THE SINGULAR BIVARIATE QUARTIC TRACIAL MOMENT PROBLEM

ABHISHEK BHARDWAJ AND ALJAZ ZALAR!

ABSTRACT. The (classical) truncated moment problem, extensively studied by Curto and Fialkow, asks to characterize when
a finite sequence of real numbers indexes by words in commuting variables can be represented with moments of a positive
Borel measure ¢ on R™. In [9] Burgdorf and Klep introduced its tracial analog, the truncated tracial moment problem, which
replaces commuting variables with non-commuting ones and moments of p with tracial moments of matrices. In the bivariate
quartic case, where indices run over words in two variables of degree at most four, every sequence with a positive definite
7 X 7 moment matrix Mg can be represented with tracial moments [8, 9]. In this article the case of singular M is studied.
For M of rank at most 5 the problem is solved completely; namely, concrete measures are obtained whenever they exist and
the uniqueness question of the minimal measures is answered. For M of rank 6 the problem splits into four cases, in two of
which it is equivalent to the feasibility problem of certain linear matrix inequalities. Finally, the question of a flat extension
of the moment matrix My is addressed. While this is the most powerful tool for solving the classical case, it is shown here
by examples that, while sufficient, flat extensions are mostly not a necessary condition for the existence of a measure in the
tracial case.

1. INTRODUCTION

1.1. Context. The Moment problem (MP) is a classical question in analysis and concerns the existence of a positive
Borel measure p supported on a subset K of R™, representing a given sequence of real or complex numbers indexed
by monomials as the integration of the corresponding monomials w.r.t. i; nice expositions on the MP are [1, 36]. The
solution to the MP on R" is given by Haviland’s theorem [25], which establishes the duality with positive polynomials
and relates the MP to real algebraic geometry (RAG). One of the cornerstones of RAG is the celebrated Schmiidgen
theorem [52], which solves the problem on compact basic closed semialgebraic sets and is the beginning of extensive
research of the MP in RAG; we refer the reader to [47, 50, 23, 46, 37, 41, 42, 44, 40] and the references therein for
further details. Another important aspect of the MP is uniqueness of the representing measures. For compact sets
the measure is unique (see e.g., [44]), while for noncompact sets, the question of uniqueness is highly nontrivial (see
[48, 49]).

There are various generalizations of the MP. Functional analysis studies various versions of matrix and operator
MPs; see [35, 34, 2, 55, 3, 13, 33] and references therein. The quantum MP from quantum physics is considered
in [24]. The rational MP, which extends Schmiidgen theorem from the polynomial algebra to its localizations, is
solved in [12], while [28] investigates the MP for the polynomial algebra in infinitely many variables. The MP on
semialgebraic sets of generalized function is considered in [32]. The beginning of free RAG is the solution of the full
non-commutative (nc) MP by McCullough [McCO01] and Helton [Hel02]. The nc MP has been further investigated in
[31] and [30]. In [31] the authors solve the full nc MP for nc matrix polynomials on a bounded nc semialgebraic set,
while in [30] the truncated nc MP for nc matrix polynomials on a convex nc semialgebraic set is solved. Finally, the
most recent free MP is a tracial MP [8, 9, 7, 10] which is also the contents of this article.

The (classical) truncated moment problem (TMP) refers to the MP where only finitely many numbers in the sequence
are given and one wants to know if they can be generated from a measure. By the Bayer-Teichmann version [4] of
the Tchakaloff theorem [54], it is sufficient to study only finitely atomic measures. Furthermore, the TMP is more
general than the full MP by a result of Stochel [53]. Curto and Fialkow shined new light on the TMP in their series of
papers [15, 16, 17, 18, 19, 20, 21, 27]. One of their crowning achievements is the discovery that if a moment matrix
admits a rank preserving extension (to a moment matrix), then the corresponding sequence admits a representing
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measure. Using this result, they completely solved the bivariate quartic TMP. Recently, the representing measures for
the bivariate nonsingular quartic MP were constructed by the use of computer algebra [22].

The study of the truncated tracial moment problem (TTMP) was initiated by Burgdorf and Klep in [8, 9], followed
by [7]. A very nice reference including the results of this paragraph that also deals with polynomial optimization prob-
lems in matrix unknowns is [10]. The motivation to study the TTMP comes from trace-positive polynomials, which
are very interesting due to important applications, e.g., Connes’ embedding problem [14] from functional analysis and
Bessis-Moussa-Villani conjecture from statistical quantum mechanics have reformulations in terms of trace-positive
polynomials [38, 39, 6]. Determining if a polynomial is trace-positive, being the dual problem to the TTMP, is the con-
nection of the TTMP with free RAG. Using this duality the bivariate quartic tracial MP with a positive definite moment
matrix is solved in [8] (for alternative proof see [11]) by showing that bivariate quartic trace-positive polynomials are
always sums of hermitian squares and commutators. This fact does not generalize to higher powers or more variables
(see examples in [38, 39, 51]). In [9, 7] the authors obtain the tracial analogs of the results on the classical moment
problem of Curto and Fialkow, Stochel, Bayer and Teichmann, Fialkow and Nie [26], providing powerful means to
tackle the special cases of the TTMP in a way analogous way to the classical one.

In this section we state the main concepts and results of this paper. In Subsection 1.2 we introduce some essential
definitions before stating the main results in Subsection 1.3. Finally, Subsection 1.4 is a guide to the organization of
the rest of the paper.

1.2. Bivariate quartic tracial moment problem. In this subsection we state the main problem and introduce basic
definitions used throughout this article.

1.2.1. Noncommutative bivariate polynomials. We denote by (X, Y") the free monoid generated by the noncommuting
letters X, Y and call its elements words in X,Y. Consider the free algebra R(X,Y") of polynomials in X,Y with
coefficients in R. Its elements are called noncommutative (nc) polynomials. Endow R(X,Y’) with the involution
p+— p* fixing RU {X, Y} pointwise. The length of the longest word in a polynomial f € R(X,Y) is the degree of f
and is denoted by deg(f) or | f|. We write R(X,Y") ., for all polynomials of degree at most k. Fora word w € (X,Y),

w* is its reverse, and v € (X, Y) is cyclically equivalent to w, which we denote by v X w, if and only if v is a cyclic
permutation of w.

1.2.2. Bivariate quartic real tracial moment problem. Given a sequence of real numbers 5 = A = (Bw)|u,|g4,
indexed by words w of length at most 4 such that

By = fn wheneverv X w and B, = B,- forall|w| <4,
ie.,

B = (B1,Bx, By, Bxz, Bxy = Byx,Byz, Bxs, Bx2y = Bxvx = By xz,
Bxy: = By xy = Byzx, Bys, Bxs, Bxsy = Bx2vyx = Bxyxz = Byxs,
Bxzye2 = Bxyzx = Byzx2 = Pyxzy, Bxyxy = Byxvx,
Bxys = Pyxy? = Byoxy = Bysx, Bys),
the bivariate quartic real tracial moment problem (BQTMP) for 3 asks to find conditions for the existence of
N €N, t; € N, \; € Ry with Z@Z\; \; = 1 and pairs of real symmetric matrices (A;, B;) € (SR *")2, such that

N
(1.1) Buw = Y NiTr(w(A;, By)),

i=1
where w runs over the indices of the sequence /3 and Tr denotes the normalized trace, i.e.,

1
Tr(A) = Ztr(A) for every A € R**".
If such data exist, we say that 8 admits a representing measure. The vectors (A;, B;) are atoms of size ¢; and the
numbers \; are densities. We say that y is a representing measure of type (mi,mo, ..., m,) if it consists of exactly
m; € NU {0} atoms of size 7. A representing measure of type (mgl)7 mél), e ,mg)) is minimal, if there does not
exist another re i @) @)
presenting measure of type (my~’, ms ..., my, ) such that

(2
r2

) < mg)) or (ro= rl,mg) =mD m%ll < m&ill)

ro <ty or (re=ry,m T
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or ... or (ro= Tl,mg) = mg)w..,mé ) = mé ),mg ) < mg )).
If 81 = 1, then we say (3 is normalized. We may always assume that (3 is normalized (otherwise we replace Tr with
&Tr). If Bx2y2 = Bxyxy, we call 8 a commutative (cm) sequence and the MP reduces to the classical one solved
by Curto and Fialkow. If Sx2y2 # Bxyxv, then [ is a noncommutative (nc) sequence.

Remark 1.1. (1) Note that replacing a vector (A;, B;) with any vector
(UzAZUZt, UzBiUZt) S (SRtiXtiF
where U; € R is an orthogonal matrix, preserves (1.1).

(2) By the tracial version [7, Theorem 3.8] of Bayer-Teichmann theorem [4], the problem (1.1) is equivalent to the
more general problem of finding a probability measure z on (SR***)? such that 3, = |, (SRtX1)2 Tr(w(A, B)) du(A, B).

We associate to the sequence /5 the truncated moment matrix M, = Mj(/3) of order 2 with rows and columns
indexed by words in R(X,Y") _, in the degree-lexicographic order. The entry in row U and column V' is Sy+v, i.e.,

1 X Y X2 XY YX Y2
1 /5 Bx By Bx2 Bxy Bxy By
X | B8x Bx: Bxy Bxs Bxzy Bxzy  Bxy:
Y | By Bxy Byz Bxy  Bxye Bxy? Bys
Bx2  Bxs  PBxzy  Bxa Bxsy  Bxsy  Bxzyz
XY | Bxy Bxz:y Bxy2 Bxsy Bxzyz Bxvxy Bxys

YX | Bxy Bxe2y Bxy2 Bxsy Bxvxy Bxeve  Bxys
Y2 \By2 Bxyz Bys Bxeyr:  Bxys Bxvys Bya

(1.2) My =

R

Observe that the matrix My is symmetric. If § admits a measure, then M is positive semidefinite (psd); see Proposi-
tion 2.1. If M, represents a cm sequence, we call it a cm moment matrix. Otherwise M, is a nc moment matrix. By
[9, Corollaries 3.19, 3.20], 5 admits a measure if and only if there exists a moment matrix Mo ; extending M5, which
admits a rank preserving extension My 41. Furthermore, by [9, Corollary 3.2] in this case the atoms of size at most
rank(Ma ) are sufficient. If My is positive definite, then 8 admits a measure since all trace-positive polynomials of
degree 4 are cyclically equivalent to sums of hermitian squares [8]. This is the duality established by [9, Theorem 4.4].
Moreover, the measure consists of at most 15 atoms of size 2 [7, Remark 3.9].

1.3. Results. In this paper we study the BQTMP for sequences with singular moment matrices. Initially, we ap-
proached this problem using a nc analog of the main tool for studying commutative sequences, i.e., finding rank
preserving extensions of the moment matrices involved. As is already well established by Curto and Fialkow, the
existence of a measure usually implies the existense of a rank preserving extension of a moment matrix, and hence a
minimal measure with rank(M5) atoms; see Theorem 2.7 below. However, in stark contrast to the commutative case,
our research soon revealed that this does not apply for noncommutative sequences 3. Characterizing moment matrices
M4 which admit a flat extension is insufficient for solving the BQTMP. The most versatile tool in tackling the BQTMP
is the application of appropriate affine linear transformations on the sequences 3, see Subsection 2.5 below. This splits
the BQTMP into finitely many cases according to the column relations that exist in M. For M5 of rank at most 5, we
completely characterize the existence, minimality and uniqueness of a measure in terms of the parameters [3,,. In two
out the four cases of M being of rank at most 6, we prove that the BQTMP is equivalent to the feasibility problem of
certain linear matrix inequalities with an additional rank-to-variety condition for one of them. In all but a single case -
that of My, being rank 6 and satisfying Y2 = 1 - we show that atoms of size at most 2 suffice in the minimal measure
of 3. We now give a brief outline of the results we prove in this paper.

Outline of the results on BQTMP: (We assume that 3 is a nc sequence.)
(1) If rank(M3) < 3, then B does not admit a measure. Namely, if S admits a measure, then the columns
1,X,Y, XY in My must be linearly independent (see Corollary 2.3 below).
(2) If rank(Ms) = 4, then it suffices, after applying an appropriate affine linear transformation, to study the case
when M, satisfies the column relations
X?=1, XY+VYX=al, Y?=1,

where a € (—2,2). By finding the representing atom of size 2 it turns out that such § always admits a measure.
Moreover, the representing atom is unique (up to orthogonal equivalence); see Theorem 3.1.
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(3) If rank(My) = 5, then it suffices, after applying an appropriate affine linear transformation, to study four
special cases when M satisfies the column relation

(1.3) XY +YX=0
and one of
(1.4) X24Y2=1 or Y?2=1 or Y?2-X2=1 or Y?=X2

(see Proposition 4.1 (1)). Due to the first relation the atoms in the minimal measure are of special form (see
Proposition 5.1). In particular, all the atoms of size bigger than 1 have trace 0. Analyzing moment matrices
M generated only by atoms of size bigger than 1 with trace 0, we show that only one such atom of size 2
is needed. Since every atom of size 2 generates a moment matrix of rank 4, 5 admits a measure if and only
if there is a nc moment matrix ./Wg of rank 4 representing a nc sequence E admitting a measure such that
My — aM 2, a > 0, is a cm moment matrix admitting a measure. However, there are infinitely many possible
atoms of size 2 satisfying relations (1.3) and (1.4). But there are at most 4 atoms of size 1 satisying (1.3) and
(1.4). Therefore it is easier to subtract candidates for a cm moment matrices M 2. Namely, using Mathematica
we compute the smallest o > 0 such that rank (./\/12 — a./(/l}) = 4. By the solution of the rank 4 case we can

characterize exactly, in terms of the parameters J3,,, when a measure exists, type of a minimal measure and its
uniqueness.

(4) Ifrank(My) = 6, then it suffices, after applying an appropriate affine linear transformation, to understand the
four special cases when M, satisfies one of the column relations

X24+Y2=1 or XY4+VYX=0 or Y?-X2=1 or Y2=1

(see Proposition 4.1 (2)). In the first three cases the atoms in the minimal measure for 5 are of size at most 2.
In the first two cases the measure always exists if Sx = Sy = Bxs = Sx2y = Pys = 0. This is proved by
computing, using Mathematica, the smallest o > 0 such that

rank (/\/12 - (Mél’o) + Mé‘l’o))) <6

(resp. rank (Mg - a./\/léo’o)) < 6), where /\/léx’y) is the moment matrix generated by the atom (x,y) € R?,

and using the results of rank (M) < 5. Otherwise, still referring to the first two cases of rank 6, if one of the
moments Bx, By, Bx3, Bx2y, Bys is nonzero, then the existence of the measure is equivalent to the feasibilty
of certain linear matrix inequalities.

1.4. Reader’s guide. The paper is organized as follows. In Section 2 we prove some preliminary results about tracial
moment sequences (see Subsections 2.1-2.5) and present the solution of the classical singular bivariate quartic MP (see
Theorem 2.7). In Section 3 we solve BQTMP with M of rank 4. In Section 4 we reduce the study of BQTMP with
M of rank 5 or 6 to four basic cases (see Proposition 4.1). In Section 5 we prove that in the basic cases of rank 5 and
three basic cases of rank 6, atoms are of a special form and all the atoms of size at least 2 in some minimal measure
have trace 0 (see Proposition 5.1). In Section 6 we solve all four basic cases of rank 5 (see Theorems 6.4, 6.7, 6.10,
6.13). In Section 7 we prove that in the first three basic cases of rank 6 atoms of size 2 suffice in the minimal measure
for 3. Then we study the relation Y2 = 1 — X2 in Subsection 7.1 (see Theorem 7.5 and Corollary 7.6) and the relation
XY + YX = 0 in Subsection 7.2 (see Theorem 7.8 and Corollary 7.9). In Section 8 we analyze the existence of flat
extensions with a moment structure for moment matrices My of rank 6.

Acknowledgement. Part of this paper was written at The University of Auckland under the supervision of Igor Klep
who was the MSc supervisor of the first author and the PhD co-supervisor of the second author. Both authors wish to
thank him for introducing us to this topic, the many insightful and inspiring discussions and support throughout the
research.

2. PRELIMINARIES

This section is devoted to terminology, notation and some preliminary results. Since these results hold for sequence
of any degree (not only of degree 4) we will work with a general case.
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2.1. Bivariate truncated tracial moment problem. BQTMP is a special case of a bivariate truncated tracial mo-
ment problem: Given a sequence of real numbers 5 = 5(2%) = (Buw)|w|<2k- indexed by words w of length at most 2k
such that

2.1 By = Bw wheneverv X w and B, = By forall |w] < 2k,

when does there exist N € N, t; € N, \; € Ry with Zf;l \; = 1 and vectors (A;, B;) € (SR**")2, such that

N
2.2) Bu =Y NTr(w(Ay, By)),
=1

where w runs over the indices of the sequence f3.
2.2. Riesz functional and truncated moment matrix. For a polynomial p € R(X,Y)<a, let p = (ay), be its
coefficient vector with respect to the lexicographically-ordered basis
{1,X,V,X®, XY, YX, Y2 ... X% Y2}
of R(X,Y)<o. Any sequence § = BER) By, ... Bxzk, ..., Byzx, which satisfies (2.1) defines the Riesz functional
LB(Qk) : R<X, Y>§2k — R by
Lgen (p) = Z Gy By, Wherep= Z AW,
Jw|<2k |lw|<2k
Notice that
Buw = Lgew (w)  forevery [w| < 2k.

The truncated moment matrix M (3) of order k is defined by

M = Mp(B)) = (Bu-v)u1<r, v <k

where the rows and columns are indexed by monomials in R(X, Y") <, in lexicographic order. When k = 2, M3 is of
the form (1.2). M, is the unique matrix such that for p, ¢ € R(X,Y") <) we have that

<Mkﬁ7 qA> = LB(WV) (pq*)a
where (p, §) := p'q. In particular, the row w1 (X,Y") and column wy (X, Y') entry of My, is equal to

e T

Miws(X,Y), w1 (X, Y)> = Lyen (wow?).

If 3(2%) admits a measure, i.e., (2.2) holds for every 3,,, then for p € R(X,Y’) of degree at most k we have that
<Mkﬁ7ﬁ> = Lﬁ(Qk) (pp*) = Z )\ZT‘T (p(X“ le) (p(Xla }/;))*) Z 07
i=1

where \;, X;,Y; are as in (2.2). This proves the following proposition.
Proposition 2.1. If 33¥) admits a measure, then My, is positive semidefinite.

2.3. Support of a measure and RG relations. Let A be a matrix with its rows and columns indexed by words in
R(X,Y’). Writing w(X,Y) we mean the column of A indexed by the word w. [A]g denotes the compression of A to
the rows and columns indexed by the elements of the set E. Similarly for vectors v, vy denotes the compression of v
to the entries indexed by words in E. Oy, xn stand for the m X n matrix with zero entries. Usually we will omit the
subindex m x m, when the size will be clear from the context.

Let Cp4, denote the column space of My, i.e.,

Cpm, =span{1,X,Y,... . XF . Y}
For a polynomial p € R(X,Y") <y, of the form p = " a,w(X,Y), we define
p(X,Y) => a,w(X,Y)

and notice that p(X,Y) € Cp4,. We express linear dependencies among the columns of My, as

pl(XaY) = Ow"vpm(XvY) =0,
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for some p1, ..., pm € R(X,Y )<k, m € N. We define the free zero set Z(p) of p € R(X,Y") by
Z(p) = {(A,B) € SR"")?: t € N, p(A, B) = Ot } -
Theorem 2.2 (1) (resp. (3)) is a real tracial analogue of [15, Proposition 3.1] (resp. [17, Theorem 1.6]).

Theorem 2.2. Suppose BER) admits a representing measure consisting of finitely many atoms (X;,Y;) € (S]Rti Xti )2,
t; € N, with the corresponding densities \; € (0,1). Let p € R(X,Y)_, be a polynomial. Then the following are
true:
(1) We have
U (X, Y,))CZ(p) < pX)Y)=0 in M.

