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MATRIX FEJER-RIESZ THEOREM WITH GAPS

ALJAZ ZALAR

ABSTRACT. Two equivalent versions of the matrix Fejér-Riesz theorem char-
acterize positive semidefinite matrix polynomials on the complex unit circle
T and on the real line R. We extend the characterization to arbitrary closed
basic semialgebraic sets # C T and K C R by the use of matrix preorder-
ings from real algebraic geometry. In the T-case the characterization is the
same for all sets .#°, while in the R-case the characterizations for compact and
non-compact sets K are different. Furthermore, we study a complexity of the
characterizations in terms of a bound on the degrees of the summands needed.
We prove, for which sets %, K the degrees can be bounded by the degree of
the given matrix polynomial and provide counterexamples for the sets, where
this is not possible. At the end we give an application of results to a matrix
moment problem.

1. INTRODUCTION

1.1. Motivation. The name Matrix Fejér-Riesz theorem refers to the following
two results.

Theorem 1.1 (Fejér-Riesz theorem on T). Let
N
Az) = Z Apz™
m=—N

be a n x n matriz Laurent polynomial from M, ((C [z, 5), which is positive semi-
definite on T. Then there exists a matriz polynomial B(z) = ZZ:O B,,z™ from
M, (C[z]), such that

A(z) = B(2)"B(2),

—T
where B(z)* = B (1)
Theorem 1.2 (Fejér-Riesz theorem on R). Let

2N
F(z) = Z Fpa™
m=0

be a n X n matriz polynomial from M, (Clz]), which is positive semidefinite on R.
Then there exists a matriz polynomial G(z) = SN _ Gra™ € M, (Clz]), such that

m=0
F(z) = G(z)"G(),

where G(x)* = WT

Date: July 10, 2019.

1991 Mathematics Subject Classification. 14P, 13J30, 47A56.

Key words and phrases. positive polynomials, matrix polynomials, preorderings, Nichtnega-
tivstellensatz, real algebraic geometry.


http://arxiv.org/abs/1503.06034v1

2 ALJAZ ZALAR

The first proof of Theorem [[2]that we are aware of is probably [I1, Theorem 8.2]
from 1950s. The problem appears in the study of systems of integral equations and
they provide a complex analytical proof of the result. Due to an importance of the
factorization in linear systems (see [23], [I7]), many different proofs have appeared
in literature. The factorization is called the continuous spectral factorization. Un-
der a conformal mapping of the upper half plane into the unit disk the factorization
is equivalent to the factorization of a matrix polynomial, positive semidefinite on
a unit complex circle, called the discrete spectral factorization (see Theorem [L]
above; for an equivalence of the factorizations see Subsections 22 B.2). Some of
the proofs of either of the factorizations can be found in [26], [23, Appendix B],
[16], [7], [4], [25} Theorem 12.8], [20], [8], [9], [30], [10], [I3] etc. The main problems
of our paper are the following.

Problem 1. Characterize univariate matriz Laurent polynomials, which are posi-
tive semidefinite on a union of points and arcs in T.

Problem 2. Characterize univariate matriz polynomials, which are positive semi-
definite on a union of points and intervals (not necessarily bounded) in R.

1.2. Problem [ - notation and known results. Let T := {2 € C: |z| =1} be
the complex unit circle. Let C [z, %] be the set of complex Laurent polynomials
with conjugation and z* = % as the involution. Let M, ((C [z, %]) be the set of
n X n complex Laurent polynomials over C [z, 5 with conjugated transpose as
the involution. We say A(z) € M, (C [z,1]) is hermitian, if A(z) = A(z)*. We
write H, ((C [z, %]) for the set of all hermitian matrix Laurent polynomials from
M, ((C [2, %D The degree of the hermitian matrix Laurent polynomial

19= 3 e (e[

is N, if Ay # 0 (and hence A_ny = Ay # 0), where N € NU {0}. We write
deg(A) = N. A(z) € Hy, (C[2,1]) is positive definite (resp. positive semidefinite)
in zg € T if v*A(z9)v > 0 (resp. v*A(zp)v > 0) for every nonzero v € C". We
write > M, ((C [z, ﬂ )2 for the set of all finite sums of the expressions of the form
B(2)*B(z) where B(z) € My, (C [z,1]). We call such expressions hermitian squares
of matrix Laurent polynomials.

A basic closed semialgebraic set ¥ C T associated to a finite subset

1
s =ty e (e[ 2)
is given by
H =Ky ={2€T:bj(2)>0,j=1,...,s}.

The set £ is regular, if it is equal to the closure of its interior. We define a n-th
matrix preordering 7, C H, ((C [z, %]) by

gL = Z TS T € ZM" (C[z])? for all e € {0,1}*

ec{0,1}*

where e = (e1,...,es) and b° stands for bS* - - - bS=.
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Remark 1.3. (1) If A(z) = 02 Ap2™, where M1, Mz € NU {0} and
A € My, (C), then we can write

A(z)"A(z) = (ziMlAl(z))* (z7M Ay(2)) = A1(2)" Av(z) € Z M, (C[z])*.

Therefore we have the equality > M, (C[z])* = 3. M, (C [z 1] )2 .
(2) The set 7% is the set of all finite sums of the elements from the set 7 -

> M (C[=])*.

We write Posl (%) (resp. Pos (%)) for the set of all n x n hermitian ma-
trix Laurent polynomials, which are positive semidefinite (resp. positive definite)
on Ay. We say T is saturated if T = Posiy(#»). Saturated matrix pre-
ordering 72 is boundedly saturated (resp. boundedly weakly saturated), if every
A € Pos{y(Hy) (resp. A € Poslo(A»)) is of the form > (g 3. Teb®, where
deg(7eb®) < deg(A) holds for every e € {0,1}".

Theorem [[.T] can be restated in the following form.

Theorem 1.1°. Assume the notation as above. The set Fy* is boundedly saturated
for every n € N.

The aim of this article is to study matrix generalizations of Theorem [[L.T] to an
arbitrary basic closed semialgebraic set £ C T. The problem is the following.

Problem 1°. Assume £ C T is a basic closed semialgebraic set. Does there exist
a finite set . C Hy (Clz]), such that A = K and the n-th matriz preordering
Ty is saturated for every n € N?

If the answer to Problem 1’ is yes, another problem appears.

Problem 1”. Assume J# C T is a basic closed semialgebraic set. Suppose that for
a finite set . C Hy (C[z]), such that X = A, the n-th matriz preordering T2
is saturated for every n € N. Is T2 boundedly saturated for every n € N?

Now we define two descriptions of the set ", which answer Problems 1’ and 1”.
Let # C T be a basic closed semialgebraic set. A set ¥ = {b1,...,bs} C
H, ((C [z, %D is a saturated description of J¢, if the following conditions hold:
(a) A = 5.
(b) For every boundary point a € J, which is not isolated, there exists k €
{1,..., s}, such that by(a) = 0 and %(a} # 0.
(c) For every isolated point a € %, there exist k,l € {1,...,s}, such that
br(a) = bi(a) = 0, Lk (a) # 0,42 (a) # 0 and byb; # 0 on some neighbor-
hood of a.

Let T be positively oriented. For z,w € T, z # w, let [z, w] (resp. (z,w)) denote
a closed (resp. open) arc on T with endpoints z and w. A set ¥ C Hy ((C [z, %]) is
the natural description of J# | if the following conditions hold:

(a) For every z1,20 € K, 21 # 29 and (z1,20) N A =0,

(z — 21)(z — 29)

b(z):=k- €,

where k = /z1z2 € T is such that b(z) € POS]EO([ZQ, z1))-
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(b) If & = {z0}, then

bi(z) = by - CZ2EZE0) o by = ks €.,

z z
where k1 = \/iz8 € T, ko = \/—iz2 € T are such that

bi(z) € Poséo([zo,izo]) and bo(z) € Poslio([—izo,zo]).
(c) These are the only elements of ..

Convention 1. An arc always has a non-empty interior. Therefore it is a regular
set.

1.3. Problem 1 - new results. One of the main results of the paper, which solves
Problem 1°, is the following.

Theorem A. The n-th matriz preordering 7 is saturated for every integer n € N
if and only if & is a saturated description of A (see Theorem [2]]).

The answer to Problem 1”7 (except for a union of an arc and a point) is the
following.

Theorem B. Let JZ be a basic closed semialgebraic set.
The n-th matriz preordering J2 is boundedly saturated for the natural descrip-
tion & of & in either of the following cases:

e n=1 and & is arbitrary,

e n € N is arbitrary and J is an arc,

e n € N is arbitrary and & is a union of at most three points,
(see Theorem [3.0).

The n-th matriz preordering 75 is not boundedly saturated for any set finite set

< C Hy ((C [z, %]) such that # = Ky in the following cases:

e n > 2 and X contains at least two arcs,

e n>2 and A is a union of m points with m > 4,

e n>2 and J is a union of an arc an m isolated points with m > 2,

(see Theorem [].2)).

Theorem B solves Problem 1” for every closed semialgebraic set £ C T, different
from a union of an arc and a point. We formulate the remaining case as a conjecture.

Conjecture 1. Let Z C T be a union of an arc and a point. Suppose . is
the natural description of . Then the n-th matriz preordering 73 is boundedly
saturated for every integer n € N.

The following table summarizes Theorems A and B and Conjecture 1.

