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Abstract

The matrix Fejér-Riesz theorem characterizes positive semidefinite matrix poly-
nomials on the real line R. We extend a characterization to arbitrary closed
semialgebraic sets K C R by the use of matrix preorderings from real algebraic
geometry. In the compact case a denominator-free characterization exists, while
in the non-compact case there are counterexamples. However, there is a weaker
characterization with denominators in the non-compact case. At the end we
extend the results to algebraic curves.
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1. Introduction

1.1. Motivation

The matrix Fejér-Riesz theorem is the following result (For the proof see
either of [8], [18], [10], [6], [4], [17], [7])-

Theorem 1.1. Let F(x) = anN:O F,,x™ be a n X n matriz polynomial from

M, (C[z]) which is positive semidefinite on R. Then there exists a matriz poly-
nomial G(z) = YN _ Gma™ € M, (Clz]) such that F(z) = G(z)*G(z) where

m=0

G(x)* = Zﬁ:o Gra™ = ZZ:O Gimem = G(x)T.

In the scalar case (n = 1) Theorem 1.1 has already been extended to a finite
union of points and intervals (not necessarily bounded) in R by S. Kuhlmann
and Marshall [11, Theorem 2.2]. The main problem of our paper is the following.

Problem. Characterize univariate matriz polynomials which are positive semi-
definite on a finite union of points and intervals (not necessarily bounded) in
R.
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Our main results, which will be explicitly stated in Subsection 1.3, are a
denominator-free generalization of Theorem 1.1 to a finite union of compact in-
tervals in R, a classification of counterexamples for a denominator-free general-
ization to an unbounded finite union of closed intervals in R and a generalization
with denominators in this case.

1.2. Notation and known results
Let M, (Clz]) be a set of all n x n matrix polynomials over Clz] equipped

—T
with the involution F(z)* = F(z) where T = z.

Remark 1.2. For n = 1 and p(z) = > a;z’ € Clz], the involution is
pla)" =3 @'

We say F(z) € M, (C[z]) is hermitian if F(x) = F(x)*. We write H, (C[z])
for the set of all hermitian matrix polynomials from M, (C[z]). A matrix poly-
nomial F'(z) € H,(Clx]) is positive semidefinite in xg € C if v*F(x¢)v > 0 for
every nonzero v € C". We denote by > M,,(C[z])? the set of all finite sums of
the expressions of the form G(x)*G(x) where G(z) € M, (C[z]). We call such
expressions hermitian squares of matrix polynomials.

The closed semialgebraic set associated to a finite subset S = {g1,...,9s} C
Rz] is given by Kg = {z € R: gj(z) >0, j=1,...,s}. We define the n-th
matrix quadratic module generated by S in H, (C[z]) by

Mg = {Uo—l—algl—i—...—i—asgsz o EZMn(C[x])Q, j:O,...,s},

and the n-th matrix preordering generated by S in H, (C|x]) by

T = Z 0eg’: o € ZMn((C[.T])Q for alle € {0,1}" ¢,
e€{0,1}°
where e := (e1,...,es) and g¢ stands for gi* --- g5°.

Remark 1.3. Note that T¢ is the quadratic module generated by all products
g%, ec{0,1}°.

We write Posl(Kg) for the set of all n x n hermitian matrix polynomials
which are positive semidefinite on Kg. We say M2 (resp. T%) is saturated if
M = Poslo(Ks) (resp. T2 = Poslo(Ks)).

Theorem 1.1 can be restated in the following form.

Theorem 1.1°. Assume the notation as above. The set M(g’ =Ty is saturated
for every n € N.

The aim of this article is to study matrix generalizations of Theorem 1.1’ to
an arbitrary closed semialgebraic set K C R. In this notation Problem becomes
the following.



Problem’. Assume K C R is a closed semialgebraic set. Does there exist a
finite set S C R[z] such that K = Kg and the n-th matriz quadratic module Mg
or preordering T¢ is saturated for every n € N?

Now we recall a description of a closed semialgebraic set K C R, introduced
n [11], which solves Problem’ for n = 1. A set S = {¢1,...,9s} C R[] is the
natural description of K if it satisfies the following conditions:

(a) If K has the least element a, then z —a € S.

(b) If K has the greatest element a, then a — x € S.

(c) For every a #b € K, if (a,b) N K = (), then (x —a)(x —b) € S.
(d) These are the only elements of S.

Problem’ has already been solved in the following cases:

1. The preordering T4 is saturated for the natural description S of K (see
[11, Theorem 2.2]).

2. For K = K15 = [0,1], M&)kw} is saturated for every n € N (see [5,
Theorem 2.5] or [24, Theorem 7]).

3. For K = K, = [0,00), M?x} is saturated for every n € N (see [24,
Theorem 8] or [3, Proposition 3]).

Even more can be said in the case n = 1. There is a characterization of finite
sets S = {g1,...,9s} C R[z] such that the preordering T3 is saturated, which
we now explain. We separate two possibilities according to the compactness of
Kg.