(2) Suppose the sequence 2512 = (Buw)jw|<k+1 is the extension of 3 generated by
Bu =Y _ NTr(w(X;,Y;)).
Let M1 be the corresponding moment matrix. Then:
pX,Y)=0 inM; = pXY)=0 in Mgy;.
(3) (Recursive generation) For q € R(X, Y>§k such that pq € R(X, Y>§k’ we have
pPXY) =0 in My = (pg)(X,Y) = (¢gp)(X,Y) =0 in M.

Proof. Write p =}, <,, aww where a,, € R. We have that

(Mipp) = Lapp') = > awaoBuve = 3 NTr(p(Xs, Yop' (X, V7).

lwl,|[v[<k
Observe that
(2.3) Mp =p(X,Y) in M.
Since My is psd,
(2.4) Mp=0 & (Myp,p)=0.
Since p(X;, Y;)p*(X;, Y:) is psd for each ¢, we have that
(2.5) D ONT (X3, Yi)p' (X V) =0 & p(X;, V) = 04 xt,

By (2.3), (2.4) and (2.5), Theorem 2.2 (1) is true. Theorem 2.2 (2) follows easily.
It remains to prove Theorem 2.2 (3). If deg(p) = k, then ¢ € R and statement is clear. Else deg(p) < k. It suffices
to prove that

(2.6) (Xp)(X,Y) = (pX)(X,Y) = (Yp)(X,Y) = (pY)(X,Y) = 0 in M.
First we will prove that (Xp)(X,Y) = 0 in M. By Theorem 2.2 (1), we know that

2.7 U&XaYv)Czp) & pXY)=0inM,,

(2.8) U &) cz(xp) & (Xp)(X,Y)=0in M.

Since by assumption p(X,Y) = 0 in My, it follows by Z(p) C Z(Xp), (2.7) and (2.8) that
(Xp)(X,Y) =0 in M.
By noticing that also the other three equalities of (2.6) are proved analogously, Theorem 2.2 (3) is true. g

Column relations forced upon M, with an application of Theorem 2.2 (3) will be important in solving BQTMP and
we will refer to them as the RG relations. If M, satisfies RG relations, we say My is recursively generated. The
first consequence of the RG relations is the following important observation about a nc moment matrix M.

Corollary 2.3. Suppose k > 2 and B**) be a sequence such that Bx2y> # Bxyxy. Then the columns 1,X,Y, XY
of My, are linearly independent.
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Proof. Letus say that 0 = a1 4+ X+ cY 4 dXY for some a, b, ¢, d € R. If d # 0, then we have that Sxz2y2 = Bxyxy,
which is a contradiction with the assumption. Hence d = 0. From 0 = a1l + bX + cY it follows by the RG relations
that

0 = aX + bX? + XY = a¥ + bXY + cY2.

If b # 0 or ¢ # 0, it follows that Sx2y2 = Sxyxy. Hence b = ¢ = 0. Finally 0 = a1 implies that a = 0. This proves
the corollary. g

Corollary 2.4. Suppose k > 2 and B**) be a sequence such that Bx2y2 # Bxy xy. If My, is of rank at most 3, then
B does not admit a measure.

2.4. Flat extensions. For a matrix A € SR***, an extension A ¢ SRET4*(s+4) of the form
~ A B
A= ¢)

for some B € R*** and C' € R***, is called flat if rank(A) = rank(A). This is equivalent to saying that there is a
matrix W € R*** such that B = AW and C' = W!AW. The connection between flat extensions and BTTMP is [9,
Theorem 3.19].

Theorem 2.5. Let 3 = B*) be a sequence satisfying (2.1). If My.(B) is psd and is a flat extension of My_1(B), then
B admits a representing measure.

2.5. Affine linear transformations. An important result for converting a given moment problem into a simpler, equiv-
alent moment problem is the application of affine linear transformations to a sequence . For a,b, ¢, d, e, f € R with
bf — ce # 0, let us define

o(z,y) = (¢1(x,y), ¢2(x,y)) := (a+ bz + cy,d + ex + fy), (z,y) € R*.

Let E (2k) be the sequence obtained by the rule

Buw = Lgen (wo ¢) forevery |w| < k.
Notice that
L (p) = Lgen (po @) forevery p € RIX,Y) <.

The following is the tracial analogue of [19, Proposition 1.9], which will allow us to make affine linear changes of
variables.

Proposition 2.6. Suppose 3*) and 5 (k) are as above and M, and M  the corresponding moment matrices. Let
Jo : R(X,Y) oo — R(X,Y) oy, be the linear map given by

—

JgD :=po .
Then the following hold:
(1) My = (Jg)t My Jy.
(2) Jg is invertible.
(3) Mg E,P@Mk > 0.
(4) rank My, = rank M.
(5) The formula p = [i o ¢ establishes a one-to-one correspondence between the sets of representing measures of
B and B, and ¢ maps supp(u) bijectively onto supp(f1).

(6) My, admits a flat extension if and only if My, admits a flat extension.
(7) Forp € R(X, Y>§k! we have p(X,Y) = (in))t((p 0 P)(X,Y)).

Proof. The proof is the same to the proof of the corresponding statement in the commutative case [20, Proposition
1.9]. 0



8 THE SINGULAR BIVARIATE QUARTIC TRACIAL MOMENT PROBLEM

2.6. Classical bivariate quartic real moment problem. The classical bivariate quartic MP has been solved by Curto
and Fialkow in a series of papers, e.g., [15, 16, 17, 18, 19, 20, 21, 27]. The main technique used was the analysis
of the existence of a flat extension of a moment matrix Myo. The solution of the singular bivariate quartic real MP
is Theorem 2.7 below. Given a polynomial p € Rz, y]<s we write Ze,,(p) = {(z,y) € R?: p(z,y) = 0} for the
variety generated by p.

Theorem 2.7. Suppose = Y is a commutative sequence with the associated moment matrix M. Let

V= m Zem (g)
g€R[z,y] <>
9(X,Y)=0
be the variety associated to My and p € Rz, y] a polynomial with deg(p) = 2. Then 8 has a representing measure
supported in Z..,(p) if and only if M (2) is positive semidefinite, recursively generated, satisfies rank(M (2)) < card V
and has a column dependency relation p(X,Y) = 0.
Moreover, assume that My is positive semidefinite, recursively generated and satisfies the column dependency
relation p(X,Y). The following statements are true:

(1) If rank(Ms) < 3, then My always admits a flat extension and hence 3 a 3-atomic minimal measure.

(2) Ifrank(Ms) = 4, then My does not necessarily admit a flat extension and 3 does not necessarily come from
a measure.

(3) Ifrank(Ms) = 5, then 8 always admits a measure, but My does not necessarily admit a flat extension. There
exists an affine linear transformation such that V is one of x> + y> = 1, y = 2%, 2y = 1, 22 = 1 or zy = 0.
In the first four cases My always admits a flat extension and hence B admits a 5-atomic measure. However,
in the last case there always exists a measure with 6 representing atoms, but not necessarily 5.

(4) Ifrank(Ms) = 6, then Mz always admits a flat extension and hence 8 admits a 6-atomic measure.

Proof. For the proof of the first part see [27] and references therein. Let us now prove points (1)-(4) of the second
part. Defining z := x + iy and Z := = — 4y, 3 has a representing measure if and only if the complex sequence

%(;1) := Lg(2'27) has a representing measure by [18, Proposition 1.12]. We write M$ for the associated complex

moment matrix. If 1, X, Y are linearly dependent, then Z € span{1,Z} in M$ and hence M, admits a flat extension
by [16, Theorem 2.1]. In particular, this is true if rank(Mz) < 2. If rank(Msy) = 3 and 1,X,Y are linearly
independent, then 1, 7Z, Z are linearly independent, ZZ € span{1,Z,Z} and My admits a measure by [18, Theorem
1.1]. This proves (1). Parts (2) and (3) follow by the results in [18, 27]. Part (4) follows by [22, Theorem 2.1]. O

3. SOLUTION OF THE BQTMP FOR M5 OF RANK 4

In this section we solve the BQTMP for M5 of rank 4. In Theorem 3.1 we characterize exactly when the corre-
sponding sequence § admits a measure. Moreover, we prove that the minimal measure is unique (up to orthogonal
equivalence) of type (0, 1) and find the concrete atom. In particular, 3 admits a measure if and only if M5 admits a
flat extension.

Let 3 = 3™ be such that the moment matrix My = Mo(f3) has rank 4. By Proposition 2.3 we may assume that
the set {1, XY, XY} is linearly independent and hence a basis for the column space Caq,. The main result of this
section is the following.

Theorem 3.1. Suppose 3 = W is a normalized sequence with the moment matrix Mo of rank 4. Let the set
{1,X,Y,XY} be a basis for the column space Crq,. Write

(31) XQ =a11+b1X+61Y+d1XY,
(3.2) YX = asl + boX + oY + do XY,
(3.3) Y2 = a3l + b3X + ¢3Y + dsXY,

where aj,b;,c;,d; € R for j = 1,2, 3. The following statements are true:

(1) dy =d3 =0,dy = —1.
(2) B admits a measure if and only if My has a flat extension.
(3) B admits a measure if and only if Mo is positive semidefinite and

01:b3:0, bQZCg, CQZbl.
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(4) Suppose B admits a measure. Then the minimal measure is of type (0,1) with a unique (up to orthogonal
equivalence) atom (X,Y) € (SR**?)? given by

X = \ a1+ 4% 0 bl I
- b2 + - - 1o,
0 —Va+ S 2
T3 wie
4 \IvVi-a? -4

and 15 is the 2 X 2 identity matrix.

C.
Y =/az+ + 2 I,

2
4ao+2bicy
V/(4a1+b?)(daz+c3)
Proof. Part (1) follows by comparing the rows XY and YX on both sides of (3.1), (3.2), (3.3) and noticing that the

columns 1, X, Y, X2 and Y2 have the same entries in the rows XY and YX.

The implication (<) of (2) follows by Theorem 2.5. It remains to prove the converse. If 3 admits a measure, then
the extension M3 of M, generated by the measure, must satisfy RG relations obtained from (3.1), (3.2), (3.3); see
Theorem 2.2 (3). On multiplying (3.1) from right (resp. left) by X (resp. Y) we conclude that in M3 the columns
X3, X2Y, YX? lie in the linear span of the columns 1, X, Y, XY. By analogous reasoning it follows from (3.3) that the
same is true for Y2, Y2X, XY?. Finally using these conclusions after multiplying (3.2) by X (resp. Y), the same applies
to XYX, YXY. Hence M3 is a flat extension of M.

Now we prove the implication (=) of (3). Let M3 be a flat extension of M. Reasoning in the same way as in
(2) we must have X3 = ;X 4 5 X2 + ¢; XY in the column space of M3. Since X3 has the same entries in rows
XY, YX, it follows that ¢; = 0. Analogously we conclude that b3 = 0. Applying an affine linear transformation
0 (X,Y)=(X - b1 Y — &) to 3 we get 3 with a psd moment matrix M, of rank 4 satisfying the relations

where a =

b2 2
X’ = (a+ 7)1, XY+ YX=al +bX+e¥, Y= (a;;—l—%)ﬂ,
where )
c
a4—ag+%, by =by —c3, c4=co— by

Claim 1: a1+ >Oanda3+ > 0.

Ifa; + 1 < 0, then ﬁX4 = (a1 42 )BXz < 0. The case 5){4 < 0 contradicts to M2 belng psd, while in the case
5}(4 =0it follows that ﬁ 2 = [3 1 = B 2y2 = 0 which contradicts to the rank of M2 being 4. Analogously we
conclude that a3 + 32> 0.

X Y

Applying an affine linear transformation ¢ (X,Y) = ) to B we get 5 with a psd moment matrix

T”“

ar+4 a as+2 2

M. o of rank 4 satisfying the relations

(3.4) X2=1, XY+4+VYX=al+bX+cY, Y2=T1,
where

4as + 2bic3 4(b2 — 03) 4(02 — bl)
3.5 =2 " p=12 -\ 7
( ) a’ C ) C ) c C )

and C' = +/(4a; + b?)(4az + c2). By RG relations it follows from (3.4) that the extension M3 of My, satisfies the
relations

XY =, X2Y + XYX = aX + bX? 4 XY,
XY? 4+ YXY = aV¥ + bXY + ¢Y?, Y2X = X.

In particular,
3.6) X+ YXY = aY+bXY+cY2, Y + XYX = aX + bX? 4 ¢XY.

Observing the rows XY and YX on the both sides of the equations in (3.6) and noticing that the columns Y, YXY, Y2,
X, X2 have the same entries in the rows XY, YX, we must have b = ¢ = 0. Hence, (3.5) implies that b, = c3 and
Coy = bl.
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Now we prove the implication (<) of (3). As above let

%,Y—%>7 $2(X,Y) = (

X Y )
2’ 2
\/M—&-% \/%-&-%3

Applying transformation ¢ o ¢; to 8 we get B with a psd moment matrix M\g of rank 4 satisfying the relations

P1(X,Y) = (X -

(3.7) X?2=1, XY+VYX=al, Y?=1,
where a = dag+2bicy . We have to prove that B admits a measure. From the relations (3.7) we get the following
V/(4a1+b?)(das+c3)
system
Bx2 =1, 28xy = a, Byz =1,
Bxs = Bx, 2Bx2y = aBx, Bxy: = Bx,
(3.8) Bxzy = By, 2Bxy=2 = aPy, By = By,
Bxa = Bxz, 2Bxsy = afxz, Bxeyz = Bxz2,
Bxsy = Bxv, Bxzy: + Bxyxy = aBxy, Bxys = Bxv,
Bxzyz = By, 28xy: = aPyz, Bys = By=.

The solutions to (3.8) are given by
Bya = Bx1 = PBx2yz = Pyz = Bx2 =1

Bxyvs = Bxsy = Bxy =

)

S

Bxyxy = = —1

)

N)‘@M

and one of the following:

Case l: Bxy2 = Bx2y = fBys = By = Bxs = Bx =0,
Case 2: a=2and Bxs = Bx = By = Bys = Bxy2 = Bx2y €R,
Case3: a = —2and Bxs = Bx = —fy = —PBys = Bxyz = —Bx2y € R.

However, in Cases 2 and 3 the submatrices [ﬂg]{x’y} are of the form ( :ljl ill) and are not positive definite. Hence

we are in Case 1 and M, takes the form

1.0 0 1 $ $ 1
01 £ 0 0 0 0
0 £ 1 0 0 0 0
3.9) My=|1 0 0 1 3 3 1
3 00 5 1 (5-1 3
3 00 5 (5-1) 1§
1 0 0 1 g g 1

My is psd if and only if a € (—2,2). Now notice that the representing atom ()? , }A/) for M is given by the pair
~ ~ e
(3.10) <= ((1) 01> v = ( i-a ) .

This proves the implication (<) of (3).
It remains to prove part (4). Let ¢1, ¢2 and My be as in the proof of part (3). By Proposition 2.6 (5) the measures
w for /3 are in the bijective correspodence with the measures [ for 3 given by the rule p1 = fi(¢2 o ¢1) and supp(p) =

(¢2 0 1)~ (supp(zi)). We have that

b2 b c2 s
-1 V) = 71, o1 3 . 3
(p20¢1) " (X,Y) (\/a1+4 X+2, a3+4 Y+2).

Therefore it suffices to prove the following claim.

N[

N[

= ole
\

IS
)

a
2
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Claim 2: The atom ()/(\' , ?) € (SR**?)2 of the form (3.10) is up to orthogonal equivalence the unique atom for the
measure [ of 5.

Let (X,Y) € (SR?*?)2 be an atom representing E . Since X, Y do not commute and X2 = 1, the eigenvalues of
X must be 1, —1. Hence we may assume (after conjugating by a suitable orthogonal matrix) that

ki ke

X=X and Y:<k2 ke

) for some k1, ko € R.

Calculating the moment matrix MéX’Y) generated by (X,Y’) and solving the system of equations obtained from
./\/ng’Y) = M\g in Mathematica we get the solutions:

(1) k=%, ko=23Vi—a?

(2) k=%, ko=-1Vi-—a2
Both solutions are unitarily equivalent pairs (the orthogonal equivalence is given by sending the first basis vector v; to
v1 and the second basis vector ve to —vs). This proves Claim 2. O

The following corollary will be very important in the proofs of theorems about the existence of a measure in the
rank 5 case.

Corollary 3.2. Suppose 3 = ™) has a psd moment matrix My, of rank 4 satisfying the relations
X2=qal, XY+4+YX=0bL, Y®=cl forsomea,b>0,cecR.

Then
(3.11) Bx =Py = Bxs = Px2y = Bxyz = Pys = 0.
Proof. Applying an affine linear transformation ¢(X,Y) = (X o \f) to M, the relations of the corresponding matrix
Mg become
X?=1, XY+VYX= L]l, Y2 =1.

Jac

Then Mg is of the form (3.9) (where we replace a with \/%). In particular, we have

(3.12) Bx = By = Bxs = Bx2y = Bxy> = Bys = 0.

Since the moments (3, and Ew for |w| < 4 are scalar multiples of each other, (3.11) follows from (3.12). O

4. RANKS 5 AND 6 - REDUCTIONS

In this section we establish an essential result for solving a BQTMP with a moment matrix of rank 5 or 6. Namely,
it suffices to solve the BQTMP only for moment matrices satisfying especially nice column relations; see Proposition
4.1. In the subsequent sections we will analyze each of those cases separately.

Proposition 4.1. Suppose 3 = 3Y) has a moment matrix Mo of rank 5 or 6. Let Lg be the Riesz functional belonging
to B. If B admits a measure, then there exists an affine linear transformatlon ¢ such that a sequence ﬁ given by
Buw = = Lg(w o @) for every lw(X,Y)| < 4, has a moment matrix My such that:

(1) If My is of rank 5, then /\/12 satisfies one of the following pair of relations:
Basic pair I: XY +YX = 0and X? + Y2 =1,
Basic pair 2: XY 4+ YX = 0 and Y? =1,
Basic pair 3: XY +YX =0and Y? - X2 =1,
Basic pair 4: XY + YX = 0 and Y? = X2,
(2) If My is of rank 6, then M\g satisfies one of the following relations:
Basic relation 1: Y2 =1 — X2,
Basic relation 2: Y? =1 + X2,
Basic relation 3: XY + YX =0,
Basic relation 4: Y? = 1.

To prove Proposition 4.1 we need some lemmas.
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Lemma 4.2. Suppose 3 = ) has a moment matrix My of rank 5 or 6 satisfying the relation
4.1) Y2 = a11 4 aoX + asY + a4 X% + asXY + a6 YX,

where a; € R for each i. Let Lg be the Riesz funtional belonging to B. If 3 admits a measure, then there exists an
affine linear transformation ¢ of the form

(4.2) P(X,Y) = (X + g, a3Y + au),

where c;; € R for each i, oq # 0, oy # 0, such that the sequence 3 given by B, = Lg(wo@) forevery lw(X,Y)| < 4,
has a moment matrix M (2) satisfying one of the following relations:

Relation 1: Y2 =1 — X2,

Relation 2: Y? =1,

Relation 3: Y? =1 + X2,

Relation 4: Y? = X2.
Moreover, the relation 4 is equivalent to the relation

Relation 4’: XY +YX = 0.

Proof. By comparing the rows XY, YX on both sides of (4.1) we conclude that a5 = ag. We rewrite the relation (4.1)
as

(Y — a5X)? = a1 1 + asX + a3¥ + (a4 + a?)X2.

Applying an affine linear transformation ¢1(X,Y) = (X,Y — asX) to 3 we get 3 with the moment matrix M (2)
satisfying the relation

4.3) Y? = a1 + (ag + azas)X + az¥Y + as X2

We separate three possibilities according to the sign of a4 € R.