H A B C

a union of at most three points Yes | Yes | Yes

a union of m points, where m > 4 Yes | Yes | No

an arc Yes | Yes | Yes

a union of an arc and an isolated point Yes | Yes | D

a union of an arc and m isolated points, where m > 2 | Yes | Yes | No
includes at least two arcs Yes | Yes | No




A = The n-th matrix preordering .7 is saturated for every saturated

description . of J# and every integer n € N.

B := The preordering 7. } is boundedly saturated for the natural description
S of K.
C := The n-th matrix preordering .7 is boundedly saturated for the natural

description . of £ and every integer n € N.
D := See Conjecture 1.

The classification covers all closed semialgebraic sets .2 C T. Except for the
conjectured case it is complete. For example, the classification is complete for
regular sets.

1.4. Problem [2] - notation and known results. Let M, (Clz]) be a set of all
n X n complex matrix polynomials over Clx] with conjugated transpose as the
involution. The degree of a matrix polynomial

N
F(z) =Y Fpa™ € M,(Cla])
m=0

is N if Fx # 0. We write deg(F) = N. We say F(z) € M, (C[z]) is hermitian, if
F(z) = F(x)*. We write H,(C[z]) for the set of all hermitian matrix polynomials
from M, (Clz]). F(x) € H,(Clx]) is positive definite (resp. positive semidefinite) in
xo € Cif v*F(xo)v > 0 (resp. v*F(zo)v > 0) for every nonzero v € C". We write
S M, (C[z])? for the set of all finite sums of the expressions of the form G(z)*G(x)
where G(z) € M, (C[z]). We call such expressions hermitian squares of matrix
polynomials.
A basic closed semialgebraic set Kg C R associated to a finite subset

S={g1,...,9:} CRlz]
is given by
K:=Kg={zeR:g;(z)>0,j=1,...,s}.
The set K is regular, if it is equal to the closure of its interior. We define the n-th
matrix preordering T¢ C H,,(C[z]) by

TY = Z oy’ oe € ZMH(C[,T])Q for alle € {0,1}° 7,
e€{0,1}®
where e = (e1,...,es) and g¢ stands for gi* --- gg*.

Remark 1.4. Note that T§ is the set of all finite sums of elements from the set
Té- 3 M, (Cla])?.

We write Pos(K) (resp. Posl((K)) for the set of all n x n hermitian matrix
polynomials, which are positive semidefinite (resp. definite) on Kg. We say TS
is saturated if T§ = Posl,(Kg). Saturated matrix preordering T¢ is boundedly
saturated (vesp. boundedly weakly saturated), if every F € Posl(Kg) (resp. F €
Posl((Ks)) is of the form 37 crj 1y 0cg®, where deg(oeg®) < deg(F) holds for
every e € {0,1}°. Theorem [[.2] can be restated in the following form.
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Theorem 1.2°. Assume the notation as above. The set Ty is boundedly saturated
for every n € N.

The aim of this article is to study matrix generalizations of Theorem [[.27 to an
arbitrary basic closed semialgebraic set X' C R. The problem is the following.

Problem 2’. Assume K C R is a basic closed semialgebraic set. Does there exist
a finite set S C Rlz], such that K = Kg and the n-th matric preordering T& is
saturated for every n € N?

If the answer to Problem 2’ is yes, another problem appears.

Problem 2”. Assume K C R is a basic closed semialgebraic set. Suppose that
for a finite set S C Rz], such that K = Kg, the n-th matriz preordering TE is
saturated for every n € N. Is T boundedly saturated for every n € N?

Let K C R be a basic closed semialgebraic set. A set S = {g1,...,9s} C Rz] is
the natural description of K, if it satisfies the following conditions:

(a) If K has the least element a, then z —a € S.
(b) If K has the greatest element a, then a —x € S.
(c) For every a #b € K, if (a,b) N K =0, then (z —a)(x —b) € S.
(d) These are the only elements of S.
Problems 27 and ] have already been solved in the following cases:

(1) T& is boundedly saturated for the natural description S of K (see [18]
Theorem 2.2] or [22], 2.7.3 Proposition] and [I9, Theorem 4.1]).
(2) For K = K314 = [0,1], T{nx,kz} is boundedly saturated for every n € N
(see [6] and [30]).
(3) For K = K¢,y = [0,00), T{’;} is boundedly saturated for every n € N (see
[30] and [3]).
Even more can be said in the case n = 1. There is a characterization of finite sets
S ={g1,...,9s} C R[z] such that the preordering T& is saturated, which we now
explain. If the set K is not compact, then T4 is saturated iff S contains each of
the polynomials in the natural description of Kg up to scaling by positive constants
(see [I8 Theorem 2.2]). Let now Kg be a compact set. Write Kg as the union of
pairwise disjoint points and intervals, i.e. Kg = [;,y;], where z; < y; for every
j=1,...,t. Then T{ is saturated if and only if the following two conditions hold:
(a) For every left endpoint z; there exists k € {1,..., s}, such that gi(z;) =0
and g (z;) > 0.
(b) For every right endpoint y; there exists k € {1,..., s}, such that gx(y;) =0
and g;(y;) <0.
(See [22, 9.3.3 Theorem] or [19, Theorem 3.2]. For the extension to curves in R”,
see [28, Theorem 5.17] or [22, 9.3.5 Theorem)].). We call every set S C R [z], that
satisfies the two conditions above, a saturated description of Kg.

Convention 2. An interval always has a non-empty interior.

1.5. Problem 2 - new results. One of the main results of the paper, which solves
Problem 2’ for compact sets K, is the following.

Theorem C. Let K be compact. The n-th matriz preordering T is saturated for
every n € N if and only if S is a saturated description of K (see Theorem [2.3).



The answers to Problem 2’ for unbounded sets K (except for a union of one or
two unbounded intervals and a point) and to Problem 2” (except for a union of a
regular component and a point or a union of two unbounded intervals and a point),
are given by Theorem D below.

Theorem D. Let K be a basic closed semialgebraic set.

The n-th matriz preordering T§ is boundedly saturated for the natural description
S of K and every n € N if K is either of the following:

e an interval,
e a union of two unbounded intervals,
e q union of at most three points,

(see Theorem [32).
The n-th matriz preordering T¢ is not boundedly saturated for any finite set
S C Rlx] such that K = Kg in the following cases:

e n > 2 and K contains at least two intervals with at least one of them
bounded,
e n>2 and K is a union of m points with m > 4,
e n > 2 and K is a union of an interval (bounded or unbounded) and m
isolated points with m > 2.
e n>2 and K is a union of two unbounded intervals and m isolated points
with m > 2.
Moreover, TG is not even boundedly weakly saturated, if K is regular and has at
least two components, one of which is unbounded and the others are bounded (see

Theorem [{.1)).

Theorem D solves Problem 2”7 for every closed semialgebraic set K C R, differ-
ent from the ones covered by Conjecture 2 below. Conjecture 2 is based on the
investigation of some examples and is the following.

Conjecture 2. Let K C R be either of the following:

e A union of a bounded interval and a point.
e A union of an unbounded interval and a point.
e A union of two unbounded intervals and a point.

Suppose S is the natural description of K. Then the n-th matriz preordering Tg is
boundedly saturated for every integer n > 1.

Conjecture 2 is true for all three cases covered if and only if it is true for at
least one case covered. Let us explain. Suppose F' is a matrix polynomials with
a ‘bounded description’ on a union of a bounded interval and a point. Then for
an appropriate d € R, G(z) = ((z — d))ds)F (:l:ﬁ) is a matrix polynomial
with a ‘bounded description’ on a union of an unbounded interval and a point or
a ‘bounded description’ on a union of two unbounded intervals and a point. Vice
versa, by the equality F(z) = zd¢(F)G (:I:% + d), the reverse statements also hold.
Furthermore, by the results of Subsections and B.2] Conjecture 2 is true if and
only if Conjecture 1 is true.

If the set K is unbounded, then by the form of the polynomials in the natural
description S of K, the n-th matrix preordering T is saturated if and only if T¢ is
boundedly saturated. Therefore, unbounded sets K without boundedly saturated
TZ (see Theorem D above), also do not have saturated T¢. Since for the natural
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description S of K, the preordering T is always boundedly saturated, the same
is true for an arbitrary finite set S C R[z] such that K = Kg. However, the
characterization of the set Posl,(K) for those sets K is the following.

Theorem E. Let K be an unbounded basic closed semialgebraic set with a saturated
description S and n € N. Then F € M, (Clx]) belongs to Posly(K) if and only if
for every w € C there exists h € R[z], such that h(w) # 0,h (w) # 0 and h*F € T¥
(see Theorem [51]).

The following table summarizes [I9, Theorem 4.1], Theorems C and D and Con-
jecture 2.

K A| B | C

a union of at most three points Yes | Yes | Yes

a union of m points with m > 4 Yes | Yes | No

a bounded interval Yes | Yes | Yes

a union of a bounded interval and an isolated point Yes | Yes | D
a union of a bounded interval and

m isolated points with m > 2 Yes | Yes | No

a compact set containing at least two intervals Yes | Yes | No

an unbounded interval Yes | Yes | Yes

a union of an unbounded interval and an isolated point | Yes | D D
a union of an unbounded interval and
m isolated points with m > 2
a union of two unbounded intervals Yes | Yes | Yes
a union of two unbounded intervals and an isolated point | Yes | D D
a union of two unbounded intervals and

Yes | No | No

m isolated points with m > 2 Yes | No | No
includes a bounded and an unbounded interval Yes | No | No
A = The preordering T3 is boundedly saturated for the natural description
S of K.
B := The n-th matrix preordering 7 is saturated for some finite set S such
that K = Kg and every integer n € N.
C = The n-th matrix preordering T¢ is boundedly saturated for the natural

description S of K and every integer n € N.
D := See Conjecture 2.