1. Kg is not compact: By [11, Theorem 2.2], T{ is saturated iff S contains
each of the polynomials in the natural description of K¢ up to scaling by
positive constants.

2. Kg is compact: Write Kg as the union of pairwise disjoint points and
intervals, i.e., Kg = U§:1[9Uj, y;] where z; <y, for every j =1,...,t. By
a special case of Scheiderer’s results [22, Corollary 4.4], [21, Theorem 5.17]
(which cover non-singular curves in R™), ML = Td and M} is saturated
iff the following two conditions hold:

(a) For every left endpoint x; there exists k € {1,...,s} such that
gr(z;) =0 and g, (z;) > 0.
(b) For every right endpoint y; there exists £ € {1,...,s} such that
9k(y;) = 0 and g (y;) <O.
(For another proof see [12, Theorem 3.2].). We call every set S C R [z]
which satisfies the two conditions above a saturated description of Kg.

Convention. An interval always has a non-empty interior.

1.8. New results

One of the main results of the paper which solves Problem’ for compact sets
K is the following.



Theorem C. Let K be a compact semialgebraic set. The n-th matriz quadratic
module Mg is saturated for every n € N iff S is a saturated description of K
(see Theorem 2.1).

The answers to Problem’ for unbounded sets K (except for a union of one
or two unbounded intervals and a point) are given by the following result.

Theorem D. Let K be an unbounded closed semialgebraic set.
The n-th matriz quadratic module Mg s saturated for the natural description
S of K and every n € N if K is either of the following:

1. An unbounded interval (by Theorem 1.17 and [24, Theorem 8]).
2. A union of two unbounded intervals (see Proposition 3.1).

The n-th matriz preordering T§ is not saturated for any finite set S C R[z]
such that K = Kg in the following cases (see Theorem 3.2):

1. n > 2 and K contains at least two intervals with at least one of them
bounded.

2. n > 2 and K is a union of an unbounded interval and m isolated points
with m > 2.

3. n>2 and K is a union of two unbounded intervals and m isolated points
with m > 2.

In the remaining cases of a union of one or two unbounded intervals and a
point not covered by Theorems C and D we state the following conjecture based
on the investigation of some examples.

Conjecture. Let K C R be either of the following:

1. A union of an unbounded interval and a point.
2. A union of two unbounded intervals and a point.

Suppose S is the natural description of K. Then the n-th matrixz preordering
T is saturated for every natural number n > 1.

Note that by an appropriate substitution of variables both cases covered by
Conjecture are equivalent.

For the unbounded sets K with a negative answer to Problem’ we obtain
the following characterization of the set Posl,(K).

Theorem E. Let K be an unbounded closed semialgebraic set with a natural
description S and n € N. Then the following statements are equivalent:

1. F € Posly(K).

2. For every w € C there exists h € R[z] such that h(w) # 0 and h*F € T%
(see Theorem 3.5).

3. For every w € C\ K there exists k,, € NU {0} such that

((z —w)(x — w))k"“F eTy

(see Corollary 4.3 and Remark 4.4).



4. (1 +2®)*F € T% for some k € NU{0} (Take w =1 in 3.).

The following table summarizes [11, Theorem 2.2}, Theorems C, D and Con-
jecture.

K A B
a bounded set Yes | Yes
an unbounded interval Yes | Yes

a union of an unbounded interval and an isolated point | Yes | C
a union of an unbounded interval and
. . . Yes | No
m isolated points with m > 2
a union of two unbounded intervals Yes | Yes
a union of two unbounded intervals and an isolated point | Yes | C
a union of two unbounded intervals and

m isolated points with m > 2 Yes | No
includes a bounded and an unbounded interval Yes | No
A := The preordering Té is saturated for the natural description S of
K.
B := The n-th matrix preordering 7'¢ is saturated for the natural

description S of K and every integer n € N.

C = See Conjecture.

Remark 1.4. 1. Since T4 is saturated for the natural description S of K,
it follows that if 7§ is not saturated for some n € N, then Tg is not
saturated for any finite set S; satisfying Kg, = K.

2. The classification covers all closed semialgebraic sets K C R. A set K is
regular if it is equal to the closure of its interior. For regular sets K C R
the classification is complete.

2. Saturated descriptions of a compact set K C R generate saturated
n-th matrix quadratic modules

The solution to Problem’ from the Introduction for a compact set K is the
main result of this section (see Theorem 2.1 below). It also characterizes all
finite sets S such that the quadratic module M¢ is saturated for every natural
number n € N,

Theorem 2.1. Suppose K is a non-empty compact semialgebraic set in R. The
n-th matriz quadratic module Mg is saturated for every n € N iff S a saturated
description of K.

