the following solutions to the nonsingular C-TMP.

Corollary 2.6. Let C, C, f and V®) be as in Theorem 2.9. Let L Rz, yl<or — R be a
C -nonsingular linear functional. Then the following are equivalent:

(1) L is a C—moment functional.
(2) L¢ is strictly square positive and (V¥ f)-locally strictly square positive.

Proof. The equivalence (1) < (2) follows using Theorem 2.3 above and [29, Proposition
2 and Corollary 6] (or [59, Theorem 1.30]). O

Corollary 2.7. Let C, Py, Pa, x1 and X2 be as in Theorem 2.4. Let L : R[x, y|l<or — R
be a C'—nonsingular linear functional. Then the following are equivalent:

(1) L is a C-moment functional.
(2) L¢ is strictly square positive, (R[Cl<k—1, x1P1)~locally strictly square positive and
(R[C)<k—1, x2P2)—locally strictly square positive.

Proof. The equivalence (1) < (2) follows using Theorem 2.4 above and [29, Proposition
2 and Corollary 6] (or [59, Theorem 1.30]). O

In some cases of Table 1 we need the definition of Riemann—Roch spaces, which we
now recall. Let Y be a smooth projective and irreducible curve defined over R. Then
by Div(Y') we denote the divisor group of Y, i.e., the free abelian group generated by
the (real and complex) points of Y. This means that Div(Y") consists of all formal sums
D =} ey n@Q with ng € Z and ng = 0 for all but finitely many @ € Y. We call a
divisor D effective if ng > 0 for every @ € Y. For Dy, Dy € Div(Y'), we write Dy > Dy if
and only if Dy — D, is effective. Each rational function 0 # f € R(Y') on Y determines a
divisor div(f) = > ey ordg(f)Q of Div(Y'), where ordg(f) is the order of f at @, called
the principal divisor. One assigns a real vector space of functions to D € Div(Y), defined
by

L(D) == {f € R(Y)\ {0}: div(f) > —D} U {0},
called the Riemann—Roch space of D.
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TABLE 1. Irreducible polynomial P defining a smooth C', f a polynomial
from Theorem 2.3, By, and By« bases of R[C]<, and V) respectively.

P f ‘ B, ‘ By )

Smooth cubic in
the Weierstrafl form: ) )
y2—$($2—|—c)0r {any,fﬁ,xy,y,...,
y? —a(z —a)(z —b) v 2y ay Lyl B\ (P U (E)

2, k-2 k-1 , k
a,beR, 0<a<b, Yy T ay Ty}

c € [0,00)

Smooth cubic in the

1 m? ) x27 ';C ) 27
non-Weierstraf form {Lzy sy

3.2, .3 k
type 1: T — ag® ;)%‘,g?’y’y?.‘.v B\ {y"}U
b gt 1y yz {Qxy—i-a}
vy’ +ay—a*—dz—e : AN z—a1
ok, h=ly yk}
a,d,e € R, ) ,

Smooth cubic in the

1, x, ,:L'Q,l‘ , 2
non-Weierstraf form Loy Y

3.2, .3 k
type 2: (1 - )’ SRR AT By \ {y"}U
el \z 7t xl—ly T { Ty
zy? — a3 —cx? —dr—e ’k kil’ ’k ’ I—azz
c,d,e € R, ot 2ty Yt

Smooth cubic in the

17 x? ) "B27 :1: ) 27
non-Weierstraf form { J vy

type 3: e (1 c $37 x2ya y37 ) Bk \ {yk’}u
: H(E —as) i, g1y g (2
ry? + 2% —cx? —dr —e ’ VS 1-azz
$k l’k_ly yk}
c,d,e € R, ’ ’

Smooth cubic in the

1, x,y, 22,z 2
non-Weierstraf form L2,y 2% 2y, 5%

3 .2 .3 k
xr—,x 9 DRI B U
type 2: y? — 2% + cx — ay? Y e\ {y"}
2 3 2 ot Tyt {rye
Ty  +ay —x° —cx® —dv —e ’k kl’ ’k ’
a,c,d,e € R, A TS

Smooth cubic in the

1 x? ) :L‘27 ‘/L‘ ) 27
non-Weierstrafl form Loy vy

3,2, .3 k
z 7x 9 gy B U
type 3: y? + 2 + cx — as! . ,?yA AR
2 3 2 xzv ' Y, yza sy {S}g
zy* +ay+x° —cx®—dr—e
ok k-1 k}
a,c,d,e € R, ) vy

3 is the smallest zero of q(t) =t + dt + et + %.

Pay is the smallest (resp. largest) zero of q(t) = et® + dt? + ct + 1 if e > 0 (resp. e < 0).

“ag is the smallest (resp. largest) zero of q(t) = et3 + dt? + ¢t — 1 if e > 0 (resp. e < 0).

day is the smallest zero of q(t) = t3 — 2dt? 4 (d* — a® + ce)t + # — cde + €.

‘re L(D)with D:=k[-1:1:0]+(k—1)[0:1:0]+k[1:1:0]+Q, where @ is a zero of f on C.
fas is the smallest zero of q(t) = t3 — 2dt? + (d® + a® + ce)t + 2 _ cde — 2.

1
s € L(D) with D :=k[-1:1:0]4+ (k—=1)[0:1:0]+k[L:1:0]+ Q, where Q is a zero of f on C.
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TABLE 2. Irreducible polynomial P defining a rational C, f a polynomial

from Theorem 2.3, By, and By« bases of R[C]<, and V) respectively.
P f ‘ By, By )
{1 z y7$27ajy7y2"' )
Neile’s parabola: . .
i L ey ey, | B DU
w2yk— 2’$yk—17yk}
Nodal cubi o ({L P - 1,80~ ¢,
odal cubic: 1 o kel ko3
- (e — 1) L]t =5, v — 2, B\ {1} u {5}
tk _ tk—Z})h
Cubic with an O ({1,824 1,13 + t,
isolated point: L] a2, il k3, B\ {1} U {¥%}
y* -2z —1) th 4 th=2})i
Rational cubic
type 1: {ak, k=1 ak=ly,
ry? +ax — by — c 1 ah2, xkfzya S By \ {xk} U {xky}
a7b7CER7 xeyJ]‘?y?""yk}
c#0orab+#0
Ratlonal 2cublc (1,29, 2%, 2y, 1% .. ..
ype 2: T .
v - o(z) Ll 2%y ey ™yl | B\ {y" U {y* - 20}
' 2, k=2 . k=1 ,k
c of degree 3,¢(0) # 0 Ty eyt
Rational cubic {1,2,y,2% zy,°, ...,
type 3: L 2y eyt | B\ {yF YU {a?y
y= a3 22yF 2 pyh=l k)
P, i R[C] = Ry = {p € R[t]: p(1) = p(=1)}, 1(f(x,y)) = F(t2,> — ).
'Oy :R[C] >R :={pe R[ 1: p(i) = p(—i)}, ®Pa(f(x,y)) = F(t2 + 1,3 + 1), i is an imaginary unit.

ig is a representative of 2%* in R[C]<y.
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TABLE 3. Reducible polynomial P with two irreducible factors defining C'
without non-real intersection points, By and By bases of R[C]<;, and V*).

A polynomial f from Theorem 2.3 is equal to 1 in all cases.

intersection point:

y(ay + 2% + y?),
0 € R\ {0}

i =1, j—2,2
f N A VI yeees

k . k—1 k—2,2
AR A T T

P By | Bv
A line and a circle
with a double real {1, 2,9y, 2% 2y, 9°,..., Bp\ {1} U

2 2
{W}

A line and a circle
with two simple real

{Lr+1,22 - 1,2(22 - 1),...,

y(z —y?)

B 1} U
intersection points: oF72(2? — 1), y,yx, ..., yzFL, _l_ga\yJ{rxLQyz
y(1 + ay — 22 — y?), vyt ... P2k ?) { 1+= !
a€R
A line and a parabola
with a double real {1,2,22,..., 2% y,92, ... Y, B\ {1} U {2}
intersection point: yr,y’z, ..., y" 1z} k z
yly — 2*)
A line and a parabola k
. . {L Lyooeh T, k
with one simple real ) ) i B\ {z"} U
intersection point: y’?/ YT YTy - YT {aF1(z — 22)}
yQ:Ujv R 7y2xk727 yxkil}

A line and a parabola

Lz + 1,22 - 1,2(22-1),...,

intersection point:

y(z +y + ary),
acR\ {0}

. 9 .
:Ejaxj yvy]w"a

zk, 2k Ly, k)

with two simple real 221 5 5 B\ {1} U
intersection points: (= ; 1)’ i’ ylac, Y k’ Yoo {—1—12y+x2}
(1+ —IE2) y77y7x7y} e
Y Y
A line and a hyperbola (1,2,y, 22, zy, v
with a double iy g B\ (2%} U {ya*}
intersection point at oo: ’k . 1’ ,1;. »
x 7$ B )
y(1—zy) v
A line and a hyperbola
with a simple real {1, 2,9y, 22 2y,v%, ..., B\ (25 U
k

{xFYz + 2y(1 + ax))}

A line and a hyperbola
with a double real
intersection point:

y(ay + 2% —y?),
ae€R\ {0}

2 2
{17x7y7x 7xy7y7"'7
ad el "y a2y

k k-1 k—2,2
AR A T T

B\ {1} U

2_,2
{ay-&-ﬂ; Y }

A line and a hyperbola
with two simple real
intersection points:

y(1+ay — 2* +y*),
a€R

{Lz+ 1,22 - 1,2(22 - 1),...,
aF 2 (a? 1)y, sy

v2, 2%, .. ytah 2y

B\ {1} U

—1—2ay+x>—2y?
)
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TABLE 4. Reducible polynomial P with three irreducible factors defining
C, By and By bases of R[C]<, and V*). A polynomial f from Theorem
2.3 is equal to 1 in all cases.

P B;, By x)

3 parallel lines:
y(a+y)(b+y),
a,b € R\ {0},
a#b

2 2
{17x7y7x7$y7y7"'7
i1 j—2, 2
A A VI 7 e

koo k=1, k—2,2
ot Ty, 2yt

B\ {«*} U
{y(y + a)z*~}

3 lines with {1 T,y 1'2 zy y2
s by Gy by s d ) Bk\{l}u

one real intersection PRI
:B)x y’y?"" x2_y2
(="}

point:

Ik,l’k_l , k
y(z — y)(z +y) vy

3 lines with ) ) )
{ Y L Y, T, XY, Y™y Bk\{xk}u

two real intersection PRI
x 7£E y’ y AR

points: i (1 +2
ok, k=L, k) {=*( y)}
yr(y +1)
3 lines with {1 T,y .1'2 Ty y2
three real intersection T e B\ {1} U
N T A Vo

points:
yd—z+y)d+z+y)

—atad tytay—y?
{xx;;xyy}

ko k=1, k—2,2
ot Ty, 2yt

13
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3. EXTREME RAYS OF Posy;(C)

Assume the notation from §2. In particular, C' = Z(P) for some P € R[z,y| of degree
3 and (' is the set of non-isolated points of C'. We denote by X the Zariski closure of C'
in C? and by X C PP? the projective closure of X. Let

P:ﬁB
i=1

be the decomposition of P into irreducible factors and denote by C;, X; and X; the zero
set of P, in R?, C? and its projective closure, respectively. Let d € Ny be a non-negative
integer. The sets Posyg(C) and Posyy(C) are closed convex cones and the goal of this
section is to understand their extreme rays. We will first prove the following theorem.

Theorem 3.1. Assume that the restriction of Q) € Rz, y|l<aq, d > 1, to C or C generates

an extreme ray of Posye(C) or Posyy(C), respectively, and let S be the set of indices
i€ {l,...,r} for which Q is divisible by P;. Then, for every j € {1,...,r} S, the set

{zx e P* | Q"(x) = P!(z) =0 and P/'(z) #0 for alli € S}

consists only of real points or of real non-isolated points, respectively. Here we denote
QM(w,y,2) =22 Q(%,Y) and fori=1,...,r we let P(z,y,2) = Zdeg(P) . py(z 1)y,

2z 2’z

Remark 3.2. By [4, Example 3.3.3|, Theorem 3.1 fails for curves of higher degree, i.e.,
there are extreme rays of Posyy(C') not having only real zeroes. However, for d large
enough there exist extreme rays with only real zeros [28].

For the proof of Theorem 3.1 we need some preparation. We let 7: X — X be the
normalization of the projective curve X. Hence X is a smooth projective real curve with
irreducible components Xi,...,X,. For every ¢ = 1,...,r we denote by H; the divisor on
X, defined by the line at infinity in P2. We obtain a natural embedding

t: R[Cl<m <= L(mH,) x -+ x L(mH,)

as follows: We consider the unique extension f of f € R[C]<,, to a rational function on
X and define ¢(f) = (f1,..., f,) where f; is the restriction of f o7 to X;. Here £L(mH,)
denotes the Riemann-Roch space associated to mH; (see §2).

Lemma 3.3. Let f € R[Cl<,, where m > 2 and «(f) = (f1,...,[fr). Further, let j €
{1,...,7r} such that f; # 0 and p,q € Xj distinct points with f;(p) = fi(¢) = 0 and
neither w(p) nor w(q) lie on a component of X on which f vanishes identically. Finally,
we consider the vector space V' of all g € R[Cl<,, that satisfy the following:

(1) For alli # j there exists \; € R such that g; = \; - f;.
(2) div(g;) > div(f;) —p —q.

Here we denote 1(g) = (g1,-..,9-). The vector space V has dimension at least two.

Proof. We first consider the case when X is smooth. Then X is an irreducible smooth
curve of genus one and the claim follows immediately from the Riemann—Roch theorem.
If X is not smooth, then each X; is isomorphic to PL. Fori = 1,...,r let d; be the degree
of P;. Note that d; = deg(H;). Further let S be the set of indices ¢ € {1,...,r} for which

fi vanishes identically on X; and d =), ¢ d;.
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Next we define V; to be the linear subspace of R[C]<,, that consists of all g such that
gi = 0 for all © € S. We clearly have V' C V; and a straight-forward calculation shows
that dim(V;) = 2(3 — d)(2m — d). Indeed, V; is the image of the linear map

Rlz, yl<m-a = R[Clm, [ = (- [[ P)lc
i€S
whose kernel consists of all f € Rz, y]<,,—q that are divisible by [, P
Now for i ¢ S we let D; be the pullback of the intersection divisor of X; with Ugcg Xy on
X,. Note that deg(D;) = d-d;. By construction, for every g € V; we have g; € L(mH;—D;)
for all i ¢ S. We let Vo = [[;co{0} X [[ipg L(mH; — D;). Because each X, is isomorphic
to P!, we find that
dim(V5) = ) (md; +1—d-d;).
igs
Finally, we consider the linear space V3 C [[;_; L(mH;) of all (hq, ..., h,) such that for
i # j there exists \; € R with h; = A; - f; and div(h;) > div(f;) — p — ¢. We have that

dim(V5) => 0+ >  1+3=2+4r—|3|

eS8 1ZSU{j}

because X is isomorphic to P!. As neither m(p) nor 7(q) lie on a component of X on
which f vanishes identically, we moreover have that V3 C V5.
Since V' is the preimage of V3 under ¢: V; — V5 we have:

dim(V) > dim(V;) — (dim(V3) — dim(V3))

= 2B Dm—d) = Y (md; +1-d-d) + 2 +7 - |5)

i¢S
:%(3—d)(2m—d)—%(mdi—d-di)+2
:%(3—d)(2m—d)—(m—d)-2di+2
iZS
:%(3—d)(2m—d)—(m—d)-(3—d)+2

(3—d)-(%(2m—d)—(m—d))+2

1
> 2.
This proves the claim. U

Proof of Theorem 3.1. Let Q € R[x,y]<2q4 be non-negative on C' (resp. on 5) and let S
be the set of indices i € {1,...,r} for which @ is divisible by P,. Assume that there
exists 7 € {1,...,7} ~ S and a non-real (resp. isolated real or non-real) x € P? such that
Q"(z) = P}(x) = 0 and P}(x) # 0 for all i € S. We have to show that the restriction
[ € R[C]<2q of @ to C does not generate an extreme ray of Posey(C).

There exists p € 7 (z) N Xj and we let be ¢ = p its complex conjugate. Because x is
either not real or isolated real, these are two distinct points on X ;- Now f, p and g satisty
the assumptions of Lemma 3.3. Thus by Lemma 3.3 there exists g € R[C]<o4 which is
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linearly independent of f such that g o m has at every real zero and real pole of f o7 on
X, that is mapped by 7 to a real point (resp. to a non-isolated real point), a zero of at
least the same multiplicity and a pole of at most the same multiplicity, respectively. In
particular, in both cases, this applies to all real zeros and poles Therefore, there exists
e > 0 such that (f + eg) o7 is non-negative on the real part of X. This shows that f =+ eg
is non-negative on C and thus f is not an extreme ray of Posgd(C')

To treat the other case, we note that if f vanishes at an isolated real point, then g
vanishes by construction at this point as well. At isolated real points where f is positive,
we can ensure that f + eg is positive as well by replacing € by a smaller positive number.
Since there are at most finitely many isolated points, there exists € > 0 such that f + eg
is non-negative on C. This shows that f is not an extreme ray of Posqy(C). O

Corollary 3.4. Assume that f € POSQd(é), d > 1, generates an extreme ray and denote
u(f) = (fi,..., fr). Let S be the set of indices i € {1,...,r} for which f; vanishes
identically. For every j € {1,...,r} .S and every p € Xj, such that either p is real or
7(p) & UiesXi, the rational function f; has a pole or a zero of even order at p.

Proof. 1f f; has a zero at p, then m(p) is non-isolated real by Theorem 3.1 and hence p is
real. Therefore, the multiplicity has to be even because f is non-negative. Assume that f;
has a pole of odd order at p. Let @ € R[z, y]<24 be such that its restriction to C' is equal
to f. Then Q" (defined as in Theorem 3.1) vanishes at p because Q" is homogeneous of
even degree. Thus, as above, Theorem 3.1 shows that p is real. But then, because f; is
non-negative, the order of the pole at p must be even. 0]

Corollary 3.5. Let r = 1 and X be smooth. Let g be a non-negative rational function
on X such that div(g) = 2D for some divisor D whose equivalence class is non-trivial. If
f € Posgy(C), d > 1, generates an extreme ray, then either f or g- f is the square of a
rational function.

