THE MATRICIAL UNIVARIATE RATIONAL TRUNCATED MOMENT PROBLEM

ALJAZ ZALAR' AND IGOR ZOBOVIC?

ABSTRACT. We solve the matricial univariate rational truncated moment problem on the real line and on
a half-line. We give explicit necessary and sufficient conditions for the existence of a positive matrix-valued
representing measure and show that every solvable problem admits a finitely atomic representing measure
whose total atomic multiplicity equals the rank of the associated moment matrix. The rational problem
is reduced to an ordinary matricial moment problem with the additional requirement that the representing
measure avoid the real poles of the rational data. The main new ingredient is a simultaneous prescribed-node
result: the smallest attainable multiplicities at finitely many prescribed points can be realized by a single
minimal representing measure. Our proofs are constructive and use flat extensions, block-column relations,
and localizing conditions.

1. INTRODUCTION
Leti,j € Zwithi < jand ¢ € N, where N := {1,2,...}. We use the notation
[t;] = {i,e+1,...,5} and [0 = [1;¢] ={1,2,...,¢}, [0]:=0.

For k € NU {0} and p € N, let R[z]<}, denote the vector space of real univariate polynomials of degree
at most &, and let S,(R) denote the space of real symmetric p X p matrices.
Let K C R be closed. Fix pairwise distinct real numbers

t1,...,tk, €R, kleNU{O},

and pairwise distinct real numbers

U, ..., U, €R, Ul,...,kaE(0,00), ]CQENU{O}.
Let
ep € NU{0}, e1,...,ex, €N and fiyooos fry €N,
and define
k:l k?2
(1.1) q(z) = H(m — tj)er H((x - uj)2 + vj)fj.
j=1 J=1
Set

Ky ko
= 2+ Y 2f;,
=0 j=1
and consider the finite-dimensional vector space of rational functions

(1.2) R = {Z g€ R[:c]<2n} .

The matricial univariate rational K -truncated moment problem asks for a characterization of the
linear mappings
L£: R — S, (R)
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for which there exists a positive S, (R)-valued measure p, supported on K, such that
L(R) = / Rdu for every R € R?™.
K

The notion of a positive matrix-valued measure is recalled in Subsection[2.2] Any measure 4 satisfying
the preceding conditions is called a K -representing measure for L.

Equivalently, the matricial rational moment problem can be formulated by prescribing the integrals of
monomials and rational functions of the form z?, (xftj)a, 0 (x—u];? 0,07 and i (xiuj‘; To,)P where the
ranges of the indices are determined by the multiplicities appearing in (I.1)). This explicit formulation
is the same in the scalar and matrix-valued settings, since it follows solely from the partial-fraction
decomposition of the rational functions involved; see [NZ25]|] for the full formulation.

The equivalent formulation in terms of prescribed integrals connects the matricial rational moment
problem directly with the classical theory of univariate rational moment problems. In the scalar case,
rational moment problems on bounded and unbounded intervals have a long history. Their full versions
were studied extensively by Jones, Njastad and Thron [JTW80,JT8 ILJNT84, Nja85,INT86LN;ja87, Nja88|,
primarily by means of orthogonal and quasi-orthogonal rational functions. Rational truncated moment
problems were subsequently considered from the viewpoint of positivity and duality; see [Cha94] and the
subsequent work [[NZ25]], which also corrects some results from [[Cha94]]. The approach in [NZ25] relies,
in the case of the real line, on the classical solution of the truncated Hamburger moment problem due
to Curto and Fialkow [[CF91]]. For general closed semialgebraic subsets of the real line, the nonsingular
case in [NZ25]] essentially uses a result of di Dio and Schmiidgen [dDS 18| Proposition 2 and Corollary
6] (or [Sch17, Theorem 1.30]). In the singular case, the approach relies on the truncated analogue of
the Riesz—Haviland theorem [CFOS]], together with the descriptions of univariate polynomials that are
nonnegative on such sets due to Kuhlmann, Marshall, and Schwartz [KM02, KMSO05|.

The present paper makes two main contributions. First, using the characterization in [ZZ+] of the
smallest attainable multiplicity at a prescribed point, we show that the smallest attainable multiplicities at
any finite collection of prescribed points can be realized simultaneously by a single minimal matrix-valued
representing measure. Second, by applying this result to the real poles of the common denominator,
we obtain explicit necessary and sufficient conditions for the rational truncated moment problem on R
and [0, 00). We also aim to apply the resulting theory to bivariate matricial truncated moment problems
on suitable algebraic curves, thereby extending results known in the scalar setting [[CF02,/CF04, CF05|.
Following the reduction methods developed for scalar problems in [Zal21},Zal22a,[Zal22b, Zal23\|YZ24),
YZ26|, and analogously to those used for tracial moment problems in [BZ18,BZ21]], such problems
can be reduced to univariate rational moment problems. The theory developed here therefore provides
the machinery needed to address their matrix-valued counterparts. The study of bivariate matrix-valued
truncated moment problems was initiated by Kimsey and Trachana in [KT22]], where the quadratic and
cubic cases were investigated.

A basic idea in the study of rational moment problems is to convert them into ordinary polynomial
moment problems. In our setting, the rational functions have the common denominator ¢ defined
in (LI, whose real zeros have even multiplicity. Given a linear mapping £ on the corresponding
finite-dimensional space of rational functions, we associate with it a linear mapping L on the space

of polynomials of the appropriate degree, defined by L(f) := L (%) . A representing matrix measure
for the rational problem corresponds to a representing matrix measure for L that assigns zero mass to
every real zero of g. Once such a measure has been found, the representing measure for the original
rational data is recovered by multiplying it by ¢q. Thus, the rational moment problem reduces to an
ordinary truncated matricial moment problem with prescribed support constraints. Related truncated
matrix moment problems with a prescribed gap in the support were studied by Zagorodnyuk [[Zag135| using
generalized-resolvent methods. In the scalar setting, this correspondence was used in [NZ25] to solve the
truncated rational moment problem for unbounded closed sets, as well as to complete the solution in the
compact case by adding the missing support-avoidance conditions. Questions concerning the existence of
quadrature rules with few nodes have also been studied using optimization and moment-theoretic methods;
see [RS18,RT26,[BKM?26|. Of particular relevance to the present setting is the recent work of Bechere,
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Kuhlmann, and Mourrain [BKM26|| on scalar quadrature formulas whose nodes avoid a prescribed finite
set.