Case 1: a4 < 0. The relation (4.3) can be rewritten as

2 2 2 2
(Y—%) :_( |a4|X—a2+a3a5> +((114_%4_(1124%13%) )1.

2 2\/|a4| 4 4@4

Applying an affine linear transformation ¢o(X,Y") = (y/|aq| X — ‘E"‘%, Y—%)to 3 we get B with M(2) satisfying
as

the relation
2

2
(4.4) Y2 = —X2 4+ (a1 n % n M)L

4&4
If Cy :=aq + %g + % < 0, then by comparing the row Y2 on both sides of (4.4) we get
0 < Bys + Bx2y2 = C1 - Py2 <0,

where we used that Bys >0, Bx2y2 > 0, By2 > 0. Butthen Sy+ = Bx2y2 = By2 = 0, which contradicts to the rank
of M(2) being 5 or 6. Therefore C; > 0. Applying an affine linear transformation ¢3(X,Y) = (\/%, \/%) to 3 we

get B with M (2) satisfying
Y2 =1-X3
which is the relation 1.
Case 2: a4, = 0. Multiplying (4.3) with Y we get
4.5) Y? = a1Y + (ag + azas)XY + a3 Y2
By comparing the rows XY, YX on both sides of (4.5) we conclude that as 4+ azas = 0. We can rewrite (4.3) as

4.6) ¥2 = (a + “g)n.
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IfCy:=ay + < 0, then by comparing the row Y? on both sides of (4.6) we get

0 < By Z(a2+ )5)/2 <0,
where we used that Bya >0, By2 > 0. But then 8y+ = By2 = 0 and hence also Sx2y=2 = 0, which contradicts to the
rank of M(2) being 5 or 6. Therefore Cy > 0. Applying an affine linear transformation ¢5(X,Y) = (X, — ) to 3
we get B with M (2) satisfying
Y? =1,

which is the relation 2.

Case 3: a4 > 0. The relation (4.3) can be rewritten as

(Y_@> (\ﬁx+a2+a3as)2+ (a1+aj_ (a2+a3a5)2)]l'

2 , /Q 4 40,4
Applying an affine linear transformation ¢g(X,Y") = (/as X + a?“ﬁ”o Y — %) to 3 we get B with M(2) satisfying
2 2
4.7) YQ:X2+(a1+%—M)]1.
4 4a4
We separate three possibilities according to the sign of C3 := a1 + %g’ — W

Case 3.1: C3 > 0. Applying an affine linear transformation ¢7(X,Y) = (=2-, %3) to 3 we get B with M (2)
satisfying

§

Y2 =1 + X2,

which is the relation 3.

Case 3.2: C3 = 0. The relation (4.7) is
Y? = X2
which is the relation 4. Applying an affine linear transformation ¢s(X,Y) = (X =Y, X +Y) to 3 we get B with
M(2) satisfying
XY + YX = 0,

which is the relation 4°.
Case 3.3: C3 < 0. Applying an affine linear transformation ¢g(X,Y) = (Y, X) to 3 we come into Case 3.1. O

Lemma 4.3. Suppose § = B has a moment matrix My of rank 5 with linearly independent columns 1, X, Y, XY.
Then one of the following cases occurs:

Case 1: The set {1,X,Y,XY,YX} is the basis for Caq, and the columns X?,Y? belong to the span{1,X, Y}.
Case 2: The set {]l, X,VY, X2, XY} is the basis for C .
Case 3: The set {]l, X,VY, Y?, YX} is the basis for Caq,.

Proof. 1If X2 ¢ span{1,X, Y}, it follows by comparing the rows XY and YX that X? ¢ span{1,X,Y,XY}. Hence
we are in Case 2. Similarly, if Y2 ¢ span{1,X, Y}, then we are in Case 3. Otherwise {X?, Y?} C span{1,X, Y} and
since My is of rank 5, {1, X, Y, XY, YX} is a basis for C,. Hence we are in Case 1. O

Lemma 4.4. Suppose 3 = Y has a moment matrix Moy of rank 6 with linearly independent columns 1, X, Y,
XY. There exists an affine linear transformation ¢ such that a sequence B given by Bu, = Lg(w o @) for every
|lw(X,Y)| < 4, has a moment matrix M such that:

Case 1: The set {]l, X,Y,X?, XY, YX} is the basis for C;

Case 2: The set {IL, X,Y, X2, XY, YQ} is the basis for CJ\’/TQ'
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Proof. 1fY? € span {]l, X,Y, X2, XY, YX}, then we are in Case 1 (linear independence of the columns {]l, X,Y,X?, XY, YX}
follows from the rank of My being 6). Otherwise Y2 ¢ span {]l, X, Y, X2, XY, YX}. In particular, {]l, X, Y, XY, Y2}
is a linearly independent set. Now we have two possibilities. Either {]l7 X, Y, XY, Y2, Xz} is a linearly independent
set and we are in Case 2, or X? € span {]l, X, Y, XY, Y2} and {]l, X, Y, XY, Y2, YX} is a linearly independent set.
After applying an affine linear transformation ¢(X,Y") = (Y, X) we are in Case 1. O

Lemma 4.5. Suppose 3 = ) has a moment matrix M satisfying one of the relations
Y2+X2=1 or Y’ -X*=1 or Y?’=X%

Ms By
B, C;

X2Y = YX? and XY? = Y2X.

In particular, the rows XY, YX are the same in the columns X2Y, YX? and the columns XY?, Y2X.

If B admits a measure p, then the extension Mg := < ) generated by (1 satisfies the relations

Proof. We will give the proof in the case of the relation Y2 4+ X2 = 1. The other two cases are proved in the same
way. Multiplying Y2 + X2 = 1 by Y (resp. X) from the left (resp. right) gives X?Y = —Y3 + Y = YX? and
Y2X = X — X3 = XY?2. By Theorem 2.2 we must have X?Y = YX? and XY? = Y2X in M. 0

Finally we give the proof of Proposition 4.1 (1).
Proof of Proposition 4.1 (1). By Proposition 2.3 the columns 1, X, Y, XY of M5 are linearly independent. By Lemma
4.3 there are three cases to consider.

Case 1: The set {1, X, Y, XY, YX} is the basis for Cp, and the columns X2, Y2 belong to the span {1, X, Y}.

By assumption there are constants a;, b;, c; € R for j = 1,2 such that
X? =1+ 01X+ Y and Y2 =aol + boX + Y.

By multiplying the first relation with X and the second with Y it follows that if 5 admits a measure, then ¢; = by = 0.

Let

s Y) = (X - 2 Y = D), gaxy) =

X Y
b? ’ c2 )
\/al + zl \/ag + IS
Applying an affine linear transformation ¢, o ¢1 to 5 we get E with M (2) satisfying
X2=Y*=1
Equivalently, the relations are
Y2 -X?2=0, Y?=1.
Finally applying an affine linear transformation ¢3(X,Y) = (XX, Yo%) 0 3 we get B with M (2) satisfying
XY +YX=0 X?®+VY?=1.

Hence we are in a basic pair 1 of Proposition 4.1.
Case 2: The set {1,X,Y, X2 XY} is the basis for Cp1,.

By assumption there are constants a;, b;, ¢, d;, e; € R for j = 1,2 such that

YX=a1l +0 X+ Y +diX2 4+ e XY, Y2 =asl+ X+ Y + doX? + eoXY.

By comparing the rows XY, YX of the both sides of equations we conclude that e; = —1 and ex = 0, so that the
relation are
(4.8) XY +YX=a11+b X+ Y+diX? and Y2 =asl + X + oY + dpX?.

By Lemma 4.2 there exists an affine linear transformation ¢4 of the form (4.2) such that after applying ¢4 to (3 the
second relation in (4.8) of the corresponding matrix M (2) becomes one of the following:

(4.9) Y2=1 or Y?=1-X% or Y?’=X% or Y?’=1+X3
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while the first relation in (4.8) becomes
(4.10) XY 4 YX = a3l + b3X + c3Y + d3X?,

where a3, b3, c3, d3 € R. We separate four possibilities according to the relation in (4.9).

Case 2.1: Y2 = 1 in (4.9). The relation (4.10) can be rewritten in the form
Y(X—2) + (X = 2)Y = agl + bgX + dsX*.
Applying an affine linear transformation ¢5(X,Y) = (X — £,Y) to 3 we get 3 with M (2) satisfying
4.11) XY + YX = a41 + by X + dyX?> and Y2 =1,
where a4, by, dy € R. Multiplying the first relation in (4.11) with X on left (resp. right) we get
X?Y + XYX = asX + b, X? 4 dyX® = XYX 4 YX2

Hence, X?Y = YX2. Multiplying the first relation in (4.11) with Y on right and using the second relation in (4.11), we
get

(4.12) X+ YXY = a4Y + b4 XY + d,X?Y.
Comparing the rows XY, YX on both sides of (4.12) gives by = 0. We now separate two possibilities depending on dy.

Case 2.1.1: d4 = 0 in (4.11). The relations (4.11) are
XY + YX = as1, Y?=1.
Using the second relation we can rewrite the first relation in the form
(X-SYV)Y+Y(X- V) =0
Applying an affine linear transformation ¢¢(X,Y) = (2 — %y, y) to 3 we get B with M (2) satisfying
XY+VYX=0 Y?=1.

Hence we are in the basic pair 2 of Proposition 4.1 (1).

Case 2.1.2: d4 # 0in (4.11). The relations (4.11) are

1
X2 - (XY 4+YX)= -1 and Y2=1.
dy dy
Summing together the first relation and the second relation multiplied by d% we get
4
1 1 1 a4
4.13 =Y - — (XY +YX) +X*= (- — —)1.
(4.13) 7Y g (YY) X7 = (5 — )
Now we rewrite (4.13) in the form
1 2 1 a4
—Y-X)"'=(—-—)1
Applying an affine linear transformation ¢7(X,Y) = (iy - X, Y) to B we get B with M(Z) satisfying
1 [e7}
2 2
=(=——-)1 d Y*=1.
(Z -t @

Hence we are in Case 1.

Case 2.2: Y* = 1 — X? in (4.9). Multiplying the relation (4.10) from the left by X (resp. Y) and comparing the rows

XY, YX on both sides using Lemma 4.5 we conclude that ¢z = 0 (resp. b5 = 0). Thus the relation of M(2) are
XY 4+ YX = a3l + d3X? and Y?2+XZ=1.

Summing together the first relation and the second relation multiplied by o we get

(4.14) aY? + (XY + YX) + (a — d3)X? = (a + a3)1.
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Choosing

1 ds
— s Ja+a2+ B
a=gyitast o

a>0, a—d3>0 and +/(a—ds)a=1,

and thus (4.14) can be rewritten in the form

(Va—dsX + aY)? = (a +ag)l,
Applying an affine linear transformation ¢s(X,Y) = (X, va — dsX + /aY) to 3 we get 3 with M(2) satisfying
(4.15) Y? = (a+a3)l and XY + YX = a4l + dy X3,

we see that

where a4, ds € R. Since M\ (2) is psd of rank 5, & + a3 > 0 and after normalization the relations (4.15) become
Y2=1 and XY+ YX=asl + d5X?,

where a5, ds € R. Hence we are in Case 2.1.

Case 2.3: Y2 = X2 in (4.9). As in the first paragraph of Case 2.2 we conclude that the relations of M(2) are
XY 4+ YX = a3l + dsX* and Y? =X
Applying an affine linear transformation ¢9(X,Y) = (X +Y,Y — X) to 3 we get B with M(2) satisfying
(2—d3)X? — (24 d3)Y? =4a31l and XY 4 YX =0,

If d3 = 2, then after normalization we come into Case 2.1. If d3 = —2, then we come into Case 2.1 after we apply a
transformation (X,Y") — (Y, X) to change the roles of X and Y and normalize. Otherwise we apply an affine linear
transformation

$10(X,Y) = (V|2 — d3| X, /|2 + d3]Y)
to 3 and get 3 with M (2) satisfying

XY +YX=0
and one of the following:
(4.16) X2 4+ Y2 =4a31 or X?—-Y?=4dasl or —X?-—Y?=4asl.
The first and the last cases are equivalent, since the third relation can be rewritten as X2 +Y? = —4asl. Thus we

separate two possibilities in (4.16).

Case 2.3.1: X2 4+ Y? = 4a31 in (4.16). Ttis easy to see that ag > 0 (by M(2) being psd of rank 5, since otherwise
By2 = Bxz2y2 = Pya = 0). Thus after the normalization we are in the basic pair 1 of Proposition 4.1.

Case 2.3.2: X2 — Y? = 4qa31 in (4.16). We may assume that a3 < 0 (otherwise we change the roles of X and Y). If
az < 0, then after normalization we come into the basic pair 3. Otherwise a3 = 0 and we are in the basic pair 4.

Case 2.4: Y? = 1 + X2 in (4.9). As in the first paragraph of Case 2.2 we conclude that the relations of M(2) are
XY 4+ YX = a3l + dsX? and Y? =1+ X2,
and after applying an affine linear transformation ¢g(X,Y) = (X +Y,Y — X) to 3 to get 3 with M(Q) satisfying
(2 —d3)X? — (24 d3)Y? = (4a3 — 2d3)1 and XY +YX=2-1.

If d3 = 2, then after normalization we come into Case 2.1. If d3 = —2 then we come into Case 2.1 after we apply a
transformation (X,Y) — (Y, X) to change the roles of X and Y and normalize. Otherwise we apply an affine linear
transformation

011(X,Y) = (V]2 = ds] X, V]2 + ds]Y)
to 3 and get /3 with M (2) satisfying
XY 4 YX = 24/|(4 — 2|1
and one of the following

4.17) X24+vY2=al or X?-VY?2=al or —-X%2-VY%=al,
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where a = 4as — 2ds. The first and the last cases are equivalent, since the third relation can be rewritten as
X2 + Y? = —al. Thus we separate two possibilities in (4.17).

Case 2.4.1: X24+Y?2 = al. Itis easy to see that @ > 0 (by M) (2) being psd of rank 5, since otherwise y> = Sx2y2 =
Bys = 0). Hence after normalization we come into Case 2.2.

Case 2.4.2: Y2 — X2 = gl. We may assume that a > 0 (otherwise we change the roles of X and Y). If a = 0, we are
in Case 2.3. Otherwise we apply a transformation

b1a(X,Y) = (X, X - @Y>

a
to 3 and get 3 with M (2) satisfying

44— d})?

Y2+(1 _ )X2:0 and XY + YX = —al + ax2.
a

Itis easy to see that 1 — 4(4;& < 0 (by M(?) being psd of rank 5, since otherwise Sy+ = Sxz2y2 = fy2 = Bx2 = 0)
and after a further normalization of X the relations of the corresponding matrix M (2) become

Y2 -X?2=0 and XY+ YX = —al —aX? forsomea € R.

Hence we come into Case 2.3.
Case 3: The set {1,X,Y, Y2 YX} is the basis for Cpq,.

Applying an affine linear transformation (X,Y) — (Y, X)) we come into Case 2. O
Now we prove Proposition 4.1 (2).

Proof of Proposition 4.1 (2). By Lemma 4.4 we have to consider 2 different cases.
Case 1: The set {1,X,Y, X2 XY, YX} is the basis for Cr4,.

By assumption there are constants a;, 7 = 1,.. ., 6, such that
Y? = a1l + aoX + a3 Y + asX? + a5XY + agYX.

By Lemma 4.2 the statement of Proposition 4.1 follows.
Case 2: The set {1, X,Y, X2 XY, Y2} is the basis for C(,.

By assumption there are constants a;, ¢ = 1,. .., 6, such that
(4.18) YX = a11 + asX + asY + asX? + a5XY + agY?.

By comparing the rows XY, YX of the both sides of equation we conclude that a5 = —1. We separate two cases.

Case 2.1: a4 # 0 or ag # 0. By symmetry we may assume that ag # 0. We rewrite the relation (4.18) as

1
y2o g Bx By Yy Byy ., Cyx
ag ag ag ag ag Qg

By Lemma 4.2 the statement of Proposition 4.1 follows.
Case 2.2: ay = ag = 0. We rewrite the relation (4.18) as
(X+Y)Y + Y(X+Y) -2V = a;1 + aa(X + Y) + (a3 — a2)Y.
Applying an affine linear transformation ¢ (X,Y) = (X +Y,Y) to 3 we get 3 with M (2) satisfying
XY + YX - 2Y? = a1 1 + asX + (a3 — az)Y.
By Lemma 4.2 the statement of Proposition 4.1 (2) follows. d
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5. ATOMS IN THE MINIMAL MEASURE OF RANKS 5 AND 6

In this section we show that every 5 = (8 (4) which admits a measure with M in one of the basic cases of rank 5
or one of the first three basic cases of rank 6 given by Proposition 4.1, admits a minimal measure with all the atoms
of special form; see Proposition 5.1 below. This form will be crucial in the subsequent sections where we will analyze
each basic case separately to show that the atoms of size 2 are sufficient.

Proposition 5.1. Suppose 3 = Y has a moment matrix My, satisfying one of the column relations
(5.1 XY+YX=0 or Y?=1-X% or Y?=1+X>

If B admits a measure, then the atoms are of the following two forms:

(1) (xi,y:) € R%
(2) (X;,Y;) € (SR**2%)2 for some t; € N such that

(il B; - (waly, 0
Xi = ( th _’inti> and Yi = ( 0 _:uiIti

where v; > 0, u; > 0 and B; are t; X t; matrices.

Proof. Suppose p is any measure representing 5. By Theorem 2.2 every atom (X, Y;) in p satisfies the relation (5.1).
Claim 1: We may assume that X;Y; + Y; X; and Y; are diagonal matrices.

Observe that X;Y; + Y; X, is symmetric and commutes with Y;. Therefore after a orthogonal transformation we
may assume that X;Y; + Y; X; and Y; are diagonal matrices.

Claim 2: We may assume that the atoms (X, Y;) of size greater than 1 are of the forms

_(Dia B - (idng, 0
5.2) X; = (Bf Di2> and Y; = ( 0 NiInig) ,

where p; > 0, n;1,ni0 € N, D;; € R"1%™i1 and D;5 € R™2%"i2 gre diagonal matrices and B; € R™i1 X"z,

By an appropriate permutation we may assume that Y; is of the form

4

}/1 @ <1u'] ITLU (1)1 > ®Om><m7

where £;, 1,5, m;;,m € NU {0}, u(l) > 0 and ,u(z) # 1, ) for j, # ja. Let
Xi= (X;(:Q)pr
be the corresponding block decomposition of X;. Since X;Y; + Y; X is diagonal, it follows that
(1) for1 <p,r </; and p # r we have that
[XiVi + YiXilop—1,20—1 = (1, () 4 plt ))XQ(;)—I,Qrfl =0 = X2(;)71,2r71 =0,
[(X3Yi + YiXi]2p71,2r = (M;(y) - Mri))Xéz))flzr =0 = X2(;)71,2r =0,
[XY; + YiXilapor = () + 1) X, =0 = XU, =o0.

(2) for1 < p < ¥¢; we have that

[XYi + YiXilop-1,2041 = i) )Xz(;) 120041 =0 = Xz(; 12041 =0,
(XY + YiXilop 2t 41 = —pff )Xz(p)ge 41=0 = Xg(p),zeiﬂ =0,
[(XiYi + YiXiloe, 11,2p-1 = “1())X2(é)+1 2p—1 — 0 = X§2+172p—1 =0,
(XY + YiXilat 129 = =i X5 10, =0 = X{) 45, =0.
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(3) for1 < p =1r < ¥¢; we have that

[XiYi + YiXilop-1,2p-1 = 2#1(7i)X2(;))—1,2p—1 is diagonal = XQ(;)—l,Qp—l is diagonal,

[X.Y; + YiXi)opop = — 20 XV

p “2p.2p is diagonal = X(i)

2p,2p 18 diagonal.