Proof. If X is smooth, then C = C. By Corollary 3.4 we have div(f) = 2F for some
divisor £ on X. It follows for example from [37, §5] that either £ has trivial equivalence
class or is linearly equivalent to D. In the first case f is a square and in the second case
g - [ is a square. O

4. THE Z(P)-TMP FOR IRREDUCIBLE P(z,y) = y? — 2q(z), ¢ € R[z]<q, degq =2

Assume the notation as in §2, §3. Throughout the section P will be as in the title of
the section.

Proposition 4.1 ([7, §1I1.8]). Up to invertible affine linear change of variables P has one
of the following forms:
(i) Disconnected Weierstraf§ form: Py(x,y) = y* —x(x —a)(x —b), a,b € Rug,a < b.
(11) Connected Weierstrafy form: Py(x,y) = y*> — x(z? + ?), c € R, ¢ # 0.
(111) Neile’s parabola: Ps(x,y) = y* — 2°.
() Nodal curve: Py(x,y) = y* — z(z — 1)%
(v) Cubic with an isolated point: Ps(x,y) = y* — 2*(x — 1).

Let P; be as in Proposition 4.1. The main results of this section are the following:
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(1) Explicit descriptions of the pair (f, V®) in Theorem 2.3 for each C' = Z(B,).
(2) Constructive solutions to each singular Z(P;)-TMP.
(3) Constructive solutions to the nonsingular Z(P,)-TMP and Z(P5)-TMP.

Remark 4.2. A constructive solution to the Z(P;)-TMP can be found in [66].

4.1. Smooth Weierstral form Z(P)-TMP. Let C = Z(P,) or C = Z(F,) for P,
P, as in Proposition 4.1. Throughout the whole subsection assume that V¥ is a vector
space with a basis By x) as stated in Table 1. Theorem 2.3 has the following concrete
form.

Theorem 4.3. The following statements are equivalent:
(1) p € Posag(C).
(2) There exist finitely many g; € R[Cl<y and h; € V®) such thatp =", g? +x > h3

Proof. The nontrivial implication is (1) = (2). It suffices to prove the statement for every

extreme ray p of Posgy(C). The rational function g = % clearly satisfies the assumption

of . It follows that p is of the form h? or xh? = x(%)Q for some rational functions h, h;.
Let @ = (0,0) and O the point on C' at infinity. Then div(z) = 2 - (Q — O). Because
p € L(6k-0O), we have that h € L(3k-O) in the first case and h € L(3k- O+ (Q — 0)) in
the second case. We clearly have that R[C]<; = £(3k - O) and that L(3k-O + (Q — O))
has the desired basis. U

Let B := By U Byx), where By, Byw are as in Table 1. Let us define a C-degree
function deg, on B by deg.(z'y’) := 2i 4 3j. We say an expression p := D wiyichB aijx’:yf
has C-degree d, if a;,;, # 0 for degq(z"y”°) = d and deg(2'y?) < d for all other z'y’
with a;; # 0. We denote the C—degree of p by deg. p.

Assume that L¢ is singular and let 0 # pgen be a polynomial with the smallest C-degree
among all nonzero polynomials from ker Lo. We call Peen the generating polynomial
of Lc.

Lemma 4.4. Let L¢ : R[C|<or — R be a singular and square positive linear functional.
If L : Rlz,y|l<or — R is a C—moment functional, then Lo has a unique square positive

extension Lgk+2) : R[Cl<ok+2 — R, determined by

(4.1) L) (2 pgen) = 0
for i€ {0,1,2}, j € Zo such that
6k + 1 — dege(Pgen) < 20 + 35 < 6k + 6 — dege(Pgen)-

Proof. Since L has a C-rm, it clearly has an extension L2 : R[xz, y]<oro — R, which
is a C-mf. In particular, Lgk+2) : R[C)<ak+2 — R is square positive. By the Cauchy-

Schwartz inequality, we have that

2k+2 i 9 2 2k+2 i 1 2k+2
| LG (2l pyen)|” < LET2 (2%y®) LEF2 (p2,,) = 0,
0

for each 4, 5. This proves the lemma. [l
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Assume that L is (V(’“), x)-locally singular and let pgee, be an element with the smallest
C—degree among all nonzero elements from ker Zo7v(k)7x. We call pggen a (V(k), x)—locally
generating element of L¢.

Lemma 4.5. Let Le : R[C]<or, — R be a (V¥ x)-locally singular and (V® | x)-locally

square positive linear functional. If L : R[x,y|<or — R is a moment functional, then L¢
(2k+2)

has a unique square positive extension L : R[C<ok+2 — R, determined by
2k+2) (Y 2k+2 i
(4.2) L(c,v(/c))7x(;p£gen> = L(C,‘/(k))’x (:E yjpfgen) =0

forie€{0,1,2}, j € Zg such that

6k — 1 — dego(prgen) < 2i 4 37 < 6k 4 4 — dege (Pegen)-

Proof. The proof is analogous to the proof of Lemma 4.4. O

The following theorem solves the singular C—TMP.

Theorem 4.6 (Singular C-TMP). Let L : Rz, y|<op — R be a C-singular linear func-
tional. Then the following are equivalent:

(1) L is a C-moment functional.
(2) L¢ is square positive and (V*®) | ) ~locally square positive, and the extension Lgk+2) :
R[Cl<okt2 — R, obtained by either (4.1) if Le is singular or (4.2) if Lo is

k1) x)~locally square positive.

(V) 2)~locally singular, is square positive and (V'
Proof. By [21, Theorem 1.2], L is a C-mf iff it admits a C-positive extension LZ++2) .
R[7, y]<ops2 — R, ie., LE*+2)(p) > 0 for every p € Rz, y]<opro with p|c > 0. By Lemmas
4.4 and 4.5, a candidate for L(***?) is uniquely determined. By Theorem 4.3 above, the C—
positivity of L(#+2) is equivalent to the square positivity and the (V**1 z)-local square
positivity of L&F). O

Example 4.7. Let k = 3 and 8;; = L(a%y’) for 0 < i, < 6 such that ¢ + j < 6. Then
the square positivity and the (V(3), x)-local square positivity of Lo are equivalent to the
positive semidefiniteness of the following matrices:

I X Y X? XY Y? XY Xy? Y?

1 Boo Bro Bor B Bu Loz B Bz Pos
X Bio B B Bao Pau Bz Bai P2 Pis
Y Por B Loz Bar Bz Pos P2 Pz Boa
X P Bso B Bao Bs1 P2 Bu B2 Pas
XY [ Bu Par Bz Bs1 P2 bz B2 PBas Pua |,
Y2 Poz Brz Bos Paz Pz Boa  Pas Pua Pos
XY | B Bs1i Po2 B Ps2 Bas Baz Bss P
XY? | B2 B Pis P2 Pos Bu Bz P Bis
Y? Bos Pis Boa DBas Bua Pos  Poa Pis Bos
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and
X Y X% Xy X® X?%Y XY? XY X?%*?

1 Bio Bo Bao Buu Bz Pa P2 Ba B2
Y/X| Bon L(g(z)) Bu Boz Bar P Bos B2 B3
X B20 B B3 P21 Bao Pz P Pa B32
Y B Bo2 Bar Pz Ba1 P P13 Pa B3
X? B30 Ba1 Baw Bs1 Bso Pu P P Bz
XY | Ba B2 Ba1 Pa2 Bu P2 P Pa B33
Y? B2 Bos Bao Pz B2 P2z Pua B3 B4
XY | B B2 Bu Bs2 Bs1 Paz Pz Po2 B3
XY? \ Poo B3 Bz Baz Baz Pz Paa Pas B34

Note that Bss, B43, B34 are equal to

B { Baa + (a + b)Baz — abfsg, if q(x
B2 =

(z) = (»’U—a)(il?—b)a
By — B3y, if q(x) = 2* + 2

By — Bis + (a +b)Bsz — abfBas, if q(x) = (f - a)(x —b),
we Bis — 02ﬁ237 fq(z) =2%+¢
By = Bos + (a +b)B2s — abPhs, if q(z) = (v — a) (I —b),
i Bos — *Buz, if q(x) = 2* + 2

Xz

4.2. TMP on Neile’s parabola. Let P; be as in Proposition 4.1 above. Recall that
(x(t),y(t)) = (%, 1)), tER
is a parametrization of Z(Ps). Let
Neile := {s € R[t]: s'(0) =0}, Neilec; = {s € Neile: degs < i},
Pos(Neile;) := {f € Neile<;: f(t) > 0 for every t € R},
Neile<; := {s € Rt]<;: s(0) = 0}.

Theorem 4.8. The following statements are equivalent:
(1) p € Pos(Neile<gy).
(2) There exist finitely many f; € Neile<sy, g; € I\/Tei\Teggk such thatp =, fi2+zj g;.

Moreover, for C = Z(Ps) the appropriate choices of f and V*) in Theorem 2.3 are as
stated in Table 2.

Proof. The nontrivial implication is (1) = (2). Let ® : R[Z(Ps)] — Neile be a map
defined by ®(p(z,y)) = p(t?,3). Clearly ® is a well-defined ring homomorphism, be-
cause p(t%,¢3) = 0 for every p € I and (®(p))'(0) = 0 for every p € R[Z(P3)]. From
O(R[Z(P3)]<i) C Neile<s; and dim ®(R[Z(P3)]<;) = dim Neile<s; = 34, it follows that &
is a ring isomorphism. Using Corollary 3.4, every extreme ray p of the cone Pos(Neile<gy)
is of the form u? for some u € R[t]<3; satisfying 0 = (u?)'(0) = 2u(0)«/(0). If v/(0) = 0,
then u € Neile<s. Else u(0) =0 and u € 1<Tgl/e<3k

It remains to prove the moreover part. Let BNel = {t,t?,...,t'} be the basis for

le<
Nellegi. Extending the ring isomorphism & to the 1somorphism between quotient fields
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R(Z(P5)) and Quot(Neile) of R[Z(P;)] and Neile, respectively, note that @1 (B ) is

Neile<3y

equal to By« from Table 2. O

Example 4.9. Let k¥ = 3 and 3;; = L(z'y/) for i,j > 0, i + j < 6. Then the square
positivity and the (V(3), 1)-local square positivity of Lz(p,) are equivalent to the partial
positive semidefiniteness of the following Hankel matrix (i.e., all fully determined principal
submatrices are psd):

1 T T T ... T
I (% 7 v v o Y
T O T PR 7 710
YAl T R PR oot
T’ v mu % % M2 |’
T° \ % 70 Y1 M2 - Ts
where 7 = B4 od 3,14] for each 7. Note that the missing entries are at the positions

(1,2) and (2,1), since the value Lzp,)(%) is unknown. The matrix representation of
ZZ(P3) (resp., EZ(P3)7V(;€>71) is the restriction of this matrix to a submatrix an all rows and
columns but the one indexed with T (resp., but the one indexed with 1).

Remark 4.10. A constructive approach to solve the Z(P3;)-TMP (nonsingular and sin-
gular) by solving the equivalent R-TMP from Example 4.9 is presented in [66, Section
4].

4.3. TMP on the nodal curve. Let P, be as in Proposition 4.1 above. Recall that
(@(t),y(t)) = (%, =), tER,
is a parametrization of Z(P;). Let

Nodal := {s € R[t]: s(1) = s(—1)}, Nodalc; := {s € Nodal: degs < i},
Pos(Nodal;) := {f € Nodal;: f(t) > 0 for every ¢t € R},

Nodale; := {s € R[t]<;: s(1) = —s(—1)}.

Theorem 4.11. The following statements are equivalent:
(1) p € Pos(Nodal<g).

(2) Then there exist finitely many f; € Nodal<g, and g; € mggk such that p =
Zi fi2 + Z]’ 932‘-
Moreover, for C = Z(Py) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 2.

Proof. The nontrivial implication is (1) = (2). Let ® : R[Z(P,)] — Nodal be a map
defined by ®(p(z,y)) = p(t?,t> — t). Analogously as in the proof of Theorem 4.8 we see
that ® is a ring isomorphism and that the vector subspace R[Z(P;)]<; is in one-to-one
correspondence with the set Nodal<s; under ®. Using Corollary 3.4, every extreme ray
p of the cone Pos(Nodal<gy) is of the form u? for some u € R[t]<3; satisfying (u?)(1) =
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(u?)(—1). Tt follows that u(1) = u(—1) or u(l) = —u(—1) and so v € Nodalcs, or

—_—

u € Nodal<sy.
It remains to prove the moreover part. Let B—~—

—_—

Rl = Ui_o{t/ — 772} U {1} be the

basis for Nodal<;. Extending the ring isomorphism <I> to the isomorphism between quo-
tient fields R(Z(Fy)) and Quot(Nodal) of R[Z(P;)] and Nodal, respectively, note that
1B ) is equal to By from Table 2. O

Nodal<3zg

Below we present a constructive solution to the nonsingular Z(P;)-TMP via the solu-
tion to the corresponding R-TMP.

Constructive proof of Corollary 2.6 for C' = Z(Py). Using the correspondence as in the
proof of Theorem 4.11, the Z(P,)-TMP for L is equivalent to the R-"TMP for Lxodalg, :
Nodalcsr = R, Lodalog (P) := Lz(pyy(®(p)). If Lnodaly is a R-mf, then it extends to
the R-mf L = Lgg_,, : R[t]<ex — R. In the ordered basis {1, 7,72 —1,T%~T,..., T% —
T3%=2} of rows and columns, the strict square positivity and the (V®) 1)-local strict
square positivity of Lz(p,) are equivalent to the partial positive definiteness of the matrix

1 T T2 -1 T3 —T e T3k — 3k=2
L(1) ? L(t2—1) L3 —t) - L(t3F — 3-2)
2 L(t2) f(t?’ N t) f(t4 _ t2) ( $3k+1 _ 43k~ 1)

3k— 2( —1)?)

L(t2—1) L3 —t)  L(t2—1)2 L2 —1)?) L(
E Z(t?’k 1( _ 1)2)

z(tSk _ t3k72) . . E((t?)k _ t3k72)2)

The missing entries are at the positions (1,2) and (2, 1), since the value z(t) is unknown.
Then there exists an interval (a,b) C R, such that for every Z(t) € (a,b), the completion is
positive definite (see e.g., [65, Lemma 2.4]) and L : R[t}<gx — R admits a (3k + 1)-atomic
R-rm by [15, Theorem 3.9]. O

Remark 4.12. It is not clear if in the case that Lnodalg, i @ R-mf, there exists a (3k)-
atomic R-rm. This is equivalent to the fact that for one of the choices L(t) = a or L(t) = b

in the proof above, L is a R-mf. Since the rank of the completed moment matrix is 3k
for L(t) = a or L(t) = b, a (3k)—atomic R-rm would exist by [15, Theorem 3.9].

The following theorem solves the singular Z(P,)-TMP.
Theorem 4.13 (Singular Z(P,)-TMP). Let L : Rlz,yl<or — R be a Z(Py)-singular

linear functional. Let V) be as in Table 2. Then the following are equivalent:
(1) L is a Z(Py)-moment functional.
(2) Lzp, is square positive, (V®) 1) ~locally square positive and one of the following
holds:
(a) For U := Span(®~!(Bxodal.y,_,)) it holds that
rank Lz (p,) = rank ((Lz(py))lv)-
(b) For W := Span(®~(B ) it holds that

Nodal§3k,1

rankZZ(PAL)"/(k)’l - I“ank ((ZZ(P4),V(k),1)’W) .
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Proof. Following the constructive proof of Corollary 2.6 for Z(P;) via the solution to the
R-TMP above and replacing positive definiteness with positive semidefiniteness, the only
addition is that a psd extension Lgp.,, : R[t]<¢t — R is not necessarily a R-mf. Since L
is Z(Py)-singular and using [15, Theorem 3.9], (1) is equivalent to:

There is a square positive extension Lgp;_,, 0f Lxodal.g, such that
4.3 _ _ - -
(4:3) rank Ly <or = rank Ly - holds.

Let us denote by M the matrix, which represents ERM o, IN the basis Bodal.,, U {t} (see
the proof of Corollary 2.6 above). The rank condition in (4.3) means that there are some
a; € R, not all equal to 0, such that

3k—1
(4.4) T -T2 = agl + oy T+ Y oy(T" = T"7?)

i=2
Let us prove the implication (4.3) = (2). The square positivity and the (V*) 1)-local
square positivity of Lzp,) are clear. If a; = 0 in (4.4), then (2a) holds, while oy = 0

implies (2b). It remains to study the case: ag # 0 and a; # 0. We separate two cases
according to the Z(P;)-singularity of L:

Case 1: Lz(p,) is singular. There are some 3; € R such that in the matrix representation
of LNodal o With respect to the basis Brodal s> the relation

37—1

(4.5) — T2 = B+ Zﬁl — T2

holds. If j = k, then (2a) holds. Otherwise j < k. By the extension principle [31, Propo-
sition 2.4], (4.5) also holds in the matrix M. We separate two subcases according to the
value of (.

Case 1.1: [y = 0. Since Lgj
gives a column relation of M:

is a R-mf, multiplying the relation (4.5) with 73+~

tl<e6t

37—1
(46) T3k 2 ZB TZ+3k 7) Ti—2+(3k:—j))'
Since the matrix, representing EC’V(;@)J in the basis BN/\d/l , is a submatrix of M, it

follows that (2b) holds.

Case 1.2: () # 0. In this case we can express I out of (4.5) and plug it into (4.4), whence
we end up with a relation of the form (4.4) with ap = 0 and hence (2b) holds.

Case 2: Lgzp, is not singular, but Lzp, is (V¥ 1)-locally singular. The proof is
analogous to the proof of Case 1, only that one starts with the relation

J
(4.7) T -T2 =BT+ BT - T
=2
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in the matrix, representing fz(a)y(k)’l in the basis B@Zlggk Then three cases need to be

considered: (i) j =k; (ii) j < k, 1 =0; and (i17) j < k, 1 # 0.