Note that the classification covers all closed semialgebraic sets K C R. If K
includes at least one unbounded interval, then by the form of the polynomials in
the natural description S of K, T§ is saturated if and only if T§ is boundedly
saturated. By the paragraph after Conjecture 2 above, the value of all D-s in the
table is the same. It is also the same to the value of D in the table classifying sets
J C T above. However, for regular sets K C R, the classification is complete.

At the end we solve a matrix moment problem, which we studied in [3], for the
union of two unbounded intervals (see Theorem [6.1]).



1.6. Facts about higher dimensions. The motivation for our research comes
from noncommutative real algebraic geometry for matrix polynomials. The prob-
lem is the following: For a given semialgebraic set K in R™ characterize matrix
polynomials which are positive semidefinite on K. Let us briefly survey what is
known about the characterizations in higher dimensions. Positive definite polyno-
mials on R™ where first characterized in [I2]. They generalize the characterization
of positive semidefinite polynomial from M, (Q), where @ is a finite dimensional
extension of rational numbers (see [5]). For other proofs see [24], [14]. Generally,
for an arbitrary semialgebraic set K C R™ and multivariate polynomials the Pos-
itivstellensatz in the sense of Krivine-Stengle result was obtained by Cimpri¢ (see
[2]). For a compact set K, a denominator free characterization of positive definite
matrix polynomials is a matrix version of Schmiidgen’s Positivstellensatz (see [3|
Theorem 6)).

2. SATURATED DESCRIPTIONS OF AN ARBITRARY .# C T AND A COMPACT
K C R GENERATE SATURATED 7n-TH MATRIX PREORDERINGS

The solutions to Problems 1’ for an arbitrary . and 2’ for a compact set K
from the Introduction, are the main results of this section (see Theorems 21l and [2.2]
below). They also characterize all finite sets . and S, such that the preorderings
74 and T§ are saturated for every integer n € N.

Theorem 2.1. Suppose JZ is a non-empty basic closed semialgebraic set in T.
The n-th matriz preordering J is saturated for every n € N if and only if &/ a
saturated description of .

Theorem 2.2. Suppose K is a non-empty basic compact semialgebraic set in R.
The n-th matriz preordering T¢ is saturated for every n € N if and only if S a
saturated description of K.

Note that by [I5, Theorem 2], T¢ is weakly saturated for every finite set .S C
R[z] satistying K = Kg. By Theorem [2.2] TZ is even saturated exactly for every
saturated description S of K.

Theorems 2.T]and 2.2l can be proved independently from each other by the induc-
tion on the size of matrix polynomials n using exactly the same methods. However,
to avoid repetition and to establish the connection between Problems 1 and 2 (see
Subsection [Z2]), we choose to prove Theorem [Z1] independently (see Subsection
2) and then derive Theorem from it (see Subsection [Z3]). The advantage of
this choice is also the fact, that we will need the connection between Problems 1
and 2 in the subsequent sections. The main ingredients in the proof of Theorems
21 and are:

(1) The n =1 case (For Problem 1’ it is derived from [28, Theorem 5.17] - see
Proposition 2.4 below. For Problem 2’ this is [22, 9.3.3 Theorem).).

(2) Proposition[Z7 for Problem 1’ and Corollary 2.8 for Problem 2’ (The proofs
use the idea of diagonalizing matrix polynomials. See [29] 4.3].).

(3) Getting rid of the denominators in Proposition 227 and Corollary 2.8 with
the use of Proposition 23] below, which is [27, Proposition 2.7] or [22] 9.6.1
Lemma).

Proposition 2.3. Suppose R is a commutative ring with 1 and Q C R. Let
®: R— C(K,R) be a ring homomorphism, where K is a topological space which is
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compact and Hausdorff. Suppose ®(R) separates points in K. Suppose f1,..., fr €
R are such that ®(f;) >0, 7 =1,...,k and (f1,...,fr) = (1). Then there exist
$1,-.., 8k € R such that s1f1 + ...+ sifx =1 and such that each ®(s;) is strictly
positive.

2.1. Proof for 7. The n =1 case of Theorem 2.1l is the following.

Proposition 2.4. Suppose J is a non-empty basic closed semialgebraic set in T.
The preordering T is saturated if and only if % is a saturated description of .

Proof. We have the following diagram:

14 q1 Clz,
Clz, w] Clz, y] (12_,[_y2y]_1)
T

2 -~ 3 ¢ isomorphism

Clz 3] = &ffﬂ

where ¢ is a unital ring homomorphism with ¢(2) := = + iy, p(w) := z — iy and
@1, g2 are quotient projections. Define f(x,y) := 22 + y?> — 1. By the diagram

above, ¢ (H; (C[z,1])) = % Let us define the set S; := @() C % We

write S1 = {1 + (f),....9s + ()} and S := {¢1,...,9s} C Rlz,y]. Suppose
Z:={(z,y) € R?: f(z,y) = 0}. Let v, be the natural valuation on the completion

of % at the point p € Z. By [28, Theorem 5.17] or [22} 9.3.5 Theorem], TS + I
is saturated if and only if the following conditions hold:
(1) For each boundary point p € Kg N Z, which is not an isolated point of
Kg N Z, there exists k € {1,..., s}, such that v,(gx) = 1.
(2) For each isolated point p € Kg N Z, there exist k,1 € {1,..., s}, such that
vp(gk) = vp(g1) =1 and grgi < 0 in some neighbourhood of p in Z.

Let us prove, that this is fulfilled exactly when % is a saturated description of
. First notice that p := (zg, o) is a boundary (and isolated) point of Kg N Z
iff 9 + iy is a boundary (and isolated) point of J#". Take g € R[z,y], such that
g(p) = 0. Write g in the form

ki(z — x0) + ka(y — o) + (x — 20)(y — yo)p(z,y) + (x — 20)%q(z) + (y — 0)*r(y),

where k1, ko € R, p(z,y) € R[z,y], q(z) € Rlz],7(y) € Rly]. By the use of 23 +y2 =
1, we write

F@y) = (& = 20)* + (y — y0)* + 2z0(z — m0) + 240(y — yo)-
We may assume zo # 0 (For yo # 0 the proof is analogous.). Then we can write

g(@,y) = k—lof(xvy) + (kz —k z—(;) W=v0)+ > Fimf@ ) (y—yv)™

2x
+m>2
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with &, € R. By the proof of 22, 12.2.2 Theorem],

R[fi Y] R[[$—$o7y—yo]]_R[[fay—yo]]

) 4 —RIly— 7
) ) (f)p (f)p [y — yol]

where RE?’;’] (resp. (})p) is the completion of REQ}’;’] (resp. (f)) at the point p.
op

Therefore v,(g) = 1 iff ko # k1 £2. Now,

b) = 5o (1) = T o 4 (e (e 4 i))? - d(2),

where
c(z) = k1(z — (o — 1yo)) — tka(z + (zo — iy0))
and d(z) € C [z, 1]. Furthermore, c(zo + iyo) = 2ik1yo — 2ikaxo. Hence,

, db .
c(wo +iyo) #0 & k27’éklz_§ < E(UUO‘HZIO)#O-

Finally,

db .
wlg) =1 &  —(zo+iy) #0.

z
Therefore, from the necessary and sufficient conditions for T + I being saturated
above we conclude that 7 is saturated if and only if . is a saturated description

of X . 0

To prove Proposition 2.7 below, which is the second main step in the proof of
Theorem 2.1 we need Lemmas and below.

Lemma 2.5. Let B = [by]x € M, ((C [z, %]) For every 1 < k <1 <mn there exist
unitary matrices Uy € My, (R) and Vi € M, (C) , such that

UnBU}, = [Cj:l :} VleVk*‘l:[d:l :]
where
b1, for1<k=I1l<n
= {%(bkz+blk+bkk+bu), for1<k<li<n ’
dy = {i bkl,l for1<k=1<n
5(=brr + b)) + 5 bk +by), for1<k<li<n

Proof. We define Uy = Vi1 := I, U = Vi := Py for k = 2,...,n, where Py
denotes the permutation matrix which permutes the first row and the k-th row.
For 1 < k <1 < n, define Uy; := PySk, where Sy = (séﬁl)) € M, (R) be the
pr

matrix with sl(ﬁcl) = s,(c]fl) = sl(],jl) = %, sl(lkl) = —%, sgzl) =1ifp ¢ {kI} and

s,(,lil) = 0 otherwise.
~(kl)

For 1 S k<l S n, define Vkl = Pkgkl; where S’kl = (Spr ) S Mn((C) be the
pr

matrix with 8 = 53" = &5, 500 = 2 = — £ 500 = 1if p ¢ {k,1} and
~(kl)

Spr~ = 0 otherwise. (]



12 ALJAZ ZALAR

Lemma 2.6. For A = [ﬁa* g} € H, ((C [Z, %]); where a = a* € (C[Za %]7

Be€ M ((C [2, %D and C € H,_4 ((C [z, %]) it holds
. a* 0 ad 0 a 15}
(i) at A= [ 58* a*l,_4 ] [ 0 a(aC —pB*p) } [ 0 al,—1 }