So X is of the form
‘

(i5) (i5) )
— X X ()
x-@ (2, ) @xi.
=1 12 22
Thus we can replace the atom (X, Y;) with the atoms of the form

i i ()
(Xlzj )* X3o ! 0 —Hy I,
or
(5.4) X=X, and Y;=0.

By orthogonal transformation the atom (5.4) can be replaced by the atom

Xij = Dé?)_‘_l and ﬁj = 0,

where DEZ)H is a diagonal matrix and further on by atoms of size 1 of the form (z, 0), where x runs over the diagonal
of Dﬂrl Hence we may assume that the atoms of size greater than 1 in the representing measure for /3 are of the form
(5.3). Further on, by appropriate orthogonal transformation we may assume that they are of the form (5.2). This proves

the claim.

Claim 3: We may assume that the atoms (X, Y;) of size greater than 1 are of the forms

(il B; (il 0
A= ( B! _'ViIti) and Yi_( 0 —uily )’

where v; > 0, u; > 0 and B; are t; X t; matrices for some ¢; € N.

First we prove Claim 3 in case we have XY + YX = 0 in (5.1). Let us prove that we may assume invertibility

0 o0 N
of X;. After applying an orthogonal transformation to (X;,Y;) we have X; = ( 0 )?) where X is invertible and

Y, = G:ft ¥ > From X;Y; + Y; X; = 0 it follows that }/ig)?i = 0. Since )A(i is invertible, Y;o = 0. Hence we can
i2 s
replace the atom (X;,Y;) with the atoms (0, Y;1) and (X, Y;3). Since the atom (0, Y;1) can be further replaced with
the atoms of size 1, we may assume the X is invertible.
Observe that in (3) from the proof of Claim 2 we have

0= [Xz'Yz' + Yz‘Xz'bp—Mp—l = 2H(i)X§;)71,2p71 = X2(;)71,2p71 =0,

P
0= [X;Y; + YiXi]opop = *2#;(oi)X§?,2p = XQ(;),Qp =0.
Therefore X; in (5.2) is of the form X; = gt %z with B; € R™1*"2 and n;; = n;o by the invertibility of X;.

This proves Claim 3 in case we have XY + YX = 0 in (5.1).

It remains to prove Claim 3 in case we have Y? = 1 + X2 in (5.1). By Claim 2 and after an appropriate permutation
we may assume that X;, Y; are of the form (5.2) with

Pi T
Diy = @AEZ)IS”‘ and  Djp = @’yjl)j’vi]W
j=1 j=1
where p;, 545,75, v;; € Nand

AP >0 > >0 and 417 > ) > s 0.
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Let
B; = (B;()?)PT
be the corresponding block decomposition of B;, where
BST) € RSip XVir
forp=1,...,p;, 7 =1,...,7; Calculating X? we get that
X2 — Dz21 + B; Bt D B; + BfDig
v B!D;1 + D;3B; B!B; + D2,
Since X f is a diagonal matrix, we conclude that
Dy1B; + BiD;s = 0.
Thus
[Di1B; + Bl Dja)pr = (W) +4)BH =0
forl <p <p;, 1 <r <r;. We conclude that
M) = 4 or BY =0

So in every row and every column in the block decomposition of B; at most one block Bz(,ir) is possibly nonzero, i.e.,

Bf.i) may be nonzero iff )\,(,i) = —'y,(,i) So after a suitable permutation X; has the following block decomposition
A(i)fs Bz()r) (i)
- @ (b W)e @ ()

1<p<p: 1<p<ps

1<r<r; )\( )# ’y< RS

PYQEENOE

@ @ <7T(Z)IU1T) )
1<r<rg
A #E=D Vp

The corresponding block decomposition of Y; is of the form

e @ (7 )8 @ )

1<p<p; 1<p<py
1<r<r; A(i‘)#,,y(i) Vr
. k b ”
AP+ =0
O @ (wh).

_lgrgrk

A #E=D vp

Thus we can replace the atom (X;, Y;) with the atoms of the form

~ )\(z BY ~ <u‘f\, 0 )
5.5 X’i ;= Sip pr and }/’L — 1= Sip
o ’ <(B,€?>t NI, N0 il

or
)?ij = )\I(,i) and ﬁj =
or
)?ij =~ and }N/ij = — L.

Hence we may assume that the atoms (X, Y;) of size greater than 1 in the representing measure for M are of the
form (5.5). Now
i <<A< OrL, +BRBY 0 )

’ 0 (Bii) By + (\))? 1,
Since
(1 £ pf) L,

2 _ 2 - sir 0
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it follows that

(5.6) BB = (1 £ 47 — NI,
)\t 1) 2 )\2
(5.7) (BN B = (1+pf — AL,

We separate two cases according to the value of 1 & p? — ()\Z(f)).
. 2 (@)Y
Case1: 1+ p7 — (Apy’) =0.

It follows that BZ(,Q = 0. Then X; is diagonal and commutes with Y;. Therefore the atom (X;,Y;) can be replaced
by the atoms ()\I(,Z), ;) and (,)\1()2)7 — ;).

Case2: 1+ 2 — (A7) 0.

From (5.6) and (5.7) it follows that

(5.8) sip = rank(BY (B{))") < min(rank(B{?), rank((B{?)")) < min(s;p, viy)
(5.9 Vi = rank((Béi))th()i)) < min(rank((BI()f))t)7 rank(B}(,Q)) < min(vir, Sip)-

It follows from (5.8) and (5.9) that s;, = v;, in (5.5) which proves Claim 3 and concludes the proof of Proposition
5.1. O

6. SOLUTION OF THE BQTMP FOR M5 OF RANK 5

In this section we solve the BQTMP for M of rank 5. By Proposition 4.1 it suffices to solve four basic cases. In
Subsections 6.1, 6.2, 6.3, 6.4 we study these cases separately. We characterize exactly when My admits a measure,
see Theorems 6.4, 6.7, 6.10 and 6.13. Moreover, we characterize type and uniqueness of the minimal measures. In
particular, the minimal measure is almost always unique (up to orthogonal equivalence), except in one subcase for
which there are two minimal measures, and there is always exactly one atom from (SR2X2)2 in the minimal measure
and up to three atoms from R?.

Let (X,Y) € (SR”™")? where t € N. We denote by MgX’Y) the moment matrix generated by (X,Y), i.e.,
Buwx,y)y = Tr(w(X,Y)) for every |w(X,Y)| < 4.

The following proposition will be used in all four basic cases to prove that if 5 admits a measure, then it has a
representing measure with the atoms of size at most 2.

Proposition 6.1. Ler us fix a pair (R1, Rs) of the basic case relations given by Proposition 4.1 (1). If every sequence
B = BW with Bx = By = Bxs = 0 and a moment matrix Mo (B) of rank 5 with column relations Ry and Ry, admits
a measure with atoms of size at most 2, then every sequence B = B () which admits a measure and has a moment
matrix ﬂg of rank 5 with column relations R, and Rs, admits a measure with atoms of size at most 2.

Proof. Suppose E admit a measure and has a moment matrix Mg of rank 5 with column relations R; and Ry. By
Proposition 5.1 we may assume that all the atoms (X;,Y;) € (SR"*"")? of size u; > 1 are of the form

(vl B; (il 0
X = ( B} —%‘[ti>’ Y= ( 0 —uly, )’

where v; > 0, u; > 0 and B; are t; X t; matrices. Calculating Xf’ we get

X3 _ Yi(Vi Iy, + BiB})  (v}1;, + BiB})B;
o\, + B!B)B!  —vi(v 1, + B!B;)) "

Therefore /\/ng“Yi) satisfies Sx = By = Bxs = 0. By assumption the atom (X, Y;) can be replaced by the atoms of
size at most 2. 0

6.1. Pair XY + YX = 0 and Y? + X2 = 1. In this subsection we study a sequence = ¥ with a moment matrix
M, of rank 5 satisfying the relations XY + YX = 0 and Y2 + X2 = 1. In Theorem 6.4 we characterize exactly when
[ admits a measure. Moreover, we classify type and uniqueness of the minimal measure.

The form of M3, is given by the following proposition.
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Proposition 6.2. Suppose 8 = ™) is a sequence with a moment matrix My of rank 5 satisfying the relations
6.1) XY+YX=0 and X®+Y?=1.
Then M is of the form

B1 Bx By Bxz2 0 0 B1— Bx2
Bx Bx2 0 Bx 0 0 0
By 0  B1—Bxe 0 0 0 By
(6.2) Bx2 Bx 0 Bxa 0 0 Bx2 — Bxa
0 0 0 0 Bx2 —Bxa —Bx2+ Bxa 0
0 0 0 0 —Bx2 +Bxa  Bx2 —Pxa 0
B1—Bx2 O By Bx2 — Bxa 0 0 B1 —2B8x2 + Bxa

Proof. The relations (6.1) give us the following system in Mo

2B8xy =0, Bxzyz + Bxyxy =0, Bys = By — Bxzy,
63) 2Bx2y =0, 28xys =0, Bxzyz = Bx2 — Bx4,
2Bxy= =0, Byz = 1 — Bxz, Bxys = Bxy — Bxsy,
2Bxsy =0, Bxy2 = Bx — Bxs, Py+ = Byz — Bxzy:.

The solution to (6.3) is given by

Bx = Bxs, Bys = B1 —2Bx2 + Bxa,
Bxyxy = Bxs — Bx2, Bys = By,
Bxy = Bx2y = Bxy2 = Bxsy = Bxys =0, Bx2y2 = fBx2 — Bxa,
and thus M, takes the form (6.2). O

Proposition 6.3. Suppose = ™) is a normalized sequence with a moment matrix My of rank 5 satisfying the
relations XY + YX = 0 and X? + Y? = 1. Then M, is positive semidefinite if and only if

0<fBx2<1, |Bx|<Bx2 |By|<(l-PBx2), A<PBxs<px,

where
A= _6§(2 + 6;1(2 - /83( + ,6)2/,83( + 3ﬁx2ﬁ§( — 2ﬁ§{2ﬁ§(
Proof. The statement is easily checked using Mathematica. U

The following theorem characterizes normalized sequences [ with a moment matrix Mo of rank 5 satisfying the
relations XY + YX = 0 and X2 + Y2 = 1, which admit a measure.

Theorem 6.4. Suppose 8 = Y is a normalized sequence with a moment matrix My of rank 5 satisfying the relations
XY + YX = 0 and X2 + Y2 = 1. Then 3 admits a measure if and only if

6.4 1By <1—1B8x]|, |By| < Bx2 <1—|By|, A< Bxs < fx2,

where
_ —B% — |Bx| + 2Bx2Bx| + |By[1Bx|
a =1+ [By |+ [Bx] .
Moreover, the minimal measure is unique (up to orthogonal equivalence) and of type:
e (1,1) ifand only if Bx Py = 0 and Bx+ = A.
There are two minimal measures (up to orthogonal equivalence) of type:
e (2,1)ifand only if Bx = By = 0or (Bx Py # 0and fxs = A).
e (3,1)ifand only if Bx Py # 0 and Bx1 # A.

A
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Proof. First note that the pairs (,y) € R? satisfying the equations xy + yz = 0 and 2% + 3> = 1 are
(1,0),(=1,0),(0,1),(0,—1) € R*.

By Lemma 2.2 these are the only pairs in R? which can be atoms of size 1 in the measure for /3.

Claim 1: g with 8x = Sy = 0 and psd M admits a measure. Moreover, there are two minimal measures of type
2,1).

Using (6.2) we see that M is of the form

1 0 0 Bx2 0 0 1— Bye
0 Bye 0 0 0 0 0
0 0 1—Bx2 0 0 0 0
My = Bx2 0 0 Bx4 0 0 Bx2 — Bxa
0 0 0 0 Bx2 —Bxa Bxa —PBx2 0
0 0 0 0 Bx1 —Bx2 Bxz2 — Bxa 0
1-Bx2 0 0 Bx2 — Bxa 0 0 1—-2Bx2 + Pxa

We define the matrix function

Bla) i= Mo — o (ME) + M)

where
1 4+1 0 1
(£1,00 _ [£1 1 0 =1
M “{o o 0o o @ 0s,
1 £1 0 1
and 03 stands for the 3 x 3 matrix with zero entries. Then
1— 2« 0 0 Bxz2—2a 0 0 C
0 Bx2—2a 0 0 0 0 0
0 0 C 0 0 0 0
B(a) = | Bxz — 2« 0 0 Bxa—2a 0 0 D |,
0 0 0 0 D —-D 0
0 0 0 0 -D D 0
C 0 0 D 0 0 C—-D

where

C:l—,@x2, D:5X2_5X4~
Let ap > 0 be the smallest positive number such that the rank of B(«y) is smaller than 5. Using Mathematica (solving
det(B(a){n,x,Y,x2,xy}) = 0) we get that

o — min (5}(2 B%> — Bxs >
’ 2 72(=1+28x2 —Bx1))

2 —
Subclaim 1.1: o = 2(71[1)‘225—}%
We define
A Bx2 B2 — Bxa (1 —Bx2)(Bx2 — Bx1)

2 2(-1+2Bx2—Bxs)  2(1—2Bx> + Bxs)
To prove the subclaim we have to prove that A > 0. Since M is psd of rank 5, it follows that

1—pBx2>0, Bxz—px+>0, 1-2Bx2+PBxs>0.

Thus A > 0.

The matrix B(cy) is psd of rank 4 and satisfies the column relations

X2 _ Bx> — Bxa 1 1—28x2 + Bxs

1—Bx2 1— Bxe
By Theorem 3.1 it has a unique (up to orthogonal equivalence) 1-atomic measure with an atom (X,Y) € (SR2X2)2.
Therefore Mo has a minimal measure of type (2, 1). Indeed, minimality follows by the following facts:

XY+YX=0 VY?= 1.

e Since My is a nc moment matrix, there must be at least one atom of size > 1 in the representing measure.
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o If there is exactly one atom of size 2 in the representing measure, then there must be at least one atom of size

1, since otherwise Mz would have rank at most 4. Since Sx = Sy = 0, atoms (1,0), (—1,0) (resp. (0, 1),
(0, —1)) occur in pairs with the same densities.

By symmetry there exists a unique minimal measure of type (2,1) involving the atoms (0, 1) and (0, —1). This con-
cludes the proof of Claim1.

Claim 2: If 5 admits a measure, then it has a representing measure with the atoms of size at most 2.
Claim 2 follows by Proposition 6.1 and Claim 1.
Claim 3: $ admits a measure if and only if (6.4) holds.

A special case fx = [y = 0 of Claim 3 follows by Claim 1. Let us assume that Sx # 0 or Sy # 0 and suppose
that 8 admits a measure. By Claim 2,

(6.5) My = Z /\nga:wyi) + ZEngxj,Yj)'
@ J
where (;,y:) € R, (X;,Y;) € SR¥2 \; > 0,& > 0and 3, \; + >_;& = 1. By Corollary 3.2,

(66) B = BY) = B3 = By = By = R =0,

where BS()X y) are the moments of Mng Y9, By the first paragraph in the proof of Theorem 6.4,

6.7) ZAzMémy) _ )\1Mél’0) + )\QMg—l,o) T AgMéo’l) i )\4Méo’_1)7
where \; > 0 for each ¢. Using (6.5), (6.6) and (6.7) we conclude that
a Bx Py b 0 0 c
Bx b 0 pBx 0 0 O
By 0 a 0 0 0 By

Z AMGTv) b Bx 0 b 0 0 0 for some a, b,c > 0,

p 0 0 0 0O 0 0 O
0 0 0 0O 0 0 O
c 0 By 0O 0 0 ¢

where
Bx=A—X2, By=XA—Xg, b=XA+X, c=A3+XN, a=b+ec

Subclaim 3.1: We have that >, )\ZM;zy) = A, where

1Bx|+18y| Bx By Bx] 0 0 |By|
Bx |Bx| 0 Bx 0 0 O
By 0 |Bx|+IByl O 0 0 By
A= 1Bx| X 0 Bx] 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
1By | 0 By 0 0 0 |pyl

There are the following possibilities:
(1) If Bx > 0 and By > 0, then since

A > Bx, Az > By, Ay >0, Ay >0, MEERY =0, MOEY =0,

it follows that
SO NMET) = B MEH 4 By M.
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(2) If Bx > 0 and By < 0, then since
A2 Bx, Ad > Byl A >0, Az >0, METO =0, MPFY -0,
it follows that
STAME) = g MED By | MY,
(3) If Bx < 0and By > 0, then since
Ao > |Bxl, Az = By, AL >0, A >0, MO =0, MPFY - 0,
it follows that
DoNMET ) B M By Mg,
(4) If Bx < 0 and By < 0, then since
A2 > [Bxls A > 1By, A >0, A3 >0, MEH =0, ME*FY -0,
it follows that
SoAME) = B | MEHY By | MY,

Combining all possibilities proves the subclaim.

Moy — A is of the form

1—[By|—|B8x] 0 0 Bx2 —|Bx| 0 0 E
0 By —|Bx| © 0 0 0 0
0 0 E 0 0 0 0

Bx2 — |Bx] 0 0 Bxa—|Bx]| 0 0 Bx2 — Bxa |,
0 0 0 0 Bx2 —Bxas —Px2+Pxa 0
0 0 0 0 —Bx2 +Bxa Bx2 —Bxa 0
E 0 0 Bx2 — Bya 0 0 F,

where
E=1-p8x2—|By| and F=FE— x>+ Bxa.
By Subclaim 3.1,
My = 3" ANME) < M, — A,

Using Mathematica,
(68) M2 —A>0 and (Mz — A){]I,X,Y,XY} =0

(which are necessary conditions for the existence of a measure for a nc moment matrix Mo — A by Proposition 2.1
and Corollary 2.3) and M is psd if and only if (6.4) holds. This proves Claim 3.

Claim 4: Minimal measures are as stated in the theorem.

If 6x = By = 0, Claim 4 follows by Claim 1. Suppose Sx # 0 or By # 0. Let A be as in the proof of Claim 3.
The following statements are true:

(1) Minimal measure is unique of type (1,1) if and only if the rank of My — A is 4 and one of the moments Sy,

ﬂy is 0.
(2) Minimal measure is unique of type (2,1) if and only if

(a) the rank of My — Ais 4 and Sx Sy # 0.
(b) the rank of M5— A is 5 and one of the moments Sx, Sy is 0 in which case we subtract « (M él’o) + Mé_1’0)>

or o (Méo’l) + Méo’fl)) with the smallest o > 0 such that the rank falls to 4.
(3) There are two minimal measures of type (3,1) if and only if the rank of My — A is 5 and Bx By # 0 in which
case we subtract « (MS’O) + Méfl’o)) or « (Mgo’l) + ./\/lgo’fl)) with the smallest o > 0 such that the
rank falls to 4.
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The rank of My — A is 5 exactly when in addition to (6.8),

(M2 = A)n x,vx2 xvy = 0.
in addition to My — A. Using Mathematica we obtain exactly the statement in the theorem. O

6.2. Pair XY + YX = 0 and Y2 = 1. In this subsection we study a sequence 3 with a moment matrix My of rank 5
satisfying the relations XY + YX = 0 and Y2 = 1. In Theorem 6.7 we characterize exactly when 3 admits a measure.
Moreover, we classify type and uniqueness of the minimal measure.

The form of M, is given by the following proposition.