It remains to prove the implication (2) = (4.3). The existence of a square positive
extension is clear from the positivity assumptions on Lz(p,) (see the first paragraph of
the proof). The rank condition in (4.3) follows from either (4.5) used for j = k under the
assumption (2a), or (4.7) used for j = k under the assumption (2b). O

4.4. TMP on the cubic curve with an isolated point. Let P; be as in Proposition
4.1 above. Note that

(z(t),y(t) = (*+ 1,82 +1), t R,
is a parametrization of Z(P;5) \ {(0,0)}. Let i stand for the imaginary unit and

Isol := {s € R[t]: s(i) = s(—1)}, Isolg; := {s € Isol: degs < i},
Pos(Isols;) := {f € Isol<;: f(t) > 0 for every t € R},
Isole; := {s € Rt]<;: s(i) = —s(—i)}.

Theorem 4.14. The following statements are equivalent:

(1) p € Pos(Isol<gy). -
(2) There exist finitely many f; € Isol<sy, and g; € Isol<sy such thatp =, ff—l—zj g;.

Moreover, for C = Z(Ps) the appropriate choices of f and V*) in Theorem 2.3 are as
stated in Table 2.

Proof. The nontrivial implication is (1) = (2). Let ® : R[Z(P5)] — Isol be a map defined
by ®(p(z,y)) = p(t* + 1,¢> + t). Analogously as in the proof of Theorem 4.8 we see
that ® is a ring isomorphism and that the vector subspace R[Z(Ps)]<; is in one-to-one
correspondence with the set Isol<s; under ®. Using Corollary 3.4, every extreme ray p of
the cone Pos(Isol<gy) is of the form u? for some u € R[t]<3; satisfying (u?)(i) = (u?)(—1).
It follows that u(i) = u(—i) or u(i) = —u(—i) and so u € Isol<g;, or u € fSB/lggk.

It remains to prove the moreover part. Let B = Uj_{t! + t/7*} U {1}. be the

Isol<;
base for is\/olgi. Extending the ring isomorphism ® to the isomorphism between quotient
fields R(Z(Ps)) and Quot(Isol) of R[Z(Ps)] and Isol, respectively, note that @1 (B— )

ISOlggk

is equal to By from Table 2. O

Remark 4.15. Note that in our definition of nonsingularity, Z(Ps)-nonsingular L admits
a Z(P;)-rm if and only if L admits a (Z(Ps) \ {0})-rm. Namely, there always exists a
Z(Ps)—rm without (0,0) in the support.

Below we present a constructive solution to the nonsingular Z(P5)-TMP via the solu-
tion to the corresponding R-TMP.

Constructive proof of Corollary 2.6 for C' = Z(Ps). The proof is verbatim the same to
the constructive proof of Corollary 2.6 for C' = Z(P,) above, only that the corresponding
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univariate moment matrix is

1 T T +1 T 4+T ... T3k 3k-2
L(1) ? L(t2 4+ 1) L(t3 4 ) L3 + 136-2)
? L(?) L +t)  L(t*+¢?) L(£3R+1 4 ¢3h-1)
L(t2 +1) L3 +t) L2 +1)2) Lt +1)?) L(t3=2(12 4 1)2)
L3 +1t) L +1) L +1)2) L +1)?) L3112 +1)?)
Z(t3k +t3k—2) Z((t?,k +t3k~—2)2)
All the other arguments remain the same. 0

Remark 4.16. Similarly as in Remark 4.12 it is not clear whether a (3k)-atomic Z(Ps)-
rm for L exists.

Let us denote by O := (0,0) the isolated point of Z(Ps). The following theorem solves
the singular Z(Ps)-TMP where O is not in the support of the measure.

Theorem 4.17 (Singular Z(P5)-TMP avoiding O). Let L : R[z,y|<ox — R be a Z(P5)-
singular linear functional. Let V*¥) be as in Table 2. Then the following are equivalent:

(1) L is a (Z(Ps) \ O)-moment functional.
(2) Lzpy) is square positive and (V) 1) ~locally square positive and one of the follow-
ing holds:

(a) For U := Span(®~!(Bisol,,_,)) it holds that
rank Lz (p;) = rank ((Lz(py))|v)-
(b) For W := Span(®~(B— 1)) it holds that

Isol<3k—
raunkEZ(PE)%V(;C)’1 = rank ((EZ(P5)7V<IC)71)]W).

Proof. The proof is verbatim the same to the proof of Theorem 4.13 above after replacing

P

Nodal.;, Nodale;, T — T2 with Isols;, Isol<; and T" + T2, respectively. O

It remains to characterize the cases when L is a Z(P5)—mf but not a (Z(Ps) \ O)-mf.
Namely, O necessarily lies in the support of any rm. Let

Levo : Rlx,yl<or = R, Loy, (p) := p(0,0) for p € Rz, y]<a

be a functional, which evaluates a polynomial in the point O. The functional Le,, is
clearly a mf having a Dirac measure dp as its rm. If L is a Z(Ps)-mf, which is not a
(Z(Ps) \ O)-mf, then there exists A > 0 such that

(4.8) LW =L — Aoy,
is a (Z(Ps) \ O)-mf. Let us denote by
(4.9) L= Lrie, - Rlt]<er = R and LY .= Lgﬁkm : Rlt]<er = R

the univariate linear functionals, corresponding to Lz(p,) and Lz(p;) — ALey,,, Tespectively.
In the ordered basis {1, T, T2+17 T3+T, ... ,Tgk—i-T‘% 2} of rows and columns, the matrix
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M representing the bilinear form fﬁé\[z]%t is the following:
1 T T2 +1 T3 4+T T3k 4 3k—2
L(1) = A ? L(t2+1) L3 +t) - L3 +3%-2)
? L)+ X L3 +1t) L(t* + t2) L(#3k+1 4 3k—1)
L2 +1) LB +t) L2 +1)2) Lt +1)?) L(t3F2(12 4 1)2)
L3 +1t) L +1t)) L2 +1)2) L3 +1)?) L3112 +1)2)
E(tSk _|_t3k—2) E((t?)k +t3k—2)2)
We write
~n L) =X a ~0 L)+ A b
(4.10) 5% ::( ( )a A> and Lé%:( ( z)) B)

)

for the restrictions of M to all rows and columns except 71" in case of ng , and except 1

in case of Eg”. Namely, the rows and columns of 29) are all elements of Big 3> While

the rows and columns of Eg” are all elements of B@Qk.

Let

BT D
where A € R™" B € R™™ and D € R™™. The generalized Schur complement
M /D [70] of D in M is defined by

M/D =A—BD'BT,

M — ( A B ) c R(n+m)><(n+m)’

where D' stands for the Moore—Penrose inverse of D.

For a matrix X € R™ we call the linear span of its columns a column space and
denote it by C(X).

A complete solution to the nonsingular Z(P;)-TMP where also atom O is allowed, is
the following.

Theorem 4.18 (Nonsingular Z(Ps)-TMP). Let L : R[z, y|<or. — R be a Z(P5)-nonsingu-
lar linear functional. Assume the notation from (4.8), (4.9) and (4.10). Then the follow-
mg are equivalent:

(1) L is a Z(Ps)-moment functional.

(2) Lzpy) is strictly square positive, B is positive semidefinite, b € C(B) and one of
the following holds:

(a) LY /B > 0.

() I'V/A > —(I/B) > 0.

(c) LX) is a (Z(Ps) \ O)-moment functional for Ao = Ego)/A.
Proof. First we prove the implication (1) = (2). As explained above there exists A > 0
such that L™ is a (Z(Ps) \ O)-mf. In particular, E?) and ng) must satisfy conditions



26 M. KUMMER AND A. ZALAR

coming from Corollary 2.6 for C' = Z(Ps) or Theorem 4.17. In particular, Z@ and Z@
are psd and hence by [3], B is psd, b € C(B) and

0<IM/A=T"/A— X and 0<IV/B=T"/B 1.
Hence,
(4.11) —(L/B) < X< I/ A.

Note that Z?) = Zg‘” and hence Lz(p,) is psd. Since by assumption ker Lz(p,) = {0}, it
follows that Lz(p,) is positive definite. If none of (2a), (2b) above holds, then there must
be equalities in (4.11) and L™ is a (Z(Ps) \ O)-mf. This is precisely (2c).

It remains to prove the implication (2) = ( ). If (2&) holds, the L is a ( (P5) \ O)-mf
by Corollary 2.6. If (2b) holds, then for X := ( /A + L /B) both L} /A L(’\)/B
are positive definite and hence they satisfy Corollary 2.6 for C = Z(Ps), whence L is a
(Z(P5) \ O)-mf. Assume now that (2c) holds. Then L is clearly a Z(Ps)—mf. O

The following theorem solves the singular Z(P5)-TMP, where also atom O is allowed.

Theorem 4.19 (Singular Z(P;)-TMP). Let L : Rlz,y|l<or — R be a Z(P5)-singular
linear functional. Let V*) be as in Table 2. Assume the notation in (4.8), (4.9) and
(4.10). Then the following are equivalent:

(1) L is a Z(Ps)-moment functional.
(2) One of the following holds:
(a) Lz(p,) is singular and for Ao := Lgo)/A we have that \g > 0 and L™ is a
(Z(Ps) \ O)-moment functional.
(b) Lz(p,) is positive definite.

Proof. First we prove the implication (1) = (2). As explained in the paragraph after the
proof of Theorem 4.17 above, there exists A > 0 such that L™ is a (Z(Ps)\ O)-mf. Since
L is Z(Ps)-singular, it follows that at least one of L1 0, L\g ) has a nontrivial kernel. Note
that L\go) has a nontrivial kernel if and only if LZ( py) is singular. If LZ( ps) is nonsingular,
then it is positive deﬁnite and we are in the case (2b). Otherwise L( ) is singular. If
Ao 1= L /A = 0, then L ) has a negatlve eigenvalue for every A > 0. Hence, the only

option for A is 0 and (2a) holds. If L1 /A > 0, then there is a nontrivial relation in L(1 )
of the form

3j—1
(4.12) 739 4 3i-2 — Z BT + T2
Multiplying (4.12) with 73(=7),

35—1
(4.13) T3k 4 k-2 _ Zﬂl (TF+306=0) 4 i=2+(3h=d))

is also a relation in E@. But this is then a relation in E?) for every A. Since X < A, it
follows that L) is also a (Z(P5) \ O)-mf by Theorem 4.17. Hence, (2a) holds.
It remains to prove the implication (2) = (1). If (2a) holds, the L is clearly a Z(Ps)—mf.

If (2b) holds, then E§ is invertible and L O is singular. Since L ) is positive definite, B
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is also positive definite. Hence, Eéo) /B = 0. It follows that for every A > 0, EQ) is positive
definite. For \g > 0 small enough both E?O) and ZQO) are positive definite and L") is
Z(Ps)-nonsingular. By Corollary 2.6 used for C' = Z(Ps), L™ is a (Z(P5) \ O)-mf,
whence L is Z(Ps)-mf and (1) holds. O

5. THE Z(P)-TMP FOR IRREDUCIBLE P(z,y) = xy? + ay — bz® — ca® —dx — e
Assume the notation as in §2, §3. Let P be as in the title of the section.

Proposition 5.1. Up to wnwvertible affine linear change of variables P has one of the
following forms:

(i) Rational cubic type 1: Ps(x,y) = zy* +ay — dx — e, a,d,e € R.
(ii) Non-Weierstraf type 1: Pr(z,y) = zy* + ay — 2> —dx — e, a,d,e € R.
(iii) Non-Weierstraf type 2: Ps(z,y) = zy* — 2% — ca® —dx — e, ¢,d € R, e € R*.
(iv) Non-Weierstraf§ type 3: Py(z,y) = xy? + 2® — cx? —dr — e, ¢,d € R, e € R*.
(v) Non-Weierstraf$ type 4: Pio(z,y) = vy* +ay —2® —cx®* —dx —e, ¢,d € R, a,e € R*.
(vi) Non-Weierstraf§ type 5: Piy(x,y) = zy* +ay+ 2> —cx? —dr —e, ¢,d €R, a,e € R*.

Proof. Let P be as in the title of the section. If b = ¢ = 0, then P isasin (i). If b =0
and ¢ > 0, then after applying the alt (x,y) — (z, %), P gets the form (ii). If b = 0 and
¢ < 0, then applying the alt (x,y) — (—z,y), we can assume that b = 0 and ¢ > 0, which
transforms to (ii) as just described. If b > 0, then after applying the alt (z,y) — (=, \%),
P gets the form (iii) or (v). Finally, if b < 0, then after applying the alt (z,y) — (z, \/ij),
P gets the form (iv) or (vi). O

The main results of this section are the following:

(1) Explicit descriptions of the pair (f, V*)) in Theorem 2.3 for each C' = Z(P;) from
Proposition 5.1.

(2) A constructive solution to the Z(FPs)-TMP.

5.1. The Z(FP;)-TMP. Let P; be as in Proposition 5.1 above. Note that a rational
parametrization of Z(Fs) is given by

Catte R, ifd <0,
((t), y(t)) = (m’t)’ te { R\ {Vd,—Vd}, ifd> 0.

Remark 5.2. Note that every point of Z(Fs) is indeed parametrized with the parametriza-
tion above. If d > 0 and y, € {V/d, —V/d}, then Ps(z,y0) = ayo — e = 0 would imply that
y — Yo divides Ps, which is a contradiction with the irreducibility of F;.

Let us write hy(t) :== —at + e, ho(t) := t* — d and hs(t) := Z;Eg Let S<3; and T<3; be

vector spaces in R(¢) with the bases
Bs_,, == {hi, hi ' hs W2 W%t o kg hst, 1,8, .t} and

5.1 S ‘ . . :
5:1) Br.,, = {hgt, Ryt RS B2 RSt hs, hat, 1t ,tl} .
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Let

Pos(S<s3;) :={f € S<si: f(t) >0 for every t € R} and S := USggi.
i=0
Theorem 5.3. Let p € Pos(S<e). Then there exist finitely many f; € S<si and g; € T<ay,
such that p =Y, f? + > g7
Moreover, for C = Z(Ps) the appropriate choices of f and V*) in Theorem 2.3 are as
stated in Table 2.

Proof. Let ® : R[Z(F;)] — S be a map defined by ®(p(x,y)) = p(hs(t),t). Analogously
as in the proof of Theorem 4.8 we see that ® is a ring isomorphism and that the vector
subspace R[Z(Fs)]<; is in one-to-one correspondence with the set S<3; under ®. We sep-
arate three cases according to the sign of a.

Case 1: d < 0. In this case note that

Sear = { ) 0 € Rl (e i0v=0)a(v=0) = (e - i/ Do~V },

T<si == {q(t) 1 q € R[t]<zi, (e +iav—d)'q(iv—d) = —(e - ia\/—_d)iq(—i\/—_d)} ,

hs
where both equalities follow by a short computation. From here on the proof is anal-
ogous to the proof of Theorem 4.11, only that the condition (u?)(1) = (u?)(—1) is re-
placed by the condition (e 4 iay/—d)?*(u?)(iv/—d) = (e —iav/—d)?*(u?)(—iv/—d), whence
(e +iav/—d)*u(iv/—d) = £(e — iav/—d)*u(—iv/—d). So u € S<ai, or u € T<sy.

Case 2: d = 0. In this case first note that e # 0, otherwise Py was reducible. Then it
turns out by a short computation that

t 1a

) e

t

Tesi = {%2 q € Rlt]<si, (0) = 0} :

2
From here on the proof is again analogous to the proof of Theorem 4.11, only that
the condition (u?)(1) = (u?)(—1), is replaced by the condition (u?)'(0) = 2u/(0)u(0) =
—2ka(42)(0), and hence u/(0) = —%24(0) or w(0) = 0. So u € S<zi or u € Tz

Case 3: d > 0. In this case note that

S<si = {qlg? :q € Rlt]<si, (e+ a\/c_l)iq(\/a) = (e — a\/g)iq(—\/a)} ’

t . .
Tesi = {q}(ﬂ) 1 q € R[t] <z, (e +avVd)iq(Vd) = —(e - w&)lq(—ﬂ)} .
2
From here on the proof is analogous to the proof of Theorem 4.11, only that the condition
(u?)(1) = (u?)(—1), is replaced by the condition
(e + aVd)™ (u*)(Vd) = (e — aVd)* (u*)(~Vd),
whence (¢ — by/—a)*u(yv/—a) = £(c + by/—a)*u(—+/—a). So u € S<z;, or u € Tz

The moreover part follows by noting that ®~'(Bz,, ) is equal to By« from Table 1. [
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For z € C, we write @, for the divisor [z : 1] on P!. We also write Q. for the divisor

[1:0].

Below we present a constructive solution to the nonsingular Z(FPs)-TMP via the cor-
responding univariate moment problem.

Constructive proof of Corollary 2.6 for C' = Z(Ps). Using the correspondence as in the
proof of Theorem 5.3, the Z(Ps)-TMP for L is equivalent to the rational R-TMP for
Lsgﬁk : Sgﬁk — R. Let

Q_iy=at+ Qiy=at+ @, ifd<0,
D= 2Q0+QOO7 1fd:07
Q_it+QuitQuw, ifd>0.
If Ls_g, is a mf, then it extends to the R-mf L: L(2kD) — R. In the ordered basis
{(h3(T))k7 (h3(T>>kT7 (h3(T))k717 o LT 7Tk}

of rows and columns, the strict square positivity and the (V*) 1)-local strict square
positivity of Lz g are equivalent to the partial positive definiteness of the matrix

(ha(T)*  (ha(T)*T  (ha(T))*" - 1 T - T
L(n3") ? LY - L) - o L(MEY)
? L(h2k2)  L(h2~) ... L(hkt) L(hkth+1)
L(h3* ") L(h3*12)  L(h3*t) -+ L(h§'t) -+ - LAY
L(nk) L(t")
L(hkth) ... . L(th) o .. L(t2%)

The missing entries are at the positions (1,2) and (2,1), since the value Z(h%kt) is un-
known. Then there exists an interval (a,b) C R, such that for every E(h%kt) € (a,b), the
completion is positive definite (see e.g., [65, Lemma 2.4]) and for every such completion
the functional L has a (3k + 1)-atomic R-rm by [47, Theorem 3.1]. O

Remark 5.4. Similarly as in Remark 4.12 it is not clear whether a (3k)-atomic Z(Fs)-rm
for L exists.