The main ingredients in the proof of Theorem 2.1 are:

1. The n =1 case [21, Theorem 5.17].



2. The “h?F-proposition” (See Proposition 2.2 below. The proof uses the
idea of diagonalizing matrix polynomials from [23, 4.3].).

3. Getting rid of h? in “h?F-proposition” (The proof uses [20, Proposition
2.7], which is Proposition 2.6 below.).

2.1. “h?F-proposition”

We call the following result “h?F-proposition”.
Proposition 2.2. Suppose K is a non-empty compact semialgebraic set in R
with a saturated description S. Then, for any F € H,(Clz]) such that F = 0

on K and every point xg € C, there exists h € R[x] such that h(zg) # 0 and
h*F € M2.

To prove Proposition 2.2 we need Lemmas 2.3 and 2.4 below.

Lemma 2.3. Let G = [gri]r € M, (Clz]). For every 1 < k <1< n there exist
unitary matrices Ug, € My, (R) and Vi € M, (C) such that

* N TR %
UaGUy = [pfl % } v VGV = [ :l % } ’
where
_ 9kl fOTlSk:lSn
PRt = 39 + g+ gek + gu), for1<k<l<n ’
. _ ki, fori1<k=1<n
M =g+ g) + 3(grk + 9u), for1<k<l<n

Proof. We define Uy; = Vi1 := I, U = Vg := Py for k = 2,...,n, where Py
denotes the permutation matrix which permutes the first row and the k-th row.
For 1 < k < | < n, define Uy, := P,Sk where Sy = (sg;w) € My (R) is

pr

the matrix with sg;;) = (kl) l(llzl) \% (kl) = —%, 8;(,];,[) =1ifp ¢ {k 1}
(k1)

and spr’ = 0 otherwise.

For 1 <k < < n, define V; := P, Sy, where Sy, = (sgﬁl)) € M, (C) is the

pr

ki (Kl (Kl i (Kl i =kl
matrl)(icx;/lths() () % () =755 () —75 8 ()—11fp¢{k'l}

and 8pr’ = 0 otherwise. O

pr C
M -1 (Clz]) and C € H,,_1 (C[z]) it holds that

& “4‘F:[§i OHOB a(anﬁ*ﬁ)H fﬁ}

a

0
iy a? 0 | a 0 a —p
W 1 aaclsn || 5 wn ] T e |

Lemma 2.4. For F = [ a B € H, (Clx]) where a = a* € R[z], B €



Proof. Easy computation. O

Proof of Proposition 2.2. The proof is by induction on the size n of the matrix
polynomials. For n = 1 the proposition holds by the scalar case (We take h = 1
and use [21, Theorem 5.17] and [22, Corollary 4.4].). Suppose the proposition
holds for n — 1. We will prove that it holds for n. Let us take F' := [fi]w €
H,,(Clz]) where F' = 0 on K. Let us define

r—2x9, ToER
o(x) ::{ (x—xo)(x—fog, :cgE(C\R

If F =0, we can take h = 1. Otherwise F' # 0 and we write
F=c"G,
where m € NU {0}, G = [gu]w € H,, (C[z]) and

G(zo) = [gri(20)]k # 0. (1)

Claim. One of the following two cases applies:
Case 1: gk, (z0) # 0 for some kg € {1,...,n}.

Case 2: gir(xo) =0forall k € {1,...,n} and for some 1 < kg < lg < n we
have

§}:E(gkolo)(xo) 7é 0 or %(gkolo)(xo) 7é 0,

where R(gror,) := LoleFT0l ¢ Riz] and S(ghyp,) = Lolo_Trolo ¢ R[z].

Proof of Claim. Let us assume that none of the two cases applies. Then
R(gr1)(x0) = S(gri)(xo) = 0 for all 1 < k <[ < n. Let us take I < k. Since
G € H,, (C [z]) is hermitian, it follows that g;x = gr; = Rgri — i - Sgri. Therefore
gie(o) = Rari(xo) — - Sgri(xo) = 0. Hence gpi(zo) =0 for all k,1 € {1,...,n}.
This is a contradiction with (1) and proves Claim.

Let Uk, Vki, pri, ki be as in Lemma 2.3. We study each case from Claim
separately:

Case 1: We define Ty, = Ukokos Gkoko ‘= Jhoko- INOtice that Gr,r,(z0) =
Groko (Z0) 7 0.

Case 2: We will separate three subcases:

Subcase 2.1. Pkolo (JC()) 75 0: We define Tkolo = Ukolmgkolo = Pkolo- Notice
that gkolo (xo) 7& 0.

Subcase 2.2. Ty, (x0) # 0: We define Thyi, := Vigios Tholo := Tkolo- NOtice
that gr,i, (zo) # 0.