Proposition 6.5. Suppose 8 = ™) is a sequence with a moment matrix My of rank 5 satisfying the relations
(6.9) XY+YX=0 and Y*=1.
Then M is of the form

61 0 ﬁy ﬂXQ 0 0 61
0 PBxz 0 By 0 0 0
By 0 B 0 0 0 By
(6.10) Bxz Bxsz 0 [Bxa 0 0 Bxz

0 0 0 0 fByx —Bx2 0
0 0 0 0 —Byx2 By 0
B1 0 By Bxe 0 0 b1

Proof. The relations (6.9) give us the following system in Mo

28xy =0, Bx2y2 + Bxyxy =0, Bys = By,
6.10) 2Bx2y =0, 2Bxys =0, Bx2y2 = Bx2,
' 2Bxy2 =0, By= = B, Bxys = Bxy,
2Bxsy =0, Bxyz = Bx, Bya = By=.
The solution to (6.11) is given by
Bxy =0, Bxyxy = —fBx2,
6.12) Bx2y =0, Bya = By2 = B,
Bxy: = Bx =0, Bys = By,
Bxsy = Bxys =0, Bx2y2 = fBx2,
and thus M takes the form (6.10). O

Proposition 6.6. Suppose § = B is a normalized sequence with a moment matrix Moy of rank 5 satisfying the
relations XY + YX = 0 and Y? = 1. Then My is positive semidefinite if and only if

—B% = B%s + By Bxs
—Bx2 + 532/5)(2
Proof. The statement is easily checked using Mathematica. g

Bxs €R, fx2>0, |By|<1, PBxs>

The following theorem characterizes normalized sequences § with a moment matrix Mo of rank 5 satisfying the
relations XY + YX = 0 and Y2 = 1, which admit a measure.

Theorem 6.7. Suppose 8 = 3Y is a normalized sequence with a moment matrix My of rank 5 satisfying the relations
XY + YX = 0 and Y2 = 1. Then B admits a measure exactly in the following cases:

(1) Moy is positive semidefinite and 5xs = [y = 0. The minimal measure is unique (up to orthogonal equiva-

lence) and of type (2,1).
(2) My is positive semidefinite and
B%»
1L—|By|
Moreover, assume that (6.13) holds. The minimal measure is unique (up to orthogonal equivalence). It is of
2

type (1,1) if and only if Bxa = % Otherwise it is of type (2,1).

(613) ﬂX3 = Oa BXZ > 0, 0< |BY| < ]-7 6X4 Z
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Proof. First note that the pairs (,y) € R? satisfying the equations xy + yz = 0 and > = 1 are
(0,1),(0,—1) € R2.

By Lemma 2.2 these are the only pairs from R? which can be atoms of size 1 in the measure for /3.

Claim 1: § with Sxs = 8y = 0 and psd M5 admits a measure. Moreover, the minimal measure is unique and of type
2,1).

Using (6.10) we see that M is of the form

1 0 0 PBx2 0 0 1
0 Bx2 0 0 0 0 0
0 0 1 0 0 0 0
Moy=|Bx2 0 0 Bya 0 0  PBxe
0 0 0 0 Bx2 —Bx2 0
0 0 0 —Bx2  Bx2 0
1 0 0 PBx2 0 0 1

We define the matrix function
B(a) i= Mz — a(M5"" + M ™Y),

where
1 0 #1 0 0 0 1
0 0 0 000 O
41 0 1 0 0 0 =1
MPED =0 0 0 000 0
00 0 000 O
0 0 0 000 O
1 0 #1 0 0 0 1
Then
1-2a 0 0 Bxz 0 0 1-2a
0 Bx2 O 0 0 0 0
0 0 1-2a 0 0 0 0
B(a)=| Bx2 0 0 Bx4 0 0 Bx2
0 0 0 0 Bx2 —Bxe 0
0 0 0 0 —Bx2 Bxe 0
1-2a 0 0 Bx2 0 0 1 -2«

Let iy > 0 be the smallest positive number such that the rank of B(«y) is smaller than 5. Using Mathematica (solving
det(B(a)1,x,v,x2,xv}) = 0) we get that
1 _ B2
oo (3,225,

2" 2Bxs

. . _ 6X47ﬂ§(2
Subclaim 1.1: g = 2,374
X

We define

A::1—6X4_B§(2 . 6?{2

2 2Bxa  2Bxa
To prove the subclaim we have to prove that A > 0. Since M, is psd, this is true.

The matrix B(«p) is psd matrix of rank 4 and satisfies the relations

= 5)(4]1, XY +YX=0, Y?=1.
Bxz

By Theorem 3.1 it has a unique (up to orthogonal equivalence) 1-atomic measure with an atom (X,Y) € (SR?*?)2,
Therefore M5 has a minimal measure of type (2,1). Indeed, minimality follows by the following facts:

X2

e Since My is a nc moment matrix, there must be at least one atom of size > 1 in the representing measure.

o If there is exactly one atom of size 2 in the representing measure, then there must be at least one atom of size
1, since otherwise My would have rank at most 4. Since Sx = By = 0, atoms (0, 1), (0, —1) occur in pairs
with the same densities.
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Claim 2: If 8 admits a measure, then it has a representing measure with the atoms of size at most 2.
Claim 2 follows by Proposition 6.1 and Claim 1.
Claim 3: If 5,3 # 0 or Sy # 0, then 3 admits a measure if and only if (6.13) holds.
Let us assume that 8,3 # 0 or By # 0 and suppose that 5 admits a measure. By Claim 2,
(6.14) My = ST AME) 13" gm0,
i J
where (z;,v;) € R?, (X;,Y;) € SR**2,\; > 0,& > 0and 3, \; + >~; & = 1. By Corollary 3.2,

(6.15) BY =8 = Y = Y, = 8% =B =0,
where ﬂfuj() X,y are the moments of MéXj Y9, By the first paragraph in the proof of Theorem 6.7, it follows that

(6.16) ZAngiy) _ )\1/\/1(20’1) 4 AQMS)’_”,

where \; > 0 for i = 1, 2. Using (6.14), (6.15) and (6.16) we conclude that Z,L- )\i/\/léxi’yi) is of the form

a 0 By 0 0 0 a
0O 0 0O OO0 O0 O
By 0 a 0 0 0 By
6.17) STAMEH) =10 0 0 000 0| forsomea >0,
B 0O 0 0O OO0 O0 O
0O 0 0O 0 00 O
a 0 By 0 0 0 a
where

By =M — A2, a= A1+ Ao

Subclaim 3.1: If 5 has a measure, then Sx3 = 0.
Combining (6.14), (6.15) and (6.17), the subclaim follows.

Subclaim 3.2: We have that ) /\i./\/léwi’yi) = A, where

Byl 0 By 0 0 0 |By]
0 0 0 000 O
By 0 [By] 0 0 0 By
A= 0 0 0 00 O0 O
0 0 0 000 O
0 0 0 000 O
Byl 0 By 0 0 0 |By]

There are the following possibilities:
(1) If By > 0, then since
A > By, Ao >0, MPY =0, MO =0,
it follows that
oM = By M™Y.

(2) If By < 0, then since

o > Byl A >0, MEY =0, MPY =0,

it follows that
Do AMET ) |y | METY.
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Combining all possibilities proves the subclaim.

My — A is of the form

1—|By]| 0 0 Bx2 0 0 1— |8y
0  Byx2 O 0o o 0 0
0 0 1-|8y] O 0 0 0
Bxz 0 0 Bxs O 0 Bz
0 0 0 0 PBx2 —Bx2 O
0 0 0 0 —By> Byo 0
1—|8y| © 0 By2 O 0 1|8y
By Subclaim 3.2, My — ", /\,-/\/léw""yi) > My — A. Using Mathematica,
(6.18) My —A=0 and (Mz—A)pxyxyy =0

(which are necessary conditions for the existence of a measure for a nc moment matrix Ms — A by Proposition 2.1
and Corollary 2.3) and My — A is psd if and only if (6.13) holds.

Claim 4: Minimal measures are as stated in the theorem.

If Bxs = Py = 0, Claim 4 follows by Claim 1. Suppose Sy # 0. Let A be as in the proof of Claim 3. The
following statements are true:

(1) Minimal measure is unique of type (1,1) if and only if the rank of My — A > 0 is 4.
(2) Minimal measure is unique of type (2,1) if and only if the rank of My — A > 0 is 5 in which case we subtract

o (M;O’l) + Méo’_l)) with the smallest o > 0 such that the rank falls to 4.
The rank of My — A is 5 exactly when in addition to (6.18),
(Ma — A) 1 x,v,x2,xv) = 0.
in addition to My — A. Using Mathematica we obtain exactly the statement in the theorem. O

6.3. Pair XY + YX = 0 and Y? — X2 = 1. In this subsection we study a sequence 3 with a moment matrix M of
rank 5 satisfying the relations XY + YX = 0 and Y? + X2 = 1. In Theorem 6.10 we characterize exactly when 3
admits a measure. Moreover, we classify the type and uniqueness of the minimal measure.

The form of My is given by the following proposition.

Proposition 6.8. Suppose 3 = W) is a sequence with a moment matrix My of rank 5 satisfying the relations

(6.19) XY+YX=0 and Y?>-X%®=1.
Then My is of the form

B1 Bx By Bxz2 0 0 B1+ Bx2

Bx Bx2 0 —Bx 0 0 0

By 0 B1+Bxe 0 0 0 By
(6.20) Bx2 —Bx 0 Bxa 0 0 Bxz + Bxa

0 0 0 0 Bx2 +Bxa —Bxz —Bxa 0

0 0 0 0 —Bx2 —Bxa Bx2+PBxa 0

B1 + Bx2 0 By Bx2 + Bxa 0 0 B1+2Bx2 + Bxa

Proof. The relations (6.1) give us the following system in Mo

2B8xy =0, Bxz2yz + Bxyxy =0, Bys = Py + Bxzy,
©621) 2Bx2y =0, 28xys =0, Bxzyz = Bx2 + Bx4,
2Bxy= =0, Byz = p1 + Bxz, Bxys = Bxy + Bxsy,
2Bxsy =0, Bxy2 = Bx + Bxs, Py+ = Byz + Bxzy:.

The solution to (6.21) is given by

Bx = —Bxs, Bxs = p1+2Bx2 + Bxs,
Bxyxy = —Bxs — Bx2, Bys = By,

Bxy = Bx2y = Bxy2 = Bxsy = Bxys =0, Bx2ye2 = Bx2 + Pxa,
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and thus M takes the form (6.20). O

Proposition 6.9. Suppose 5 = B is a sequence with a moment matrix My, of rank 5 satisfying the relations XY +
YX = 0 and Y? — X2 = 1. Then M is positive semidefinite if and only if

0<6X27 |BX|< \/BX27 |BY‘<A7 B</8X47

where
. \/ﬁxa + B — 0% — 2%
Bx2 ’
B Bt Bia + BY — BYBY +30x28% +26%. 6%
Bx2 — % Bx2 + B%: — Bx — Bx2B%
Proof. The statement is easily checked using Mathematica. 0

The following theorem characterizes normalized sequences S with a moment matrix Mo of rank 5 satisfying the
relations XY + YX = 0 and Y2 — X2 = 1, which admit a measure.

Theorem 6.10. Suppose 3 = B is a sequence with a moment matrix Mo of rank 5 satisfying the relations XY +
YX = 0 and Y? — X2 = 1. Then 3 admits a measure exactly in the following cases:

(1) My is positive semidefinite and Sx = Py = 0. The minimal measure is unique (up to orthogonal equivalence)
and of type (2,1).
(2) My is positive semidefinite and
63(2
1—[By|
Moreover, assume that (6.22) holds. The minimal measure is unique (up to orthogonal equivalence). It is of

type (1,1) if and only if Bxa = % Otherwise it is of type (2,1).

(6.22) Bx =0, 0<[By| <1, Bxs 2

Proof. First note that the pairs (x,y) € R? satisfying the equations zy + yxr = 0 and y?> — 2? = 1 are
(0,1),(0,—1) € R%.

By Lemma 2.2 these are the only pairs from R? which can be atoms of size 1 in the measure of /3.

Claim 1: 8 with Sx = 8y = 0 and psd M3 admits a measure. Moreover, the minimal measure is unique and of type
2,0).

Using (6.10) we see that M, is of the form

1 0 0 By 0 0 1+ Bx2
0 B2 0 0 0 0 0
0 0 148y 0 0 0 0
My = Bx2 0 0 Bxa 0 0 Bx2 + Bxa
0 0 0 0 Bx2 +PBxa —Px2 —Pxa 0
0 0 0 0 —Bx2 —Bxa PBx2 + Bxa 0
1+B8x2 0 0 Bx2 + Bxa 0 0 142852 + Bxa
We define the matrix function
— (071) (0771)
B(a) i= Mz —a (MPY + M),
where Méo’l), Mg)’fl) are as in the proof of Theorem 6.4. We have that
1-2a 0 0 Bx2 0 0 Cla)
0 Byx2 O 0 0 0 0
0 0 Clo 0 0 0 0
B(a) = | Bxe 0 0 Bxa 0 0 Bxz + Bxa |,
0 0 0 0 Bx2+Bxa —Bx2 —Pxa 0
0 0 0 0 —Bx2 —Bxa Bx2+Pxa 0
Cla) 0 0 Bx2 + Bxa 0 0 D(a)

where
Cla) =14 Bx2 —2a, D(a)=1+428x2+ Bx1 — 2a.
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Let g > 0 be the smallest positive number such that the rank of B(ay) is smaller than 5. Using Mathematica (solving
det(B(ao){1,x,v.x2 xy}) = 0) we get

ao—min<1+5x2 ﬁx4_ﬁ§(2>.

2 7 2Bxa
. Bxa—B3
Subclaim 1.1: oy = ’;sz
We define
AL + x> Bxt—B%s _ Bx2(Bx> + Bx4) >0
' 2 28x4 2B x4 '
To prove the subclaim we have to prove that A > 0. Since Mo is psd, this is true.
The matrix B(«yp) is psd matrix of rank 4 and satisfies the relations
x2 = Oxty XY +YX=0, Y= Bz 4 Bxiy

B B X2 ’ B X2
By Theorem 3.1 it has a unique (up to orthogonal equivalence) 1-atomic measure with an atom (X,Y) € (SR?*?)2,
Therefore M5 has a unique minimal measure of type (2,1). Indeed, minimality follows by the following facts:

e Since M5 is a nc moment matrix, there must be at least one atom of size > 1 in its representing measure.

o If there is exactly one atom of size 2 in the representing measure for Mo, then there must be at least one atom
of size 1, since otherwise M3 would have rank at most 4. Since Sx = y = 0, atoms (0, 1), (0, —1) occur in
pairs with the same densities.

Claim 2: If 5 admits a measure, then it has a representing measure with the atoms of size at most 2.
Claim 2 follows by Proposition 6.1 and Theorem 6.7 (1).
Claim 3: If Bx # 0 or By # 0, then /3 admits a measure if and only if (6.22) holds.
Let us assume that Sx # 0 or By # 0 and suppose that S admits a measure. By Claim 2,
(6.23) Mo =3 MM 13" P,
i J
where (z;,v;) € R%, (X;,Y;) € SR¥Z, )\, >0,& >0and 3, \i + ;& = 1. By Corollary 3.2,
(6.24) BY =g = B = 8Ly = B = A =0,

(X,
2

where ﬁg() X,y are the moments of M%), By the first paragraph in the proof of Theorem 6.10,

(6.25) STAME ) = M MPY 4 oMY,

where \; > 0 for i = 1, 2. Using (6.23), (6.24) and (6.25) we conclude that Z,L- )\i/\/léxi’yi) is of the form

a 0 By 0 0 0 a
0O 0 0O OO0 O0 O
By 0 a 0 0 0 By
(6.26) Z )\ZMémy) =0 0 0 000 O for some a > 0,
B o 0 0O O 0 O0 O
o 0 0O 0 00 O
a 0 By 0 0 0 a
where

By = A1 — A2, a= A1+ A
Subclaim 3.1: If 5 has a measure, then Sx = 0.

Combining (6.23), (6.24) and (6.26), the subclaim follows.
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Subclaim 3.2: We have that )\ZM;zy) = A, where

Byl 0 By 0 0 0 |By|
0 0 0 0 0 O 0
By 0 [By] 0 0 0 By
A=]1 0 0 0 000 O
0 0 0 0 0 O 0
0 0 0 0 0 O 0
Byl 0 By 0 0 0 |By]

There are the following possibilities:
(1) If By > 0, then since
AL > By, Ao >0, MO =0, MPTY =0,
it follows that
DoAME) = gy P,
(2) If By < 0, then since
o > Byl A >0, MEY =0, MPTY =0,
it follows that
DoAME = [y MY,

Combining (1) and (2) proves the subclaim.

Mg — A is of the form

1—1By] 0 0 B2 0 0 E

0 Bx2 O 0 0 0 0

0 0 E 0 0 0 0
Bx2 0 0 Bxa 0 0 Bx2 + Bxa |,

0 0 0 0 Bxz +Bxs —Px2 —Bxa 0

0 0 0 0 _ﬁx2 _ﬁXAL Bx2 +ﬁx4 0

E 0 0 Byx2+B8xs 0 0 F,

where
E=1+8x2—|By|, F=FE+Bx2+ Bxa.
By Subclaim 3.1, My — 3", Ai/\/lézi"y") = My — A. Using Mathematica,
(6.27) My—A=0 and (Mz—A)rxvyxyy =0
(which are necessary conditions for the existence of a measure for a nc moment matrix Mo — A by Proposition 2.1
and Corollary 2.3) and My — A is psd if and only if (6.22) holds.

Claim 4: Minimal measures are as stated in the theorem.

If Bx = By = 0, Claim 4 follows by Claim 1. Suppose By # 0. Let A be as in the proof of Claim 3. The following
statements are true:

(1) Minimal measure is unique of type (1,1) if and only if the rank of My — A > 0 is 4.
(2) Minimal measure is unique of type (2,1) if and only if the rank of My — A = 0 is 5 in which case we subtract

o (Méo’l) + J\/léo’fl)) with the smallest o > 0 such that the rank falls to 4.
The rank of My — A is 5 exactly when in addition to (6.27),

(Ma — A) 1 xv,x2.xv) = 0.

in addition to Mo — A. Using Mathematica we obtain exactly the statement in the theorem. d
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6.4. Pair XY + YX = 0 and Y? = X2, In this subsection we study a sequence 3 with a moment matrix My of rank
5 satisfying the relations XY + YX = 0 and Y? + X2 = 1. In Theorem 6.13 we characterize exactly when /3 admits a
measure. Moreover, we classify the type and uniqueness of the minimal measure.

The form of M is given by the following proposition.

Proposition 6.11. Suppose § = ) is a sequence with a moment matrix My satisfying the relations
(6.28) XY+ YX=0 and Y*>=X
Then M is of the form

B1 Bx By PBxz 0 0 Bxe
Bx Bx2 0 0 0 0 0
By 0 Bxe2 0 0 0 0
(6.29) Bx2 0 0 PBxa 0 0 Bxa
0 0 0 0 Bxa —Bxa 0
0 0 0 0 —Bxa PBxa 0
Bx2 0 0 Bxa 0 0 Bxa

Proof. The relations (6.28) give us the following system in My

28xy =0, Bxzyz + Bxyxy =0, Bys = Bxzy,
630) 2Bx2y =0, 2Bxys =0, Bxzy2 = Bx4,
2Bxy= =0, Byz = Bxz, Bxys = Bxsy,
2Bxsy =0, Bxyz = Bxs, Py+ = Bxzy2.

The solution to (6.30) is given by
Bxy = Bxs = Bx2y = Bxy2 = Bys = Bxsy = Bxys =0,
5}’2 = 5X27
Bxyxy = —Bx2y2 = —fBys = —Bxas,

and thus M, takes the form (6.29). O

Proposition 6.12. Suppose 5 = B9 is a sequence with a moment matrix My of rank 5 satisfying the relations
XY + YX = 0 and Y? = X2 Then M, is positive semidefinite if and only if

3
0<Bxz, |Bx|<VBxz |[By|<\/=B%+Bx2 — O Bxa.

B2 — %+ Bxz

Proof. The statement is easily checked using Mathematica. 0

The following theorem characterizes normalized sequences 8 with a moment matrix Mo of rank 5 satisfying the
relations XY + YX = 0 and X? = Y2, which admit a measure.