Note that |Bs._,,

= |Br.,,| = 3i and
B, = @’1(15’5332.) = {2 2"y " 2y, oy, Ly, .y
B; = (p_l(BTg:ii) = {a'y, " oy, 22 2y, ay, Ly, Ly )
The following theorem solves the singular Z(Ps;)-TMP with d < 0.

Theorem 5.5 (Singular Z(Ps)-TMP with d < 0). Let d < 0 and L : R[z,y]<ox — R
be a Z(Ps)-singular linear functional. Let V®) is as in Table 2. Then the following are
equivalent:
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(1) L is a Z(Ps)-moment functional.

(2) Lz(py) is square positive and (V®) 1) ~locally square positive, and one of the fol-
lowing holds:
(a) For U := Span(By \ {¢*}) it holds that

ranng(p6) = rank ((ZZ(PG))|U)'
(b) For W := Span(By \ {y*}) it holds that
rankZZ(PG)y(k)’l = rank ((ZZ(PG),V(’“),IHW)'

Proof. Following the constructive proof of Corollary 2.6 for C' = Z(F;) via the solution
to the rational R-TMP above and replacing positive definiteness with positive semidefi-
niteness, the only addition is that psd extension L is not necessarily a R-mf. Since L is
Z(Ps)-singular and using [47, Theorem 3.2], (1) is equivalent to:

There is a square positive extension Lgzkp) of Ls_g,

5.2 — —
( ) such that rank L£(2kD) = rank LE(QkD—QQoo) holds.

Note that the rank condition in (5.2) means that in the matrix M, representing the
bilinear form Zg(gk[)) in the basis B = BSS% U BTSM, there is a relation

(5.3) T = aphs(T)* + arhs(T)*T + aghs(T)"™ + ... + agp_ T"

with o; € R not all zero. Let (5.3) be a relation with the largest index i such that
Oé():O_/l:...:OZiO_lzo.

Let us now prove the implication (5.2) = (2). The square positivity and the (V*) 1)~
local square positivity of Lzp,) are clear. If ag = 0 in (5.3), then (2b) holds. If oy =0
in (5.3), then (2a) holds. It remains to study the case: oy # 0 and oy # 0. We separate
two cases according to the Z(FPs)—singularity of L:

Case 1: Lz(p, is singular. There are some 3; € R, not all equal to 0, such that in the
matrix N, representing Lz(p,) with respect to the ordered basis Bs_,, (see (5.1)), the
relation

(5.4) 0= Bihs(T)* + Bohs(T) ' + ...+ Bypa TF ' + B TF

holds. If B # 0, then (2a) holds. Assume that f3; = 0. By the extension principle
[31, Proposition 2.4], (5.4) is also a relation in M. If §; # 0, then we can express the
column h3(T)* out of (5.4) and plug it into (5.3). Then we end up with a relation of the
form (5.3) with ap = 0 and «; # 0, whence (2b) holds. Assume now that §; = 0. Let
Coly, Coly, ..., Colg, be the columns of N enumerated from the left to the right side.

Claim. For 2 <7 < 3k — 1 we have that
COlZ‘_;,_l, if COLL S {(hg(T))J, Tj},
—a Coljy9 +eColi g +d Col;_q, if Col; = hg(T)’T.

Proof of Claim. The case Col; € {(h3(T))?,T7} is clear. Assume now that Col; = hs(T)'T
for some j. Then

T Col; = (ho(T)Y'T2 = (hs(T)) (T2 — d) + (hs(T))'d
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= —ahs(T) T + ehs(T) ' 4 d(hs(T))’
= —a COlH_Q +e COlH_l +d COli_l .
This proves the Claim. |

Let Colj, be the first column in N, counted from the left side, which is linearly depen-
dent from columns to the left of this column, i.e.,

(55) COljO = ﬁg COIQ +...+ BJO*l C01j0,1

for some 8; € R not all equal to 0. Recall from above that we assumed 3; = 0 in every
such relation. We separate three cases:

Case 1.1: Colj, is on the right side of the column corresponding to the basis element
1. Multiplying (5.5) by T and using Claim we get a relation of the form (5.5) with jg
replaced by jo + 1. Note also that Coly = h3(T)*~! so T Col, = Colz and Col; does not
appear in (5.5). We continue until j, = 3k. But this then gives (2a).

Case 1.2: Colj, is equal to the column corresponding to the basis element 1. Multiplying
(5.5) by T" and using Claim we get a relation of the form

T = By Coly+ . .. + Bjy—ohs(T)T + Bjy_1(—aT + el + dhs(T)).

If —Bj,—1a # 1, then we are in Case 1.1 and continue as above. If —3;_1a = 1, then we
get a relation of the form

(56) —6]'0_16] = Ez COIQ +...+ Bjo_ghg(T)T + Bjo—ldhg,(T).

We know that 8;,_1 # 0 (by —fj,—1a = 1). If also e # 0, then we can express I from
(5.6) and plug it into (5.5). Then we get a relation of the form (5.5) with smaller jo,
which is a contradiction. Here note that the relation we would get cannot be a trivial one.
Indeed, let p(X,Y) = 0 be a representation of the column relation (5.5) of Zg( py)- Then
Yp(X,Y) = 0is a representation of the column relation (5.6) of Lz(p,). If yp(x, y)—p(z,y)
is in the ideal I generated by FPs(x,y), then one of y — 1 or p must be divisible by F,
which is not true due to the irreducibility of Fs. It remains to study the case e = 0 in
(5.6). However, this case cannot appear since then (5.6) would be a relation of the form
(5.5) with smaller j,. As above note that the relation (5.6) cannot be a trivial one in
this case, since it was obtained (after using the identification with R[Z(F;s)]) from some
nonzero polynomial in R[Z(P)] after multiplying with y. Since Py is irreducible, this
polynomial cannot be divisible by Fs.

Case 1.3: Colj, is on the left side of the column corresponding to the basis element 1.
We multiply the relation (5.5) by 7" until we come into one of the Cases 1.1, 1.2 above.
By the same reasoning as in Case 1.2 above, after multiplying with 7" the leading term
must have larger index than j,.

Case 2: Lz(p,) is not singular, but Lzp,) is (V*), 1)-locally singular. This case is
analogous to Case 1 only that the relation (5.4) is replaced by

(5.7) 0 = Bihg(T)F 1T + Bohsg(T)* ™ 4 . 4 Bap i TF 7 + B, TF.



32 M. KUMMER AND A. ZALAR

Namely, the term SByhs(T)* is replaced by the term [y hs(T)*1T.

It remains to prove the implication (2) = (5.2). The existence of a square positive
extension is clear from the positivity assumptions on Lz(p,). The rank condition in (5.2)
follows from either (5.4), where f3; # 0, under the assumption (2a), or from (5.7), where
Bsr # 0, under the assumption (2b). O

The following is the solution to the singular Z(FPs)-TMP with d = 0.

Theorem 5.6 (Singular case Z(F;)-TMP with d = 0). Let d =0 and L : Rz, y]<or — R
be a Z(Ps)-singular linear functional. Let V) is as in Table 2 and

U :=Span(By \ {z*}), W :=Span(B;\ {y*}) and Z:= Span(gk \ {y"}).
Then the following are equivalent:
(1) L is a Z(Ps)-moment functional.
(2) Lz(py) is square positive and (V®) 1) ~locally square positive, and
(5.8) rank Lz(p,) = rank ((Lz(r,))|v)
and one of the following holds:
(a) rank Lz(p,) = rank ((ZZ(p6))|W).
(b) rankfz(p@.),v(mJ = rank ((ZZ(PG),v<k>,1)|Z)~

Proof. Following the constructive proof of Corollary 2.6 for Z(Ps) via the solution to the
rational R-TMP above and replacing positive definiteness with positive semidefiniteness,
the only addition is that the psd extension L is not necessarily a (R \ {0})-mf. Since L
is Z(Ps)-singular and using [67, Theorem 3.1}, (1) is equivalent to:

(59) There is a square positive extension Lgorp) of Ls_,, with
5.9 _ _ _ -
rank Lﬁ(ng) = rank LE(2kD*2Q0) = rank L£(2kD*2Qoo)‘

Let Coly, Coly, ..., Colg, be the columns of the matrix N, representing the bilinear
form L¢ with respect to the basis Bs_,, , ordered as in (5.1).

Claim 1. For 2 < < 3k + 1 we have that
COlifl, if COLL € {(hg(T))]T, Tj: j € N},
1 Coliy +2Col;, if Col; = {hs(T): j e NU{0}}.

Proof of Claim 1. The case Col; € {(h3(T))'T,T?: j € N} is clear. Assume now that
Col; = h3(T)? for some j € NU {0}. Then

Til . COll =

—aT +e)T + aT?
el

% (ha(T)y

e

T Coly = (hg(T))IT" = (hy(T))
— éhg(T)j“T +

1
= — COlz;l +g COlZ .
e e
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This proves Claim 1. |
Claim 2. Assume that L is a Z(Ps)-singular and Z(Ps)-mf. Then (5.8) holds.

Proof of Claim 2. Assume first that Lz(p, is singular. There are some 3; € R, not all
equal to 0, such that in the matrix representation of ZZ( ps) With respect to the basis Bs_,, ,
the following relation

(5.10) 0 = Bihs(T)* + Bohs(T)* 1 + ... 4 Bop 1 TF 1 4 By T

holds. If 8, # 0, this implies Claim 2. Otherwise assume that §; = 0. By the extension
principle [31, Proposition 2.4], (5.10) is also a relation in the matrix M representing L.
Multiplying with 7! successively and using Claim 1 we conclude that there is a relation
of the form (5.10) with 8 # 0 in M, and hence also in Lzp,). Note that first we get a
relation containing hs(T)*T instead of hs(T)*. After another step of the procedure we get
hs(T)* and express hs(T)*T using the previous step of the procedure. This gives (5.8).

It remains to prove Claim 2 in the case Lz(p) is (V®)_ 1)-locally singular. This case is
analogous to the case in the first paragraph above only that the relation (5.10) is replaced
by the relation

0= Brhg(T)*'T + Bohs(T) " + ...+ Byt T + BT
Namely, the term S h3(T)" is replaced by the term Byhs(T)*1T. [

Let us now prove the implication (5.9) = (2). The square positivity and the (V*) 1)~
local square positivity of Lz(p,) are clear. The equality (5.8) follows from Claim 2. The
statements (2a) or (2b) follow as in the proof of Theorem 5.5 above.

It remains to prove the implication (2) = (5.9). The existence of a square positive ex-
tension L is clear from the positivity assumptions on L¢ as explained in the first paragraph
of the proof. The rank condition in (5.9) follows from rank conditions in (2). O

Let d > 0. A functional L := L/ rpy induces a functional

(5.11) Ligo : RltJ<or > R by Lago, (f) = E(W).

Let p be a nonzero polynomial of the lowest degree in ker ER[ The polynomial p is

<ok

called a generating polynomial of Lgy_g, -

The following is the solution to the singular Z(Ps)-TMP with d > 0.

Theorem 5.7 (Singular Z(FPs)-TMP with d > 0). Let d > 0 and L : Rlz,y]<or — R be
a Z(Ps)-singular linear functional. Let V*) is as in Table 2. Let Lgjy_g, be the induced
functional as in (5.11). Then the following are equivalent:

(1) L is a Z(Ps)-moment functional.

(2) Lzpy) is square positive and (V&) 1) ~locally square positive, \/d and —/d are not

zeroes of the generating polynomial of Lgy_, and one of the following holds:
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(a) For U := Span(By \ {¢*}) it holds that
rankzg(p6) = rank ((Zg(pﬁ)ﬂU).
(b) For W := Span(By \ {y*}) it holds that
ranku(P6)7V<k)71 = rank ((EZ(PB),VU“)J)’W)'

Proof. This follows by [47, Theorem 3.2], where note that by the Z(FPs)-singularity of L,

the condition Lgy_,, (t%9°8Pp) = 0 is equivalent to one of (2a) or (2b). O

tl<6k

5.2. Positivstellensatz on C = Z(P;), : = 7,...,11. Let P, be as in Proposition 5.1.
We denote by H; the divisor on X at infinity, i.e., writing Q; = [1:0:0], Q2 =[0:1: 0],
Qs=[-1:1:0,,Qs=[1:1:0],Q5=1[i:1:0] and Qg = [—i:1:0], we have

201+ Qq, ifi =717,
(5.12) Hi={ Qo+ Qs+ Q, ifie{8 10},
Qo+ Qs + Qs, ifie{9,11}.

Theorem 5.8. Fori=7,...,11, let C = Z(F;) and H; be as in (5.12). Assume that the
projective closure X of C is smooth. Let f; € R[Z(P;)] be equal to

(i) fr = x — a7, where ay is the smallest zero of

2

qr(t) = t> + dt* + et + az.

(i)

1 — agx

1 1
fs = i(‘ - 048) = —(2y* — 2° — ca® — dx)
x le] x

where ag is the smallest (resp. largest) zero of
gs(t) ==et’ +dt* +ct + 1
if e >0 (resp. e <0).

1 1 11—
=t 1) = B a0
e\ le] x

1
:H(yQ—FZE?—CZL‘—d)(l—O!g.T),

where ag is the smallest (resp. largest) zero of
go(t) == et® +dt* +ct — 1
if e >0 (resp. e <0).

(iv) fio = y* — 2% — cx — g, where ayg is the smallest zero of

2.2
quo(t) = t* — 2dt*> + (d* — a® + ce)t + (% — cde + 62>.
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(v) fi1 = y* + 2* — cx — ay1, where aqy is the smallest zero of
a’c?
qui(t) = t* = 2dt* + (d* + a® + ce)t + (T — cde — €2>.

R, — Ql? ZfZ = 77
") Qa ifie{8,9,10,11},

be the unique pole of f; and S; its unique zero on X. The following statements are

Let

equivalent:
(1) p € Posar(Z(F))).
(2) There exist finitely many g; € R[Cl<y and by € L(kH; — R; + ;) satisfying

p= ng? +fi ) b
Moreover, choosing the basis
By = {1,z y, 2% 2y, y? 3, 2%y, >, .. 2t 2Tyt 2R Ry M)
for R[C)<g, the elements r;, such that B := B\ {y*}U{r;} is a basis for L(kH; — R; +S;),
are equal to:
Ty + 5 Ty xy

rg = ) T9
1—agx

7’7: —=
1 — g’

2

T -y
1

Q)

T

rm:’yl+'yg(y2—x2—c:c)+’yg<y2—9c2—c:c— ;

)
>:B—1

Rl % Rl

7’11:71+A7“2(y2+x2—ca:)+§3<y2—|—x2—cx— .

for vi, Vi such that r; € L(H; — Q2 + S;) with S; = Z(f;) N Z(F;), i = 10, 11.

~—

Proof. In each case we bring the equation to Weierstral form so that the point R; gets
mapped to the point at infinity as in [60, Proposition 111.3.1]. Then the proof follows
analogously to the proof of Theorem 4.3.

Namely, following [60, Proposition I11.3.1], let u,v € R(Z(F;)) such that {1,u}, {1,u,v}
are bases for L£(2R;), L(3R;), respectively. Then the map ® : Z(P;) — P2, (x,y) —
[u(z,y) : v(z,y) : 1] is an isomorphism onto a curve in the Weierstrafl form W (u,v) =
ai + asu + asv + aqu® + asuv + agv? + azu® of some a; € R with agay # 0. Moreover, ®
maps R; to Q)s.

For C = Z(P;) a proper choices of u and v are x and zy. Indeed, if a = 0, then
div(z) = 2Q2 — 2@, and div(y) = —Q1 — Q2+ [x1 : 0 : 1] + [22,0, 1], where 27 and x5 are
zeroes of #? + dx + e. In the case a # 0, we have that div(z) = [0 : £ : 1] + Q2 — 20y,
while div(y) is the same as in the a = 0 case. Hence, x € £(2Q);) and xy € L(3Q)). The
Weierstraf form of C' is (zy + 2)? = 2® + da® + ex + %, whence a7 is as stated in the
theorem.

For C' = Z(Ps) a proper choices of u and v are % and . Indeed, div(z) = 2Q; — Q35— Q4
and div(y) = —Q2 — Q3 — Qs + [1: 0: 0] + [x2 : 0: 1] + [z5 : 0 : 1], where xy, xq, x5 are
zeroes of 2% + cx? + dx + e. Hence, 2 € £(2Q>) and £ € £(3Q5). The Weierstraf form of
C is y? = ex® + dx?® + cz + 1, whence ag is as stated in the theorem.

For C = Z(P,) the proof is analogous to the proof for C' = Z(Fy).
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Let C' = Z(Pyo). Note that the only pole of y* — 2* — cz is Q2 and {1,y* — 2% — cz}
is a basis for £(2Q)). Further on, div(z) = [0: £ : 1] + Q2 — Q3 — Q4 and for x4 # 0,
div(zx — x9) = [xo = y1 : 1]+ [xo : y2 : 1] — Q3 — Q4, where y; and y, are zeroes of
roy®—ay—xi—zic—zod—e. Hence, {1,u,v} := {1,y*—2*—cx—, (yQ—:rz—cx—Z—z)x;ﬂ}
is a basis for £(3Q)2) for any v € R. Let ¢ € R such that the line u — ¢ has a double zero
with the curve W (u,v) = 0. Namely, > —2? — cz —t = 0 and 2=~ + ¢ = ( have a
double intersection point. Expressing y out of the second equation, plugging into the first
and solving the quadratic equation in z we get that the discriminant multiplied with %
is precisely ¢io(t) in the statement of the theorem.