Viewing the rational moment problem as an ordinary matricial truncated moment problem whose
representing measures must avoid the real poles connects it naturally with the theory of matricial Gaussian
quadrature rules with prescribed atoms. Indeed, excluding a real pole A amounts to finding a representing
measure for the associated polynomial data whose mass at A is zero. Results on minimal representing
measures with prescribed atoms can then be used to construct such a measure. More generally, one may
prescribe both an atom and the multiplicity of its mass. In the nonsingular case, where the truncated
moment matrix is positive definite, this problem was solved in [ZZ25]]; the corresponding scalar result
was established earlier in [BKRSV20]. The singular matricial case was treated in [ZZ+], where the
column relations of the moment matrix and their propagation must also be taken into account. The scalar
moment-theoretic approach of [NZ4] provides an alternative proof of the one-node result and extends it to
several prescribed nodes. Matricial Gaussian quadrature rules have also been studied through orthogonal
matrix polynomials and the zeros of the associated matrix polynomial; see [DLR96,DD02,[DS03]. In these
approaches, the atoms and matricial masses are determined after a suitable odd moment, or equivalently an
appropriate extension of the original moment data, has been fixed. The perspective adopted in [ZZ225][Z7+|
is different: rather than fixing the extension in advance, one constructs an extension whose minimal
representing measure has the prescribed behavior at a given point. A related problem was studied in
[FKM?24], where the set of all possible masses at a fixed point, over all representing measures for a given
truncated matricial moment sequence, was described and the maximal possible mass was identified. In
the multivariate setting, possible atoms of representing measures were characterized in [MS24al], while
possible masses at a prescribed point were investigated in [MS24b]. The focus here is instead on minimal
representing measures and on simultaneously attaining the smallest possible multiplicities at finitely many
prescribed points. The resulting conditions are expressed in terms of ranks, kernels, and column relations
of moment and localizing moment matrices. The present rational problem follows the same perspective,
with the real poles playing the role of points at which the mass of the representing measure must vanish.
The main new ingredient needed for the rational problem is the simultaneous nature of this construction.
The main technical result shows that the individual lower bounds for the multiplicities at these points
can be attained simultaneously by a single minimal representing matrix measure. This simultaneous at-
tainment is then combined with the Hamburger or Stieltjes support conditions to solve the rational problem.

For a real m x n matrix A, let C(A) := {Az : z € R"} C R denote its column space. For matrices
Bi, ..., By with the same number of columns, write

By
col(Bi)iejg =
By
The main result of this paper is the following.
Theorem 1.1. Let K = R or K = [0,00), let A := {t1,...,tx, } C R be the set of real zeros of the
polynomial q defined in (1.1), and let
L£: R — S, (R)

(2n

be a linear mapping, where R2" is defined in (L.2). Define the associated linear mapping

(1.3) L: R[z]<on — Sp(R),  L(f) = L(fq ).
Let S; = L(x%), i € [0;2n], and let
. n+1 i+i—2\\n+1
M(n) = (Si+j—2)i,j:1 = (L(x I 2))1',]':1
be the truncated moment matrix of L.
For each r € [k1], define the shifted moment matrix

M) = (L((a — )2
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and denote its j-th column by y( )

3 J € l(n+1)pl. Set

AT = {z € [p]: there exists k € [n] such that

(r) (r) (r)
Yipti € Span{ypr-w e 7ykp+i—1} ;
(r) (r) (r)
y(z—l)pﬂ’ ¢ span{y{ "”’y(z—l)pﬂ—l}}’
where span(()) = {0}. Equivalently, A = A, in the notation of Subsectionl2:7] Then the following
statements are equivalent:

(1) The mapping L admits a K—representing measure.
(2) The mapping L admits a finitely atomic K—representing measure.
(3) The mapping L admits a (rank M (n))-atomic K—representing measure.
(4) The following conditions hold:
(a) The moment matrix M (n) is positive semidefinite.

(b) If K =R, then C(col(Sn+i)iepn)) € C(M(n —1)).
(c) If K =[0,00), then H,, = (Siﬂ*l)?j:l is positive semidefinite and

C(col(Sti)icn) ) S C(Ha)
(d) A" =0 for every r € [k1).

Remark 1.2. The set A(") identifies the coordinate indices whose first dependence occurs at the same
block level with and without the zeroth block column. Its cardinality is the lower bound for the multiplicity
at t,- established in Corollary [3.3| (where t = ¢,.).

Reader’s guide. Section [2|introduces the notation and preliminary results used throughout the paper.
In particular, we recall the basic notions concerning matrix-valued measures, Riesz mappings, moment
matrices, block column relations, changes of basis, and the truncated matricial Hamburger and Stieltjes
moment problems. Section [3|derives a formula for the multiplicity of a prescribed atom in a given minimal
representing measure and establishes the consequences needed in the proofs of the main results. Section 4]
treats representing measures on R. There we prove that the minimal possible multiplicities at finitely
many prescribed points can be attained simultaneously, and use this result to prove Theorem [I.1] for
K = R. Section [5|develops the corresponding results for representing measures supported on [0, co)
and completes the proof of Theorem|[I.1]in the half-line case. Finally, in Section [f| we demonstrate the
statement of Theorem [I.T]on a numerical example.

2. PRELIMINARIES

2.1. Notation. Let m,mi,my € N. We denote by M,,,, «m, (R) the space of real m; x mg matrices and
write M, (R) := M, xm (R) for short. For A € M, xm, (R), we denote the linear span of its columns,
called the column space of A, by C(A).

We denote by I, the m x m identity matrix and by O, xm, the m1 X mq zero matrix. We also write
0., := Oy, x - Finally, M,,(R[x]) denotes the space of m x m matrices with entries in R[z]. Its elements
are called matrix polynomials.

Let p € N. For A € S,(R), the notation A > 0 (respectively, A > 0) means that A is positive
semidefinite (psd) (respectively, positive definite (pd)). We denote the cone of positive semidefinite
matrices in S,(R) by S7°(R).