Theorem 6.13. Suppose § = Y is a sequence with a moment matrix My of rank 5 satisfying the relations XY +
YX = 0 and X2 = Y2. Then B admits a measure if and only if M is positive semidefinite and Bx = By = 0. The
minimal measure is unique (up to orthogonal equivalence) and of type (1,1).

Proof. First note that the only pair (z,y) € R? satisfying the equations 2y + yx = 0 and y? = 22 is
(0,0) € R%

By Lemma 2.2 this is the only pair from R? which can be an atom of size 1 in the measure of 3. We have

6.31) MG = (1) & 0,

where Og stands for the 6 x 6 matrix with only zero entries.

Claim 1: If 8x = By = 0, then § admits a measure. Moreover, the minimal measure is unique (up to orthogonal
equivalence) and of type (1,1).
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Using (6.29) we see that M is of the form

1 0 0 PBx2 0 0 Bx2
0 PBx2 0 0 0 0 0
0 0 PBx2 0 0 0 0
Mo=|8ys 0 0 Bys 0 0 By
0 0 0 0 Bxa —Bxa 0
0 0 0 0 —Bxsa PBxa 0
Bx2 0 0 Bxa 0 0 Bxa

We define the matrix function

We have that

l—-a 0 0 fBx2 O 0 Bxe

0 Bxz2 O 0 0 0 0

0 0 Bxz O 0 0 0
Bla)=] Bx2 0 0 fBxsa O 0 B4

0 0 0 0 PBxe —Bxs O

0 0 0 0 —Bxs Bxa O
Bx2 0 0 Bxa 0 0 Bxa

Let oy > 0 be the smallest positive number such that the rank of B(«y) is smaller than 5. Using Mathematica (solving
det(B(a) 1 .x,v,x2 xv}) = 0) we get

BX“ 5)(2
0 — .
Bxs
The matrix B(cy) is psd matrix of rank 4 and satisfies the relations
=2y xyyyx=o v2=0x4y

ﬁXQ ’ ﬁxz

By Theorem 3.1 it has a unique (up to orthogonal equivalence) 1-atomic measure with an atom (X,Y) € (SR2X2)2.
Therefore M5 has a unique minimal measure of type (1,1). Indeed, minimality follows by the following facts:

e Since M5 is a nc moment matrix, there must be at least one atom of size > 1 in its representing measure.
o If there is exactly one atom of size 2 in the representing measure for Mo, then there must be at least one atom
of size 1, since otherwise My would have rank at most 4.

Claim 2: If Sx # 0 or By # 0, then 3 does not admit a measure.
Subclaim 2.1: If 5 admits a measure, then it has a representing measure with the atoms of size at most 2.
Subclaim 2.1 follows by Proposition 6.1 and Claim 1.
Suppose that 8 admits a measure and Sx # 0 or By # 0. By Subclaim 2.1,
(6.32) My = ST AME) 13" MF0,
i J
where (;,y;) € R%, (X;,Y;) € SR¥?, A >0, > 0and Y2, A + 3, & = 1. By Corollary 3.2,
(6.33) 89 =8 = 88 = 88y = 88 = 88 =0,
where ﬂfuj() X,y) are the moments of MéXj 9, By the first paragraph in the proof of Theorem 6.13,
(6.34) STAME) = aMmP0,
where A > 0. Using (6.32), (6.33) and (6.34) it follows that

O—Zﬁx = fAx and O—Zﬁ(])—

This is a contradiction with the assumption Sx # 0 or By # 0, which proves Claim 2. 0
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7. BQTMP WITH M IN THE BASIC CASES 1 AND 2 OF RANK 6

In this section we solve the BQTMP for M, in the basic cases 1 and 2 of rank 6 given by Proposition 4.1. In
Subsections 7.1 and 7.2 we study each case separately. We characterize when M5 admits a measure, see Theorems 7.5
and 7.8. Corollaries 7.6 and 7.9 translate the existence of a measure into the feasibility problem of three linear matrix
inequalities and a rank-to-variety condition from Theorem 2.7.

The following proposition states that if 8 has a moment matrix M of rank 6 in the basic cases 1, 2 or 3 given by
Proposition 4.1 (2) and 8 admits a measure, then it has a representing measure with the atoms of size at most 2.

Proposition 7.1. Let us fix a basic case relation 1, 2 or 3 given by Proposition 4.1 (2) and denote it by R. If a sequence
B with a moment matrix Mo(B) of rank 6 satisfying R admits a measure, then it admits a measure with atoms of size
at most 2.

Proof. Suppose ( has a moment matrix Mo () of rank 6 satisfying R and admits a measure. By Proposition 5.1 we
may assume that all the atoms (X;,Y;) € (SR"*"*)2 of size u; > 1 are of the form

(vl B; (il 0
Xi= ( B} —%‘[ti> » ¥i= ( 0 —wily,)’

where v; > 0, u; > 0 and B; are t; X t; matrices. Calculating Yf we get
(7.1) Y72 = pllyy,.

Therefore M(QX"’Y") satisfies the relations R and (7.1) and hence it is of rank at most 5. By the results from Sections 3
and 6 it can be represented by the atoms of size at most 2. g

The following two propositions say more about the minimal measure.
Proposition 7.2. Let us fix a basic case relation 1, 2 or 3 given by Proposition 4.1 (2) and denote it by R. If a sequence
B with a moment matrix Mo satisfying R admits a measure of type (k, 1), then
(1) 2<k<b5ifRisequaltoY? =1 —X?or Y? =1 + X2,
(2) 2<k<6ifRisequalto XY +YX = 0.

Proof. By assumption,

k
Mo =3 NME) 4 em§E)

=1
where (z;,y;) € R, (X,Y) € (SR*?)2, k € N, \; > 0,¢ > 0and Y., \; + ¢ = 1. Equivalently

k
Mo — MG =S A MEv,
i=1

Since Zle )\i/\/lézi’yi) is a cm moment matrix of rank at most 6 satisfying the relation R, then by Theorem 2.7
(1) 2<k<5if Risequalto Y?> =1 — X% or Y2 = 1 + X2,
2) 2<k<6if Risequal to XY + YX =0,

which proves Proposition 7.2. g

Proposition 7.3. Let us fix a basic case relation 1 or 2 given by Proposition 4.1 (2) and denote it by R. If every
sequence B with Bx = By = Bxs = Bxzy = B3 = 0 and a moment matrix Mos(3) of rank 6 with column relation
R, admits a measure with exactly one atom of size 2 and some atoms of size 1, then every sequence E which admits a
measure and has a moment matrix M: o of rank 6 with the scolumn relation R, admits a measure with exactly one atom
of size 2 and some atoms of size 1.

Proof. Suppose B admits a measure and has a moment matrix /T/l; of rank 6 with column relation R. By Proposition
5.1 we may assume that all the atoms (X, Y;) € (SR% **“")2 of size u; > 1 are of the form

il B; (il 0
Xi= < B} _'Yi[ti> y Y= ( 0 —uly, )’
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where v; > 0, u; > 0 and B; are t; X t; matrices. Calculating X f’ XEYZ- and Yi3 we get

3 _ (0PI + BiB)) (v} Iy, + BiB;)B;
’ (L, + BIBi)B!  —vi(viL,, + B{B;) )’

(V21 + B‘B?) 0
X2Y; — /-‘1(71 ti Dy ,
! ( 0 —pi(vi Iy, + B! B;)

3
3 __ :u‘z Iti 0
Y; N ( 0 _Mg’Iti) .

Therefore ), MéXi’n) satisfies Sx = fy = fxs = Bx2y = Bys = 0. If therank of ), ngi’yi) is at most 5, then
> MgX“Y’") can be represented by exactly one atom of size 2 and some atoms of size 1 by the results of previous
sections. Else the rank of ), MéX“Y’") is 6 and the same conclusion follows by assumption. g

7.1. Relation Y2 = 1 — X2, In this subsection we study a sequence 3 with a moment matrix My of rank 6 satisfying
the relation Y2 = 1 — X2. In Theorem 7.5 we characterize when 8 admits a measure. In Corollary 7.6 we show
that the existence of a measure is equivalent to the feasibility problem of three linear matrix inequalities (LMIs) and
rank-to-cardinality condition from Theorem 2.7.

The form of M is given by the following proposition.

Proposition 7.4. Let 3 = B be a sequence with a moment matrix My, satisfying the relation

(7.2) Y2 =1 - X2

Then M is of the form
B1 Bx By Bxz2 Bxy Bxy B1 — Bxz
5X 6){2 ﬁXY 5}(3 Bx2y 6X2Y BX - /3)(3
ﬁY BXY 61—ﬂx2 5)(21/ EX—6X3 BX—BX3 ﬂY_ﬂX2Y

(7.3) Bx2 Bxs Bxzy Bxa Bxsy Bxay Bx2 — Bxa
Bxy Bx2y Bx — Bxs Bxsy Bxz — Bxa Bxyxy Bxy — Bxsy
Bxy Bxzy Bx — Bxs Bxsy Bxyxy Bx2 — Bxa Bxy — Bxsy

Br—Bx2 Bx —Bxs By —Bx2y Bx2—Bxa Bxvy —Bxsy Bxy —Bxsy B1—2Bx2+PBxa
Proof. The relation (7.2) gives us the following system in Mo

By2 = p1 — Bxz, Bxzy2 = Bx2 — Bxa,
(7.4) Bxy2 = Bx — Bxs, Bxys = Bxy — Bxsy,
Bys = By — Bxzy, Bya = Py2 — Pxzye.

Plugging in the expressions for By2 and Sx2y2 in the expression for Sy+ gives the form (7.3) of M. 0

The following theorem characterizes normalized sequences § with a moment matrix Mo of rank 6 satisfying the
relation Y2 = 1 — X2, which admit a measure.

Theorem 7.5. Suppose 5 = ) is a normalized sequence with a moment matrix Mo of rank 6 satisfying the relation
Y? = 1 — X2. Then B admits a measure if and only if My is positive semidefinite and one of the following is true:

(1) Bx = By = Bxs = Bxzy = 0. Moreover, there exists a measure of type (4,1).
(2) There exist

a; € (0,1), ag€ (—2\/111(1 - a1)72\/a1(1 - al))
such that
M = My — MG

is a positive semidefinite cm moment matrix satisfying rank M < card Vs, where V) is the variety associated
to M (as in Theorem 2.7),

B \/a 0 B — a l\/m
(7.5) X(O —\/E)’ Ym(;m e )
az

\V al (1 - al) ’
and & > 0 is the smallest positive number such that the rank of Mo — EM
M.

éX’Y) is smaller than the rank of
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Proof. First we will prove (1). My is of the form

1 0 0 Bx2 Bxy Bxy 1—Bxe
0 Bx2 Bxy 0 0 0 0
0 Bxy 1-fxe 0 0 0 0
B2 0 0 Bxa Bxsy Bxsy Bx2 — Bxa
Bxy 0 0 Bxsy Bx2 — Bxa Bxyxy Bxy — Bxsy
Bxy 0 0 Bxsy Bxyxy Bx2 — Bxa Bxy — Bxsy
1—Bx2 O 0 Bxz2 —Bxs PBxy —Bxsy Bxy —Bxsy 1—2Bx2+Bxa

We define the matrix function
B(a) := My — a(ME™? + M5O,

We have that

1-2a 0 0 By2-—2a Bxy Bxy D
0 Bx2 —a Bxy 0 0 0 0
0 Bxy D 0 0 0 0

B(Ot) = | Bx2 — 2« 0 0 Bxa — 2a Bxsy Bxsy C s

Bxy 0 0 Bxsy C E Bxy — Bxsy

Bxy 0 0 Bxsy E C Bxy — Bxsy
D 0 0 C Bxy — Bxsy Bxy —Bxsy D-C

where
C=pBx2—PBxs, D=1-8x2, E=PBxyxy.

Let g > 0 be the smallest positive number such that the rank of B(ayg) is smaller than 6. Using Mathematica and
calculating o such that det (B(ao){ﬂ’X’Y,X;XYXX}) = 0 we get

i ( F)
Qo =1min { &y, —=
0 172G )

where
o = 53{}/ *5X2 +5§(27
2(—1+ Bx2)
F = Bxyxy (Bx2 — Bxa) + Bx2(B%> — 4Bxv Bxsy — Bxa(1 + Bx2)) + 2B%sy +
+Bx4(Bxa +2B%y ),
G =28xy(Bxy — 2Bxsy) + Bxyxy(2Bx2 — 1 — Bxa) + Bx2(2Bx2 — 1 — 3Bx4)+
+28%sy + Bxa(1+ Bxa).

Claim 1: oy = % < aj.

Using Mathematica and calculating oo, a3, g such that

det (B(QQ){]LX2}) =0, det (B(ag){]l’xy}) =0, det (B(a4){l,XY,YX}> =0
we get
g = 5?@ — Bx4 s = —B%y + Bxz — Bxa
2(—1428x> — Bx4)’ 2(Bx2 — Bxs)
vy = —2B%y + Bxvxy + Bxz — Pxa
2(Bxyxy + Bxz — Bx4)

Ifa; < % then since B(ay) = 0, it follows that o; < min(ag, as, ay). Using Mathematica, the system

(7.6) ap < min(ag,ag, 044), det (MQ{Y}) > 0, det (Mg{xy}) > 0,
(77) det (MQ{ij}) > O7 det (M2{17x2}) > 0, det (MQ{I,XY,YX}) > 0,

does not have solutions. Hence ag = % < oq.

Using Mathematica to calculate the kernel of B(55) we conclude that B(5) satisfies the relations

XY+ YX =al +dX?, Y?4+X%2=1
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for some a,d € R. We also have

BFX - (B) ﬁxs - BE(BQY BXYQ - /8}(/52) = 01

where B( w(X,y) are the moments of B(%) This is a special case in the proof of Proposition 4.1, i.e., Case 2.2.
Following the proof we see that after using only transformations of type

(z,y) = (17 + Bry, aox + Pay)
for some a1, g, 81, B2 € R, we come into the basic case 1 or 2 of rank 5 with BX = Ey = Exs = 0. But every such

sequence admits a measure of type (2,1) by Theorems 6.4 and 6.7. Hence (3 admits a measure of type (4, 1).

It remains to prove (2). Suppose that 5 admits a measure. By Proposition 7.3 and Theorem 7.5 (1),

(7.8) Moy = Z)\iM(xmm)@) L EMEY)(2),

where (z;, ;) € R%, (X,Y) € (SR***)2,\; > 0,£ > 0and 3, \; + & = 1. Therefore
MQ _ EMngY)
is a cm moment matrix satisfying the relations
Y?=1-X* and XY =YX

By Theorem 2.7, M admits a measure if and only if M is psd and satisfies rank M < card V,,. To conclude the proof

it only remains to prove that X, Y are of the form (7.5). MéX’Y) is a nc moment matrix rank 4. Therefore the columns
{1,X,Y, XY} are linearly independent and hence

X2 =1+ X+aY+dXY, and Y? = asl + bsX + c3Y + ds XY,

where a;,b;,c;,d; € Rfor j = 1,3. By Theorem 3.1 (1), dy = d3 = 0. By Theorem 3.1 (3), ¢; = b3 = 0. Since
X2 + Y2 = 1 it follows that b; = c3 = 0 and a3 = 1 — a;. By Theorem 3.1 (4), X and Y are of the form (7.5). [

The following theorem translates the BQTMP for 3 with My of rank 6 satisfying Y? = 1 — X? into the feasibility
problem of some LMIs and a rank-to-cardinality condition from Theorem 2.7.

Corollary 7.6. Suppose 5 = ) is a normalized sequence with a moment matrix My of rank 6 satisfying the relation
Y2 =1 — X2 Let L(a,b,c,d,e) be the following linear matrix polynomial

a Bx By b c c a—b

Bx b c Bxs Bxzy Bxzy Bx — Bxs
By c a—b Bx2y Bx —Bxs Bx —Bxs By —Bxzy

b Bxs Bxzy d e e b—d ,

c Bx2y Bx — Bxs e b—d b—d c—e

c Bx2y Bx — Bxs e b—d b—d c—e
a—b Bx —Px3s By —PBx2y b-—d c—e c—e a—2b+d

where a,b, c,d,e € R. Then 5 admits a measure if and only if there exist a, b, c,d, e € R such that
(1) L(a,b,c,d,e) = 0,
(2) My — L(a,b,c,d,e) = 0,
(3) (Mz — L(a,b,c,d,e)) 1 xvxyy = 0,
(4) rank(L(a,b,c,d,e)) < card Vy, where Vy, is the variety associated to the moment matrix L(a, b, c,d, e) (see
Theorem 2.7).

Proof. By Theorem 7.5, 3 admits a measure if and only if

k
(7.9) My = Z)\lMngyz) + fMéX’Y),
=1

where (z;,9;) € R?, (X,Y) € (SR**?)2, \; > 0,£ > 0and 3, \; + & = 1. By Corollary 3.2,

(7.10) G = g0 = g = B = B = BAT) =
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where /3’1(5((; 2,)

are of the forms

Y)

are the moments of MéX’ . Using (7.9) and (7.10), we conclude that >, )\ZM;zy) and fM;X’Y)

a Bx By b c c a—2>b
I8X b c Bxii 5x2y Bx2y ﬁx —ﬂxa
By c a—b Bx2y Bx —Bxs Bx —Bxsz By —Bx2y
(7.11) b Bxs Bxzy d e e b—d ,
c Bxzy Bx — Bxs e b—d b—d c—e
c Bxzy Bx — Bxs e b—d b—d c—e
a—b Bx —PBxs By —PBx2y b-—d c—e c—e a—2b+d
l1—a 0 0 Bxz2 —b Ai(c) Ai(e) As(a,b)
0 Byx2—b Ai(c) 0 0 0 0
0 Ai(c) Az (a,b) 0 0 0 0
(7.12) Bx2 —b 0 0 Bxa—d Asz(e) Asz(e) Ag(b,d) |,
Ai(c) 0 0 As(e) Ag(b,d) Bxyxy —(b—d) As(c,e)
A1 () 0 0 Az(e)  Bxyxy —(b—4d) Ay (b, d) As(cye)
Az(a,b) 0 0 Ay (b, d) As(c,e) As(c,e) Ag(a,b,d)
where

Al(C)Zﬁxy—C, Ag(a,b)zl—ﬂxz—(a—b),
As(e) = Bxsy —e, A4(b7 d) = fBx2 — Bx1 — (b—d),
As(c,e) = Bxy — Bxsy —(c—e), Ags(a,b,d) =1—28x2 + Bxs — (a —2b+d),
for some a,b,c,d,e € R. Notice that the matrix (7.11) equals to L(a,b,c,d,e) and the matrix (7.12) to My —
L(a,b,c,d,e). Since L(a,b,c,d,e) is a cm moment matrix, it admits a measure by Theorem 2.7 if and only if (1)
and (4) of Theorem 7.6 are true. Since M — L(a, b, ¢, d,e) is a nc moment matrix satisfying Y2 = 1 — X2 and

Bx = By = Bxs = Bxzy = Bxy2 = Bys = 0, it admits a measure by the results of rank 4 and 5 cases and Theorem
7.5 (1) if and only if (2) and (3) of Theorem 7.6 are true. O

7.2. Relation XY + YX = 0. In this subsection we study a sequence 5 = $(*) with a moment matrix M of rank
6 satisying the relation XY + YX = 0. In Theorem 7.8 we characterize when 3 admits a measure. In Corollary 7.9
we show that the existence of a measure is equivalent to the feasibility problem of three LMIs and a rank-to-variety
condition from Theorem 2.7.

The form of M is given by the following proposition.