For C'= Z(Py;) the proof is analogous to the proof for C' = Z(Py). O

Example 5.9. Let Py = 2y?+100y — 23 +52%4+2—3. Then q;o = t3+2t>— 10014t +62494
with zeroes t; ~ —104.033, to =~ 6.273, t3 ~ 95.76. By Theorem 5.8 above, fig =
y? — 2% + 5z + 104.033. Indeed, the right choice for oy is t; as presented on the fol-
lowing figures:

—— Curve

40 yA2-x"2+5x-t1=0 40

o
o

-40 =20 0 20 40 -40 =20 0 20 40 -40 =20 0 20 40

Example 5.10. Let Py = 2y*+y+ 2%+ 722 —x — 3. Then ¢y = ¢* — 2t* — 19t + 2 with
zeroes t; ~ —4.091, ty ~ 1.22, t3 ~ 4.88. By Theorem 5.8 above, f1; = y*+22+T7x+4.091.
Indeed, the right choice for oy is t; as presented on the following figures:

Curve Curve Curve

yA2+x"2+7x-t1=0 yA2+x"2+7x-12=0 yA2+x"2+7x-t3=0

@
@
@

o
o
o

Remark 5.11. Every irreducible plane cubic curve with a singularity as a projective
curve has a rational parametrization. (See e.g., [45, Section 15.2] for explicit formulas.)
In case the projective closure of Z(P;), i = 7,...,11, is not smooth, we can rationally



POSITIVE POLYNOMIALS AND THE TMP ON PLANE CUBICS 37

parametrize the curve and then appy the extreme ray machinery to describe a pair (f, V*))
in Theorem 2.3 for this curve.

6. THE Z(P3)-TMP FOR IRREDUCIBLE Pio(z,y) = 2y — c¢(x), ¢ € R[z]<3, degc =3

Assume the notation as in Sections 2, 3. Let Pj5 be as in the title of the section.

The main results of this section are the following:
(1) Explicit description of the pair (f,V*)) in Theorem 2.3 for C' = Z(Ps).
(2) A constructive solution to the Z(P)-TMP.

After applying an affine linear transformation we can assume that ¢3 = 1 in ¢(x) =
Z?:o c;z'. The rational parametrization of Z(Pyy) is given by

(z(t), y(t) = (t, @) teR\ {0},

Let

232_0 pjtj . oo
Qs 1= J_t—z Po = p3icy, pj ERp, Q= U Qs
=0

Pos(Q<s;) :={f € Q<s;: f(t) >0 for every t € R},

Zgi:opjtj i
R<szi = {jt—l Po = —DP3icy, pj ER p.

Theorem 6.1. Let p € Pos(Q<gr). Then there exist finitely many f; € Qs and g; €
R<si, such that p=>", f} + Zj 9]2.,

Moreover, for C = Z(Pyy) the appropriate choices of f and V¥ in Theorem 2.3 are as
stated in Table 2.

Proof. Let ® : R[Z(P12)] — Q be a map defined by ®(p(z,y)) = p(t, @) Analogously
as in the proof of Theorem 4.8 we see that ® is a ring isomorphism and that the vector
subspace R[Z(Pj2)]<; is in one-to-one correspondence with the set Q<s; under ®. Using
Corollary 3.4, every extreme ray p of the cone Pos(Q<g) is of the form ;;—i for some
u = Z?io u;t! € R[t]<zx such that u2 = uZ 2", It follows that we either have uy = ugch
and % € Qcap, OF Uy = —ugkclg and ;& € R
It remains to prove the moreover part. Let d;(t) := ¢ — 2¢3 and
di(t) c(t)! c(t i
- {0 070y
be the basis for R<s;. Extending the ring isomorphism ® to the isomorphism between
quotient fields R(Z(Py5)) and Quot(Q) of R[Z(P2)] and Q, respectively, note that
®~!(Br.,,) is equal to Byw from Table 2. O

For x € C, we write @, for the divisor [z : 1] on P'. We also write Q, for the divisor

[1:0].

Below we present a constructive solution to the nonsingular Z(P;3)-TMP via the so-
lution to the corresponding (R \ {0})-TMP.
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Constructive proof of Corollary 2.6 for C'= Z(Pjs). Using the correspondence as in the
proof of Theorem 6.1, the Z(P2)-TMP for L is equivalent to the (R \ {0})-TMP for
LQSGk . QSﬁk — R, LQgGk(p) = Lz(p12)<q)_1(p)). If LQSGk is a (R \ {0})7mf, then it
extends to the (R \ {0})—mf

-~

L: L(2kQy + 4kQ ) — R.

In the ordered basis
c(T)* dp(T) c(T)*1 o(T)k2 e(T)
{ Tk ’ Tlc ) Tk—l ’ Tk—2 rrt T

of rows and columns, the strict square positivity and zhe (V("“‘), 1)-local strict square

1T .. TZ’H}

positivity of Lzp,,) are equivalent to the partial positive definiteness of the matrix

aDFd(T) TP (1)

2k—1

Tk Tk Tk—1 ' T 1 r o T
~ 2k ~ 2k—1 ~ k41 ~ k ~ k& ~
(<) ? By o B EE) B Btk

~ 42 ~ ck—1g =~ d T —

? B B () E(th-dy)
~ 2k-—1 ~ k=14, ~ 2k—2 =~ .k = _ _
L(;Qk—l) L(Ct%flk) L((£2k—2) L((;T) L(th=1ck1)

s T(¢2k—1

(%) ( )
Z(tk—lck) . . EXtQk—l) . . zxt2k72)

The missing entries are at the positions (1,2) and (2, 1), since the value L(Ct2—dk’“) is un-

ckdy,

known. Then there exists an interval (a,b) C R, such that for every E(tg—k) € (a,b), the
completion is positive definite (see e.g., [65, Lemma 2.4]) and for every such completion
the functional L has a (3k + 1)—atomic (R \ {0})-rm by [67, Theorem 3.1]. O

Remark 6.2. By [64, Theorem 3.1], it follows that for one of the two positive semidefinite
completions of the partial matrix above, the (R\ {0})-rm is (3k)-atomic. The proof is by
analysing the completion of the matrix of Lz(p,,) in the usual ordered basis {T": — k <
i < 2k} of rows and columns. Then the variable is the moment of t** and it also occurs
linearly in the left-upper corner of the matrix. This makes the analysis of the existence
of a (R\ {0})-rm in the psd cases tractable.

Let

c(t)’ () c(t) i
Bo_,, ::{ Ty Lt 1}

be a basis for Q«s;.

The following theorem solves the singular Z(P;2)-TMP.

Theorem 6.3 (Singular Z(Py2)-TMP). Let L : Rlz,y]<ox — R be a Z(Pip)-singular
linear functional. Let V) is as in Table 2 above. Then the following are equivalent:

(1) L is a Z(Pi2)—-moment functional.
(2) Lz(p,,) is square positive and (V®), 1)~locally square positive, and one of the fol-
lowing holds:
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a) For U := Span (®~!(Bg.. % it holds that
Q<3 t

lAankzz(Pm) = rank ((ZZ(PH))lU)'
(b) For W := Span (®~!(Bgr_,, \ {1)) it holds that

rankiz(P12)7v(k)7l — I"ank <(ZZ(P12)7V<IC)71>’W) .

Proof. Following the constructive proof of Corollary 2.6 for C' = Z(Pj5) via the solution to
the (R\{0})-TMP above and replacing positive definiteness with positive semidefiniteness,
the only addition is that a psd extension L is not necessarily a (R \ {0})-mf. Let D :=
Qo + 2Q . Since L is Z(Pyy)-singular and using [67, Theorem 3.1], (1) is equivalent to:

There is a square positive extension Lgorp) : £(2kD) — R of Lg_,, with

(6.1) _ _ _
rank Lpoxpy = rank Lporp—2q,) = rank Lzorp—29..)-
Let
et dilt) )t c(t) 2h-1
(6.2) B;{tk,ﬁ,tMIWWt,Ly”J }

be a basis of £L(kD). Let D := kD — Qo — Q. We have that

L(D) = Span {B\ {%k)k, d’;gf) }} :

[67, Theorem 3.1] also implies the following:

Fact. If (Lzown))|oop) : L£(2D) — R is singular and admits some representing measure,
then its extension to L£(2kD), generated by any measure, does not increase the rank of
the corresponding bilinear form.

Note that the rank conditions in (6.1) mean that in the matrix M, representing the
bilinear form of the extension Lz py in the basis BB, there is a relation

TV du(T L L)
(6.3) o (T’f) +0 ’ék) =wpl + E a;T7 + E B (Té)
j=1 =1

with ~, 0 not both equal to 0.

Let us now prove the implication (6.1) = (2). The square positivity and the (V*) 1)~
local square positivity of Lz(p,) are clear. If 6 = 0 in (6.3), then (2a) holds. If v = 0,
then (2b) holds. It remains to study the case: v # 0 and 6 # 0. We separate two cases
according to the Z(Po)-singularity of L:

Case 1: Lz(p,,) is singular. There are some a;, Ek, ~v € R, not all equal to 0, such that in
the matrix representation of ZZ( Pi») With respect to the basis Bg_,, , the relation

o 2k—1 k=1 ‘
(6.4) ST S AR

§=0 =1
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holds. If 5 # 0, then (2a) holds. Otherwise, ¥ = 0. By the extension principle [31, Propo-
sition 2.4], M|, p, is singular. By Fact above, (2a) and (2b) hold.

Case 2: Lgz(p,) is not singular, but Lz(p,,) is (V*™,1)-locally singular. The proof is
analogous to Case 1, only that one starts with the relation

~C(T)k 2k—1 _ ‘ k—1 N C(T)E
§=0 (=1

in the matrix, representing Lz p,,) v 1, in the basis Br_,, .

It remains to prove the implication (2) = (6.1). The existence of a square positive
extension is clear from the positivity assumptions on Le. The rank condition in (6.1)

follows from either (6.4), where 7 # 0 under the assumption (2a), or (6.5), where § # 0
under the assumption (2b). 0J

7. Z(Pi3)-TMP FOR Pi3(z,y) =y — 23
Note that (z(t),y(t)) = (¢,t%), t € R is a parametrization of Z(P). Let

3¢ 00
Pesi = {ijtji p3i-1 =0, p; € R} , Pi= Upg%

J=0 i=0
Pos(P<si) := {f € P<si: f(t) > 0 for every t € R}.

Theorem 7.1. The following statements are equivalent:
(1) pE POS(PSM).
(2) There exist finitely many fi € P<sr, g5 € Rt]<ar1 such that p =37, f7 + 3. g5.

Moreover, for C = Z(Py3) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 2.

Proof. The nontrivial implication is (1) = (2). Let ® : R[Z(P;3)] — P be a map defined
by ®(p(z,y)) = p(t, t3). Analogously as in the proof of Theorem 4.8 we see that ® is a ring
isomorphism and that the vector subspace R[Z(P;3)]<; is in one-to-one correspondence
with the set P<s; under ®. Using Corollary 3.4, every extreme ray p of the cone Pos(P<gy)
is of the form u? for some u = Z?io u;t! € R[t]<sp such that 0 = (u?)er—1 = 2ugg—_1uzg. If
ugp—1 = 0, then u € Qggk. Else uz, =0 and u € R[l’]g;;k,l.

It remains to prove the moreover part. Notice that ®~*(R[z]<s,_1) = V*® is equal to
By from Table 2. O

Example 7.2. Let k = 3 and f3;; = L(z'y?) for i,5 > 0, i + j < 6. Then the square
positivity and the (V® 1)-local square positivity of L 2(P13) are equivalent to the partial
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positive semidefiniteness of the following Hankel matrix:

1 T .- T T8 T°
1 Yo Y1t YT Y8 o
T m v - 7 7% Mo
T7 Y8 o 14 Te6 |
| R
T° Yo Yo -t Yie ! s

where v; := B, od 3,4] for each i. Note that the missing entries are at the positions (9, 10)

and (10,9), since the value Lz(p,4) (y°x?) is unknown. The matrix representation of Lz(p,)
(resp., EZ( i),y 1) 18 the restriction of this matrix to a submatrix an all rows and columns
but the one indexed with T® (resp., but the one indexed with 7).

Remark 7.3. The first solution to the Z(P)-TMP is [32] and is based on the flat ex-
tension theorem. Another approach by solving the equivalent R-TMP from Example 7.2
is presented in [66, Section 3]. The third approach using the result on the core variety is

136).

8. Z(P)-TMP FOR REDUCIBLE CUBIC POLYNOMIAL P(z,y) € R[z,y|, deg P = 3

Assume the notation as in §2, §3. Let P be as in the title of the section.

Proposition 8.1. Up to invertible affine linear change of variables every reducible cubic
polynomial P such that Z(P) € Z(Q) for any Q € R[z,yl<2, has one of the following
forms:

(7,y) = ylay + 2> + y?), a € R\ {0}.
(i) Circular type 2: Pis(z,y) = y(1 + ay + 2% + 4?), |a| > 2.
(r,y) = y(1 +ay — 2* — y?), a € R.

(i) Circular type 1: Piy(x,

(#i) Circular type 3: Pyg(z,

(iv) Parabolic type 1: Piz(x,y) = y(2? — y)
(v) Parabolic type 2: Pig(z,y) = y(x — y?)
(vi) Parabolic type 3: Pig(z,y) = y(1 +y + x?)
(vii) Parabolic type 4: Pao(z,y) = y(1 +y — 2?)
(viii) Hyperbolic type 1: Po(z,y) = y(1 — zy)
(iz) Hyperbolic type 2: Py (x,y) = y(r +y + azy), a € R\ {0}
(z) Hyperbolic type 3: Poz(z,y) = ylay + 2% — y?), a € R\ {0}
(zi) Hyperbolic type 4: Pu(z,y) = y(1 +ay + z° — y*), |a| # 2
(wii) Hyperbolic type 5: Pas(z,y) = y(1 + ay — 2% + y?).

(ziii) Parallel lines type: Pog(z,y) = y(a+1y)(b+y), a,b € R\ {0}, a #b.
(ziv) Intersecting lines type 1: Py (x,y) = y(x — y)(x + y),

(zv) Intersecting lines type 2: Pyg(x,y) = yx(y + 1),

(zvi) Intersecting lines type 3: Pyg(x,y) = y(1+z —y)(1 —x —y).
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Proof. 1f we combine types (ii), (iii), (vi), (vii), (xi), (xii) and (xvi) into a common type
y(1 + ay + bx? + cy?), b # 0, called mized type, then this is [65, Proposition 3.1]. (Note
that in the statement of the latter type (iv) is missing, but in the proof it is Case 2.1.1.1.
Also the types (x) and (xiv) are combined under Hyperbolic type 3. Here we separate the
case a # 0, which is the type (x), from a = 0, which is the type (xiv).

We will show that the above mixed type actually decomposes into the types men-
tioned in the first sentence of the proof. Applying an alt (z,y) — (Vbz,y) if b > 0
and (z,y) — (vV—=bx,y) if b < 0, we can first split the mixed type into two types, i.e.,
M :y(1+ay+x?+cy?) and My : y(1+ ay — 2%+ cy?). Further on, according to the sign
of ¢ we separate three cases: ¢ =0, ¢ > 0 and ¢ < 0.

Case 1: ¢ = 0. We have My : y(1 + ay + 2?) or My : y(1 + ay — x?). Further, if
a = 0, then we have My 11 : y(1+2?%) or My : y(1 —2?). The case M; 1, does not fulfil
the assumption Z(P) € Z(Q), Q € R[z,y]<2, while in the case My, after applying
an alt (z,y) — (x — y,y), we get the type (xvi) in the statement of the proposition. If
a # 0, then we can apply an alt (z,y) — (z,ay) and get one of M; 1, : y(1+y+ 2?) and
My y(1+y — x?), which are the types (vi) and (vii).

Case 2: ¢ # 0. We can apply an alt (z,y) — (z,/cy) if ¢ > 0 and (z,y) — (z,v/—cy) if
¢ < 0, and get one of the types Mio; : y(1 + ay + 2% + %), Miss : y(1 + ay + 22 — y?),
Msoy = y(1 +ay — 2? + y?) or Moo : y(1 + ay — 2? — y?). Type Mo, with |a| > 2
give the type (ii) in the statement of the proposition. The type M; o1 with |a| < 2 does
not fulfil the assumption Z(P) € Z(Q), Q € R[z,y|<2, since Z(y(1 + ay + 2% + y?)) =
Zy((y+5)P+a*+1— %)) is a union of a line and at most one point in R?. The type
M 55 gives the type (xi) in the statement of the proposition, type M1 gives type (xii)
if |a| # —2 and type (xv) if |a| = 2 (after possibly applying an alt (x,y) — (z, —y)), while
type Moo gives type (iii). O

The main results of this section are explicit descriptions of the pair (f, V®) in Theorem
2.3 for each C' = Z(P,;) from Proposition 8.1 above.

Throughout the whole section, for x € C we write @, for the divisor [z : 1] on P!. We
also write Qo for the divisor [1 : 0].

8.1. Circular type 1. Let Py, be as in Proposition 8.1 above. A circle ay + 2% 4+ y* = 0,

centered in (0, —4%

5) and having radius —§, has a rational parametrization

(z(t),y(t)) =
Let D := Qi + Q_i and

t?—1 t+1)°
(C= il Y
22 4+1° 2 2 +1

Cire, {(f, 9 e < B[ L. 0) = g1, £(0) = 2g’(a—1) }

24+1'¢2 41
29'(-1)
a )

(Cirer)es = { () € Rlslet x £D): £(0) = (-1), £0) =
Pos((Circy)<;) == {(f,g) € (Circ;)<;: f(s) >0, g(t) > 0 for every (s,t) € R*},
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—

(Cirer)<i :=A{(f,9) € Rls]<i x L{iD): f(0) = g(—1) = 0}.

Theorem 8.2. Let (p1,p2) € Pos((Circy)<ar). Then there exist finitely many (fi., f2i) €
(Circy) <k and (915, 92.5) € (Cirey)<i such that

(p1,p2) = Zz(ffl’ f221) + Zj(gipgg;j)-

Moreover, for C = Z(Pyy) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 3.