. ad 0 B a* 0 a -0
®) [0 a(aO—ﬁ*ﬁ)}‘[—ﬁ* a* nl]““'[o afnl]'
Proof. Easy computation. O

Now we come to the second main step in the proof of Theorem 2.1l

Proposition 2.7. Suppose J is a non-empty basic closed semialgebraic set in T
and & a saturated description of % . Then for every A € Posl (%) and every

w € C\ {0} there exists b € C|[z], such that b(w),b (%) # 0 and (b*b) - A € T2.
Proof. We prove by the induction on the size n of the matrix polynomials. Forn =1
we can take b = 1 by Proposition [Z4l Suppose the proposition holds for n — 1. We
will prove, that it holds for n. Let us take A € Posl(#"). For # = T we can take
b =1 by Theorem [T Suppose now .# # T. Take w € C\ {0}. We separate two
cases. If w ¢ T, then we define ¢(z) = (z — w)*(z — w). Else w € T and we define
c(z) = z—w. If A =0, we can take b = 1. Otherwise A # 0 and we can write
A = c™B, where m € NU{0}, B = [bu]u € My, (C [2,1]), and B(w) = B (%) # 0.
Let Ug, Vi, cii, dig be as in Lemma If for some kg € {1,...,n}, it holds
bkoko (w) = bkoko (%) 75 0, then we define kg = I, Tkoko = Ukoko and bkoko 1= Chkoko -
Otherwise there exist ko < lo, such that by, (w) # 0 or by, (=) # 0.

Case 1: w € T. From cpy, (w) = diyi, (w) = 0 we get by, (w) = 0, which is a
contradiction. Hence either ¢y, (w) # 0 or dpyi, (w) # 0.

Case 2: w ¢ T. We have cpy, = Re(biy,) € Hi (C[z,21]) and diy, =

Im(bryr,) € Hr (C [2,2]). Since for ¢ € Hy (C [2,1]), we know that c(w) = ¢ (),

it follows that Clkolo (’LU) 75 0 and Clolo (%) 75 0 or dkolo (’LU) 75 0 and dkolo (%) # 0.

If Ckolo(w) # 0 and Ckolo (1) 75 0, we deﬁne Tkolo = Ukolo ar}d bkolo = Ckolo-

Else dkolo (w) 75 0 and dkolo ( ) 75 0 and~we define Tkolo = Vkoloa bkolo = dkol()'

1

If we write Ty, BT}, = [ bk;lo g ] with 3 € M1 (C[z,1]) and C €
M, 1 ((C [z, %]), then TkoloATl:Dlo = { fcnlz%“)l: Emg } =: { ﬁa* g } . Therefore
by Lemma [Z8l(i) and dividing by (c¢*¢)*™ , it follows that

- 0 d 0 biy1 B
PA = T | sl s 0 4
Folo |: B* bZO[OIn—l ] |: 0 D :| |: 0 bkolo‘[ﬂ—l Folo:

where
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By Lemma 26 (ii) and dividing by (c*c)™, we have also

d 0 BZ / 0 " Do -8
= | Thdo Thoto AT, oo
|: 0 D :| |: _ﬁ* b]tolo-[n—l :| kolo kolo |: 0 bkolOIn—l

It follows that d > 0, D = 0 on 2. By the induction hypothesis, used for the
polynomial D € H,_1 (C [z,1]), there exists by € C|[z], such that by(w) # 0,
b1 (%) # 0 and b3b1 D € 7'5'}71. By Proposition 24, bibid € TL. Hence, b*bA €
4, where b = by -b and b(w) #0,b (%) # 0. This concludes the proof. O

Finally, we can prove Theorem 2.1 We will use Proposition 23] to get rid of the
denominators in Proposition 2.7

Proof of Theorem[2.1l By Proposition 24 .7, is saturated if and only if . is a
saturated description of J#. Therefore we have to prove only the if part. Let .
be a saturated description of #". We will prove that the set 77 is saturated for
every n € N. Let R be the ring Hy (C [z,1]) and ® : R — C(T,R) the natural
map, i.e. ®(a) = alr. P is a ring homomorphism and T is a compact and Hausdorff
topological space. ®(R) separates points in T. Indeed, define ai(z) = 1 + z and
az(z) = i(L — z). Notice that a1,a2 € Hy (C[2,1]). The equality ai(z1) = az(22)
holds if

1 1 1+22 1422

—tan=—+n < =

21 22 21 22

& 29— 21 = 2122(22 — 21).

(1+ zf)zz =1+ zg)zl

The latter is true in T if and only if 2o € {21,Z1}. So a1 separates all non-conjugate
pairs z1, zo. Similarly, as(z1) = as(22) if and ounly if z129(22 — 21) = 21 — 22. The
latter is true in T if and only if 25 € {21, —2Z1}. So ag separates all conjugate pairs
Z1522.
Let A € Posyo(# ). We will prove that A € .J2. We define the ideal I’ in
C [z, 4] by
1
I''=@0b:beClz],b'b-Ac ) CC {z,—] .
z
Every ideal J' C C [z, 1] determines the ideal J := J' N C[z] C C[z]. It holds
that J' = {£: n € NU{0}}. Since the maximal ideals in C[z] are precisely (z—w),
where w € C, the maximal ideals in C [z, 1] are precisely (z—w), where w € C\{0}.
By Proposition 7] for every w € C\ {0} there exists b € C|z], such that
b(w),b (%) #0 and b*b- A € F%. Therefore I' = Clz, 1].
Now we define the ideal I in R by

I=@0b:beClz],b*b-Ae T2) CR.

We claim that I = R. Since [ = C [z, %] there exist c¢1,...,¢, € C [2, ﬂ and
bi,...,bm € I', such that 3777, ¢;(bb;) = 1. Then also >0, ¢;(bjb;) = 1. Hence,
S, SE9 (b5b,) = 1. Therefore I = R.

By Proposition[Z.3] there exist dy,...,dn, € POS;O(T), such that ZT:I dj(b3b5)

L. Therefore 377", d;(b5b;)A = A € T, which concludes the proof.

O
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2.2. Connection between Problems [I] and 2l In this subsection we link, by
the use of Mobius transformations, closed semialgebraic set in R with closed semi-
algebraic sets in T. To every matrix polynomial, positive semidefinite on a given
semialgebraic set in R, and to each linked semialgebraic set in T, we assign a matrix
polynomial, positive semidefinite on the linked set.

Méobius transformations that map R U {oo} bijectively into T are exactly the
maps of the form

T — Wo

Aowo : RU{00} = T, Ay wp (2) := ZO:z: =

where zg € T and wg € C\ R. Therefore, we connect a closed semialgebraic set
K C R with a closed semialgebraic set

Hzgwo = Cl ()\ZO;U/O (K)) )

where CI(-) is the closure operator. Let F(x) be a matrix polynomial from the set
Posl((K). A matrix polynomial A, w,, r(2) € Posl (A2, w,) is defined by the rule

deg(F)

Apwnr(2) = (2 = 20)"(z = 20) 75 1. F (0710 (2)) 4

where [-] is the ceiling function. Note that A, w, r(2) is well defined, since

Wy — 2pWo

A (2) = ——

Note also, that the degree of A, v, r(2) is at most [degT(F)—‘. We also have

deg(F)"

xr — Wo)(x — w [ 2
=) Fa) = <( 0)( °>) N o (s (1)

4 - Tm(wp)?

where Im(-) is the imaginary part of -.

2.3. Proof for T¢. The second main step in the proof of Theorem 2.2 which we
prove by the use of Theorem 2.I] and the correspondence from Subsection 2.2] is
the following.

Corollary 2.8. Suppose K is a non-empty closed semialgebraic set in R and S
a saturated description of K. Then, for any F € H,(Clz]), the following are
equivalent:

(1) F-0on K.

(2) For wy € C\R there is ky, € NU{0}, such that

((z — wg)(z — wp))*™0 F e TZ.

Proof. The non-trivial direction is (1) = (2). Choose wyg € C\ R. Aj 4.7 (2)
belongs to Pos{ o (#1 w,). The set 7 := {A1 w9, (2); - - s A1 wg,g. (2)} is a saturated
description of % and by Theorem 2], we have A1 ., r(2) € 2. By the equality

@),

__ kg
(( 4-Ifr)1§wo)2 O)> =) e T8,

where k,, € NU {0} equals k — [degT(F)—‘, where k is the degree of the summand

of the highest degree in one of the expression of Aj 4, 7 (%) as the element of 7.
This concludes the proof of (1) = (2). O
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Finally, we can prove Theorem 221 We will use Proposition 23] to get rid of the
denominators in Corollary 2.8

Proof of Theorem[2.2. By [22, 9.3.3 Theorem]|, T4 is saturated if and only if S is a
saturated description of K. Therefore we have to prove only the if part. Let S be
a saturated description of K. We will prove that T¢ is saturated for every n € N.
Let R := R[z] and ® : R — C(K,R) be the natural map, i.e. ®(f) = f|x. Let
F € Posy((K). We will prove that F' € TZ. We define the ideal I in R[z] by

I:=(h*h: h € Clz],h*"hF € TY).