Proposition 7.7. Let 3 = ™) be a sequence with a moment matrix My of rank 6 satisfying the relation
(7.13) XY+YX=0
Then My is of the form

81 Bx By  Bxe 0 0 By2
Bx Bx2 0 Bx3 0 0 0
By 0  Bye 0 0 0 Bys
(7.14) Bxz Bxs 0  Bxa 0 0 Bx2y2
0 0 0 0 Bx2y2 —Bx2y2 0
0 0 0 0 —Bx2y2  Bx2y2 0
By2 0 Bys Bx2y2 0 0 Bya
Proof. The relation (7.13) gives us the following system in Mo
28xy =0, 2Bxsy =0,
(7.15) 2Bx2y =0, Bx2ve + Bxyxy = Bxv,
2Bxy2 =0, 2Bxys = 0.
Thus the solution of the system (7.15) is given by the statement of the proposition. g

The following theorem characterizes normalized sequences § with a moment matrix M of rank 6 satisfying XY +
YX = 0, which admit a measure.

Theorem 7.8. Suppose 5 = ™) is a normalized sequence with a moment matrix My of rank 6 satisfying the relation
XY + YX = 0. Then 3 admits a measure if and only if My is positive semidefinite and one of the following is true:

(1) Bx = By = Bxs = PBys = 0. There exists a measure of type (2,1) or (3,1).
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(2) There exist
ap >0, az>0,
such that
M = My — MG
is a positive semidefinite cm moment matrix satisfying rank M < card Vy, where V) is the variety associated
to M (as in Theorem 2.7),

(7.16) X=<\/(§Tl —3@) Y:Q)@ \/ﬂ

and & > 0 is the smallest positive number such that rank of My — §./\/ng’Y) is smaller than the rank of M.

Proof. First we will prove (1). M is of the form

10 0 Py 0 0 By2
0 By2 O 0 0 0 0
0 0 By2 O 0 0 0
MZ = | Bxz 0 0 Bx4 0 0 Bxzy?
0 0 0 0 Bx2y2  —Bx2y2 0
0 0 0 0 —Bx2y2  Bx2y2 0
By2 0 0 Bx2y2 0 0 By

We define the matrix function
B(a) :== My — aMP?.
Let ay > 0 be the smallest positive number such that the rank of B(«yg) is smaller than 6. Using Mathematica and
calculating vg such that det(B(ao)¢1,x,v,x2 xv,v2}) = 0 we get
o — ByaB%2 — 2By2Bx2Bx2y2 + Bxzyz + BozfBxs — Bxafya
0 — .
Bi2y2 — Bx1Bys
Using Mathematica to calculate the kernel of B(«g) we get that B(«y) satisfies the relations
BxaBys — Brays 14 By2Bxz2y2 — ByaBx-2 <2
By2Bxs — Bx2Px2y2 By2Bxs — Bx2Px2y2

(B) _ g(B) _ g(B) _ (B) _ 5(B) —ﬂ(B) — 3B _
X — Py TPXy = FPxs T FPx2y = Pxy2 = Pys =1

Y? =

XY +YX=0.

It also satisfies

where 58?8( y) are the moments of B(ag). This is a special case in the proof of Proposition 4.1 (1) , i.e., Case 2.3.
Following the proof we see that after using only transformations of type

(z,y) = (a1 + Bry, vz + [oy)

for some «y, s, 81, 82 € R, we come into one of the basic pairs 1 or 4 of rank 5 with EX = Ey = EX3 = 0. But
every such moment matrix admits a measure of type (1,1) or (2,1) by Theorems 6.4 and 6.13. Hence M5 admits a
measure of type (2,1) or (3,1).

It remains to prove (2). Suppose that 5 admits a measure. By Propositions 7.3 and Theorem 7.8 (1),

Ma = ST AMEY) 4 emEY),

where (z;, ;) € R%, (X,Y) € (SR**?)2,\; > 0,£ > 0and 3, \; + & = 1. Therefore
M = My — MG
is a cm moment matrix satisfying the relations
XY+ YX=0 and XY =YX.

By Theorem 2.7, M admits a measure if and only if M is psd and satisfies rank M < card V). To conclude the proof
it only remains to prove that X, Y are of the form (7.16). M;X’Y) is a nc moment matrix of rank 4. Therefore the
columns {1, X, Y, XY} are linearly independent and hence

X =1+ 01X+ Y+ XY and Y2 = a3l + b3X + ¢3Y + dsXY.

where a;,b;,c;,d; € R for j = 1,2,3. By Theorem 3.1 (1), d; = d3 = 0. By Theorem 3.1 (3), ¢; = b3 = 0. Since
XY + YX = 0 it follows that b; = c¢3 = 0. By Theorem 3.1 (4), X and Y are of the form (7.16). O
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The following corollary translates the BQTMP for 5 with M, of rank 6 satisying XY + YX = 0 into the feasibility
problem of some LMIs and a rank-to-variety condition from Theorem 2.7.

Corollary 7.9. Suppose 3 = ) is a normalized sequence with a moment matrix My, of rank 6 satisfying the relation
XY + YX = 0. Let us define a linear matrix polynomial

a PBx By b 0 0 ¢
Bx b 0 Bxks 0 0 O
By 0 ¢ 0 0 0 Bys
L(a,b,c,dyje)=| b Bxs 0 d 00 o0 [,
0 0 0 0 0 0 0
0 0 0 0 0 0 0
c 0 Bys 0O 0 0 e
where a, b, c,d, e € R. Then 3 admits a measure if and only there exist
(717) ac (051)7 be (Oa/BXQ)v cec (0,6)/2), de (07/6X4)7 ec (OvﬂY‘l)?

such that
(1) L(a,b,c,d,e) = 0,
(2) My — L(a,b,c,d,e) = 0,
(3) rank(L(a,b,c,d,e)) < card Vi, where Vy, is the variety associated to the moment matrix L(a, b, c,d, e) (see
Theorem 2.7).

Proof. By Theorem 7.8, 5 admits a measure if and only if

k
(7.18) My = Z)\ngﬂﬂwyi) + gMgX,Y)’
i1
where (z;,4;) € R%, (X,Y) € (SR*?)2,\; >0, > 0and 3°, \; + & = 1. By Corollary 3.2,
(7.19) B = gt = g = By = B = 8T =0,

where ﬁl(u)((XY)),) are the moments of M;X’Y). Since XY + YX = 0, we also have ﬂg?i}y) = 0. Using (7.18) and (7.19),

we conclude that 37, A, M%) and ¢ M) are of the forms

a Bx By b 0 0 c
Bx b 0 Bxs 0 0 O
By O c 0 0 0 PBys
(7.20) b Bxs O d 00 0 |,
0 0 0 0 0 0 0
0 0 0 0 00 O
c 0 Bys O 0 0 e
1—a 0 0 Bx2 —b 0 0 By2 —c¢
0  Byxa—b 0 0 0 0 0
0 0 By2 —c 0 0 0 0
(7.21) Bx2 —b 0 0 Bxa —d 0 0 Bxzy2 |,
0 0 0 0 Bx2y2 —Bx2y2 0
0 0 0 0 —Bx2y2  PBx2y2 0
By2 —c 0 0 Bx2y2 0 0 Bya —e

for some a, b, ¢, d, e € R. Notice that the matrix (7.20) is L(a, b, ¢, d, e) and the matrix (7.21) is My — L(a, b, ¢, d, €).
Since L(a, b, ¢, d, e) is a cm moment matrix, it admits a measure by Theorem 2.7 if and only if (1) and (3) of Corollary
7.9 are true. Since My — L(a, b, ¢, d, e) is a nc moment matrix satisfying

XY+YX=0 and Bx =By = Bxs = fBys =0,
it admits a measure by the results of rank 4 and 5 cases and Theorem 7.8 (1) if and only if (2) of Corollary 7.9 is
true. O

8. FLAT EXTENSIONS FOR THE BQTMP FOR M5 OF RANK 6

In this section we characterize when a sequence § = 3(*) with a moment matrix Mo of rank 6 satisfying one of the
basic relations of Proposition 4.1 (2), admits a flat extension to a moment matrix M. Note that this is a sufficient (by
Theorem 2.5) but not necessary condition for the existence of a measure. We demonstrate with examples that the gap
between sequences admitting a measure and flat extension is big.
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8.1. Preliminaries. In this subsection we introduce some preliminaries needed in solving the flat extension question.
First we establish the form of an extension M of a moment matrix M5 to be a moment matrix of degree 3.

Proposition 8.1. Suppose M3 = (/\th gd) is a moment matrix of degree 3, where By € R™*8 and C3 € R3%®
3 3
and let the rows and columns be order lexicographically. Then Bs and Cs are of the forms
X3 X2Y XYX XY?2 YX2 YXY Y2X Y3
1 Bxs Bxz2y Bxzy Bxy?2 Bxzy Bxy> Bxy= Bys
X [ Bxa Bxsy Bxsy Bx2y2 Bxsy  Bxyxy  Bxzyz  Bxys
Y | Bxsy  Bxeyvz  Bxyxy  Bxvys Bx2y2 Bxvs Bxys Bya
X2 | Bys Bxay Bxay Bxsy2 Bxsy  Bxeavxy Bxsy:  Bxeys
XY | Bxsy  Bxsyz  Bxe:vxy Bxevs  Bxervxy Bxvexy Bxvexy Bxvys
YX| Bxay  Bxevxy Bxevxy Bxvexy Bxsy:  Bxyvexy Bxeys  Bxys
Y2 \Bxsy2  Bxzys  Bxvexy  Bxva Bx2ys Bxya Bxya Bys
X3 X2Y XYX X2 YX2 YXY Y2X Y3
X3 Bxe Bxsy Bxsy Bxay2 Bxsy Bxsyxy Bxay2 Bxsys
X2Y [ Bxsy Bxay2 Bxsyxy Bxsys  Bxevxey  Bxevexy  Bxevexy  Bxeyvs
XYX| Bxayx  Bxsyxy Bxevxzy  Bxevexy Bxsyxy Bxyvxvxy Bxeveixy Bxvsxy
XY? [ Bxaye Bxsys Bx2yexy Bxaye  Bxevexy  Bxvsxy  Bxvexyz:  Bxys
YX? | Bxsy  Bxevxey  Bxsyxy  Bxevexy  Bxaye Bx2y2xy Bxsys Bx2y4
YXY | Bxsyxy Bxevexy Bxyxvxy Bxvsxy Bxe2vexy Bxvexy2 Bxvsxy  Bxvs
Y2X | Bysyvz  Bxeyvexy  Bxzyvexy  Bxyexyz  Bxsys Bxvsxy Bxzya Bxvys
Y3 Bxsys Bx2y4 Bxvsxy Bxvys Bx2y4 Bxvs Bxvys Bys.
respectively.
Proof. This follows by definition of moment matrices. O

If B3 and C}5 are of the form given in Proposition 8.1, then we say they have a moment structure.
The moment structure of C'5 implies the system given by following proposition is satisfied.

Proposition 8.2. If M3 is a moment matrix, then Cs := (C;;),; satisfies the following system

Ca7 = Cep, Css = Cy6 = Cor,

Cos = Cs3, Cys = Cgs = Crs,

8.1 Ci2 =Ci3 =Cs, Ci4 = C17 = Oy = Css,
Cig = Coy = Csy, Cag = Csg = Cyq = Crr,

C16 = Ca3 = Cs;s, Cao6 = Co7 = (34 = C37 = Cy5 = Csg.

Recall from Subsection 2.1 that for a polynomial p € R(X,Y")_,,, p = (aw)w denotes the coefficient vector with
respect to the lexicographically-ordered basis a

{1,X,Y, X2, XY, YX, Y% ... X% .. Y%}

of R(X,Y’) _,, We will use the following proposition to show that some of the equations in (8.1) are automatically
satisfied for any flat extension M of a moment matrix M,, i.e., M does not need to have the moment structure.

. M B . . ; .
Proposition 8.3. Suppose M = ( Bt " O"'H is a flat extension of a moment matrix M., with rows and columns
n+1 n+1

indexed by monomials of degree at most n+1. Let (-, ) \, be a bilinear formon R(X,Y') _,, . , defined by (w1, ws2) , =
(Miwy,ws) . For polynomials p,q € R(X, Y>gn+1 we have

(8.2) 0 @Y = (¢, D) M
and
(8.3) L) =", p" ) m-
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Proof. If p,q are polynomials of degree at most n, then (8.2), (8.3) are true due to the moment structure of M,,.
Suppose p and ¢ be polynomials of degree at most n + 1. The equality (p,¢)pm = (g,p)r 1S true since M is
symmetric. From rank(M) = rank(M,,), it follows that in M we have

p(X,Y) = ) auu(X,Y) and ¢(X,Y) = > bt(X,Y),
[u[<n [t|<n

for some a,, b; € R. Now by the properties of bilinear forms and the moment structure of M,,, we have

(P, @) = (Mp,q) = <M( > aud), Y bttA> = ) aub(Mi,t)

[u|<n lt|<n [u[<n [t|<n
= 3 Y b ME @) = (MDD 0, Y aw) = (M P
lu|<n |t|<n [t <n lu|<n
=(¢",p")m.
This establishes Proposition 8.3. g

Mo
Bj
by monomials of degree at most 3. We write Cs = (C;;);5. Then we have:

B
Corollary 8.4. Suppose M = < 03> is a flat extension of a moment matrix Mo with rows and columns indexed
3

Ci2 = Cis, Cue = Cor, Cay = Css, Co = Cse,
(8.4) Cos = Csr, Cug = Crsg, Cag = Csg, Cor = Cys,
Ca3 = Css, Cia = Ch7, Cyy = Cry, C3q = Csr.

Therefore assuming Bs has a moment structure, M is a moment matrix of degree 3 if and only if

Ca7 = Cep, Ci6 = Cas, Cog = Cyy,
8.5) Cos = Cs3, Csg = Cye, Ca6 = Co7 = C34.

Ci2 = C13, Cas = Ces,

Cig = Cay, Cry = Cay,

Proof. Claim 1: 012 = 015.

Ciz = (XY, X*) = (X2, Y X%) 00 (by (8.3))
=(YX? X*=C15 (by(8.2)).
Claim 2: Coy = Cs7.
Cos = (XY? X2V = (YX2,Y2X) 0 (by (8.3))
= (Y2X,YX?) = Cs7 (by(8.2)).
Claim 3: (3 = Css.
Coz = (XY X, X?Y) = (YX?, XY X)) (by(8.3))
= (XYX,YX?) 0 =C35 (by(8.2)).
Claim 4: Cy5 = Cgr.
Cag = (YXY, XY?) 0 = (Y2X,YXY)pq (by (8.3))
= (YXY,Y?X) 0 = Cor by (8.2)).
Claim 5: Cygs = Crs.
Cas = (Y, XY?) 0 = (V2X,Y?) 00 (by (8.3))
= (Y3 Y2X)pm = Crs  (by (8.2)).

Claim 6: C4 = C17.
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Cia = (XY, X%) 0 = (X2, Y2X) a0 (by (8.3))
= (Y2X, X%\ =Ci17  (by (8.2)).
Claim 7: Cyy = Css.
Coyr = (XY, XY\ = (YX2 Y X?) 0 = Cs5  (by (8.3)).
Claim 8: Cog = Css.
Cog = (Y3, XY ) = (YX2 Y3 0 (by (8.3)
= (Y*,YX*) 0 =Css  (by (8.2).
Claim 9: Cyy = Crr.
Cu = (XY2 XY = (Y2X,Y2X) g = C77 (by (8.3)).
Claim 10: Cy = Csg.
Cos = (YXY, XYy = (YX2YXY)r (by(8.3)
= (YXY,YX*)p = Cs6  (by (8.2)).
Claim 11: Cy7 = Oys.
Cor = (V2X, X?Y)m = (YX?, XY?) 00 (by (83))
= (XY?, X?*Y)p = Cys (by (8.2)).
Claim 12: (34 = C57.
Cay = (XY2 XY X)) = (XYX,Y2X) 0 (by(8.3)
= (Y?X, XY X)) =C3; (by(8.2)).

This proves the first statement of Corollary 8.4. The second statement follows by observing that if M is a moment

matrix, then the entries of C5 are independent from the other entries of M and combining (8.1) with (8.4). O
M, Bpy1) . . . .
If M= + is a flat extension of M,,, then there is a matrix W such that
B n+1 On,+ 1

Bpi1 =MW and C,y = W'M,W.
By the following lemma C,, 11 is independent of the choice of W satisfying B,,+1 = M, W.

Lemma 8.5. Let A € SR™*™ be a symmetric matrix and W1, Wy € R™*P matrices satisfying AWy = AW,. Then
WEAW, = WEAW,.

Proof. Since W;AWJ» are symmetric matrices, we have
WI{AW, = Wi AW, < (W{AW, — Wi AW,)v,v)  for every v € RP
& <AW11), Wiv) = (AWaw, ng> for every v € RP.

Let us write v; := Wiv and vy := Whv. By assumption AW, = AW it follows that Av; = Aws. The following
calculation holds:

0= (A(vy —v2), (v1 +v2)) = (Avy, v1) + (Avy,v2) — (Avg, v1) — (Ava, vs)
= (Avy,v1) + (v1, Ave) — (Avg, v1) — (Avg, va)
= (Avy,v1) + (Ava, v1) — (Avg, v1) — (Avg, ve) = (Avy,v1) — (Avg, va) .
This concludes the proof of the lemma. d

8.2. Relation Y? = 1 — X2, The candidate for B3 in a moment matrix M3 generated by the measure for My is given
by the following.

Proposition 8.6. Ler 3 = 3 be a sequence with a moment matrix My of rank 6 satisfying the relation Y?> = 1 — X2,
My

B3\ . .
B! Cz is a moment matrix generated by the measure |, then Bs

Suppose B admits a measure p. If Ms = (

satisfies
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Bx2vs = Bxy2xy = Bx2y — ¢4, Bys = By — 2Bx2y +q,
(8.6) Bxsy2 = Bx2yxy = Bxs — D, Bxs = p,
Bxy+ = Bx — 2Bxs +p, Bxay = q,

where p, q € R are parameters.

Proof. The RG relations which must hold in M3 are

Y3 =Y — X?Y, XY? =X -Xx3
Y3 =Y - YX2, Y2X = X — X3,

From these relations we get the following system:

Bxys=  (Bx — Bxs) — Bxsys, Bxzys = Bx2y — Bxay,
Bxys = (ﬁxfﬂxs)fﬂxzyxy, Bxsy:z = Bxs — Bxs,
Bys = (By — Bxzy) — Bxzys, Bxvexy = Bx2y — Bxay.
Now the solution of this system is given by the statement of the proposition. 0

Theorem 8.7. Suppose 3 = B is a sequence with a moment matrix My of rank 6 satisfying the relation Y? = 1—X2.
Let us define the moments of degree 5 by (8.6) and Bs as in Proposition 8.1. Then the following are true:

(1) There exists a matrix W € R” x R'° such that
By = MaW.
(2) Wewrite M = {1,X,Y,X? XY, YX}. Let W; € RS x R0 be the matrix
Wi = (Ma|ar) " Bs|u.

IfM = </\th g;) is a flat extension of Ma, then Cs = (Cij);; is equal to W Ms| Wy and M has a
3

moment structure if and only if

Car = Cée, Ci6 = Chs, Cag = Cuya,
8.7) Cas = Csa, Csg = Ceg, Ca = Cor.
Ci2 = Cis, Cry = Caa,

Proof. To prove (1) we have to show that every column of B3 belongs to the linear span of the columns of M. Since
the proofs are analogous, we will establish this only for the column X3. Since Ms|y/ is positive definite, it follows
that

(8.8) X3y = a1l pr + aoX|as + a3Y|ar + asX? s + asXY|ar + agYX| 0,
for some a; € R. Notice that a5 = ag. Using the relation Y2 = 1 — X? we calculate
a1Byz + azBxy2 + a3Pys + asfBxeya + 2a58xys
= a1(f1 — Bxz) + a2(Bx — Bxs) + az(By — Bxzy) + as(Bxz — Bxs)
+2a5(Bxy — Bxsy)
= Bxs —p.
By the form of Bj it follows that
X3 = a1l + aoX + azY + a4 X? + a5XY + a6 YX  in M.
This proves part (1).
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If M is a flat extension of M, then in particular rank( (/\/12 B3)) = rank M. Since the columns from M are
the basis for the column space of My, we have

By Lemma 8.5 it follows that

1x10

Cy = (W O1ox1) Mg (O ) = WiMay|yWh.