Proof. Let @ : R[Z(Py4)] — Circy be a map defined by

at?—1 a(t+1)?
N i )]
®1(p)

‘P;Ep)

Clearly @ is a well-defined ring homomorphism, because ®(p) = 0 for every p € I and

(@1(p))(0) = (P2(p))(=1) = p(0,0),
(®1(p))'(0) = (p(s,0))'(0) = the coefficient of p at z,

, B at? =1  a(t+1)2\Y _a ,
@) (0= (- 555 7)) D=3 @)
for every p € R[C]. The inclusion ®(R[C]<;) C (Circy)<; is clear. Since

we have equality for every ¢ and ® is also one-to-one.

Let p = (p1,p2) be an extreme ray the cone Pos((Circi)<gx). Using Corollary 3.4,
(p1,p2) = (u?,u3) for some u; € R[s|<x, us € L(kD), such that u?(0) = u3(—1) and
(u?)(0) = % So u1(0) = us(—1) and 2u; (0)uf(0) = 2uy(—1)uh(—1). Upon
multiplying us with —1 if necessary we may assume u;(0) = ug(—1). If u1(0) = ua(—1) #
0, then u}(0) = @, in which case (uy,us) € (Circy)<g. Otherwise ui(0) = ug(—1) =0
in which case (u1, us) € (Cirey) <.

It remains to prove the moreover part. Let

_ 2 2 Jiog=1 -2 2 i a1, -2 2
Bﬁi_{lax7y7xaxy7y7"'7x7$ y7x 7"'x7$ y7x y}

be a basis for R[C]<;. Let h(z,y) = M and extend ® to h(z,y) by the same rule.
Note that: ®(h) = (s,0) € (Circy)<,;. Replace 1 by h to obtain ggi = B<; \ {1} U {h}.
U

~ — =

Note that ®(B<;) is a basis for (Circy)<;.

8.2. Circular type 2. Let Pj5 be as in Proposition 8.1 above. Upon applying and alt
(z,y) = (z,—y) we may assume that a < 0. A circle 1 + ay + 2% + y? = 0, centered in

(0, —%) and having radius r := y/—1 + ‘2—2, has a rational parametrization

ot 2 —1 a) L eR
T T — = .
2+1 t24+1 2/

(2(t), y(0) = (

A short computation shows that

(z(to), y(to)) = (1,0) for to = —%(CL—F V—4+a?).
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Let D = Q; + Q_; and
1

Cirey := {(f,g) € R[s] x R[tQ T ELil
(Circy)<i == {(f,9) € Rls]l<i x L(D): f(i) = ¢
Pos((Circy)<;) == {(f,g) € (Circa)<;: f(s) >0, g(t) > 0 for every (s,t) € R*}.

Theorem 8.3. Let (p1,p2) € Pos((Circy)<ar). Then there exist finitely many (fi., f2i) €
(Circa) <k, g1 € Rls]<g—1, hoy € L((k — 1)D) such that

(p1,p2) = Zi(ffm f3:) + Zj((l + 52)9%;;‘7 0) + Zf(o,y(t)hé;g).

Moreover, for C = Z(Py5) the appropriate choices of Py and Py in Theorem 2.4 are y
and 1 + ay + 2% + 3>

~+

Q

Proof. Let @ : R[Z(P;5)] — Circy be a map defined by
2t 2—-1 a
¥(p(e) = (106,010 -9)

"er1 "1l 2

Analogously as in the proof of Theorem 8.2 we see that ® is a ring isomorphism and that

the vector subspace R[Z(Pj5)]<; is in one-to-one correspondence with the set (Circy)<s;
under .

Let p = (p1,p2) be an extreme ray of the cone Pos((Circy)<ax). Using Corollary 3.4,
one of the following cases occurs:

Case 1: p; # 0, pa # 0 and each component py, py has all zeroes and poles of even order.

This implies that (p1,p2) = (u},u3) for some u; € R[s]<k, us € L(kD) such that
u?(i) = u3(ty). Further on, u;(i) = duy(tg). Upon multiplying with —1 we may assume
that u1(i) = ua(to), whence (u1,uq) € (Circg) <.

Case 2: p; =0 orpy, =0.

Case 2.1: p; = 0. In this case py vanishes in ¢, and —%y, since these two points corre-
spond to (i,0) and (—i,0) in the ambient curve. Since y(t) vanishes in ¢y, —to and has a
quadratic numerator, if follows that ps(t) = y(¢)™rs(t) for some m and ry does not vanish
in +ty. Since y(t) is positive on the circle, it follows that () > 0 for every t € R.
Moreover, r, has only real zeroes and poles of even order. So it is of the form ry = u3 for
some upy € L((k—m)D). Hence, po = (y(t)™?uz)? if m is even and p, = y(t)(y(t)"™/*us)?
if m is odd, whence (0, py) is of the desired form.

Case 2.2: p, = 0. In this case p; vanishes in i, —i. It follows that p;(s) = (1+s?)"q(s),
q2(s) > 0 for every s € R and ¢ has only real zeroes. Hence, there is u; € R[t] such that
pi(s) = ((1 4 s2)™2u;)? if m is even and pi(s) = (1 + s2)((1 + s2)™2up)? if m is odd,
whence (py,0) is of the desired form.

The moreover part is clear. U
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8.3. Circular type 3. Let Pig be as in Proposition 8.1 above. A circle 1+ay—z?—y* = 0,

a

centered in (0, §) and having radius r := /1 + %, has a rational parametrization

2t t2—1+a> e R
r—,r——- — .
24+1 t2+1 2/

(). y(t) = (

A short computation shows that for

t_ zl(a—vll—i—a?), ty =

5 (—a+\/41—|—7a2)

N | —

we have that
(@(t-),y(t-)) = (=1,0), (x(t+),y(t+)) = (1,0).
Let D := Qi + Q—i and

. e 1 t .
Cires := {(£,9) € Rls] % R[ o 7= |

(Cires)<; == {(f. 9) € Rlsl; x LGD): f(~1) = g(t), f(1) = g(t2)},
Pos((Circs)<i) = {(f, 9) € (Cirey)<i: f(5) > 0, g(t) > 0 for every (s,t) € R},
(Cires)<i == {(f. 9) € Rlsl< x LD): f(~1) = —g(t), f(1) = g(t)}.

Theorem 8.4. Let (p1,p2) € Pos((Circs)<ar). Then there exist finitely many (fi., f2i) €
(Circs)<g and (915, 92.5) € (Cireg)<y such that

(p17p2) = Zz(fi“ f22,1) + Z](gij7g§,j>

Moreover, for C = Z(Pyg) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 3.

F=1) = gt-), F(1) = g(t:) ],

Proof. Let @ : R[Z(Pyg)] — Circe be a map defined by

2t t2—-1 a
@ ) = 70 ) ( ) _>
(p(:li‘ y)) (p(s ) p rtz +1 TtQ +1 + 2 )

Analogously as in the proof of Theorem 8.2 we see that ® is a ring isomorphism and that
the vector subspace R[Z(Pig)]<; is in one-to-one correspondence with the set (Circs)<s;
under ®.

Let p = (p1,p2) be an extreme ray of the cone Pos((Circg)<or). Using Corollary 3.4,
(p1,p2) = (u}, u3) for some u; € R[s]<k, ug € L(iD) with u?(—1) = u3(¢t_) and ui(1) =
u3(t,). Hence, uj(—1) = Fuy(t_) and uy(1) = Fus(t;). Upon multiplying with —1 we
may assume that ui (1) = ua(t1). If ui(—1) = us(¢-), then (u1, uz) € (Circs)<p. Otherwise
ur(—1) = —uz(t-) and (u1,uq) € (Circg)<k.

It remains to prove the moreover part. Let

k

B ={l,z+ 1,2% — 1,:U(x2 —1),... ,a:kfz(wQ —1),y,yx,...,yx TR ot A ,nyk*Q}

be a basis for R[Z(Pig)|<;. Let h(z,y) :=1—z — 21”3’1;# and extend ® to h(z,y) by

the same rule. Note that: ®(h) = (—(1—x),1 —xz) € (61\/1"03)9 Replace 1 by h to obtain
B<; = B<; \ {1} U{h}. Note that ®(B<;) is a basis for (Circs)<;. O
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8.4. Parabolic type 1. Let P;; be as in Proposition 8.1 above. Let

Pary := {(f,9) € R[s] x R[t]: f(0) = g(0), f'(0) = 4'(0)},
(Pary)<; := {(f, 9) € Rls]<i x R[t]<zi: £(0) = g(0), f'(0) = g'(0)},
Pos((Pary)<;) := {(f, g) € (Pari)<;: f(s) >0, g(t) > 0 for every (s,t) € R?},
(Pary)<; = {(f,9) € Rls]<i x Rt]<z:: f(0) = g(0) = 0}.

Theorem 8.5. Let (p1,p2) € Pos((Pary)<a). Then there exist finitely many (fi;, f2,) €
(Pary)< and (915, 92,) € (Pary)< such that

(p1,p2) = Zz(ff’“ f221) + Zj(gij7g§;j)'

Moreover, for C = Z(Py7) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 3.

Proof. Let ® : R[Z(Py;)] — Par; be a map defined by ®(p(x,y)) = (p(s,0),p(t,t?)).
Analogously as in the proof of Theorem 8.2 we see that ® is a ring isomorphism and that
the vector subspace R[Z(Pi7)]<; is in one-to-one correspondence with the set (Pary)<s;
under ®.

Let p = (p1,p2) be an extreme ray the cone Pos((Par;)<g;). Using Corollary 3.4,
(p1,p2) = (u,ud) for some u; € R[t|<x, uy € R[s]<gp, such that u?(0) = w3(0) and
2u1(0)u} (0) = (u})'(0) = (ud)'(0) = 2uz(0)uy(0). So u1(0) = Fug(0). Multiplying wug
with —1 if necesarry we may assume that u;(0) = u(0). If u1(0) = u(0) = 0, then
(uy,uz) € (%1)§k. Else u}(0) = u5(0), and (uy,us) € (Pary)<.

It remains to prove the moreover part. Let

BSi = {1,1’,&32, LR 7xk7y7y27 cee 7yk7y$7y27y2x7 cee Jykil'x}

be a basis for R[Z(Pi7)]<;. Let h(z,y) := £ and extend ® to h(x,y) by the same rule.
Note that: ®(h) = (0,t) € (Pars)<;. Replace 1 by h to obtain B<; = B<; \ {1} U{h}. Note
that ®(B<;) is a basis for (Pars)<;. O

8.5. Parabolic type 2. Let Pjg be as in Proposition 8.1 above. Let

Pary := {(f,g) € R[s|] x R[t]: f(0) = g(0)},
(Para)<; := {(f,9) € R[s]<i x R[t]<2: f(0) = g(0), fi = gai},
Pos((Parg)<;) := {

(Pary)<; := {(f.9) € Rlsl<i x Rlf]<ziz £(0) = 9(0), fi = —gai}.

Theorem 8.6. Let (p1,p2) € Pos((Pars)<a). Then there exist finitely many (fi;i, f2,) €
(Pary)<x and (g1, g2;) € (Pary)<x such that

(p1,p2) = Zz(ff’“ f22@) + Zj(gipgg;j‘)-

Moreover, for C = Z(Pig) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 3.

(f.9) €
(f.9) € <2i [
(f,g) € Parg;: f(s) >0, g(t) > 0 for every (s,t) € R?},
(f,9) € i
Po
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Proof. Let ® : R[Z(Pyg)] — Pary be a map defined by ®(p(x,y)) = (p(s,0),p(t*1)).
Analogously as in the proof of Theorem 8.2 we see that ® is a ring isomorphism and that
the vector subspace R[Z(Pis)]<; is in one-to-one correspondence with the set (Parg)<s;
under ®.

Let p = (p1,p2) be an extreme ray the cone Pos((Pars)<or). Using Corollary 3.4,
(p1,p2) = (u3,u3) for some u; € R[t|<k, uy € R[s]<g such that u?(0) = w3(0) and
(u1)3, = (u2)3,. So u1(0) = Fuy(0) and (uy)x = F(ug)ok. Multiplying uy with —1 if
necesarry we may assume that u;(0) = u2(0). Then (u1,us) € (Para) <k if (u1)r = (u2)2x
and (u1, uz) € (Parg)<y if (u1)r = —(u2)ax.

It remains to prove the moreover part. Let

Bpar)<; = {(1,1), (s,1), (s°,8%),..., (s",8%),(0,1), (0,£%), ..., (0,£* 1)}

be a basis for R[Z(Ps)]<;. Replacing (s',t*) by (s, —t*) we get a basis By, for
(f’\a/rQ)Si. Note that B; = &~1(B (Para) < ) =B\ {2} U{z’ —2y*z""'}, which concludes the
proof of the theorem. 0

8.6. Parabolic type 3. Let Py be as in Proposition 8.1 above. A parametrization of
the parabola 1 +y 4+ 22 =0 is

(z(t),y(t)) = (t,—t* = 1), tER.
Notice that (z(i),y(i)) = (i,0). Let
Parg := {(f,g) € R[s] x R[t]: f(i) = g(i)},
(Pars)<; :== {(f, 9) € Rls]<; x R[t]<oi: f(i) = g(i)},
Pos((Pary)<;) i= {(f, 9) € (Pars)<i: f(s) = 0, g(t) = 0 for every (s,t) € R2}.

Theorem 8.7. Let (p1,ps2) € Pos((Pars)<or). Then there exist finitely many (fi., f2.) €
(Parg)gk, g1, € R[S}gk—l and hg-g S R[t]<2k_1 such that

(plap2)zz flz?sz +Z 1+8 gl]a +Z 1+t2 h%[)

Moreover, for C = Z(Pyg) the appropriate choices of Py and Py in Theorem 2.4 are y
and 1+ y + 22.

Proof. Let ® : R[Z(Py9)] — Pars be a map defined by
®(p(,y)) = (p(s,0), p(t, —t* = 1))

Analogously as in the proof of Theorem 8.2 we see that ® is a ring isomorphism and that
the vector subspace R[Z(Pig)]<; is in one-to-one correspondence with the set (Pars)<s;
under .

Let p = (p1,p2) be an extreme ray of the cone Pos((Pars)<a). Using Corollary 3.4, one
of the following cases occurs:

Case 1: p; # 0, po # 0 and each component py,ps has all zeroes and poles of even order.

This implies that (p1,p2) = (u?,u3) for some u; € R[s]<k, us € R[t]<ox. such that

u¥(i) = u3(i). So wy(i) = Fus(i). Upon multiplying with —1 we may assume that
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uy (i) = uz(i). Hence, (u1,uy) € (Parg)<g.
Case 2: p; =0 or py, = 0.

Case 2.1: p; = 0. In this case ps vanishes in i and —i. It follows that py(t) =
(1+t3)™gy(t), m € N, qo(t) > 0 for every t € R and ¢ has only real zeroes. Hence, there is
uy € R[t] such that py(t) = ((1+t2)™/2uy)? if m is even and py(t) = (1+£2)((1+12)m/2]qy,)?
if m is odd, whence (0, py) is of the desired form.

Case 2.2: p, = 0. In this case p; vanishes in i, —i. If follows that p;(s) = (1 + s?)"q(s),
m € N, ¢1(s) > 0 for every s € R and ¢; has only real zeroes. Hence, there is u; € R]s]
such that pi(s) = ((14 s2)™/2u;)? if m is even and p;(s) = (1 + s2)((1 + s2)™/2u)? if m
is odd, whence (p1,0) is of the desired form.

The moreover part is clear. [l

8.7. Parabolic type 4. Let P,y be as in Proposition 8.1 above. A parametrization of
the parabola 1 4y — 2% = 0 is

(z(t),y(t)) = (t,t* = 1), t€R.

Let
Pary :={(f, 9) € Rls] x R[t]: f(=1) = g(=1), f(1) = g(1)},
(Pary)<; == {(f,9) € Rs]<i X Rlt]<zi: f(=1) = g(=1), f(1) = g(1)},
Pos((Pars)<i) := {(f.9) € (Pars)<i: f(s) > 0, g(t) >0 ¥(s,t) € R},
(Pary)<; = {(f,9) € Rls]<i x Rls]<i: £(1) = g(1), f(=1) = —g(-1)}.
) € Pos((Pary)<ai). Then there exist finitely many (fi;, f2) €

Theorem 8.8. Let (p1, po
(Pary)< and (915, 92,5) €

/‘\

Pam)sk such that
(p17p2) = Zz(flz,zv f22,z) + Z](gi]’ ggd)

Moreover, for C = Z(Py) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 3.

Proof. Let @ : R[Z(Py)] — Pary be a map defined by
®(p(x,y) = ®(p(x,y)) = (p(s,0),p(t,t* — 1))

Analogously as in the proof of Theorem 8.2 we see that ® is a ring isomorphism and that
the vector subspace R[Z(P)]<; is in one-to-one correspondence with the set (Pary)<s;
under ®.

Let p = (p1,p2) be an extreme ray the cone Pos((Pary)<ox). Using Corollary 3.4,
(p1,p2) = (u,ud) for some u; € R[s]<p, uy € R[t]<ox such that u?(+) = ui(+). So
ur(—1) = Fus(—1) and ui(1) = Fus(1l). Upon multiplying with —1 we may assume
that uy (1) = ue(1). If uy(—1) = ua(—1), then (uy,us) € (Pary)<k. Otherwise uy(—1) =

an

—uz(—1) and (u1,us) € (Pary) <.
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It remains to prove the moreover part. Let

Bei={l2+1,2" = La(a® = 1),...,2"(2* = 1), y,y2, 9" y’w, ... .y )
be a basis for R[Z(Py)]<;. Let h(z,y) :=1—x — 21?% and extend ® to h(z,y) by
the same rule. Note that: ®(h) = (—(1 —z),1 -2) € (Par4)<Z Replace 1 by h to obtain
B<; = B<; \ {1} U {h}. Note that ®(B<;) is a basis for (Par4)<z O

8.8. Hyperbolic type 1. Let P be as in Proposition 8.1 above. A rational parametriza-
tion of the hyperbola 1 — zy = 0 is given by (z(¢),y(t)) = (t,1), t € R\ {0}. Let
D = Qo + QOO and
Hyp, := R[s] x R[t, til],
(Hyp,)<i == {(f,9) € Rls|<; x L(D): fisx = g1, fi = i
where f(s Z f] , f; €Rand g(t) = Zj:_i git!, g; € R},

Pos((Hyp,)<i) :={(f.9) € (Hyp1>§i' f( ) =0, g(t) = 0 for every (s,) € R x (R\ {0})},

(Hyp,)<i = Rls]<i-1 X L(iD — Qo).