By Corollary 28 for every w € C there exists h € Clx], such that h(w), h(w) # 0
and h*hF € T¢. Indeed, for w # {i, —i} take wy = ¢ in Corollary 2.8 while for
w € {i,—i} take wy = 2i. Therefore I = R[z]. By Proposition 23] there exist
S1y+--,8m € Poslo(K) and hi,..., hy, € I, such that >oieq 8j(hihy) = 1. Hence,
>y 8j(hihj)F = F € T§, which concludes the proof. O

3. NATURAL DESCRIPTIONS AND BOUNDEDLY SATURATED n-TH PREORDERINGS

In this section we study Problems 1”7 and 2”. In Subsection [B.1] we work with
Problem 2”. In Subsection we continue to study connection between Problems
1 and 2 from Subsection Finally, in Subsection B3] we use the results for
Problem 2” to derive the results for Problem 1.

3.1. Problem 2”. By the following proposition, it suffices to study the natural
description S of a given set K C R, in Problem 2”.

Proposition 3.1. Let K C R be a non-empty basic closed semialgebraic set with
natural description S. Let Sy C Rz] be a finite set, such that Kg, = K. If T is
not boundedly saturated, then T is not boundedly saturated.

Proof. Let us write S = {¢1,...,9s} and S1 = {f1,..., fi}, s,t € N. By [19,
Theorem 4.1], the preordering TS1 is boundedly saturated. Therefore for every

j=1...,t fi= Zee{o,l}s 0cg®, where o, € ST R[z]? and deg (oege) < deg (f;)
for each e. Hence, if F' € Tg is of the form F' = Ze'e{O,l}f Te/ie/, where 7. €
S M, ((C[x])2 and deg (Te/ie ) < deg (F) for each €', then also F' = Zee{o,l}s 79,
where 7, € 3> M,, (C[z])* and deg (Teg®) < deg (F) for each e. Hence, if T§ is not
boundedly saturated, also Tg, is not boundedly saturated. O

The affirmative answer to the question of Problem 2” for some sets K C R and
every n € N is the following.

Theorem 3.2. Let K C R be either of the following:

e an interval,

e a union of two unbounded intervals,

e a union of at most three points.
Let S be the natural description of K. The n-th matriz preordering T§ is boundedly
saturated for every n € N.

Let K C R be a semialgebraic set and S := {¢1,...,9s} C R[z] with K = Kg.
We say that F' belongs to the bounded part T, of a n-th matrix preordering T'g,
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if it can be written in the form F' = 3" 1y 0cg® with oe € > M, (Cl[z])? and
deg(o.g®) < deg(F) for each e.
For the proof of the case of a union of at most three points we need the following.

Proposition 3.3. Let K = U7, {x;} C R be a union of points, where m € N.
Suppose S is the natural description of K and n € N. Then every F € Posy,(K)
with deg(F) > m — 1 belongs to T4 .

Proof. 1f we divide F with [[/2, (z — ), we get F' = [[]_, (z — 2;)G(z) + R(z),
where G(z), R(xz) € M, (C[z]) and deg(R) < m. Let us expand a vector R in the
basis fj(z) := [, (x — z¢) to get
F)=> [ (D)8 [ -z | 5+ []( - 2)G (=),
Jj=1 LF#] Jj=1
where k; € {0,1} is such that H#j(—l)kf (x —xy) € PosliO(K) and F; € M, (C).
Since F' € Pos{((K), it follows that F; = 0 for each j. Write G(z) in the form

G(z) =G ((z — 1)) + (x — 21) - G2 ((x — 31)?)
where G1, G2 € M, (C[z]), and 2deg(G1) < deg(G), 2deg(G2) < deg(G)—1. Using
the identity
(A+1D)*(A+1) (A-1)*(A-1)
4 4
for the matrix coefficients of G; ((z — 21)?), note that G; ((x — z1)?) can be writen
as

A:

G ((z —21)*) = Gja () — Gja(a),
where Gj1,Gjo € S M, (Clz])? and deg(G1),deg(G2) < 2deg(G;) for j = 1,2.
By [19, Theorem 4.1], it is also true that

(—1)ki H(z—xz) € Té)b, :I:H(a:—a:j) € T§7b, +(zx — a1 H T —x;) € TSb,
£ =1 =1
and hence F' € Tg,. (|

Proof of Theorem[3.2. We separate two cases:
Case 1: K has non-empty interior:

e K =R : The statement follows by Theorem

e K = [a,0) or K = (—o0,b] or K = [¢,d], a,b,¢c,d € R, ¢ < d: The
statement follows by the known results for [0, 1] and [0, 00) (see Subsection
[[4)) with the use of linear transformations x — kx + n, k,n € R.

o K = (—o0,a] U [b,00), a,b € R, a < b: By a linear change of variable,
we may assume that K = (—oo,—1] U [1,00). Every F' € Posl((K) is of
even degree. We define F(z) = xde(")F (%) and observe that F} >~ 0 on
[—1,1]. By the above and by the identity

(x+1)2+ (z+1)(1—2)

2 )
there exist matrix polynomials G1, H; with deg(G;) < dch(F),deg(Hl) <
degT(F) — 1, such that

Fi(z) = Gi(z)"G1(x) + Hi(z) Hy(z)(z + 1)(1 — z).

r+1=
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Therefore

F(z) = xdes(F) py <l>

T

- (o (Y (2 (2) 0 () (o) (-2)

— G)"Gle) + H(z) H(x)(1 + )z — 1),

where
dcg(F) 1 dcg(F) _1 1
G(z) ==z Gi|=-|, H:=z H,

€T x

are matrix polynomials with deg(G) < ngT(F), deg(H) < ngT(F) -1

Case 2: K is a union of at most three points.

e |K| =1: The statement follows by Proposition B3

o |[K| =2:Let F € Posl,(K). If F is of degree 0, then it is of the form
G*G for some G € M, (C). Hence, F € Tg,. Otherwise, F is of degree > 1
and F' € Tg, by Proposition B3l Hence, Tg, =Tg and Tg is boundedly
saturated for every n € N.

o |[K|=3:Let K :={x1} U{za} U{as} with z1,29,23 € R, 21 < z3 < 3.
Let F € Posl,(K). If F is of degree 0, then F' € T, by the same argument
as above for |K| = 2. If F is of degree 1, then by the convexity of the set
{z € R: F(z) = 0}, it follows that F' € Posl([z1,z3]). By Case 1 above, F’
is of the form Fjf Fo+ (v — 1) Fj Fy + (x5 —x) F Fy with Fy, Fy, Fy € M,,(C).
Hence F € Tg,. Finally, if F'is of degree > 2, then F' € T'g}, by Proposition
Hence, Tg, = Tg and Tg is boundedly saturated for every n € N.

This concludes the proof. ([l

3.2. Further connection between Problems [l and [2l Assume the notation as
in Subsection In this subsection we link, by the use of M&bius transformations,
closed semialgebraic set in T with closed with closed semialgebraic sets in R. To
every matrix polynomial, positive semidefinite on a given semialgebraic set in T,
and to each linked semialgebraic set in R, we assign a matrix polynomial, positive
semidefinite on the linked set. Finally, in Proposition B.5 a connection between
natural descriptions of a given semialgebraic set and each linked set is established.
Recall that a map A.w,(z) : RU {oo} — T is defined by A.y,uw, (%) 1= 2072,
where zp € T and wy € C\ R (see Subsection 2.2)). We link a closed semialgebraic
set # C T with a closed semialgebraic set

Koo wo = )‘z_o,wo( ) \ {OO}

To each polynomial A(z) € Posl,(#) we assign a polynomial I';; w, a(z) €
Posl (K z,w,) by the rule

T —wWo)lxr—w deg(4)
on,wo,A(x) = (( 4. I(IJI)léwo)2 O)> A ()‘Zoﬂvo (‘T)) )

where Im(-) is the imaginary part of -. Note that I', 4, 4(z) is well defined by the
definition of A, w, (), and that the degree of T’ w,,4(z) is at most 2 deg(A). We
also have the identity

() A(2) = (2 = 20)" (2 = 20)) "B - T g, (Aot (2)).
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Now we connect natural descriptions of K ,,, € R and .# C T. For tehnical
reasons, we introduce the notion of the even natural description of a semialgebraic
set. We call a set S’ the even natural description of a basic closed semialgebraic
set K C R if it satisfies (a) — (d) in the definition of the natural description of K
and in addition:

(e) If S” includes both elements of the form = — a and b — x with a < b, then
we replace them by the element (z — a)(b — ).

Remark 3.4. By the equalities
(r—a)(b—1z)+ (z—a)?

— — b— =
Tr—a b—a ) x

(r —a)(b—z)+ (b—2)?
b—a ’

1 _ 1l
we have T =Ty, .

The connection between the natural description of # C T and the even natural
description of K, , € R is the following.

Proposition 3.5. Let # C T be the closed semialgebraic set with |¢| > 1 and
K.owe C R the corresponding closed semialgebraic set with |K w,| > 1. Let
S i={g1(x),...,9s(x)} be the even natural description of K., w,. Then the set

Azo,wo,S' = {A207w07917 s 7Az(),wo,gs}
is exactly the set of polynomials from the natural description of the set &, up to

multiplying each member by some positive constant. Moreover,

/
Iz wo,A =5

z0,wq,S’

Proof. Note that
Kopwo = Njq {z e R: gj(z) >0} and # = ) {z€T: Ay, (g;) > 0}.