For a polynomial f € R[z], we denote its zero set by

Z(f) ={zr eR: f(z) = 0}.

If a € Z(f)and f # 0, we denote the multiplicity of a as a zero of f by mult; a;if a ¢ Z(f), we write
multya = 0.
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Let Ay, k € [i; 7], be matrices of compatible sizes. We define their block row and block column
concatenations, respectively, by

row(Ak)ke[i;j] = I‘OW(AAZ'7 N ,Aj) = (Al Ai+1 s AJ)

and
A;
A1
col(Ag)pefi;j) = col(Ai, ..., Aj) = :
Aj
Throughout, matrix dimensions are allowed to be zero; a matrix with zero rows or zero columns is

regarded as an empty matrix. In particular, a block row or block column concatenation over an empty
index set is understood as the empty matrix of the compatible size.

2.2. Matrix measures. Let Bor(R) denote the Borel o-algebra on R. A mapping
M= (Nij)?,j:lz Bor(R) — Sp(R)

is called a p x p Borel matrix-valued measure, or equivalently a positive S,(IR)-valued measure, if the
following conditions hold:

(1) Forevery i,j € [p], the set function p;;: Bor(R) — R is a signed measure.
(2) For every A € Bor(R), one has u(A) = 0.

A positive S, (R)-valued measure 1 is called finitely atomic if there exists a finite set /' C R such that
p(R\ F) = 0,. Equivalently, 1« can be written as

L
H= Z 0z; 4
j=1

for some ¢ € N, points z; € R, and matrices A; € S%O(R).
A point x € R is called an atom of p if ({z}) # 0,.If z1, ..., z, are pairwise distinct and A; # 0,
for every j € [¢], then the atoms of y are precisely x1, ..., x4, and

Aj = p({z;})
is called the mass of y at ;. The rank of A; is called the multiplicity of z; in ;1 and is denoted by
mult,, z; = rank A;.
For a point z € R that is not an atom of ., we set mult,, x := 0. We say that x is r—atomic if
¢
Z rank A; = 7.
j=1

Thus, throughout this paper, the size of a finitely atomic matrix-valued measure is counted with multiplicity,
that is, by the sum of the ranks of its matricial masses, rather than by the number of distinct support points.

Let p be a positive S,(R)-valued measure. Its trace measure is defined by 7 := tr(p) == >0 ;. A
polynomial f € R[z] is called u-integrable if f € L'(7). In this case, its matrix integral with respect to

w is defined entrywise by
P
/fdﬂ:(/fduzj> :
R R ij=1
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2.3. Representing matrix measures for linear operators. Assume the notation introduced in Section
Given a linear mapping

L£: R — S, (R),
we associate with it the linear operator
L: Rla]<on — Sp(R),  L(f) = L(f¢™").

A positive S,(IR)-valued measure 1, supported on K, is called a K -representing measure for L if

L(f) :/ fdu for every f € R[x]<2p.
K
Let A C K be a Borel set. Define

M i = {p : pis a K—representing measure for L},
My i = {p: pis a K—representing measure for L},
Mpga={n€Mpi:p(A)=0p}.

We denote by M(Lfal)(, Mga])(, M(Lfal)(  the subsets of M i, M i, and M, i 4, respectively, consisting
of all finitely atomic measures.

Let 11 be a positive S, (R)-valued measure with supp(u) C K, and let f be p-integrable. We denote by
[ - p the Sp(R)-valued measure defined by

(f-mB)= [ fdu,  EeBor(R).
If 14 is regarded as a measure on K, it is enough to take ' € Bor(K).

Proposition 2.1. Let q be as in (I.1)), and set A .= K N{t1,...,t, }. Then the following statements hold:
(1) Merx #0 <= Mpga #0.
(2) ME) #0 = M), #0.
(3) The map
P: Mp g = Mrk, Q(p) =q-u,
is a bijection, with inverse
d'v)=q ' u

Proof. The proof is identical to that of the scalar case; see [[NZ25, Proposition 2.1]. U

2.4. Riesz mapping and the moment matrix. Let L: R[z]<2, — S,(R) be a linear operator. The
matrices S; :== L(z%), i € [0;2n], are called the matricial moments of L.
Conversely, given a sequence

2.1) S=8C" = (8,8,...,5n) € (SpR)>,
we denote by
Ls: Riz]<an — Sp(R)
the unique linear operator satisfying
Ls(z') = &, i € [0;2n],

and call it the Riesz mapping associated with S. A K-representing measure for Lg will also be called a
K-representing measure for S.



For a sequence S as in (2.1), we define its n-th truncated moment matrix by

7 X X? .. xn
1 So S So Sn
X St Sy o Sun

22)  M(n)=Ms(n) = (Si;2)] 11 = x2 | s

. . . S2n—1
X"\ Sn Snt1 0 Son—1 Son

For each i € [0; n], we write

(2.3) X% = col(Sise) rejom]

for the (i + 1)-st block column of Ms(n). Whenever the underlying sequence S is clear from the context,
we write X" instead of X5.

2.5. Evaluation of a matrix polynomial on M (n). Let S be a sequence as in (2.1), and let Mg (n)
be the corresponding truncated moment matrix. Recall from (2.3) that X% denotes the (i + 1)-st block
column of Mg(n).

Given a matrix polynomial

(2.4) P(x)=> a'P, P € Mpy(R),
we define its evaluation on Mg (n) by

n
(2.5) P(Xs) =Y XtP = X3Py + XiP - 4+ XBP, € M4 1)pxp(R).
=0

When the underlying sequence S is clear from the context, we write P(X) instead of P(Xs).
If

P(Xs) = Ot 1)pxps

then P(z) is called a block column relation of Ms(n).
For a matrix polynomial P(z) as in (2.4), we denote the block column vector of its matrix coefficients
by

(2.6) coef (P) = col(F;)ic(o;n)-

Finally, the moment matrix Mg (n) is called block-recursively generated if multiplication by x
preserves every block column relation of degree at most n — 1. More precisely, if

P(x) =Y a'Pi € My(Rla)),  j €[~ 1],
=0

satisfies P(Xs) = 0(,41) then the matrix polynomial

(xP)(z) = xP(x) = Z TP
i=0

also satisfies (v P)(Xs) = 0(n41)pxp-
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2.6. Change of basis in the moment matrix. LetS = S (2n) pe as in (2.1), and fix t € R. Consider the
invertible affine transformation

or(x) =z —t.
For each i € [0; 2n], define the shifted moment
L IR LAV
(2.7) Ty =Ls((x—t)") =) <€>( )5S, .y,
£=0
and set
2.8) T = T2 = (Ty, Ty, ..., Ton).