Theorem 8.9. Let (p1,p2) € Pos((Hypy)<ax). Then there exist finitely many (fi., f2i) €
(Hypy)<k and (915, 92;5) € (Hypy) <k such that

(p1,p2) = Zi(fim f22;¢) + Zj(gijhgg;j)‘

Moreover, for C = Z(Py;) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 3.

Proof. Let @ : R[Z(Py;)] — Hyp; be a map with ®(p(x,y)) = (p(s,0),p(t,t71)). Analo-
gously as in the proof of Theorem 8.2 we see that ® is a ring isomorphism and that the
vector subspace R[Z(Py)]<; is in one-to-one correspondence with the set (Hyp,)<s; under
.

Let p = (p1,p2) be an extreme ray the cone Pos((Hyp;)<2x). Using Corollary 3.4,
(p1,p2) = (ui, u3) for some uy € R[s|<y, up = %, Uy € R[t]<;, i < k, such that (u])gp—1 =
(U3)2k—1, (uf)2k = (U3)2x. So (u1)y = £(Us)x and

2(wr)r(ur)g—1 = 2(ta)(U2)g-1-

Upon multiplying us with —1 if necessary we may assume (u1 ) = (Ug)g. If (u1)p = () #
0, then (uy)k—1 = (U2)g—1, in which case (uy,u2) € (Hyp;)<x. Otherwise (uy)r = (t2)r =0
in which case (uq,uz) € (H;’E)l)gk.

It remains to prove the moreover part. Let

Bei = {1, 2,9y, 2% zy,9°, ..., 20, 27ty o oat oy )

be a basis for R[Z(P1)]<;. Replace z' by yz' to obtain B<; = B<; \ {z'} U {yz'}. Note
that ®(B;) is a basis for (Hyp1)<z O
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8.9. Hyperbolic type 2. Let P, be as in Proposition 8.1 above. Let D = (Q_1 + Q)
and

Hyp, = {(f,9) € Rls| x R[t, ] f(0) = 4(0)},

(Hypy)<i := { (f.9) € Rlsl<i x £(iD): £(0) = 9(0), fi = &,

ijo gjt
where ¢g(t) = m}
Pos((Hypy)<i) := {(f, ) (Hyp,)<i: f(s) 2 0, g(t) > 0 for every (s,t) € R*},
(Hyps)<i == {(f.9) € Rlsl<s x LGD): (0) = g(0), fi =%,
ij 0 95t
where ¢(t) = m}

Theorem 8.10. Let (p1, p2) € Pos((Hypsy)<or). Then there exist finitely many (fi., f2i) €
(Hypy)<k and (1.5, 92;;) € (Hypy) <k such that

(prop2) = 3 (f F30) + D (91 95,).

Moreover, for C = Z(Py,) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 3.

Proof. Let ® : R[Z(Ps2)] — Hyp; be a map with ®(p(z,y)) = (p(s,O),p(t,—ljat)).
Analogously as in the proof of Theorem 8.2 we see that ® is a ring isomorphism and that
the vector subspace R[Z(Pa2)]<; is in one-to-one correspondence with the set (Hyp,)<si
under ®.

Let p = (p1,p2) be an extreme ray the cone Pos((Hypy)<oxr). Using Corollary 3.4,
(p1,p2) = (u?, u3) for some u; € R[s]<k, ug € L(kD) such that u?(0) = u3(0) and (u?)ay, =
(ug . So up(0) = tus(0) and (uy), = :i:(w)z’“ Multiplying us by —1 if necessary, we may
assume that u;(0) = uy(0). Then u; € (Hpr)Sk if (uq) = (“2# and u; € (Hyp2)§k if

(1) = — —(uiz)fk .

It remains to prove the moreover part. Let

Bgi = {17 x,Y, ZE27 xy, y27 s 7Ij7 Ij_l% yja s mi) xi_1y7 yl}

be a basis for R[C]<;. Let h(z,y) = 2° + 2y(1 + ax)2’' and extend ® to h(z,y) by
the same rule. Note that ®(h) = (s, —t') € (Hyp,)<i. Replace * by h to obtain B<; =
B\ {z} U {h}. Note that ®(B<;) is a basis for (Hyp,)<;. O

8.10. Hyperbolic type 3. Let P»3 be as in Proposition 8.1 above. The rational parametriza-
tion of the hyperbola ay + 22 — y? = 0 is given by

2
(@(0),y(0) = (a7 00— ) ¢ ER\{=1,1).
Let D := Ql + Qfl and

1 t
2 -1t -1

Hyp, := {(f,9) € Rls] x R | 10) = 900), 710) = =£21,
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(Hyp)<i = {(7.9) € Blskes x £GD): £0) = g(0), 7'(0) = -2},

Pos((Hyp;)<i) := {(f,9) € (Hyps)<i: f(s) 20, g(t) 20
for every (s,t) € R x (R\ {—1,1})},

(Hyps)<i := {(/, 9) € Rls]<i x L(iD): [(0) = g(0) = 0}.

Theorem 8.11. Let (p1, p2) € Pos((Hyps)<ar). Then there exist finitely many (fi., f2i) €
(Hyps)<k and (91, 92;j) € (Hypy)<k such that

(p17p2) = Zz(fi“ f22,z) + Zj(g%;j%g%;j)'

Moreover, for C = Z(Py3) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 3.

Proof. Let @ : R[Z(Pa3)] — Hyp; be a map with

®(p(z,y)) = (p(s>0),p(at2 a 1,at2ti 1)) .

Analogously as in the proof of Theorem 8.2 we see that ® is a ring isomorphism and that
the vector subspace R[Z(Pa3)]<; is in one-to-one correspondence with the set (Hyps)<s;
under ®.

Let p = (p1,p2) be an extreme ray the cone Pos((Hyps)<ar). Using Corollary 3.4,
(p1,p2) = (u},u3) for some u; € R[s|<x, uz € L(kD) such that u?(0) = u3(0) and
(u?)'(0) = % So u1(0) = +us(0) and 2uy (0)u} (0) = —2us(0)us(0). Upon multiplying
up with —1 if necessary we may assume u;(0) = uy(0). If u;(0) = ue(0) # 0, then
uy(0) = —uQ(O) , in which case (u1,u2) € (Hyps)<k. Otherwise u;(0) = u2(0) = 0 in which
case (ul,ug) (Hyp3)§k.

It remains to prove the moreover part. Let

_ 2 2 Iy 222 i 22,2
Be, ={1,z,y,2°, xy,y°, ..., 27,2’ y,x cxtat y°}

be a basis for R[Z(Pa3)]<;. Let h(x y) = “yﬂx —* and extend ® to h(:v y) by the same
rule note that: ®(h) = (s,0) € (Hyp3)<l Replace 1 by h to obtain B<; = B<; \ {1} U{h}.
Note that ®(B;) is a basis for (Hyp3)<l O

8.11. Hyperbolic type 4. Let Py, be as in Proposition 8.1 above. Using an affine linear
transformation (x,y) — (z, —y) we may assume that a < 0. A rational parametrization
of the hyperbola 1 + ay + 22 — % = 0, is

(@).0(0) = (rpe e £ 9), re R\ (113,

2 1"p_1 3

where r = /1 + %. A short computation shows that for

i
to = —5(—a+ V4+CL2)

we have that

(z(to),y(to)) = (i,0).
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Let D := @+ @_; and

Hyp, = {(f.9) € R[s| x B[ "

R m] :f(i) = g(to)},
(Hyps)<i == {(f,9) € R[s]<; x L(iD): f(i) = g(t0)},
Pos((Hyp,)<) := {(f,9 € (Hyp,)<i: f(s) >0, g(t) > 0 for every (s,t) € R*}

Theorem 8.12. Let (p1, p2) € Pos((Hypy)<or). Then there exist finitely many (fi., f2i) €
(Hypy)<k and g1,; € R[s|x—1 such that

(p1,p2) = Zz(ffm f22z) + Zj((l + 52)9%;3‘7 0).

Moreover, for C' = Z(Py4) the appropriate choices of X1, X2 and Py in Theorem 2.4 are
0, 1 and 1+ ay + x* — xy?, respectively.

Proof. Let ® : R[Z(Pa4)] — Hyp, be a map defined by

2(p(o) = (po.0p(r g T+ 5) )

Analogously as in the proof of Theorem 8.2 we see that ® is a ring isomorphism and that
the vector subspace R[Z(Pyy)]<; is in one-to-one correspondence with the set (Hyp,)<s;
under ®. Let p = (p1,p2) be an extreme ray of the cone Pos((Hyp,)<2x). Using Corollary
3.4, one of the following cases occurs:

Case 1: p; # 0, ps # 0 and each component py,ps has all zeroes and poles of even order.

This implies that (p1,p2) = (u},u3) for some u; € R[s|<, us € L(kD) such that
u?(i) = u3(tp). So ui(i) = Fus(ty). Upon multiplying with —1 we may assume that
uq (i) = ug(tg). Hence, (u1,us) € (Hyp,)<k-

Type 2: p; =0 orp, =0.

Case 2.1: p; = 0. In this case py vanishes in ¢, and —ty, since these two points corre-
spond to (i,0) and (—i,0) in the ambient curve. Since y(t) vanishes in ¢y, —to and has a
quadratic numerator, it follows that po(t) = y(t)"hs(t), m € N, h(t) € R[t] and h does
not vanish in ¢y, —ty. Since y(t) changes sign on the hyperbola, it follows that hy(t) must
change sign on the hyperbola as well. Moreover, hs has only real zeroes and poles of even
order. As in the reasoning for Case 1 above, it is a square of an element from L£((k—m)D).
It follows that the only option is hy = 0.

Case 2.2: py, = 0. In this case p; vanishes in i, —i. If follows that p;(s) = (1 + s%)g1(s),
g1(s) > 0 for every s € R and g; has only real zeroes. Hence p;(s) = (1 + s*)ui(s) and

(p1,0) satisfies the statement in the first sentence of the proof.

The moreover part is clear. 0
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8.12. Hyperbolic type 5. Let P»; be as in Proposition 8.1 above. A parametrization of
the hyperbola 1+ ay — 2* + y?> = 0 is

2t ?2+1 a

(w(®).y0) = (r—g. 15— —5) tERV{-L1},

where r = 4/—1+ ‘1—2. A short computation shows that for

1 1
t.= 5(—@—\/—44—@2), ty = §(a+\/—4+a2)

we have that

(@(t-),y(t-)) = (=1,0), (x(t+),y(t+)) = (1,0).
Let D := Q4+ (Q_1 and
Hyps = {(f,0) € Rls] x R ] F(=1) = g(t-), F(1)=g(t.)),
(Hyps)<i :==A{(f,9) € Rls]<i x LD): f(=1) = g(t-), f(1) = g(t1)},
Pos((Hyps)<i) == {(f,9) € (Hyps)<i: f(s) 20, g(t) =0
for every (s,t) € R x (R\ {—1,1})},

(Hyps)<i := {(£,9) € Rls|<i x L(GD): f(=1) = —g(t_), f(1) = g(t:)}.
Theorem 8.13. Let (pl,pg)iPos((Hyp5)§2k). Then there exist finitely many (fi., f2i) €
(Hyps)<x and (915, 92.5) € (Hyps)<w such that

(p1,p2) = ZZ(fIQ’“ f22@) + Zj(gipgg;j‘)-

Moreover, for C = Z(Pys) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 3.

Proof. Let @ : R[Z(Py;)] — Hyp; be a map with
2t t*+1 a
D(p(z,y)) = (zn(s,O),zo(rﬁ2 T TE T 5)) :

Analogously as in the proof of Theorem 8.2 we see that ® is a ring isomorphism and that
the vector subspace R[Z(Py;)]<; is in one-to-one correspondence with the set (Hyps)<s;
under ®. Let p = (p1,p2) be an extreme ray the cone Pos((Hyps)<ar). Using Corollary
3.4, (p1,p2) = (u},u3) for some u; € R[s]<x, uz € L(kD) such that u?(—1) = ui(t_)
and u3(1) = u3(ty). So ui(—1) = tuy(t_) and uy(1) = Fus(ty). Upon multiplying with
—1 we may assume that uy(1) = ug(ty). If uy(—1) = ug(t_), then (uy,uz) € (Hyps)<s.
Otherwise ui(—1) = —us(t_) and (u1, us) € (Hyps)<x
It remains to prove the moreover part. Let

Boi={l,z+1,2° —1,z(z®> = 1),...,2"2(2* = 1), 9, yx, ..., yz" 1 92 v, ... 22" 2}

be a basis for R[Z(Pas)]<;. Let h(z,y) :==1— 21+“y1++y and extend ® to h by the

same rule. Note that: ®(h) = (—(1 —z),1 — a:) ((Hyp) )<i- Replace 1 by h to obtain
B<; = B<; \ {1} U {h}. Note that ®(B<;) is a basis for (Hyp5)<z O



54 M. KUMMER AND A. ZALAR

8.13. Parallel lines type. Let Py be as in Proposition 8.1 above.
Let

PLines := R[s| x R[t] x R[u],
PLines<; := {(f,9,h) € R[s]<; X R[t]<; X Rlu]<;: fi = g;: = hy,
b(gi—1 — fi-1) = a(hi—y — fi—1), where
F&) =30 a0 =3 g hu) =" hu},
Pos(PLines<;) := {(f(s), g(t), h(u)) € PLines<;: f(s) >0, g(t) > 0, h(u) >0
for every (s,t,u) € R*},
PLines<; := {(f, 9, ) € Rls]<i x R[t]<; x Rlu]<i: fi = gi = hy = 0,

where f(s) = Z;:O 15, g(t) = Zézo a5t h(u) = ijo b},

Theorem 8.14. Let (p1,p2,p3) € Pos(PLines<or). Then there ezist finitely many

—_—

(fris fois f3:) € PLines<y  and (g1, 92,5, g3,j) € PLines<y,
such that
(p1,D2,D3) = Zz(ffm f22;i7 f321) + ZJ.(g%;j?gg;jvg?%;j)'
Moreover, for C = Z(Pyg) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 4.

Proof. Let @ : R[Z(Pa)] — PLines be a map with

q)(p(x,y)) = (p(87 0),p(t, —a),p(u, _b>> :

Let us write ® = (P, $y, P3). Clearly ¢ is a well-defined ring homomorphism, because
®(p) =0 for every p € I and

i

i1, ,19 _ i1
CI’1< E @iy i Y )— E ai, 0s",

i1,i2=0,...,1, i1=0
114+12<i
E 11,02 ) __ E 51 2
q)Q( ail,izx Yy >_ ailﬂét (—CL) )
i1,i2=0,...,i, i1,i9=0,...,i,
114+12<1 114+12<4
il iQ _ il i2
(I)3< g Ay ;oY ) = E Wiy ipt (_b)
11,82=0,...,%, 11,82=0,...,%,
11+i2<1 11+i2<1

for every p € R[C]. Thus

)
)ifl = Q41,0 — Q4 —-11,
((1’3(]9))1'—1 = aj,—1,0 — ba;,_11.

The inclusion ®(R[C]<;) C PLines; is clear. Since dim ®(R[C]<;) = dim PLines<; = 3i,
we have equality for every ¢ and ® is also one-to-one.
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Let p = (p1,p2,p3) be an extreme ray the cone Pos(PLines<o;). Using Corollary 3.4,
(p1,p2,p3) = (u?, u3, u3) for some u; € R[s]<, uy € R[t]<k, uz € R[u|<; such that (u?)e, =
(u3)2x = (u3)ar and

b((u3)ar-1 — (uf)ae—1) = a((uf)or—1 — (u)2r-1)-
Hence, (u1)r = £(u2)g, (u1)r = £(us)g, and
2b((ua)r(u2)e—1 — (ua)r(u1)r-1) = 2a((us)r(us)e—1 — (u1)r(u1)e-1).
Upon multiplying by —1 if necessary, we may assume that (ui)p = (u2)r = (u3)g. If
(u1)k = (u2)r = (ug)x # 0, then
b((u2)k-1 — (u1)k—1) = a((uz)p-1 — (u1)r-1)

and (uy,ug,u3) € PLines<g . Else (uy)r = (u2)r = (u3)r = 0 and (uy, us, u3) € PLines<.
It remains to prove the moreover part. Let
Bei = {1, 2,y 2% zy,92, ..., 20, a7y, a? 722 o2t 2ty 2t )
be a basis for R[C]<;. Note that:
O(y(y + a)a™™) = (0,0, —b(—b + a)u'~") € PLines;.

Replace 2 by y(y +a)z' ! to obtain B<; = B<; \ {z°} U {y(y 4+ a)z*"'}. Note that ®(B<;)

is a basis for PLines;. O

8.14. Intersecting lines type 1. Let P,; be as in Proposition 8.1 above. Let
ILines; := {(f,g,h) € R[s] x R[t] x R[u]: f(O) 9(0) = h(0)},
(ILines1)<; == {(f,9,h) € R[s]<; x R[t]<i x Rlu]<i: f(0) = g(0) = h(0),
g'(0) = f(0) = f(0) - h’(o)}7
Pos((ILinesy)<;) := {(f,g,h) € (ILines;)<;: f(s) >0, g(t) >0, h(u) >0
for every (s,t,u) € R*},
(ILines1)<; == {(f,9,h) € R[sl<i x R[t]<i x Rlu]<;: f(0) = h(0) = g(0) = 0}.
Theorem 8.15. Let (p1,p2,p3) € Pos((ILines;)<ox). Then there exist finitely many
(f1, [y f30) € (ILines; )<k and (91,5, 92,4, g3;;) € (ILinesy) <y, such that

(p17p27p3> - Zz(fi“ f22;i7 f3272> + Z](gi]hgg,]?gg,j)

Moreover, for C = Z(Py;) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 4.

Proof. Let @ : R[Z(Py7)] — ILines; be a map with
O(p(z,y)) = (p(s,0), p(t, 1), plu, —u)).