Subcase 2.3. proi, (X0) = Tkoto (o) = 0: We will prove that this subcase does
not happen. By definition and assumptions we have

1 1
Pkolo (JEO) - §(gk0lo + Gloko T+ Gkoko Tt glolo)(xo) = i(gkolo + gloko)(zo) =
= (Rgkoto) (o)
) 1 )
Tkolo (LC()) = 5 —Gkolo T glok())(mo) + i(gkoko + glolo)(mo) = 5(_916010 + gloko)(x

= (Jgkolo)( )
Since we are in Case 2, (Rgry1,)(z0) # 0 or (Sgre1,)(z0) # 0. Contradiction.

Hence Subcase 2.3 never happens.

To avoid repetition in what follows we define kg = [y if we are in Case

L If we write Th1, GT} ;= [ Ikolo @ } with B € My pn—1(Clz]) and C e

p* C
M,,—1 (Cz]), then Ty FTy, = Cmgkﬁlo cm@ —| ¢ B . Therefore
n— ) olo kolo (Cm,B)* cnC ﬁ* C
by part (i) of Lemma 2.4 and dividing by ¢*™, it follows that
_ Jr 0 d 0 g 8
AT |
g Rolo | 3% Gi Tun L0 D0 Grggdacy |0
where
7 = e €HL(Clz ]) = R[wl
D = "G, (gkolo B 5) € H,—1 (Clz]).

By part (i) of Lemma 2.4 and dividing by ¢*™, we have also

d 0 Tholo 0 ] « [ kol —p
- _ Tioto FT, ol
|: O D :| |: _/8* g;::gl()In 1 Folo Folo O gkolQIn—l

It follows that d > 0, D = 0 on K. By the induction hypothesis used for the
polynomial D € H,,_; (C|[z]), there exists h; € R [z] such that hi(xg) # 0 and
h2D € Mg~'. By the scalar case [21, Theorem 5.17] and [22, Corollary 4.4],
hid € ML. Hence h*F € MZ where h = h1g € R[z] and h(zg) # 0. This
concludes the proof. O

Remark 2.5. By keeping track on the degree of h and using [12, Theorem 4.1],
we can prove more in Proposion 2.2 above. Namely, h can be chosen of degree at
most deg(F)(3"—1) and if S = {g1,...,9gs} is the natural description of K, then
F'=3% cio1y: 0eg® € Tg for some o € M, (Clz])* with deg(oeg®) < deg(h*F).

0) =



2.2. Getting rid of h% in “h>F-proposition”
To get rid of h? in “h?F-proposition”, which proves Theorem 2.1, we will
use [20, Proposition 2.7]:

Proposition 2.6. Suppose R is a commutative ring with 1 and Q C R. Let
® : R — C(K,R) be a ring homomorphism, where K is a topological space
which is compact and Hausdorff. Suppose ®(R) separates points in K. Suppose
fi,..., fx € R are such that ®(f;) >0, j =1,....k and (f1,..., fr) = (1).
Then there exist s1,...,8k € R such that s1f1 + ...+ spfx = 1 and such that
each ®(s;) is strictly positive.

Proof of Theorem 2.1. By [22, Corollary 4.4] and [21, Theorem 5.17], M} is
saturated if and only if S is a saturated description of K. Therefore we have
to prove only the if part. Let S be a saturated description of K. We will prove
that Mg is saturated for every n € N. Let R := R[z] and ® : R — C(K,R)
be the natural map, i.e., ®(f) = f|x. Take F' € Posl,(K). We will prove that
F e MZ. Let I := (h* € Rlz]: h>F € M%) be the ideal in R[z] generated by
all h? where h € R[z] is such that h*F € M%. Since R[z] is a principal ideal
domain, there exists a polynomial p € R[z] such that I = (p). If I was a proper
ideal, all its elements would have a common zero zo € C. By Proposition 2.2,
there exists h € R[z] such that h(zo) # 0 and h*F € MZ. Since h belongs to I,
it follows that I is not a proper ideal and hence I = R[z]. By Proposition 2.6,
there exist s1,...,8; € POSLO(K) and hq,...,hg € I such that Zle sjh§ =1.

Hence Z?Zl sjhiF = F € Mg, which concludes the proof. O

Remark 2.7. 1. There is another proof of Theorem 2.1 which uses Propo-
sition 2.2 just for the boundary points of K. We outline the main idea.
There exists h € R[z] such that h € Posi,(R), h(xg) > 0 for every
boundary point of K and hF € Mg (Take h = Yy, h2 where K
is the boundary of K and h,, is the polynomial from Proposition 2.2 for
the point xg.). Now multiply every member of the set S by h to ob-
tain the set S7 which satisfies conditions of [21, Corollary 5.17]. Thus
M§ = M and hF € Mg . This means there exist o; € Y M,(Clz])?
such that hF = og + o1hg1 + . .. + 0shgs. From here it is easy to see that
F =1y4+0191+...+0s9s for some 79 € > M,,(C[z])? and hence F € M.

2. By Remark 2.5, the degree of h in Proposition 2.2 and the degrees of
summands in the expression of h?F as the element of the preordering T%
generated by the natural description S of K can be bounded by the degree
of F and n. It would be interesting to know if the same holds for F' and
an arbitrary compact set K. It can be shown this is true for a finite set
K. The degrees can be bounded by max(deg(F), |[K|—1).