Let M, (n) be the moment matrix associated with 7y, and let X~ denote its (i + 1)-st block column for
i € [0;n].
Let
Jp: R R

be the linear automorphism induced by the substitution x — x — ¢ with respect to the monomial basis
1,z,...,2". Thus,

(2.9) Ji coef(f) = coef(f o ¢y) = coef (f(z —t)), f € R[z]<p.
Proposition 2.2 ([[ZZ+, Proposition 2.7]). With the notation above, the following statements hold:
(1) For every matrix polynomial P € My(R[z]) of degree at most n,
(Ji ® I,) coef (P) = coef (P o ¢) = coef (P(z —t)).
(2) The moment matrices Ms(n) and M, (n) are related by
My (n) = (Ji @ L) Ms(n) (J; © I).

(3) The linear maps Jy and J; & I,, are invertible.
(4) Positive semidefiniteness is preserved under the change of basis:

My(n) =0 <= Ms(n) = 0.
(5) Rank is preserved under the change of basis:
(2.10) rank My, (n) = rank Mgs(n).
(6) For every matrix polynomial P € My(R[z]) of degree at most n,
P(X7) = (J: @ Ip) (P o ¢)(Xs).-

Proposition 2.3 ([ZZ+, Corollary 2.8]). A matrix polynomial P € M,(R[z]) of degree at most n is a
block column relation of My, (n) if and only if P(x — t) is a block column relation of Ms(n).

Proposition 2.4 ([ZZ+, Proposition 2.9]). The moment matrix Mg(n) is block—recursively generated if
and only if M, (n) is block—recursively generated.

2.7. Column relations of the moment matrix. Fix ¢t € R. Using the notation introduced in Subsec-
tion [2.6] write
My, (n) = row(X%)iE[Om].
For each i € [0;n], denote the columns of the block column X*- by (ﬂc7—t)§-i), so that
2.11) X = (@)l @) o @) =rowl(en))) e
For i € [0;n] and j € [p], define
Cr(i,7) = row(X%,...,X%-t_l,(:c%)(z),...,(:Uf/;)gz)> ,
Cr,(4,0) = mvv(X%7 . .,X%l) .

Here, when ¢ = 0, the block columns preceding X% are absent. Thus, C'7; (0, 0) is the empty matrix.



We define
(2.12) Dep(XY,) = {j € [p]: rank Cy;(i, j) = rank Cr; (i, j — 1)} .
Equivalently, j € Dep(XZ.) if and only if the column (z7; );l) belongs to the column space of C'; (7,7 —1).
The following result shows that these dependence indices are invariant under translations of the
polynomial variable.

Proposition 2.5. For every t,u € R and every i € [0;n], one has
Dep( X7, ) = Dep(XF, ).

Proof. Fix i € [0;n]. By symmetry, it suffices to prove that
Dep(X%—t) - Dep(X%L) .

Let j € Dep(XY%.). By the definition of Dep(X?), the column (z7, )gl)

C7;(i,5 — 1). Hence, there exist vectors

belongs to the column space of

50y---,8i-1 €ERP and s () € R/~!
such that
" i—1 4
(2.13) (a7)y) = 3_ X+ X col(s0), 0pj1yx1) -
k=0

Let e; € RP be the j-th standard basis vector and set

(2.14) vi=ej - 001<Si,(0)v 0(p7j+1)x1> :
(4

Since (z7;) jl = X% e;, equation (2.13) is equivalent to

1—1
(2.15) Xhv="> Xis.
k=0

For k € [0;1], define

{—Sk, ke [0;i— 1],
Pk =

v, k=i, by = (pk OpX(p71)> € Mp(R).

Then (2.13) is equivalent to

i
Z X%Pk = O(nt1)pxp-
k=0

Thus, the matrix polynomial
i
P(z) = Z z* Py
k=0
is a block column relation of M, (n).
The sequence 7; is obtained from 7, by the change of basis corresponding to
rr—x— (t—u).
Therefore, by Proposition[2.3] the matrix polynomial
Qz)=Plx—(t—u))=Plx—t+u)

is a block column relation of M7, (n). Write

Qx) = 2"Qy.
k=0
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Since the last p — 1 columns of every coefficient P} are zero, the same is true of every (). Moreover,
translation preserves the leading coefficient, so (); = P;. Consequently, there exist vectors qg, . . ., ¢; € R?
such that

Qr = (Qk OpX(p—l)) : k € [0;4],

and ¢; = v.
Evaluating @ on M, (n) and taking the first column gives

(2
> XE gk = 041

Hence,
A i—1
X%Lv = Z X%(—qk).
k=0

Recalling the definition of v in @]) we obtain
SU']L Z XT Qk + XT CO](SZ (0)» 0(p—j+1)><1> .

)( 9 belongs to the column space of C', (4, j — 1), and hence j € Dep (X%L ) . This proves
the desired inclusion. The reverse inclusion follows by interchanging ¢ and . (Il

Therefore, (z7,

Similarly, for i € [n] and j € [p], define
N, . i i i
C'%)(z,]) = row(Xflrt, o X L (:cTt)g), cey ($72)§ )> ,
C(l)(z,O) = row(X%;, ... ,X%_1> .

When ¢ = 1, the block columns preceding X% are absent, so C% ) (1,0) is the empty matrix.