Analogously as in the proof of Theorem 8.14 we see that @ is a ring isomorphism and that
the vector subspace R[Z(Pa7)]<; is in one-to-one correspondence with the set (ILines;)<s;
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under ®. Let p = (py
lary 3.4, (p1, p2, p3)

(u7)(0) = (u3)(0)

, D2, p3) be an extreme ray the cone Pos((ILines;)<a). Using Corol-
(u?,u3, u3) for some u; € R[s|<k, ug € R[t]< uz € Rlu]<, such that

(u3)(0) and
(u3)'(0) = (u1)'(0) = (u1)"(0) — (u3)'(0).

The second equality is equivalent to

2u5(0)u5(0) — 2ua(0)u5 (0) = 2u1 (0)uy (0) — 2us(0)us(0).
From the first equality we conclude u;(0) = £u2(0) and u1(0) = £u3(0). Upon multiplying
ug, ug by —1 if necessary, we may assume that u;(0) = uz(0) = u3(0). If u3(0) = ux(0) =
ug(0) # 0, then we must also have u(0)—u}(0) = u}(0)—u5(0), in which case (u, ug, us) €
(ILines; )<g. Else u1(0) = ug(0) = u3(0) = 0 and (u1,ug, ug) € (ILi/\ngsl)Sk.

It remains to prove the moreover part. Let

By ={1,2,y, 2% zy,v* ..., 2% 27 Yy o, oot oy, yt)
be a basis for R[Z(Par)]<;. Let h(m y) = 273/2 and extend ® to h(z,y) by the same rule.
Note that: ®(h) = (5,0,0) € (ILlnesl)<Z Replace 1 by h to obtain B<; = B<; \ {1} U {h}.
Note that <I>(B<Z) is a basis for (ILmesl)Q O

8.15. Intersecting lines type 2. Let P,5 be as in Proposition 8.1 above. Let

ILinesy := {(f, g,h) € R[s] x R[t] x R[u]: f(0) = h(0), g(0) = h(=1)},
(ILinesy)<; := {(f, 9, h) € Rls]<i x R[t]<i x Rlu]<;: f(0) = h(0),
9(0) = h(=1), fi = i},
Pos((ILiness)<;) :== {(f, 9, h) € (ILiness)<;: f(s) >0, g(t) >0, h(u) >0
for every (s,t,u) € R*},

—~—

(ILinesy)<; == {(f,9,h) € R[s]<i x R[t]<i x Rlu]<i: f(0) = h(0),
9(0) = h(=1), fi = —gi}.
Theorem 8.16. Let (p1,p2,p3) € Pos((ILinesy)<or). Then there exist finitely many
(f1sis fair f3:) € (ILinesy) < and (9135, 925, 93;5) € (ILinesy )<y, such that
(p17p27p3) = Z(flz,m f22;i7 f32,l) + Z(gi]7 gg;j’ g?),j)
i J
Moreover, for C = Z(Pyg) the appropriate choices of f and V®) in Theorem 2.3 are as
stated in Table 4.

Proof. Let @ : R[Z(Pag)] — ILines; be a map with
®(p(z,y)) = (p(s,0),p(t, =1), p(0,u)) .

Analogously as in the proof of Theorem 8.14 we see that @ is a ring isomorphism and that
the vector subspace R[Z(Pas)]<; is in one-to-one correspondence with the set (ILinesy)<s;
under .

Let p = (p1,p2,p3) be an extreme ray the cone Pos((ILinesy)<ox). Using Corollary
3.4, (p1,pa,p3) = (u},u3,u?) for some u; € R[s]<y, us € R[t]<k, us € Rlu]<; such that

(u)(0) = (u)(0), (u3)(0) = (u5)(—1) and (uf)or = (uf)ok. Hence, u1(0) = us(0),
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u(0) = £us(—1) and (u1)r = %(ug)x. Upon multiplying uy,us by —1 if necessary, we
may assume that u;(0) = u3(0), ug(0) = ug(—1). If (ul)k = (ug)k, then (ui,us,u3) €

(ILinesy)<k. Else (u1)r = —(u2)r and (uy, ug, us) € (ILIHQSQ)Sk.
It remains to prove the moreover part. Let

Bgi = {17‘1:7 3/7132737%3/2; cee 71:]'7 xjilyvyjﬂ s Iﬂ'?‘riily yl}
be a basis for R[C|<;. Note that ®(a! + 2yz') = (s, —t,0) € (ILIDGSQ)S Replace z*
by 2t + 2yz to obtain Be; = Be; \ {2} U {a" + 2yz'}. Note that ®(B<;) is a basis for

(ILmesQ)SZ O

8.16. Intersecting lines type 3. Let P59 be as in Proposition 8.1 above. Let

ILiness := {(f, g,h) € R[s] x R[t] x R[u]: f(—1) = g(-1),
f(1) =h(1), g(0) = h(0)},
(ILiness)<i == {(f, 9, h) € R[sl<i x Rt]<i x Rlu]<i: f(=1) = g(—1),
f(1) =h(1), g(0) = h(0)},
Pos((ILines3)<;) := {(f,g,h) € (ILines3)<;: f(s) >0, g(t) >0, h(u) >0
for every (s,t,u) € R*},

—_——

(ILines3)<; := {(f, 9, h) € R[s]<i x R[t]<; x Ru]<;: f(=1) = g(-1),
f(1) = h(1), g(0) = —h(0)}.

Theorem 8.17. Let (p1,p2,p3) € Pos((ILiness)<ox). Then there exist finitely many
(fl;i, fg;i, fg;i) € (ILineSS)Sk cmd (gl;j,gg;j,gg;j) & (ILineS:),)Sk Such that

(p17p27p3) = ZZ(fIQ,w f22;i’ f;z) + Zj(gija g%;gﬁ gg,g)

Moreover, for C = Z(Pay) the appropriate choices of f and V) in Theorem 2.3 are as
stated in Table 4.

Proof. Let @ : R[Z(Py)] — ILiness be a map with

d(p(z,y)) = (p(s,0), p(t, 1 +1t),p(u, 1 —u)).

Analogously as in the proof of Theorem 8.14 we see that ¢ is a ring isomorphism and that
the vector subspace R[Z(Pag)]<; is in one-to-one correspondence with the set (ILiness)<s;
under ®.

Let p = (p1,p2,ps3) be an extreme ray the cone Pos((ILiness)<ox). Using Corollary
3.4, (p1,pa,p3) = (u},u3, u3) for some u; € Rls]<k, us € R[t]<k, uz € Rlu]<x such that
(u)(=1) = (u3)(=1), (uf)(1) = (u3)(1) and (u3)(0) = (u3)(0). Hence, uy(—1) = Fuz(-1),
u1(1) = fus3(1) and us(0) = £u3(0). Upon multiplying us, ug by —1 if necessary, we may
assume that u;(—1) = us(—1) and uy(1) = ug(1). If ua(0) = u3(0), then (uy,us,usz) €
(ILines3)<k. Else uy(0) = —u3(0) and (u1, ug, us) € (ILi/\ngsg)gk.

It remains to prove the moreover part. Let

_ 2 2 jog-1, -2 2 i 72,2
By ={1,2,y, 2%, xy, v, ..., 270 27 Yy, 2772, 2t 2 y°}
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be a basis for R[C]<;. Let h(z,y) = (x — 1)(x + 1) + vd2=9) Note that:

T

®(h) = (s* = 1,#* — 1, (u — 1)%) € (ILines3)<;.

Replace 1 by h to obtain B<; = B<;\ {1}U{h}. Note that ®(B;) is a basis for (mg)gi.
U

REFERENCES

[1] N.I. Akhiezer, The classical moment problem and some related questions in analysis, Hafner Pub-
lishing Co., 1965.

[2] N.I. Akhiezer and M. Krein, Some questions in the theory of moments, Transl. Math. Monographs
2. Providence: American Math. Soc., 1962.

[3] A. Albert, Conditions for positive and nonnegative definiteness in terms of pseudoinverses, STAM J.
Appl. Math. 17 (1969), 434-440.

[4] L. Baldi, G. Blekherman, and R. Sinn, Nonnegative polynomials and moment problems on algebraic
curves. arXiv preprint https://arXiv:2407.06017.

[5] A.Bhardwaj, Non-negative Polynomials, Sums of Squares & the Moment Problem, PhD thesis, 2020.

[6] A.Bhardwaj and A. Zalar, The tracial moment problem on quadratic varieties, J. Math. Anal. Appl.
498 (2021).

[7] R. Bix, Conics and cubics: A concrete introduction to algebraic curves, Undergraduate Texts in
Mathematics, Springer-Verlag New York, 1998.

[8] G. Blekherman, Positive Gorenstein ideals, Proc. Amer. Math. Soc. 143 (2015), 69-86.

[9] G. Blekherman and L. Fialkow, The core variety and representing measures in the truncated moment
problem, Journal of Operator Theory 84 (2020), 185-209.

[10] G. Blekherman, G.G. Smith, and M. Velasco, Sums of squares and varieties of minimal degree, J.
Am. Math. Soc. 29 (2016), 893-913.

, Sharp degree bounds for sum-of-squares certificates on projective curves, J. Math. Pures
Appl. 129 (2019), 61-86.

[12] J. Bochnak, M. Coste, and M.F. Roy, Real algebraic geometry, Springer-Verlag, 1998.

[13] R. Curto and P.J. di Dio, Time-dependent moments from the heat equation and a transport equation,
International Mathematics Research Notices 2023, no. 17, 14955-14990.

[14] R. Curto, P.J. di Dio, M. Korda, and V. Magron, Time-dependent moments from partial differen-
tial equations and the time-dependent set of atoms. arXiv preprint https://arxiv.org/abs/2211.
04416.

[15] R. Curto and L. Fialkow, Recursiveness, positivity, and truncated moment problems, Houston J.
Math. 17 (1991), 603-635.

, Solution of the truncated complex moment problem for flat data, Vol. 119, Mem. Amer.

Math. Soc., 1996.

, Solution of the singular quartic moment problem, J. Operator Theory 48 (2002), 315-354.

, Solution of the truncated parabolic moment problem, Integral Equations Operator Theory

50 (2004), 169-196.

, Solution of the truncated hyperbolic moment problem, Integral Equations Operator Theory

52 (2005), 181-218.

, Truncated K-moment problems in several variables, J. Operator Theory 54 (2005), 189-226.

[16]

[17]
[18]

[19]

, An analogue of the Riesz-Haviland theorem for the truncated moment problem, J. Funct.

Anal. 225 (2008), 2709-2731.

, Recursively determined representing measures for bivariate truncated moment sequences, J.
Operator Theory 70(2) (2013), 401-436.

[23] R. Curto, L. Fialkow, and H.M. Méller, The extremal truncated moment problem, Integral Equations
Operator Theory 60 (2008), no. 2, 177-200.

[24] R. Curto, M. Ghasemi, M. Infusino, and S. Kuhlmann, The truncated moment problems for unital
commutative R-algebras, J. Operator Th. 90 (2023), no. 1, 223-261.

[22]




[25]

[26]
[27]

28]

[29]

oo

[52]

POSITIVE POLYNOMIALS AND THE TMP ON PLANE CUBICS 59

R. Curto and S. Yoo, Cubic column relations in the truncated moment problems, J. Funct. Anal. 266
(2014), no. 3, 1611-1626.

, Nonextremal sextic moment problems, J. Funct. Anal. 269 (2015), no. 3, 758-780.

, Concrete solution to the nonsingular quartic binary moment problem, Proc. Amer. Math.
Soc. 144 (2016), 249-258.

P.J. di Dio and M. Kummer, The multidimensional truncated moment problem: Carathéodory num-
bers from Hilbert functions, Math. Ann. 380 (2021), 267-291.

P.J. di Dio and K. Schmiidgen, The multidimensional truncated moment problem: Atoms, determi-
nacy, and core variety, J. Funct. Anal. 274 (2018), 3124-3148.

K. Ducharlet, L. Travé-Massuyes, J.B. Lasserre, M.V. Le Lann, and Y. Miloudi, Leveraging the
Christoffel function for outlier detection in data streams, Int J Data Sci Anal (2024), 17 pp.

L. Fialkow, Positivity, extensions and the truncated complex moment problem, Contemporary Math.
185 (1995), 133-150.

, Solution of the truncated moment problem with variety y = x3, Trans. Amer. Math. Soc.
363 (2011), 3133-3165.

, The truncated moment problem on parallel lines, Theta foundation international book series
of mathematical texts, 2015, pp. 99-1164.

, The core variety of a multisequence in the truncated moment problem, J. Math. Anal. Appl.
456 (2017), 946-969.

L. Fialkow and J. Nie, Positivity of Riesz functionals and solutions of quadratic and quartic moment
problems, J. Funct. Anal. 258 (2010), 328-356.

L. Fialkow and A. Zalar, The pure y = x% truncated moment problem. arXiv preprint https://
arxiv.org/abs/2508.10375.

W.-D. Geyer and G. Martens, Uberlagerungen berandeter Kleinscher Flichen, Math. Ann. 228
(1977), 101-111 (German).

E.K. Haviland, On the momentum problem for distribution functions in more than one dimension,
Amer. J. Math. 58 (1936), 164-168.

D. Henrion, M. Korda, and J.B. Lasserre, The Moment-SOS Hierarchy: Lectures in Probability,
Statistics, Computational Geometry, Control and Non-Linear PDEs, World Scientific, 2020.

D.P. Kimsey, The cubic complex moment problem, Integral Equations Operator Theory 80 (2014),
353-378.

M. Krein and A.A. Nudelman, The Markov moment problem and extremal problems, Transl. Math.
Monographs 2. Providence: American Math. Soc., 1977.

J.B. Lasserre, Moments, Positive Polynomials and Their Applications, Imperial College Press, 2009.
J.B. Lasserre, E. Pauwels, and M. Putinar, The Christoffel-Darbouzx kernel for data analysis, Cam-
bridge University Press, 2022.

M. Laurent, Revising two theorems of Curto and Fialkow on moment matrices, Proc. Amer. Math.
Soc. 133 (2005), 2965-2976.

A. Lozano-Robledo, Number theory and geometry: An introduction to arithmetic geometry, Pure and
Applied Undergraduate Texts, vol. 35, AMS, 2019.

M. Marshall, Positive polynomials and sums of squares, Mathematical Surveys and Monographs,
vol. 146, Amer. Math. Soc., 2008.

R. Nailwal and A. Zalar, The truncated univariate rational moment problem, Linear Algebra and its
Applications (2025), 280-301.

I. Newton, The mathematical papers of Isaac Newton: Volume 2, 1667-1670, Cambridge University
Press, 2008.

J. Nie, The A-truncated K-moment problem, Found. Comput. Math. 14 (2014), 1243-1276.

D. Plaumann, Sums of squares on reducible real curves, Math. Z. 265 (2010), 777-797.

V. Powers, Certificates of Positivity for Real Polynomials: Theory, Practice, and Applications,
Springer Cham, 2021.

A. Prestel and C.N. Delzell, Positive polynomials. from Hilbert’s 17th problem to real algebra,
Springer-Verlag, 2001.




60 M. KUMMER AND A. ZALAR

[63] H. Richter, Parameterfreie Abschdtzung und Realisierung von Erwartungswerten, Bl. der Deutsch.
Ges. Versicherungsmath 3 (1957), 147-161.

[54] C. Riener and M. Schweighofer, Optimization approaches to quadrature: a new characterization of
Gaussian quadrature on the line and quadrature with few nodes on plane algebraic curves, on the
plane and in higher dimensions, J. Complex. 45 (2018), 22-54.

[65] C. Scheiderer, Sums of squares of reqular function on real algebraic varieties, Trans. Amer. Math.
Soc. 352 (2000), 1029-1069.

, Sums of squares on real algebraic curves, Math. Z. 245 (2003), 725-760.

, A Course in Real Algebraic Geometry, Graduate Texts in Mathematics, vol. 303, Springer,

2024.

[68] K. Schmiidgen, The k—moment problem for compact semi-algebraic sets, Math. Ann. 289 (1991),
203-206.

, The Moment Problem, Graduate Texts in Mathematics, vol. 277, Springer, 2017.

[60] Joseph H. Silverman, The arithmetic of elliptic curves, 2nd ed., Grad. Texts Math., vol. 106, New
York, NY: Springer, 2009 (English).

[61] J. Stochel, Solving the truncated moment problem solves the moment problem, Glasgow J. Math. 43
(2001), 335-341.

[62] S. Yoo, Sextic moment problems on 3 parallel lines, Bull. Korean Math. Soc. 54 (2017), 299-318.

, Sextic moment problems with a reducible cubic column relation, Integral Equations Operator
Theory 88 (2017), 45-63.

[64] S. Yoo and A. Zalar, Bivariate truncated moment sequences with the column relation xy = ™ +q(z),
with q of degree m — 1. arXiv preprint https://arxiv.org/abs/2412.21020.

, The truncated moment problem on reducible cubic curves I: Parabolic and circular type
relations, Complex Anal. Oper. Theory. 18 (2024), no. 111.

[66] A. Zalar, The truncated Hamburger moment problems with gaps in the index set, Integ. Equ. Oper.
Theory 93 (2021), 36pp.

[65]

[67] , The strong truncated Hamburger moment problem with and without gaps, J. Math. Anal.
Appl. 516 (2022), 21pp.
[68] , The truncated moment problem on the union of parallel lines, Linear Algebra and its Ap-

plications 649 (2022), 186-239.

, The truncated moment problem on curves y = q(x) and yx* = 1, Linear and Multilinear
Algebra 72 (2024), no. 12, 1922-1966.

[70] F. Zhang, The Schur complement and its applications, Springer-Verlag, 2005.

[69]

TECHNISCHE UNIVERSITAT, DRESDEN, GERMANY
Email address: mario.kummer@tu-dresden.de

FAacurLTty OF COMPUTER AND INFORMATION SCIENCE, UNIVERSITY OF LJUBLJANA & FACULTY OF
MATHEMATICS AND PHYSICS, UNIVERSITY OF LJUBLJANA & INSTITUTE OF MATHEMATICS, PHYSICS
AND MECHANICS, LJUBLJANA, SLOVENIA.

Email address: aljaz.zalar@fri.uni-1j.si