3. Unbounded sets K without saturated T5 for any finite sets S with
Ks=K

The answer to the question of Problem’ for unbounded sets K is positive
for an unbounded interval by Theorem 1.1’ (if K = R) and [24, Theorem 8]



(if K = [a,00)). It is also easy to derive a positive answer for a union of two
unbounded intervals from the case K = [a, b]:

Proposition 3.1. Let K = (—o0,a] U [b,00) be a union of two unbounded
intervals where a,b € R and a < b. Then the quadratic module Mf(m_a)(x_b)} is
saturated for every n € N.

Proof. By a linear change of variables, we may assume that K = (—oo, —1] U
[1,00). Note that F' € Posl(K) is of even degree. We define

Fi(x) = pdee(M) p <1>
T

and observe that F; > 0 on [—1,1]. By [5, Theorem 2.5] and by the identity

1+z)??+(z+1)(1-2)

1tz = )
2

there exist matrix polynomials G1, H; such that

Fi(z) = G1(z)"G1(z) + Hi(2)"Hi(z)(z + 1)(1 — ),

deg(Gh) < {degéFl)J - degQ(F)7
deg(Hy) < {dg(f;)—lJ . {deg(f;) - 1J _des()
Therefore
F(z) = gzds® Fl(%)
_ xdeg(F)(Gl(%)*Gl(%) +H1(é)*H1(%)(% 10— %))

= G(x)'G(z)+ H(z)"H(z)(1+z)(z — 1),

G(z) = acde%(p) Gy (1) , H:= xdegéF)_lHl (1>
x

where

x
are matrix polynomials. O

The negative answer to the question of Problem’ for almost all remaining
unbounded sets K (except for a union of an unbounded interval and a point

or a union of two unbounded intervals and a point) and all n > 2 is the main
result of this section.

Theorem 3.2. Let an unbounded closed semialgebraic set K C R satisfy either
of the following:

1. K contains at least two intervals with at least one of them bounded.
2. K is a union of an unbounded interval and m isolated points with m > 2.

10



3. K is a union of two unbounded intervals and m isolated points with m > 2.

If S C R[x] is a finite set with Kg = K, then the 2-nd matriz preordering T2 is
not saturated.

It is sufficient to prove Theorem 3.2 for the natural description S of K by
the following lemma.

Lemma 3.3. Let K C R be an unbounded closed semialgebraic set with the
natural description S. Let S1 C R[z] be a finite set such that Kg, = K. For
every n € N such that the n-th matriz preordering T is not saturated, also the
n-th matriz preordering T s not saturated.

Proof. Let us write S := {¢1,...,9s} and S1 := {f1,..., ft}. We have to show
that every matrix polynomial F' from Tg also belongs to Tg. A matrix poly-
nomial F' from Tg, is of the form

F= Z Te’flel"' tetv (2)
e’e€{0,1}¢

where ¢ := (e},...,e}) and 7o € 3. M, (C[z])*>. By [11, Theorem 2.2], the
preordering T} is saturated and thus for each j there exist 0. ; € > R[z]? such

that
fi= 2 Gesgilcai (3)
e€{0,1}¢
where e := (eq,...,es). Plugging (3) into (2) and rearranging terms we obtain
F € Tg. This concludes the proof. O

In the remaining part of this section we will prove Theorem 3.2. The major
step will be Proposition 3.4.

Let K be a closed semialgebraic set with a natural description S = {g1,...,9s}.
For n € N and d € NU {0} we define the set

1§ 4= Z 0eg®: 0c € ZM,L((C[x])2 and deg(o.g°) < d Ve € {0,1}°
ec{0,1}¢

Proposition 3.4. Let K = [z1,x2] U [x3,00) be a union of a bounded and an
unbounded interval where x1 < o < x3. Let us define the polynomial

| x4+ A(k) D(k)
Fi(z) := [ D) 2+ Bk)z+Ck) |’

where
A(k) k— 1,
B(k) = —k—xzs— 3,
C(k) = K>+ k(-2 + 22 + x3) + zo13,
D(k) = AKk)C(k)+ z1z015 =

= \/k:3 + k2(=211 + 22 + 13) + k(22w + 23 — 1172 — T173).

11



We define py(z) := 2% + B(k)z + C (k). For every k € R which satisfies
k>0, (4)

D(k)? = k3 + kE*(—2x1 + 2o 4+ 23) + k(voxs3 + 27 — 2129 — 2123) >0, (5)

B(k) 73 2 To + T3 Tog — I3 2

the matriz polynomials Fy(z) belongs to PosiO(K), but:

Claim 1. F} ¢ Tgl where S1 s the natural description of any set Ky of the
form
[1, 2] U U;'n:1[x2j+17$2j+2] U [2m43,00) C K

with m € NU{0} and x; < ;41 for each j (and x1 < xo < x3). In particular,
Fy(x) ¢ Tg,
where S is the natural description of K.