Remark 2.6. The difference from C'7; (4, j) is that C% ) (7, 7) does not contain the zeroth block column
XT Thus, C'7; (4, j) records column dependencies relative to all preceding block columns, whereas

cll )(z j) records column dependencies relative only to the preceding block columns of positive degree.
In particular, C(C%)(Z,j)) CC(Cr(iy 7)) -

Set Dep, (XT) = (), and, for i € [n], define

; . 1, . ,. .
Dep, (X%) = {j € [p): rankC’%)(z,j) = rank Cf(rt)(z,] - 1)} .
Equivalently, j € Dep, (X?.) if and only if (x7; )EZ) belongs to the column space of C% )(i, j—1).
For each j € [p], define the first-dependence indices

(r:(j) = min {i € [0:n] : j € Dep(XF;) |
¢ (5) = min {i € [n] : j € Depy (X%,) },
where min () := +o0. For each i € [0;n], set
DepN (X7, ) i={j € [p]: ¢r(j) = i},
DepN, (X7, ) :={j € Ip): (i) = ¢ () = i},
DepN, (XTt) = DepN (XT) \ DepN, <X7-t)

Thus, DepN(X%—t) consists of those indices that first become dependent in the block column X% , while
DepN; (X %) consists of those indices for which the first dependence occurs at the same block level even
after the block column X % is omitted.
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Finally, define

n
(2.16) A7, = | DepN, (X%—t) .
i=1

For t = 0, we write X’ = X”ilb and omit the subscript 7y whenever no confusion can arise.

Set

po = p — card Dep(X™).

Let

(2.17) D={z,...,2} = {i € [0;n] : DepN(X%;) # 0},

where the elements are listed in increasing order:
0<z1 < - <zs<nm.

If D # 0, it follows by Proposition 2.5and the definition of z, that py = p — card Dep (XT) if D=0,
we have py = p. For j € [s], define

i
(2.18) p; = card DepN (Xfrf‘j“) =Y
(=1

If D =0, wesets:=0and z, = zg := 0 so that the formulas in the statements below remain well-defined.

Lemma 2.7 (|[ZZ+, Section 3, Claim 2]). LetS = S (2n) pe as in (2.1)), and assume that the corresponding
moment matrix M (n) is block—recursively generated. Fixt € R, and let D be as in 2.17), with p; and r;

as in (2.183).

Then there exist matrices

ﬁo, ﬁla SRR ﬁn € Mpx(p—po)(R)
satisfying the following properties:
(1) rank H,, = P — Po-
(2)
n . ~
(2.19) > X1Hi = O(11)px (p—po)-
=0
(3) If5; == dim (ﬂj-:o Ker ﬁj), i € [0;n — 1], then
n—1 s—1
(2.20) Y 5= (n—2z)(p—po)+ Y (2541 — 2)(p — po — T5—;) + card A7;.
i=0 j=1

Proposition 2.8. Let S = S be as in @.1)), and assume that the corresponding moment matrix M (n)
is block—recursively generated. Fixt € R, and let D be as in (2.17), with p; and r; as in (2.18).

Then there exists a block column relation H(x) = "I x'H; of My, (n) satisfying the following
properties:
(1) rank H, = p — po.
(2)
n (] s—1
(2.21) Zdim (ﬂ KerHj) > (n+1)po+(n—zs)(p—po)+Z(zj+1—zj)(p—po—rs_j)—i-card At
i=0 =0 =1

where A7, is defined in (2.16).
(3) each coefficient H; is of the form

(2.22) H;, = (Opxpo I;Q) , i € [0;n], where H; € My (p—po) (R)-
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Proof. By Proposition the moment matrix My, (n) is block—recursively generated. Hence, Lemma
yields matrices Ho, H1, ..., Hy € My (p—p)(R) satisfying rank H,, = p — po, together with (2.19) and
(2.20).
For each i € [0;n], define H; := (Opoo fIZ) ,and set H(z) == Y1, x'H;. By 2.19), H(x) is a
block column relation of My; (n). Moreover,
rank H,, = rank fIn =p—po.

For every i € [0;n], the block form of the matrices H; gives

7 7
ﬂ Ker H; = R” @ ﬂ Kerﬁj.
=0 =0

Consequently,
i i
dim ﬂKerHj = po + dim ﬂKerij .
§=0 5=0
Since H,, has full column rank, one has Ker H,, = {0}, and hence M=o Ker H; = {0}. It follows that

n 7 n—1 7
(2.23) > dim (ﬂ Ker Hj) = (n+1)po+ ) dim (ﬂ Ker ﬁ[j) :
i=0 j=0

i=0 j=0
Combining (2.23) with (2.20) yields (2.21). O

2.8. Support of a representing measure and block column relations. The following lemma relates
the support and atomic multiplicities of a representing measure to the zeros of the determinant of a block
column relation.

Lemma 2.9 ([ZZ+, Lemma 2.4]). Let n,p € N, and let
S = (S0, 51, .., 5m) € (Sp(R))*"H!

be a sequence with moment matrix M (n) and an R—representing measure p. Suppose that

H(z) = zn:x’Hz € M,(R[z])
i=0

is a block column relation of M (n) and that H,, is invertible. Then:
(1) supp(p) C Z(det H).
(2) mult, £ <multqes g §  forevery § € R

2.9. Determinant of a matrix polynomial. The following result relates the vanishing order of the
determinant of a matrix polynomial at a prescribed point to the common kernels of its coefficients.

Lemma 2.10 ([ZZ+, Lemma 2.10]). Letn,p € N, lett € R, and let

n
H(z) =) (z —t)'H; € My(Rlz])
i=0
be a nonzero matrix polynomial. Let Hy, be invertible. For k € [0;n — 1] define

k

Wy, = ﬂ Ker H;, sp = dim Wy,
=0
Then
(2.24) det H(z) = (x — t)2h=0 ** g(z),

where 0 # g(z) € R[x].
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2.10. Lemma on the rank of a matrix. The following technical lemma will be used in the proof of
Theorem

Lemma 2.11 ([ZZ+, Lemma 2.14]). Let my, mo,c, k, £ € N, and let
Al S Mmlxk(R)a A2 S Mmzxk(R)a C S Mch(R)a

and
Bl c Mmlxé(R); BQ S Mm2><5<R), D e Mcxg<R).
Assume that

(1)
_ Ar) A1 Br) .
rank As = rank <A2> = rank <A2 B2> ;
(2)
A\ Ay By
rank<c>—rank<c D)’
Then
Aq A By
rank | Ao | =rank | A2 B»
C cC D

2.11. Solutions to the truncated matricial Hamburger and Stieltjes moment problem. We conclude
this section by recalling the characterizations of the solvability of the truncated matricial Hamburger and
Stieltjes moment problems due to Bakonyi and Woerdeman and to Kimsey, respectively. These results
also guarantee the existence of finitely atomic representing matrix measures of minimal size.