Therefore it remains to show only, that every polynomial A, ., (g;) is a polynomial
from the natural description of J#°, multiplied by some positive constant. We
separate two cases:

Case 1: gj(z) = £(x — a)(x — b). Then

Azo,wo,gj = k- (Z — )‘Zo,wo (a’)) (Z — )‘Zoﬂvo (b))
z

where k € C\ {0} is such that A w,,g, € Poslto(%).

Case 2: gj(z) = £(x — a). Then

k- (Z — )‘Zoﬂvo(a)) (Z — ZO)

z

AZO;WO)gj =

where k£ € C\ {0} is such that A w,,g, € Poslto(t%/).
The equality T2, w,A = §' is easily verified. O

z0,wq,S’

3.3. Problem 1”. By the use of previous two Subsections we come to the following
affirmative answer to the question of Problem 1”.

Theorem 3.6. Let # C T be a non-empty basic closed semialgebraic set with
natural description 7. The n-th matric preordering T2 is boundedly saturated in
either of the following cases:

e n=1and X is arbitrary.
e n € N is arbitrary and J is an arc,
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e n € N is arbitrary and J# is a union of at most three points.

Proof of Theorem [3.d. We separate two cases:

Case 1: 7| > 1. Take A(z) € Posy (). It & # T, choose zp € T\ % . Oth-
erwise choose an arbitrary 2o € #. Choose also wg € C\ R. Then T',, ., a(z) €
Posl (K w,) and deg (T2 wy,4(x)) < 2deg(A). By [19, Theorem 4.1] and The-
orem 2] it follows that that T, ., () € 1§y, where S is the natural de-
scription of K, .,. By replacing the natural description S with the even nat-
ural description " := {g1,...,9s}, we get L. uwo,a(2) = Docqo.1)e Tey®, Where
deg (0cg®) < 2deg(A) for each e. By the identity (o) above and by Proposition 3.5
it follows that A(z) € T2.

Case 2: |#| = 1. By the definition, . = {b1(z),b2(2)}, where b1(z) = k1 -
Ezoleize) 1, (5) = ky - E20lEtiz0) g — /322 ky = /=022, such that by €
POS&_O([Zo, 7;20]), by € POS;O([—’L'Z(), Zo]) Choose z3 € (iZO, —ZZO) Then

gi(z) =Ty i () = ks(z—z0)(x —x1),

92(x) =Ty ins(¥) = ka(w —mo) (2 — 12),
where k3, ks < 0 are negative constants, zp = /\z_s}l)i(zo), r] = /\2_3171-(2'20), To =
)\Z_;i(—izo) and z3 < g < x1. Define S’ := {g1,92}. Then K := Kg = {z0}. Let

S be the natural description of K. Choose A(z) € Posly(#). Then I, ; a(z) €
Posl((K) and deg(I'.; ; a) < 2deg(A). We know that
—ks(z —20)* + g1(2) 1
— = = Ts
T — To (—kg)(.%‘l—.%'o) oo t+o1g91 € 13,
—ka(z — 20)* + ga(2) 1
—(x — = = T3
(:E CEO) (—k4)($€0—$2) o9+ 0392 € 15/,
x) + T
—(x—x0)? = % + c(x — z0) = 04 + 0591 + 0692 € Ta,
where ¢ € R, 0; € Y. R[z]? for j = 1,...,6 and deg(o;) < 2 for j = 0,2,4 and
deg(o;) =0 for j =1,3,5,6. Since deg(T';;,i,4) < 2deg(A). Then

T.,ia(®) =70+ 71(x —20) — T2 — 20) — 73(2 — 70)?,
where 7; € Y M,,(C[z])? for each j and deg(o) < 2deg(A), deg(r;) < 2deg(A) —2
for 7 =1,2,3. Therefore
Ipia(@) =70+ F191 + T2g2,
where 7; € > M, (C[x])? for each j and deg(7y), deg(F1g1), deg(faga) < 2deg(A).
Hence,
A(2) = (2 = 28)" (2 = 28) ¥V Ty a0

Z3,’i

(2)) € T34
This concludes the proof. (I

4. SETS %, K WITHOUT BOUNDEDLY SATURATED 9;, T§ FOR ANY FINITE
SETS ./, S WITH o =, Kg =K

The negative answers to the questions of Problems 1”7 and 2” for almost all
remaining sets K, £ not covered by Theorems and (except for a union of
an interval and a point or a union of two unbounded intervals and a point) and all
n > 2 are the main results of this section (see Theorems 1] and below). By
Propositions [3.] and below, it suffices to study natural descriptions.
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Theorem 4.1. Let a non-empty basic closed semialgebraic set K C R satisfy either
of the following:

(1) K contains at least two intervals with at least one of them bounded,

(2) K is a union of m points with m >4,

(3) K is a union of an interval (bounded or unbounded) and m isolated points

with m > 2.

(4) K is a union of two unbounded intervals and m isolated points with m > 2.
If S C Rz] is a finite set with Kg = K, then the 2-nd matriz preordering T2 is not
boundedly saturated. Moreover,

(5) If K is regqular with at least two components, one of which is unbounded and

the others are bounded, then Tg is not even boundedly weakly saturated.

Theorem 4.2. Let a non-empty basic closed semialgebraic set & C T satisfy either
of the following:

(1) & contains at least two arcs,

(2) A is a union of m points with m > 4,

(3) A is a union of an arc and m isolated points with m > 2.
If ¥ C Hy ((C [z, %]) is a finite set with Hs = J¢, then the 2-nd matriz preordering
f} 18 not boundedly saturated.

Let K C R be a semialgebraic set with natural description S := {g1,...,9s}
Recall that F' belongs to the bounded part T, of a n-th matrix preordering T'g,

if it can be written in the form F' = 3 1y 0cg® with oc € > M, (C[z])? and
deg(o.g®) < deg(F) for each e.

4.1. Proof of (1) and (5) of Theorem [4.1]

Proposition 4.3. Let K = [z1,22] U [z3,00) be a union of a bounded and an
unbounded interval, where x1 < xo < x3. Let us define the polynomial
Fiy(e)i= | Eégk) 22 + nggi)+ clk) |’

where

A(k) = k—ux,

B(k) = —k—x9— x3,

Ck) := k?>+k(—z1+ 22+ 23) + 2013,

D(k) = JAK)C(k)+ x12003 =

= \/k:3 + k2(—2x1 + @2 + 73) + k(2223 + 23 — 21209 — 1173).
For every k, which satisfies
k3 + k?(—2x1 + 20 + 23) + k(20x3 + 23 — 2120 — 2123) > 0,

2
3 To + I3 To — I3
K24k — — 0
S5y (x1+ : ) ( . ) >0,

Fr(x) belongs to PoséO(K) and does not belong to Tgl, where S is the natural
description of any set K1 of the form

[z1, 22] UUTL [22541, T2j42] U [T2m43,00) € K
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with m > 0 and z; < w41 for each j. In particular, Fy(z) ¢ TZ.
Moreover, for every fized k above and every € > 0 sufficiently small, Fi.(x)+ely ¢
T3 .

Proof. First we will prove, that Fj(z) € Pos (K) for k satisfying the conditions
in the statement of the proposition. The determinant of Fj(z) is (z — z1)(z —
x9)(x — x3) € Posty(K). The upper left corner of F is non-negative for = > z; — k;
hence it belongs to PosiO(K ). The lower right corner is a quadratic polynomial

p(z) := 2% + Bz + C with a vertex in = =£. By the choice of k,

—B _3 9 To + I3 To — I3 2

So p(z) is positive on R and hence p € Poslto(K). Since all principal minors of

Fy(x) are non-negative on K, Fy(z) € PosiO(K).
Now we will prove that Fj(x) ¢ T3 . We know that

S1 = {z—m,(x—x2)(x —x3),...,(x — Tomyo) (T — Tamys)}
= {917927"'7977'7,-‘,—2}-

If Fy, € T3, then it can be written in the form F = Zee{o 1ym+2 0eg®, where
oe € Y My(Clz])? for every {0, 1} 2 and g¢ = g7* - - - g, fore = (e1, ..., €mt2).
By the degree comparison we conclude, that the non-zero part can be just

m+1
(o) Fe() =00+ o1(z—z1) + > 0j1(x — 295) (@ — 72541),

j=1
where o; € 3" M>(Clz])? for each j and deg(oo) < 2, deg(o;) =0forj=1,...,m+
2. By observing the monomial 2 on both sides, it follows that o9 = [ 8 k(:) } for

0

some ko € [0,1]. Equivalently (@) can be written as

Fi(z) —o2(x — x2)(x —x3) = 0o+ o1(x —x1) + Zai(x — x9;) (T — T2iq1)-
i=2
The right-hand side belongs to Posio(lgl), where K = K U [22,23]. But the
determinant of the left-hand side

q(x) = (x — 22) (2 — x3)(2(1 — ko) — (x1 — 21ko + kko))

is a non-zero polynomial of degree 3 with zeroes © = z9 and z = z3. ¢ is indeed
non-zero, since otherwise 1 — kg = x1 —x1ko+kko =0,80kg=1land 1 — 21+ k =
k = 0, which is a contradiction. Since g cannot have double zeroes at x = z2 and
& = x3, ¢ ¢ Pos(K1). Hence Fy(x) — oo(x — o) (x — 3) ¢ Pos? o(K,), which is a
contradiction. Therefore Fy cannot be expressed in the form (*) and so Fy ¢ T3 .