Claim 2. Fy ¢ T§272 where Sy s the natural description of any set Ko of the
form
[.’Ehl'z] U U;n::g{l'j} CK

withm € N, m > 4 and x; < xj41 for each j.

Proof. First we will prove that Fj(z) belongs to Posi,(K) for every k& € R
satisfying the conditions (4)-(6). Note that every sufficiently large k satisfies
the conditions (4)-(6). Condition (5) ensures that D(k) € R and hence F' €
H,,(R[z]). The determinant of Fj(z) is (z — 21)(z — 22)(x — x3) € Pos’(K).
The upper left corner of F' is non-negative for z > x; — k and hence it belongs
to Poslo(K) by (4). The lower right corner is a quadratic polynomial py(z)

with a vertex in x = 732(16). Since k satisfies (6), px (%(k)) > 0. So pg(x) is

positive on R and hence p;, € PosltO(K). Since all principal minors of Fj(x) are
non-negative on K, the conclusion Fj(z) € POSQEO(K ) follows.
We will separately prove both claims of the theorem.

Proof of Claim 1. The set

—x1,(x —z2) (T —23),..., (T — Tome2) (@ — Tom
{ 1, ( 2)( 3) ( 2m+2)( 2m+3) }
g1(x) gz(w) gm+2(7«')

is the natural description Sy of K;. We will prove that Fy(x) ¢ T§, by contradic-

tion. Let us assume Fj, € T3 . Then for every e := (e1,. .., €mq2) € {0,1}™F2
there exists o, € Y. M, (C[z])?, such that
Fy = Z Ot Gy - (7)
ec{0,1}m+2
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By the degree comparison of both sides of (7), there exist o; € > M, (C[z])?,
such that

m+1

Fy(z) = 00+ o1(z — 1) + Z oj+1(r — 225) (T — Tj41), (8)

deg(og) <2, deg(oj)=0forj=1,...,m+2.
By observing the monomial x? on both sides of (8), it follows that oo =

{ 8 IS ] for some kg € [0, 1]. Equivalently, (8) can be written as
0

m—+1

Fi(x) = o2(x — x2)(x — 23) = 00 + 01 (2 — 21) + Z 0j+1(% — T2;) (T — T2541).-

The right-hand side belongs to POSQEO(kl) where K; = K; U [z, 23]. We will

prove that the left-hand side does not belong to Posio(f( 1), which is a contra-
diction. The determinant of the left-hand side is

q(x) := (& — x2)(x — x3)(x(1 — ko) — (1 — x1ko + kko)).

There are two cases two consider: kg = 0 and ko > 0. In the first case, ¢(z) =
(x — x1)(z — x2)(x — x3) which is negative on (z2,x3), a contradiction with
q|f{1 > 0. In the second case, q(x1) = (x1 — x2)(x1 — z3)(—kko) < 0, which is
also a contradiction with g| &, 2> 0. Thus

Fiu(z) — 02(z — m2) (2 — @3) ¢ Post (K1),

which is a contradiction. Therefore Fj, cannot be expressed in the form (7) and
so Fy, ¢ T§, .

Proof of Claim 2. The set

z—x1, (2 —x2)(x —23), ..., (& — Ty ) (T — Tyn), T, — T
{ 1, ( 2)( 3) ( 1)( ) }
g1(z) g2(x) gm—1(x) gm ()

is the natural description S; of Ky. If Fj € T§2,2, then there exist 7; €
> M,,(C[z])? such that

m—1

Fy(z) = o+7m1(z—x1)+ Z Tj(x—2;)(x—241)+Tm (T —2) +Tmt1 (2—21) (X —2),

j=2
(9)
deg(ro) < 2, deg(r;) =0forj=1,...,m+1.

From (9) it follows that

(Fr(z) —1j(x —xj)(x —xj+1))|k, =0 forj=2,...,m—1. (10)

13



From (10) it follows that
ker Fy(z1) C ker 7j, ker F(x2) Ckerr; for j=3,...,m—1

Since ker Fy, (z1) @ker Fj(z2) = C?, we conclude that 7; =0 for j = 3,...,m—1.
Hence (9) becomes

Fr(x) =to+7i(xz—x1)+7m(r—22)(x —23) + Ton (T — ) + Tong1 (2 — 1) (2, — ),
or equivalently,

Fp(z)—m(z—x)(z—23) = 10+711(x—21) + T (@ — ) + T 1 ( — 1) (T4, — ).