Theorem 2.12 ([BW11, Theorem 2.7.6]). Letn,p € Nand let S := (Sy, S1,. .., S2,) € (Sp(R))?" 1
be a sequence with a moment matrix M (n). Then the following statements are equivalent:

(1) There exists a R—representing matrix measure for S.
(2) There exists a (rank M (n))-atomic R—representing matrix measure for S.
(3) M(n) is positive semidefinite and C( col(Sy1i)ic[n)) S C(M(n —1)).

Theorem 2.13 ([Kim22, Theorem 2.18]). Let n,p € N and let S := (Sp, S1, . .., San) € (Sp(R))?" 1

be a sequence with a moment matrix M (n). Then the following statements are equivalent:

(1) There exists a [0, oo)—representing matrix measure for S.
(2) There exists a (rank M (n))-atomic [0, o0 )—representing matrix measure for S.
(3) M(n)and H, := (Siﬂ-,l)zjzl are positive semidefinite, and C( col(Snyi)icfn)) € C(Hz)-

3. MULTIPLICITY OF AN ATOM IN A GIVEN MINIMAL MEASURE

The formula (3.1) below is implicit in the proof of [ZZ+, Theorem 1.1], where it is used for a single
prescribed point. We isolate it here because its precise equality, rather than only the resulting lower bound,
will be applied at several prescribed points in Sections [ and [5] It expresses the multiplicity of an atom at
a prescribed point ¢ in terms of the moments written in the shifted basis associated with x — .

Theorem 3.1. Letn,p € N, and let
S = (80,51, ..., 50m) € (Sp(R))>"*

be a sequence with moment matrix M (n). Suppose that S admits a (rank M (n))-atomic R-representing
measure 1. Set

Somiy = / 2
R
and fixt € R. Fori € [0;2n + 1], define
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where, for i = 2n + 1, the operator Lg is extended to R|x)<o,11 by setting Ls(z*"*1) :== So,,41. Set

To =T = (£(50), E(S1), .., E(Sam)).

Set
Hyi = (E(Sivj1)); Ky = col(&(Sn+i)) jepp-

ij=1’
rank Hy Ky — rank aci
K &(Sont1) K|
where A7, = I~ DepN, (X%) is as in (2.16).

Proof. Let m denote the right-hand side of (3.1). We need to prove that
(3.2) m = mult, t.

Then

(3.1)  mult,t = p— card Dep(X7,) + card Ay, —

The proof has two parts. First, we construct a matrix-polynomial column relation whose determinant
yields the lower bound mult,, ¢ > m. Second, we remove the mass at ¢ and compare the ranks of the
resulting flat moment matrices to obtain the reverse inequality.

Define

HO,t = COl(gt(Sifl))iG[n] .
Since p is a (rank M (n))-atomic representing measure, its moment sequence has a positive semidefinite
flat extension M (n + 1). More precisely, M (n + 1) = 0 and rank M (n + 1) = rank M (n). Set

Sontg = / 2?2 dy and  E(Sonie) = / (x — )" 2 dp.
R R
Write -
7;( n+2) = (gt(SO), St(Sl), ce ,5}(5’2n+2)),

The moment matrices

M(n+1) = (Siyj-2) .

PP ad Moewn (1) = (E(Si)] 0

ij=1 T,
are positive semidefinite and satisfy
rank M72<2n+2) (n+ 1) = rank M7, (n) = rank M (n).
Consequently,
C((col(Ei(Snti)) esry) € C(M7(n)).
Equivalently,

Hor  He K _ Hor  Hi
3.3) rank <5t(5n) KtT 5t(52n+1)> = rank <5t(5n) K;) .

Let P € Mp(R) be a permutation matrix that arranges the columns in the order C, Ca, C'3, where
C1 = DepN, <X;?‘2711+2)) ,
t
C3 = DepN; <X;L_'(’;}l+2)) ,
t

03 = Dep <X%(2n+2)> .

Set
(3.4) po = p — card Dep(X7.) , ry == po —m+ card Ap;,
and

st :=m — card A7;, q:=1p—pg.
By the definitions of C'1, C, and Cs, and by the definitions of m, ¢, s¢, and g, we have

card C; = ry, card Cy = sy, cardC3 = q.
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Decompose
(3.5) K, = (f{\t,l Kz Es) = KiP,
where the three blocks have 74, s;, and ¢ columns, respectively. Also write
Zt,l Zt,Q Zt,s
(3.6) Zy =P &(Som )P = 2]y Zia Zis

The block sizes are

Zt,l S M’!’t (R)v Zt,? S M’I‘t X St (R)7 21573 S M’I‘th(R)v
Zsa € M, (R), Zis € My, xq(R), Zis € My(R).
Since P is a permutation matrix,
", K, T\ [ Hi K
3.7 ~ | =Upp®P I, & P),
( ) (k\tr Zt) ( np ) K;I' gt(52n+1) ( np )
It follows from the definition of r; and rank invariance under multiplication by invertible matrices that
Hi Kin Hy K M,
(3.8) rank ~7" | =rank ~ | =rank + 7.
Ky Ziy K] Z KT !
Define
(3.9 fn = (fn,l fn,Z fn,S) = gt(Sn)P’

where the three blocks have r¢, s¢, and g columns, respectively. Then

Hor M Ky o Hor M K,
3.10 20, 2 = (I, e P ! I, P).
G-10 (TnT K} Zt> (T & )<£t(5n) KT 5t(S2n+1)>((+1)p@ )

t
Thus, (3.3) implies

HO,t Ht K %O,t Ht
(3.11) rank(TnT KT Zt>:rank<ﬁ-{ KT = rank M7, (n).