Finally we will prove, that for a fixed k there and ¢ > 0 sufficiently small,
Fr(x)+els ¢ Tgl. With the same arguments as above, Fj +els € Tgl would imply

m

Fi(x) 4+ €ely —oo(x — 22)(x — x3) = 0 + 01 (x — 1) + Z oip1(x — 22:) (2 — T2i41),
i—2
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0 k
POS%O(K), where

where g9 = [ 00 ] for some k € [0,1]. The right-hand side again belongs to

o [x1,00), ifm=1

{ [z1, 4] YU 5 [22i—1, T2i] U [T2m—+1,00), otherwise
On computing the determinant of the left-hand side in the point x = ;1 we get
—k(zy — x2)(21 — x3) (21 + A(K) + €) + e(2? + B(k)xy + C(k) + x1 + A(k) +¢€),
which is non-negative for
e(z? + B(k)z1 + C(k) + 21 + A(k) +¢€)
(z1 — z2)(z1 — 23) (71 + A(K) + €)

On computing the determinant of the left-hand side in the point x =

2
k(x‘o’ 4;62) <x2 ;wB + A(k) —I—e) + det (Fl (%) +€I2) .

Since“;r—“+A+e>x1+A+e:N+e>Othisisequivalentto
—det (Fy (%21t22) 4 ¢,
| —det (B (2242) + o)

- (13*412)2 (m;m _|_A_|_€)

k<

Totx:
=552 we get

Since det (F1 (”'”3)) < 0, for € > 0 small enough we have

_ Totx
— det <F1 (#) +612> det (Fy (22422)) -

2
Hence, for € > 0 small enough,
.. (22 4+ Bry +C+axy +A+e)  —det (Fy (202) + ly)
(r1 —x2)(x1 —23)(11 + A+€) M(%—“—FA-I—Q'

For those €, the determinant of Fi(x) 4+ el — o2 (xz — z3)(z — 23) cannot be positive
semidefinite in x; and ””2—;”“ simultaneously, which is a contradiction. Therefore
Fr(x) + el ¢ T3, for e > 0 sufficiently small. O

Proof of (5) of Theorem[{.1] By Proposition [B.I] we may assume S is the natural
description of K. We separate two cases, depending on the form of K.

Case 1: K is bounded from below and unbounded from above. K is of the form
U;—nzl[fbgj_l,fbgj] U [Z2m+1,00), where m € N and z; < xj41 for j = 1,...,2m. By
Proposition B.I] we may assume S is the natural description of K. Let us define
the set K1 := [21,22] U [z3,00). By Proposition 3] there exists a polynomial
F € Pos? (K1), such that F ¢ T2 = TZ,. Hence, Tg is not weakly saturated.

Case 2: K is unbounded from below and bounded from above. K is of the form

(=00, z1] UML) [25, 22j41], where m € N and x; < x4 for j =1,...,2m + 1. By
Case 1, T3, is not saturated, where S is the natural description of —K. Hence, T3
is not weakly saturated. (I

Proof of (1) of Theorem[{.1] By Proposition B.I] we may assume S is the natural
description of K. Let us write K in the form K := U7, {z;} U K1, where m € N
and K is the regular part of K. Let S; be the natural description of K;. We
separate two cases, depending on the form of Kj.
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Case 1: K, is bounded from one side and unbounded from the other. By (5)
of Theorem ] there is a polynomial F; € Pos?(K;) and Fy ¢ TE, = T3, 4
Write S := {g1,...,9s}. The polynomial F(z) := [[j",(x — x;) - Fi(x) belongs
to POSQEO(K). If FeTi=Ts, then F = D ec{0,1}: Oeg, where each o, €
> M, (C[z])?. Since F(z;) = 0 and 0.g°(x;) = 0, we conclude that o.g°(z;) = 0 for
j=1,...,m and each e. Therefore Hil(az — ;) divides each o.g®. ﬁence7 Oey’ =
[T/2)(z — z;) - Tehe, where 7, € 3 My (Cla])?, he € Pos_ (K1) and deg(rehe) <
deg(F1). By [19, Theorem 4.1], h € Tg, ;. It follows that Fy € T§, ,, which is a
contradiction. Therefore T2 is not saturated.

Case 2: Other K;. Let d € R be the maximum of K;. Define the map
Ad : R\ {d} — R with A\g(z) := z1=. Observe that A\g(K1) =: K» is the set
of the form U;n:ll [Q/}Qj,l,ij] @] [i2m1+1700), where m; € N and j?j < j?jJrl for
j =1,...,2m;. By Proposition @3] there is a polynomial F» € PosZ (K>) of
degree 2 with Fy ¢ T3, = Tg%b, where Ss is the natural description of K». Therefore
Fi(z) =a2*F (d— 1) € PosiO(Kl) and Fy ¢ T§, ,, To construct F(z) € PosiO(K)
with F ¢ T;b, proceed as in Case 1. Therefore T§ is not boundedly saturated. [J

Concrete examples for the statement of (5) and (1) of Theorem 1] in the cases
K1 :=[-1,00U[l,00) and K3 = (—00,—2] U [0, 2] U[2,00) respectively, are the
following.

Example 1. Let us take a € (1,00) and ¢ € [0,27). The matrix polynomial

Foplz) = z+a eVa® —a
e e Vet —a 22 —a-x+ (a? - 1)

is positive semidefinite on K := [—1,0] U [1, 00), but
FU«;<P ¢ Tgl’

where S7 is the natural description of K. Moreover, for ¢ > 0 sufficiently small
also

Fop+elr ¢ T3,

where I is the 2 x 2 identity matrix.

Proof. The arguments are the same as for the matrix polynomial Fj(z) in Propo-
sition 31 O

Example 2. Let us take a € (1,00) and ¢ € [0,27). The matrix polynomial

1
Ga,(p(x) = (E2Fa)<p (E — 5)

where S5 is the natural description of K.
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Proof. From Gy ,(z) = 2%F, o (% — %) , it follows that G4 ,(z) = 0 for %—% € K.
Hence, Gq,,(x) = 0 for z € Ky. If Go, € T§2, then

Guyp = 00 + 01(2 + 2) + 02 (w—%) (x—2)+03(:v+2)x(x—§) (x—2),

where o; € > My (C[z]) for j = 0,1,2,3. From the degree comparison we conclude

that o3 = 0, deg(oo) < 2, and deg(o1) = deg(o2) = 0. But then F, ,(z) =

Go+01(x+1)+Gox(x—1) € TZ,, where 60(z) = (z + %)2 o0 (m_‘%), &1 =207 and
2

4

302. This is in contradiction with Example Il Hence, G, ¢ T3, . O

02 =
4.2. Proof of (2) and (3) of Theorem 4.3l The following Proposition and the

construction of the counterexample for the statements (2) and (3) of Theorem [4.1]
is due to Jaka Cimpri¢. I thank him for allowing me to include his result here.

Proposition 4.4. Let K = {x1,z2,23,24} be the J element set with 1 < x2 <
x3 < x4. The polynomial F(x) := Fya? + Fyx + F € H,(C[z]), which belongs to
POSQEO(K) and satisfies

(1) ker(F(z2)) @ ker(F(z3)) = C",
(2) F2 20,

does not belong to the bounded part Tg, of the n-th matriz preordering T, where
S is the natural description of K.

Proof. Write e;;(v) = (z — x;)(z — ;) for 4,5 = 1,2,3,4. If F(x) belongs to T,
then we can write F'(x) in the form

(*) F(LL') = Aelg(l') + B€23(£L') + 0634($) + D(—€14(£L')) + G(,T)

with A, B,C,D € >  M,(C)? and G(z) := Gaz* + Giz + Gy € Y M, (C[z])2.
We have F(IQ) = 0634({E2) + D(—614({E2)) + G(.IQ) and F({Eg) = Aelg(fbg) +
D(—e14(x3)) + G(x3). Therefore ker(F(z2)) C ker(D) and ker(F(z3)) C ker(D).
Hence C" = ker(F(z2)) @ ker(F(x3)) C ker(D). So D = 0. Comparing the leading
coefficients in (x) we get F» = A+ B+ C + G5 = 0, which is a contradiction. O

Proof of (2) and (3) of Theorem [{-1] The set K has one of the following forms:

o K =U" {z;}, where m >4 and x; <41 for j=1,...,m—1.
o K = [z1,22] UUT 3{x;}, where m > 4, x;, # z;, for j1 # ja and x; ¢
[x1,22] for j =3,...,m.

By an appropriate substitution (see Case 2 in the proof of (1) of Theorem [FT]),
we may assume 7 < Tz < x3 < x4 for either of the forms above. Define the
polynomials ejo(x) := (v — z;)(z — z¢), where j,£ = 1,2,3,4. Let us define the
matrix polynomial Fy(x) = Ageia(x) + Breas(zr) + Cresa(x), where

Ak_(u_xg)H ;},Bk_(xl—u)[llg I;],C’k—(xg—xl){]j: ’1“]
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For k > 1 we have

Fe) = (2o e —a | )] =0,
Fulen) = (2o oo —an) | § | =0
Fea) = (o= a)(ea—am)(es—a) | |l | =0,
Fo(ra) = (24— 21)(wa— 2)(ws — 73) 8 kgo_l}zo.