(11)
Since the determinant of the left hand side is of degree 4 and is divisible by
(x — x1)(x — x2)(x — x3) (divisibility by  — 21 is due to ker Fy(z1) # {0}
and (10) for j = 2), it cannot be non-negative on [r1,2,,] (This follows by a
simple geometric argument.). Hence the left-hand side of (11) does not belong
to Pos2 o([21, Zm]), while the right-hand side does. This is a contradiction and
thus Fy, ¢ TS, o- O

Proof of Theorem 3.2.1. By Lemma 3.3, we may assume that S is the natural
description of K. Let us write K in the form Ky U K7 where K| is the set of
isolated points of K and K is the regular part of K (i.e., does not have isolated
points). We separate three cases depending on the form of Kj.

Case 1: K; is bounded from below and unbounded from above. Let us divide
the isolated part Ky into disjoint sets K1, Koo where in Ky, are all those points
which are smaller than the minimum of K7 and in Ko all the others. The set
Ky := K1 U Ky is of the form

[x1,x2] U U§:1[$2j+17 Taj 2] U [@apt3,00),

where p € NU {0}, 21 < 22 < x3 and z; < xj41 for each j > 3. Let us take a
polynomial I} € POSQEO(KQ) and define the polynomial

F(z):= [] (z—y)- Fi(x) € Posiy(K). (12)

yEKo1

Let S :={g1,...,9s} be the natural description of K. If F' belongs to T2, then
for every e € {0,1}* there exists . € > M,,(C[z])? such that

F= > o (13)

e€{0,1}¢

Since for every y € Ko1 and every e € {0,1}° we have F(y) = 0 and 0.9°(y) > 0,
it follows from (13) that ocg®(y) = 0. Therefore [ ¢ (z—y) divides each ocg®.
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Claim. There exist 7. € > M,,(C[z])? and h. € Poslto(Kg) such that

e
Oed

= = Tche.
HyGKOl (3j - y)

Proof of Claim. Let us take y € K. We separate two possibilities.
1.  —y divides o.: Then o.g® = 6. - (x — y)?g® where 6. € > M,(C[z])?
r— 2 e
and Z°98 _ (x—y)g° € PosltO(Kg).

T—y
2. x—y does not divide o.: Then z —y divides g¢ and hence o.g® = o (z—

y)ge where g, := % € Poslto(Kg).

Repeating the above procedure for every y € Ky we obtain 7. and h, proving
Claim.

Let S5 be the natural description of Ky. By [11, Theorem 2.2], h, € T§2. It
follows that Fy =Y, 7che € T8, .

We have proved that for F} € Pos? (K3) and F € Pos2(K) defined by
(12), from F € T2 it follows that Fy E_ng. Therefore, to find F € PosiO(K)
and F ¢ Tg, it is sufficient to find Fj € PosiO(KQ) and Fy ¢ T§2. Let us define
the set K3 := [z1,22] U [z3,00). By Claim 1 of Proposition 3.4, there exists a
polynomial F; € PosztO(Kg) C Posio(Kg) such that Fy ¢ T2 . This proves Case
1.

Case 2: K, is unbounded from below and bounded from above. Make a sub-
stitution x — —x and observe that the set —K; is of the form in Case 1 and
that the natural description of K maps into the natural description of — K.

Case 3: K is unbounded from below and above. Let d € R be the smallest
endpoint of K;. Define the map Ag : R\ {d} — R with A\g(z) := 7-—. Observe
that A\g(K71) =: K> is the set of the form [z, 23] U [x3,24] U ... U [£2m41,00)
where m € N and z; < xj41 for every j. Let S3 be the natural description of
A(K). As in Case 1, construct the polynomial F' € PosZ(A\q(K)) such that

deg(F)

F ¢ TZ. Now G(z) = 2157 1) . F (d = 1) € Pos? o(K) and G ¢ T2. O

Proof of Theorem 3.2.2 and 3.2.3. By Lemma 3.3, we may assume that S is the
natural description of K. Let d € R be an arbitrary point such that d ¢ K.
Define the map Ay : R\ {d} = R with A\4(z) := 7. Observe that Aq(K) is the
set of the form [z1,z2] U UL 3{x;} where m > 4 and the points z; are pairwise
different. Further on, we may choose d € R such that 1 <z < z3 < ... < xy,
or Ty < Typ—1 < ... < 3 < x1 < x2. By substitution x — —x, we may assume
that 1 < ko < 23 < ... < Tp,. Let S; = {g1,...,9s} be the natural description
of \g(K). Notice that to prove the statement of the theorem, it is sufficient
to find F' € Pos?(A\g(K)) of degree 2k such that F ¢ T3, - By Claim 2 of
Proposition 3.4, there is F € Pos?,(A\q(K)) of degree 2 such that F ¢ T3, o
This concludes the proof. O
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Theorem 3.5 gives a characterization of the set Posl (/) for unbounded sets
K.