We next construct a block column relation of MT(2n+2> (n + 1) whose determinant has a zero at the
t

origin of sufficiently high order.
By Proposition [2.8] there exists a block column relation

n
i=0
of M7, (n) satisfying the lower bound (2.21)), with

(3.12) Hiz(opxpo ﬁl) i € [0:n),

and
rank H,, =p —po = q.
Since M, en+2) (n+ 1) is block—recursively generated, the relation H propagates to the extended moment
t

matrix:

Hi K
(3.13) (K;r 5t(5’2n+1)> COI(Hi)iE[O;n] = 0(n+1)P><p'

Applying the permutation gives

H, K,
(Ft 2t> (Inp ® PT) c0l(Hy)iefoin] = Ont1)pxp
t t

(3.14)
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In accordance with the partition induced by P, write

Ort X Ppo Gl
(3.15) PTH, = | 05,xp, G2
OqXPO G3

By the definition of P, the last ¢ columns correspond precisely to the dependent columns of X7.. Since
rank H,, = ¢, the matrix G5 € M,(R) is invertible.

The first equality in (3.8)) shows that the columns of the block containing K, ¢,2 and the corresponding
blocks of Z; belong to the column space generated by the preceding blocks. Hence, there exist matrices

J1 € anxst (R), J2 € MT’tXSt(R)

such that
M Ky K\ o,
KY Z,1 Z 1
(3.16) bt 2B SR T | = 0 1)
Kt,2 Zt,2 Zt74 I
/\r ~ ~ St

T T
Kt3 Zt,3 Zt5

Similarly, the first equality in (3.11) implies that the relevant block of 7; columns belongs to the column
space generated by the preceding blocks. Therefore, there exist matrices

Ul S Mpxrt (R>7 U2 S anxn (R)

such that
Hoo Hi K)o,
(3 17) 2}11 {{11 %ﬁl _U; o 0( +1)
* - n Xre*
I:nT?z Ky, %TQ I, P
s Kis 21
The second equality in (3.8) implies
(3.18) rank Uy = ry.
Combining (3.14), (3.12), (3.13), (3.16), and (3.17)), we obtain
—Ur Opxs, AOPXQ
Hor Hi K —Ux  —J1 col(Hi)iclon—1] -
fT ?r Z I, —Ja G = O(n+1)p><p'
n t t OStXTt ISt G2
Oq><rt 0q><st G3

Therefore,

AP ] i
(3.19) <2:> Qn = row(X7), i (Uz Ji col(—Hi)ie[o;n—l}) + X% (Ul OPX(St+q)> ,

where
R Irt —Js G1
(320) Q?’L = Ost X1t ISt GQ 9
qurt 0q><st G3
and
(3.21) row()?%)ie[o;n] = (Inp ® PT) row (COl(gt(S”j))je[O;n])ie[O.n] .

Since (3 is invertible, so is Q.
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Decompose

Us,0 J1,0

U1 Ji1
(3.22) (1 n)=| D

Usn—1 Jin—1
where

U27i € Mpxr‘t(R)a Jl,i € MpXSt (R)
For i € [0;n — 1], define

(3.23) Qi = (U2,z' J1i —EQ') .
Then (3.19) becomes
AP .
(3.24) ( 2:) Qn =" X5Qi1 + X5 (U1 0pi(eig)) -
i=1
Set

(3.25) Q. = PO,

Undoing the permutation in (3.24])) yields

(3.26) Ol (E(Sn14)) sy @n = D X5 Qi1 + X5 (U1 Oparig))
i=1

Define

(3.27) Q) = a"1Qn =Y 7' Qi 1 — (U1 Op(asg)) -
i=1

By (3.26), the polynomial Q(x) is a block column relation of M (zn+2) (n+1). Hence, Proposition
t
shows that Q(z — t) is a block column relation of M (n + 1).

By (3.18),
(3.28) rank (Ul OpX(StJrq)) =7
Define -
Wy = Ker(Ul OPX(St+q)) , Wi = WonN ﬂ Ker@;, i€ [n].
§=0

Since @); ends with the block —H;, for every i € [0;n — 1] one has

i
(3.29) ve (Kerl; = <0”U+Sf> € Wiy
=0
Let
5 = dim W}, i € [0;n].
It follows from (3.29)) that
i—1
(3.30) 5; > dim (ﬂ Ker Erj) . ic|n.
=0
Defining

O(H) = idim(ﬁ KerHj) ,
i=0 §=0

we have
s—1

(3.31) O(H) > (n+1Dpo+ (n— 2z5)q + Z(zj+1 —2j)(q —r5—j) + card A7;.
j=1
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Moreover, (3.12)) implies that, for every i € [0; n],
i i ~
() Ker H; = RP & () Ker Hj.
j=0 j=0

Therefore, for every w € [0;n],

(3.32) Zdim (ﬂ KerHj) = (w+ 1)py + Zdim (ﬂ Kerﬁj) .
i=0 j=0

=0 j=0
We have
n n i—1 R
> 5 >S50+ Y dim | () Ker H; by (3.30)
=0 i=1 j=0
n—1 7 N
=30+ Z dim ﬂ Ker H; by reindexing
=0 j=0
n—1 % R
=s¢+q+ »_ dim | (] Ker H; by (3.28)
=0 j=0
n—1 %
:st+q+Zdim ﬂKerHj — npo by B.32) withw =n —1
i=0 §=0
=st+q+PH)— (n+1)po since Ker H,, = {0}
s—1
>m+(n—z+1)q+ ) (241 — 2)(g—rs—;) by G3T)
j=1

S
=m+(n+1)p— ((n + 1)po + Z szHpj) by the definitions of p;, ;, and ¢
j=1

=m+ (n+ 1)p — rank Mr;(n) by block—recursive generation of My, (n)
=m+ (n+ 1)p — rank M (n) by Proposition[2.2]
Since @y, is invertible, Lemma[2.10] together with the estimate above, yields
(3.33) det Q(z — t) = (z — t)"H(nHDp—rank M(n) g2y
where 0 # g(z) € Rlz]. Moreover,
deg (det Q(z — 1)) = (n + 1)p.

and therefore

(3.34) deg g = rank M(n) — m.
Write
o= Z 5Ctj A]7
j=1
where the points z1, ..., x, are pairwise distinct, A; € SEO(R), and

¢
Z rank A; = rank M (n).
j=1
By Lemma[2.9]and (3.33), every atom of 1 different from ¢ is a zero of g, and its multiplicity as an atom
is at most its multiplicity as a zero of g. By (3.34) and since the total atomic multiplicity of u equals
rank M (n), it follows that mult, ¢t > m. If t ¢ supp(u), then mult,, ¢t = 0, so the preceding inequality



19

implies that m = 0. Hence, mult,, t = m. We may therefore assume that ¢ € supp(p). Write t = x;» and
set
m' :=rank A; = mult,, ¢.