Now we will establish the relations which will prove that the system (8.5) holds if and only if the system (8.7) holds.

Claim 1: 018 = Cyy.
Cis = (Y? X3 0, = (Y — XY, X?) 0y, (by RG relations)
Y XMy — (X2, XY ), (by (8.2))
X, XY ) p, — (X3, X?Y) 0, (by the moment structure of Bj)

XY?, X?Y)p, = Cos  (by RG relations).

o~ o~~~

Claim 2: 016 — 023 = 038 — C46~
Ci6 — O3 = (YXY, X?) ppy, — (XY X, XY ) 4,
= (YXY,X — XY?)pq, — (X?Y, XY X)rq, (by RG relations and (8.2))
= (X, YXY) pp, — (XY, XY X)pp,) — (Y XY, XY?)
(by the moment structure of Bs)
= (Y3 XY X)), — (YXY,XY?) 0y, (byRG relations)
= C35 — Cue.
Claim 3: C3; — Cy7 = C5 — Ci3.
Cs7 — Oy = (Y2X, XY X)), — (V2X, X2Y) s
= (X - X*, XYX)m, — (Y2X, X?Y)uq, (by RG relations)
= (<X’ X2Y>M3 - <Y2X7 X2Y>M3) - <X37 XYX>M3
(by the moment structure of Bs)
= (X%, X2V )ty — (X3, XV X)
= C12 — C3.
Using Claims 1-3 proves Theorem 8.7 (2). U

Remark 8.8. Assume the notation as in Theorem 8.7. If M is a flat extension and has a moment structure, then we
must also have

Cy =Cig and Chyq = Cys,
which follows by the following:
Cug — Cos = (Y, XY ) ppy — (Y2, Y XY ) 0y
= (Y, XY, — (Y — X2V, YXY)r, (byRG relations)
= (Y2, XY?) py — (V2 Xty + (XPY Y XY )
(by the moment structure of B3)
= (X?*Y,YXY)pm, — (Y2, X®) 1,  (by RG relations)
= (YXY, X?Y)p, — (X7, V), (by (8.2))
= Oy — Cis,

and
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Css — Caa = (Y2, Y X?) pp, — (XY2, XY ) 0q,

Y - X2V, YXH M, — (XY2 XY?)\, (by RG relations)

3
(VY X?) 0ty = (XY XY?) ) = (Y X2, X?Y ), (by (8.2)
(X, XY, — (XY2 XY A,) — (VX2 X2Y ) 0,

(by the moment structure of Bj)
=(XY?2 X3, — (YX?, X?%Y) 0y, (by RG relations and (8.2))
= C14 — Cos.

We present now a special case which highlights the difference between the classical and the tracial truncated moment
problems. In this example a flat extension M3 of M5 does not exist, but a measure for My always exists.

A~ A~~~

Example 8.9. For Sx4 € (i, %), the following matrices are psd moment matrices of rank 6 satisfying the relation

Y? =1-X2
1 1
1 00 1 0 0 i
04 0 0 0 0 0
00 % 0 0 0 0
Mo(Bxa)=1|%2 0 0  Bxa 0 0 1 Bxa
0 0 0 0 1 —Bxa 0 0
0 0 0 0 0 1 —Bxa 0
10 0 $—Bxs 0 0 Bxa

Let us define the moments of degree 5 by (8.6) and Bs as in Proposition 8.1. Using Mathematica we calculate
WIMos|p Wy from Theorem 8.7 (2) and check that for any Sy the system from Theorem 8.7 does not have a so-
lution, e.g.,
2
Car(p, 4, Bx+) = % —20xi+ 2B§(4 + 1 f4gﬁx4 * —1 ipllﬁxﬂ
- 4(]2 4p2
1 —2Bx4 + —14+48x4’

(Car — Co6) (P, ¢, Bx1) = %(1 —2fBx4)* #0.

Hence M (Bx4) does not admit a flat extension with a moment structure. However, for every Sx1 € (i, %), Ms(Bxa)
admits a measure by Theorem 7.5 (1).

2

Ce6(, 4, Bx+)

8.3. Relation XY + YX = 0. The candidate for Bs in a moment matrix M3 generated by the measure for My is
given by the following.

Proposition 8.10. Let 5 = ™) be a sequence with a moment matrix My of rank 6 satisfying the relation XY + YX =

0. Suppose B admits a measure p. If Mg = (/\B/lf gs) is a moment matrix generated by the measure (i, then Bs
3 3

satisfies

8.9) Bxiy = Bx2yxy = Bxsy2 = Bx2ys = Bxyzxy = Bxys =0,

Bxs =p and Pys =q,

where p, q € R are parameters.

Proof. The RG relations which must hold in M3 are

X?Y 4+ XYX = 0, YXY + Y2X = 0,
XYX + YX? = o0, XY? + YXY = 0.

From this relations we get the following system:
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28xay = 0, Bx2ys + Bxyzxy = 0,
Bxsyz + Bxeyxy = 0, 2Bxy2xy = 0,
28x2yxy = 0, 28xys = 0.
Now the solution of this system is given by the statement of the proposition. g

Theorem 8.11. Suppose 3 = W) is a sequence with a moment matrix My of rank 6 satisfying the relation XY +YX =
0. Let us define the moments of degree 5 by (8.9) and Bs as in Proposition 8.1. Then the following are true:

(1) There exists a matrix W € R” x R satisfying
Bs = M.W.
(2) Wewrite M = {1,X,Y,X? XY, Y?}. Let W; € R x R be the matrix
W1 = (Ma|ar) "' Bs|um-

IfM = </g§2 g;) is a flat extension of Ma, then Cs = (Cij)qj is equal to W Ms| Wi and M has a

moment structure if and only if

Cia=Ci3=0, Csg = Clg, Cag = Cua,
(8.10) C1g = Cay, Cig = Ceg =0, Ca6 = Cor = C34.
Ci6 = Cha, Ciy = Coy,

Proof. The proof is analogous to the proof of Theorem 8.7. Using similar arguments we prove the following claim:
Claim: Cy7 = Ceg, C25 = C33, C12 = —Cl3, C24 = U7, Cag = —Cs.
By Claim the system (8.5) holds if and only if the system (8.10) holds. O

Example 8.12. For Sx4+ > 1, the following matrices are psd moment matrices of rank 6 satisfying the relation XY +
YX =0,

100 1 0 0 1
010 0 0 0 0
001 0 0 0 0

Mo(Bxe)=1[1 00 Bxa 0 0 1
000 0 1 -10
000 0 -1 1 0
100 1 0 0 2

Let us define the moments of degree 5 by (8.9) and B3 as in Proposition 8.1. Using Mathematica we calculate
WEMas|p W1 from Theorem 8.11 (2) and get

. +4 0 0 2 o -2 2 0

Byxa—1
0 1 -1 0 1 0 0 2
0 -1 1 0o -1 0 0 -2
2 0 0 1 0o -1 1 0
0 1 -1 0 1 0 0 2
-2 0 0O -1 0 1 -1 0
2 0 0 1 0o -1 1 0
0 2 -2 0 2 0 0 q¢*+4.

The system (8.10) does not have a solution, e.g., —2 = C1g # Ca3 = —1. Hence M3(8x4) does not admit a flat

extension M 3. However, for every Sx+ > 1, M3(8x4) admits a measure by Theorem 7.8 (1).
8.4. Relation Y2 = 1 + X2. The form of M is given by the following proposition.
Proposition 8.13. Ler = ™) be a sequence with a moment matrix M, satisfying the relation

(8.11) Y2 =1+X2
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Then Mo, if of the form

b1 Bx By Bxz2 Bxy Bxy B1 + Bxz2
Bx Bxz Bxy Bxs Bxz2y Bxz2y Bx + Bxs
ﬁY ﬂXY 61"1‘5}(2 Bx2y BX"FB)(S ﬁX"l‘BxB 5Y+ﬁx2y
(8.12) Bxz Bxs Bxzy Bxa Bxsy Bxay Bx2 + Bxa
BXY /8)(2)/ /BX+6X3 ﬁxSY 6)(2 +ﬁx4 5XYXY 5XY+BX3Y
Bxy Bx2y Bx + Bxs Bx3y Bxyxy Bx2 + Bxa Bxy + Bxsy

B1+Bx2 Bx +Bxs By +Bx2y Bxz+Bxs Bxy +PBxsy Bxy +Bxsy Bi1+2Bx2+Bxa
Proof. The relation (8.11) gives us the following system in Mo

Byz = p1 + Bxz, Bxzye2 = Bxz + Bxa,
(8.13) Bxyz = Bx + Bxs, Bxyvs = Bxy + Bxsy,
Bys = By + Bxzy, By = Pyz + Bxzye.

Plugging in the expressions for By2 and Sx2y2 in the expression for Sy« gives the form (8.12) of M. O

The candidate for B3 in a moment matrix M3 generated by the measure for Mo is given by the following.

Proposition 8.14. Let 3 = 3 be a sequence with a moment matrix My, of rank 6 satisfying the relation Y?* = 1+X2.

Suppose [ admits a measure p. If Ms = (/gf gg> is a moment matrix generated by the measure u, then Bs
3 3

satisfies

Bx2ys = Bxyexy = Bx2y +q, Bys = By + 2Bx2y + ¢,
(8.14) Bxsy2 = Bxz2yxy = Bxs +p, Bxs =D,
Bxy+ = Bx +2Bxs +p, Bx1y = q,

where p,q € R are parameters.

Proof. The RG relations which must hold in M3 are

Y3 = Y+ X2, XY? = X 4+ X3,
Y= Y+ YX? 32X = X + X3

From these relations we get the following system:

Bxys = (Bx + Bxs) + Bxsy2, Bxe2ys = Bx2y + Bxay,
Bxyr= (Bx + Bxs)+ Bxzvxy, Bxsy2 = Bxs + Bxs,
Bys = (By + Bxey) + Bxeys, Bxvexy = Bxzy + Bxay.
The solution of this system is given by the statement of the proposition. U

Theorem 8.15. Suppose § = Y is a sequence with a moment matrix Mo of rank 6 satisfying the relation Y?
1 + X2. Let us define the moments of degree 5 by (8.14) and Bs as in Proposition 8.1. Then the following are true:
(1) There exists a matrix W € R” x RV satisfying
B3 = MyW.
(2) Wewrite M = {1,X,Y, X2 XY, YX}. Let W; € RS x R? be the matrix
Wi = (Ma|ar) " Bslu.

IfM = </g§2 gj) is a flat extension of Ma, then Cs = (Cij);j is equal to W Ms| Wi and M has a

moment structure if and only if
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Car = Cée, Ci6 = Cas, Cog = Cyy,
(8.15) Cos = Css, Cug = Ces, Cos = Car,
Cia = Chs, Ciy = Coy,

Proof. The proof is analogous to the proof of Theorem 8.7. Using similar arguments we prove the following claim:
Claim: C15 = C24, C16 — C23 = Cye — Css, C37 — C27 = C13 — Cha.
By Claim the system (8.5) holds if and only if the system (8.15) holds. O

We present now a special case which highlights the difference between the classical and the tracial truncated moment
problems. In this example a flat extension of M with a moment structure does not exist, but a measure for Mo always
exists.

Example 8.16. For Sy« > i, the following matrices are psd moment matrices of rank 6 satisfying the relation

Y2 =1+X2

1 00 1 0 0 3
0 %+ 0 0 0 0 0
o0 2 0 0 0 0

Mo(Bxa)=13 0 0  Bxa 0 0 24 Bxa
0 0 0 0 5+ Bxa 0 0
0 0 0 0 0 14 Bxa 0
2.0 0 $+B8xs 0 0 24 Bya

Let us define the moments of degree 5 by (8.14) and Bs as in Proposition 8.1. Using Mathematica we calculate
WEMos|a W1 from Theorem 8.15 (2) and check that for any x4 the system from Theorem 8.15 does not have a
solution, e.g.,

4q¢? n 4p?
1428y —1+48xa’

1
Cur(p,q, Bxs) = 3 + 2Bxa +2B% +

4q? 4p?
066(p7Qa6X4) - 1+26X4 + _1+45X4’

(Ca7 — Cs6) (P, q, Bx4) = %(1 +2Bx4)* # 0.

Hence M5 (8x4) does not admit a flat extension Ms3. However, we will show that for every Sx+ > %, My (Bxa)
admits a measure. We define the matrix function

B(a) = Mz — a(MPY + MP V),

Let ap > 0 be the smallest positive number such that the rank of B(ayg) is smaller than 6. Using Mathematica and
calculating g such that det (B(a) (1 x,v,x2 xv,vx}) = 0 we get

g = min (§ 7_1—’—45)(4)
0 1 8Bxs )

For Bxa > % we have oy = —g;i‘liﬂ. Using Mathematica, the kernel of B(«y) satisfies the relations
X
X? =26ys, Y2 =(14+28x4)1.
We also have
O =6 =B =B, =B, =8B =0,

where 51(012( y) are the moments of B(«y). This is a special case in the proof of Proposition 4.1, i.e., Case 1. Following

the proof we see that after using only transformations of type
(z,y) = (z + By, ez + B2y)

for some ay, a9, f1, B2 € R, we come into the basic case 1 of rank 5 with BX = Ey = Exs = 0. But every such
sequence admits a measure of type (2,1) by Theorem 6.4. Hence 8 admits a measure of type (4, 1).
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8.5. Relation Y? = 1. The form of Mj is given by the following proposition.

51

Proposition 8.17. Let 3 = ) be a sequence with a moment matrix M satisfying the relation

(8.16) Y?=1.
Then My is of the form
B1 Bx By Bx2 Bxy Bxy B1
Bx ﬁx2 Bxy ﬁXS ﬁX2Y BXQY Bx
By  Bxvy B1 Bxey Bx Bz By
(8.17) My = | Bx2 Bxs Bxz2y Bxs Bxsy  Bxsy Bxe
Bxy Bx2y Bx Bxsy Bxz Bxvxy Bxvy
Bxy PBxz2y Bx PBxsy Bxyxy Bxz2 Bxy
B1 Bx By Bxz Bxy By B1
Proof. The relation (8.16) gives us the following system in M
Byz = P, Bxzyz = Bxz,
(8.18) Bxy:z = Bx, Bxvs = Bxy,
Bys = By, By+ = Py=.

This gives the form (8.17) of M.

The candidate for B3 in a moment matrix M3 generated by the measure for Mo is given by the following.

Proposition 8.18. Ler 5 = 3 be a sequence with a moment matrix Mo of rank 6 satisfying the relation Y?

M,

Suppose [ admits a measure p. If Mz = ( 03> is a moment matrix generated by the measure i, then B(3) is
3

B
of the form
5}(3 5X2Y 5X2y Bx 5X2y Bx ﬂX /BY
Bxs Bxsy Bxsy  Bx2 Bxay Bxvxy Bx2 Bxy
Bxsy Bxz Bxyxy Bxy Bxe Bxy Bxy B1
(8.19) B(3) = P q q Bxs q T Bxs  Bxzy |,
q Bxs r Bxzy T Bxzy Bxzy Bx
q T T Bx2y Bxs Bxzy Bxzy Bx
BX3 5x2y Bx2y BX Bx2y BX 5X /BY

where p,q,r € R are parameters.
Proof. The RG relations which must hold in M3 are
Y=Y, XY?’=X, YX=X

From these relations we get the following system:

ﬁX2Y7

BXzY3 -

ﬁYs = Bla

6X3Y2 = BX3»

ﬁXY?'XY = 6X2Y7
6XY4 = ﬂX'

(8.20)

BXY?

ﬂXY4

Now the solution of the system (8.20) is given by the statement of the proposition. d

Theorem 8.19. Suppose 3 = BY is a sequence with a moment matrix My of rank 6 satisfying the relation Y? = 1
and let B3 be as in formula (8.19). Then the following are true:

(1) There exists a matrix W € R” x R satisfying
B3z = MyW.
(2) Wewrite M = {1,X,Y,X? XY, Y?}. Let W; € R x R be the matrix
Wi = (Ma|n) " Bslu.

IfM = (Al;lg g;) is a flat extension of M, then Cs = (Cij);j is equal to W{ Ma|yWh and M has a

moment structure if and only if
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Co6 = Bx=. Ci6 = Cas,
(8.21) Cos = Css, Cag = Bxa,
Cia = Chs, Ca = Bxyxy = Bxsy.

Proof. The proof is analogous to the proof of Theorem 8.7. Using similar arguments we prove the following claim:

Claim: Cy7 = Bx2, C3g = Cys, Cug = Ces, C14 = Bx4, Cog = Bua, Cor = Bxsy, C37 = Bxyxy.

By Claim the system (8.5) holds if and only if the system (8.21) holds. O

We present now a special case which highlights the difference between the classical and tracial moment problems.
In this example a flat extension of My to M3 exists only in the special case, but a measure for My always exists.

Example 8.20. For $x1 > 1, the following matrices are psd moment matrices of rank 6 satisfying Y? = 1,

100 1 00 1
010 0 000
001 0 000

Mo(Bxa) =11 0 0 Bxa 0 0 1],
000 0O 100
000 0O 010
100 1 00 1

Let us define B3 by (8.19). Using Mathematica we calculate Wf./\/lg\ v W1 from Theorem 8.19 (2):

2
P HeR A rebgRir et gRi fu ret gl g Py O
Prq q2 2 q2 2 q2 qr
Tq+ﬂX4—1 ﬂX4—1+T +1 ﬁx4—1+7‘ 0 [3X4—1+1 Byxa—1 0 1
2rq+ 52 42 492 g L 42 g 0
97 Bya—1 Bxa—1 Bxa—1 Bxa—1 Bxa—1
Bxa 0 0 1 0 0 1 0
pg q2 112 2 q2 2 qr
Tq+ﬁ 4—1 B 4*1Jrl 3X4*1+T 0 3X4*1+r +1 Bxa—1 0 1
L a g 0 ar r? )
Bxa—1 Bxa—1 Bxa—1 Bxa—1 Byxa—1
Bxa 0 0 1 0 0 1 0
0 1 0 0 1 0 0 1
For the flat extension we must have, by Theorem 8.19,
2 2
r pr q
— =1, _ 02,
Bxs—1 Bxs—1 Bxs—1
2 2 2
q q 2 q 2
+1= + 2r —— 4+ 7“4+ 1 =[x
/8X4_1 /Bx4—1 ’ ﬁx4—1 ﬂX ’
pq Pq qr
rq+ ——— =2rq+ ——, — =0.
6X4—1 ﬁx4—1 6_)(4—1

Using Mathematica we see that these equations are satisfied if and only if

3 1 1
= — in which case =+— =0, r=+—.
Bxs =3 P=%575 ¢ 7

However, we will prove that for every Sx+ > 1, Ms(8x4) admits a measure. We define the matrix function

B(a) := My(Bx1) — aA,

where
1001 0 0 1
01 00 0O 0 O
0010 0 0 O
A=1|1 001 0 o0 1
0000 1 —10
0000 -1 1 0
1001 0 0 1

A is a psd moment matrix of rank 4 satisfying the relations
X?2=1, XY+VYX=0 Y?’=1
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and thus admits a measure by Theorem 3.1 (3). But then
0

o oOwl=

1
5}(4—5

/~

N —

N~
D= O ON= O Ol
O OO O O
O O O OoONEO O
= o O
oI O O O O
oI O O O O
V= O OO ONl=

is a psd cm moment matrix of rank 5 satisfying Y? = 1 and XY = YX and hence admits a 5-atomic measure with the
atoms of the from (z;,y;) € R?, j =1,...,5, by Theorem 2.7.
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