Theorem 3.5. Suppose K is an unbounded closed semialgebraic set in R and
S the natural description of K. Then, for any F € H,,(Clz]), the following are
equivalent:

1. F € Posly(K).

2. There exists a polynomial h € R[x] such that for every isolated point w €
K, h(w) # 0 and h*F € TF.

3. For every point w € C there exists a polynomial h € R[z] such that h(w) #
0 and h*F € T%.

Proof. For the implication (3) = (2) construct h in the same way as in Remark
2.7 (replace the boundary of K with the set of its isolated points). The impli-
cation (2) = (1) is trivial. The proof of direction (1) = (3) is the same as the
proof of Proposition 2.2, just that we use [11, Theorem 2.2] for the n = 1 case
instead of [22, Theorem 5.17]. O

4. Generalizations of the results to curves

In this section Theorem 2.1 is generalized to curves in R™. A characterization
of sets S satisfying Theorem 4.1.1 was proved by Scheiderer in [21, Theorem
5.17] and [22, Corollary 4.4]. Using the same method as in the proof of Theorem
2.1 we obtain the implication 1. = 2. of the following theorem.

Theorem 4.1. Suppose I is a prime ideal of R[z] with dim(%) =1 and
let Z(I):={z € R%: f(z) =0 for every f €I} be its vanishing set. Let S :=
{91, -9} be a finite subset of Rlz] and K¢ = {z € R%: g1(x) > 0,..., gy(x) >
0} the associated semialgebraic set. Suppose the set KsNZ(I) is compact. Then
the following are equivalent:

1. The quadratic module M + I is saturated.
2. The n-th quadratic module MZ + M, (I) is saturated for every n € N.

An example of a non-singular curve is the unit circle. Theorem 1.1 has an
equivalent version for the unit complex circle T (see [19] or [16]). By passing
from complex numbers to pairs of real numbers and by Theorem 4.1, we obtain a
generalization of this equivalent version to an arbitrary semialgebraic set in the
unit circle. To explain this generalization we need some notation. Let us equip
the set of n x n matrix Laurent polynomials M, (C [z,1]) with an involution

A(z)* == A(L) . We denote by H,(C[z,1]) the set of all B € M, (C [z,1])
such that B* = B, and by 5. M, (C [z])? the set of all finite sums of elements
of the form B*B where B € M, (C[z]). Let . = {b1,...,bs} be a finite set
from H;(C [z,1]) and #» = {z € T:b;(2) >0, j=1,...,s} the associated
semialgebraic set. Let the n-th matrix quadratic module generated by .7 in
H,(C[z, 1] be

Yo={ro+7mb+...+Tbs: T, EZMn(C[zDQ forj=0,...,s}.
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We write Posl () for the set of elements from H,,(C[z, 1]) which are positive
semidefinite on o

Corollary 4.2. M", = Posl () iff 7 satisfies the following conditions:
(a) For every boundary point a € Ky which is not isolated there exists k €
{1,...,s} such that by(a) = 0 and %% (a) # 0.
(b) For every isolated point a € K there exist k,l € {1,...,s} such that
bi(a) = bi(a) =0, %(a) # 0, %(a) # 0 and bpb; < 0 on some neighbor-
hood of a.

As an application of Corollary 4.2 we obtain the following improvement of
Theorem 3.5:

Corollary 4.3. Suppose K is an unbounded closed semialgebraic set in R and
S the natural description of K. Then, for F € H,(C[z]), the following are
equivalent:

L. F € Posy(K).

2. For every w € C\ R there exists k,, € NU {0} such that

(z —@)(z —w))*F e M2,

To prove Corollary 4.3 we need some preliminaries. Mobius transformations
that map R U {oo} bijectively into T are exactly the maps of the form

r—w
AZ(),H}O : R U {OO} — T, AZOJUO("E) =20 0

T — Wy
where zp € T and wy € C\ R. Notice that !, (z) = “TE:# If F(z)is a
matrix polynomial from M, (Clz]), then

deg(F)

Moo, (2) i= (2 = 20)" (2 — 20) [ 5T F (0110 (2))

is a matrix polynomial from M, (C[z, 1]). Observe that

(@) —wp) )]
F(Z‘) = ( 4'%(11)0)2 0 'Azo,wo,F()‘Zo,wo(x))’

where $(wp) is the imaginary part of wy.

Proof of Corollary 4.3. The non-trivial direction is 1. = 2. Choose wy € C\
R. Observe that Aj . r(2) belongs to the set Posy,(#,,) where J&,, =
Cl(A1,4,(K)) and CI(:) is the closure operator. Let S = {gi,...,gs} be the
natural description of K. Then . := {A1 .9, (2); - - -, A1 wy,g. (2)} satisfies the
conditions of Corollary 4.2 and hence Ay 4, r € M",. Therefore

__ Kuwg
(T ™) P

2
of the highest degree in the expression of Ay 4, 7(2) as the element of M"%,. [

where k,,, € NU{0} equals k— [deg(F)—‘ with % being the degree of the summand
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Remark 4.4. By a similar but more technical proof we can show, that Corollary
4.3.2 is true for all w € C\ K, i.e., it is true also for w € R\ K.
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