Since k > 1, it holds also that Fi(x2) ® Fj(z3) = C2.
Since det(Fy(z;)) = 0 for j = 1,2,3,4 and deg(det(F)) < 4, it follows that

det(Fi(a;)) = p(k) [y (@ — 2;), where

p(k) == (k2k_ D (k* (22 — 21) (24 — 23) + (25 — 21) (22 — 24)) € R[K].

Let us define the interval I := (1, m) For k € I, p(k) < 0 and

(z2—z1)(za—23)

det(Fy) € Poslto([azl,xg] U [z3, z4]). Let us write Fy(z) := [ Z:((i)) i:g; } with
ak(z),bk(x), cx(z) € Rlz,k]. By the calculations of Fi(z;) above, a(x1) > 0,
a(zz) > 0, a(xzs) > 0 and a(z4) = 0. Since deg,(ax) < 2, if ar has another
zero xp on the interval (z1,x4), then it lies on the interval (x3,z4). But then
det(Fy(20)) < 0, which is contradiction. Thus, (ax)|jz,.z,) = 0. Similarly also
(ct)l[z1,24] = 0. Hence, Fy € Posio([xl,xg] U [z3, z4]). Let S1 be the natural de-
scription of the set Ky := {21, 2, 23,24}. By Proposition 44l Fy(z) ¢ Tghb for
k € I. Suppose So is the natural description of Ko := [x1,x2] U {3, 24}. Since
Sy C S, it follows that Fy(x) ¢ T3, ,. Define the polynomial r(z) =[]}~ (z — ;)
and the matrix polynomial Gy () = r(z)Fi(z). Let us assume G}, € Tg,, where S
is the natural description of K. Then all the summands in the sum are divisible by
r(z). Hence, Fi(x) = Ci’zgf)) belongs to T, ,. This is a contradiction. O
4.3. Proof of Theorem It is enough to prove Theorem for the natural
description . of JZ by the following.

Proposition 4.5. Let # C T be a non-empty basic closed semialgebraic set with
natural description . Let /1 C Hy ((C [z, %D be a finite set, such that Ko, = K .
If 73 is not boundedly saturated, then g is not boundedly saturated.

Proof. The proof is analogous to the proof of Proposition Bl just that we use
Theorem [3.0] instead of [I8, Theorem 4.1]. O

Proof of Theorem[{.3 Assume the notation from Subsections and Choose
zo ¢ 2. The set K, has one of the forms from Theorem Il Hence, there
is a polynomial F € Pos? (K,,;) (or F € Pos?(K,,)) of even degree, such
that F ¢ T2,1b7 where S’ is the even natural description of K., i. But then
Asyir(2) € Posto(#) (or Ay i r(2) € Posto(#)) and A, p(2) ¢ T3, (Here
we used Proposition [37). O
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5. NICHTNEGATIVSTELLENSATZ FOR AN ARBITRARY K

By the results of Section [B] we see, that for almost all unbounded sets K, there
are polynomials from Pos!(K') that do not belong to T, where S is any finite set
S C R[z] such that K = K. The main result of this section is the characterization
of Posl ((K) for unbounded sets K.

Theorem 5.1. Suppose K is an unbounded basic closed semialgebraic set in R and
S a saturated description of K. Then, for any F € H,(Clz]), the following are
equivalent:

(1) F € Posly(K).

(2) (1+2®)kF € T% for some k € NU{0}.

(3) Forw € C\K there exists k,, € NU{0}, such that ((z — w)*(z — w))™ F €

Tn.

(4) For every w € C there exists h € Rz], such that h(w) # 0, h(W) # 0 and
h2F € T,

(5) For every p € N there exists h € Y R[z]?, such that hF = F* + F', where
F' eTg.

The characterization of Posl,(K) in the case of multivariate real matrix poly-
nomials is [2, Theorem B]. The improvement of [2, Theorem B] in the univariate
case is the fact, that h in (5) of Theorem [Tl above can be taken from R[x] instead
of M, (R[z]).

Proof of equivalence (1) < (2) of Theorem [5.1 It follows by Corollary 2.8 for
wo = 1.

Proof of equivalence (1) < (3) of Theorem [5.3l We will need an additional
lemma to prove (1) = (3) for the case w € R\ K. Let # C T be a semialgebraic
set with a saturated description ¥ := {b1,...,bs}. We say that A lies in the
bounded part ﬂjﬁb of 72, if it can be writen in the form A = Zee{o,l}s T.b® with
Te € > M, (C[z])? and deg(7cb®) < deg(A) for each e.

Assume the notation from Subsections and

Lemma 5.2. Let # C T be a non-empty basic closed semialgebraic set and .7 a
saturated description of % . Then for every A € Posly(%) and every

(1) 20 €T if # =T,
(2) 20 € T\ A if # #T,

there exists £,, € NU {0}, such that ((z — z0)*(z — zo))ezo A€ TG,

Proof. If ¢ = T, we choose k,, = 0 and the result follows by Theorem [l
Otherwise let zp € T\ . We have I, ; a(z) € Posl(K,,,). Note that K, ; is
a non-empty basic compact semialgebraic set with a saturated description T',, ; .
By Theorem 22 T, ; a(x) € Ty, . - But then by (@),

(== 20)" - (z = 20)) - A(z) € T3,
for £, € NU {0} great enough. O

Proof of equivalence (1) < (3) of Theorem [51l For w € C\R the statement follows
by Corollary2.8 Let now w € R\ K. If K = R, there is nothing to prove. Otherwise
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K #R. A1 r(z) € Posl(J ). By Lemma[.2] for every zg € T\ J# there exists
¢,, € NU {0}, such that

((z = 20)"(2 — 20)) = A1 i,p(2) € TR, -
By ®) and the fact that zg # 1 (Since K is unbounded, 1 € J ;.), it follows that

deg(m) ] g
(%) | s ' (((z — 20)* (2 — 20)) "0 Al,i,F) (Ari(z)) =
)

_ (W) [desM) 4 g, <<M>em .Alﬂin(/\lyi(x))> )

—20A1,i(x)
. Lzg
(=G T (e e

Hence,
(& = Avi(z0)) - F(z) € T§
for some £,, € NU{0}. When 2o runs over T \ ¢, )\1 i(20) runs over R\ K, which

is exactly (3) for w € R\ K (For w = A1,(20), kw := £5,.) This concludes the
proof. O

Proof of equivalence (1) < (4) of Theorem 5.3l It follows from the equivalence
(1) & (3). If K =R, we can take h = 1, by Theorem Otherwise there are
71,22 € R\ K, 21 # z9. For w # x1 take h(x) = (x — x1)*=1 from (3), while for
w = x; take h(z) = (z — x2)*=2 from (3).

Proof of equivalence (1) < (5) of Theorem [5.3l The non-trivial direction is
(1) = (5). Let us write

pert = le ZfJJEJJ + Zfﬂ Eji + Eji) -

Jg<li

For every j = 1,...,n we have
fiiEii = (U + f2) Ejj = (14 1) In.
For every 1 < j <l < n we have

fi (Bj + Eji) = (1 + fjlf_jl) (Ejj + En) = (1 + lele)
We use those inequalities and obtain F2P~1 < hIn, where h 1= ijl (1 + fjlf_jl) I,

We will argue that hF — F?” € Posl(K). By the equality hF — F?P = F(hI, —
F2?r=1), the inclusions F' € Posl((K) and il{n — F?~1 € Posl((R) C Posl(K),
and the fact that the matrix polynomials F, hl,, — F 2r=1 commute, it follows that
hE — F?P € Posl ((K).

Now we will prove, that there is h € Y R[z]® and F’ € T%, such that hF =
F? + F'. By the equivalence (1) < (2) of Theorem 5.1} there exists k € NU {0},
such that (1+2%)*(hF—F?) € T2. It follows that (1+22)?*hF = (1+22%)?* F?P 4+ F,
where F € T#. We can write (1 4 22)%* = 1+ r(x), where r € 3 R[z]. Tt follows
that

(1+2>)*hF =1 +a2>)F? + F=F? 4 rF?* L F.
Therefore hE = F? + F' for h := (1+22)?*h € Y. R[z]? and F' := rF?* + F € TZ.
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6. APPLICATION TO THE MATRIX MOMENT PROBLEM

Given a closed subset K of R", one of the matrix versions of the K-moment prob-
lem asks for a characterization of the linear functionals L : M,, (R[z1,...,2,]) = R
which arise by integration with respect to a suitable operator Borel measure on
K. See [3] for details and the basic terminology. [3, Theorem 3] is such a char-
acterization. With the use of results of this paper we obtain Svecov’s theorem for
matrix polynomials (see [3| Corollary 1] for Hamburger’s, Stieltjes” and Hausdorff’s
theorems for matrix polynomials):

Theorem 6.1. Let L be a linear functional on Hp(R[z]). For each p € Ny write
Sp = [L(zPEx)lk,i=1,...n where Ey; are coordinate matrices. Then L has an
integral representation with a positive operator-valued measure E whose support is
contained in (—1, 0] U [1, OO) Zﬁ [Si—i-j]i,j:O,...,m and [Si+j+2 — Si—i—j-l—l]i,j:O,...,m are
positive semidefinite for every m € Ny.

Proof. Use [3, Theorem 3] and Theorem B2l for a union of two unbounded intervals.
O

Acknowledgment. I would like to thank to my advisor Jaka Cimpri¢ for proposing
the problem, many helpful suggestions and the construction of the counterexamples
in Subsection
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