Suppose, toward a contradiction, that m’ > m. Define

fo=p— 0t Ay,
and, for ¢ € [0;2n + 2], set
S = / 7 dii.
R
Let N o N
S = (S(), Sl, ey Sgn+2).
Since

M(n) — Mg(n)
is the moment matrix associated with the measure ¢, A, its rank is at most m'. Consequently,
rank M (n) —m’ < rank Mz(n) < rank Mz(n +1).

On the other hand, p is an atomic representing measure for S, and hence

L
rank Mz(n +1) < Z rank A; = rank M(n) —m’.
j=1
J#5'
Therefore,
(3.35) rank Mg(n) = rank Mg(n + 1) = rank M (n) —m’.

For i € [0;2n + 2], define the shifted moments

T /(x — ) di.
R
Since the removed mass is supported at ¢, the zeroth shifted moment changes by A;/, whereas all shifted
moments of positive degree remain unchanged. More precisely,
To = &(So) — Aj,
while
(3.36) T, = &(S), ie[2n+2.

Thus, ¢ = 0 is the only index for which the shifted moments associated with i and g differ.
Let

X' = col(Tig) jeppmpy 0 € 050+ 1]

By (3.35) and Proposition[2.2]
(3.37) m' = rank M (n) — rank row()?i)ie[n "

Let .

X' = COl(gt(Siﬂ))je[o;nH]’ i€ [0;n+1].
By (3.36), N
row (X") iy = TOW(XY) sy
Moreover, the definitions of the dependence indices give
rank rOW(Xi)iE[n] = rank My, (n) — po — card A7;.

Passing from the block columns indexed by [n] to those indexed by [n + 1] increases the rank by
re = po —m + card A;.
It follows that

rank row ()Z' z) = rank row (X Z)

1€[n+1] 1€n+1]
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= rank M7, (n) — po — card A, + 1y
= rank M (n) —m,
where the last equality also uses Proposition[2.2] Combining this identity with (3.37) yields
m' = rank M (n) — (rank M (n) —m) = m,

contradicting m’ > m. Therefore, rank A;; < m. Together with the previously established inequality
rank A; > m, this gives rank A; = m. Consequently,

mult, t = m,
which completes the proof. U
The following immediate consequence of Theorem [3.1| will be used in the proof of the main result.
Corollary 3.2. Letn,p € N, and let
S = (S0, 51, ... 5m) € (Sp(R))*"!
be a sequence with moment matrix M (n). Suppose that S admits a (rank M (n))-atomic R—-representing

measure ji. Set Soni1 = / z*" L dpy, fix t € R, and adopt the notation T;, Hy, Ky, and A+, from
R

Theorem|[3.1)
Then the following statements are equivalent:

(1)
mult, t = card A7,.

(2)

?{t }{2 _ ?{t o n
rank (K;r 5t(52n+1)> = rank (Kg) + p — card Dep (X7 ) .

Proof. By Theorem[3.1]
rank Hy Ki — rank Hy
K& &(San+1) K|

Hence, mult,, ¢t = card A, if and only if the rank identity in (2) holds. O

mult, t — card A7, = p — card Dep(X7,) —

The following consequence of Theorem [3.1] applies to arbitrary finitely atomic representing measures.
Corollary 3.3. Let n,p € N, and let
S = (So, Sl, . ,SQn) S (SP(R))

be a sequence with moment matrix M (n). Suppose that S admits a finitely atomic R—representing measure
p. Fixt € R. Then

2n+1

mult, t > card A7,
where AT, is defined as in Theorem[3.1]

Proof. Extend the moment sequence by setting
Si::/Ra:"du, 1> 2n+ 1.
Since p is finitely atomic, there exists k € N such that
rank M (n+ k) =rank M(n+k—1) = Z mult, .

TESUpPpU

Thus, p is a (rank M (n + k))—atomic representing measure for the extended sequence (Sp, . . ., S2n 12k )-
Set

T = (E:(S0), E1(S1), - - -, E(Santor)), where & (S;) == /R(x—t)idu, i > 0.
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For r € [n + k], define

Ag (r) = O DepN; (X%) .
i=1

The flatness condition gives p = card Dep (X%+k) . Hence, that theorem yields
mult, ¢ = p — card Dep (X%Jrk*l) +card A7;(n+ k — 1)
= card Dep (X%+k) — card Dep (X%+k_1) +card Ar;(n+k —1)
= card DepN (X%+k) +card A (n+k—1)
> card DepN; (X%+k) +card A7;(n+ k — 1)
= card Ay, (n + k).

Since
A7, = Ar(n) C Az (n + k),
we conclude that
mult, t > card A7, (n + k) > card Ar;,

as claimed. (|
4. MINIMAL R-REPRESENTING MEASURES WITH MINIMAL MULTIPLICITIES AT PRESCRIBED
ATOMS

Let L: R[z]<2, — Sp(R) be a linear operator, and let 1, ..., t; € R be pairwise distinct. In this sec-
tion, we characterize when L admits a R—representing matrix measure . satisfying mult,, ¢; = card Ath,

j € [k], where Ath is defined in (2.16). By Corollary every finitely atomic representing measure v
for L satisfies mult, t; > card A7;j , J € [k]. Thus, the multiplicity of each prescribed point ¢; in s is the
smallest possible. We use this result to prove Theorem[I.1]for K = R.

We begin with an auxiliary rank lemma.

Lemma 4.1. Let m,n € N, let A € S;,(R), B € My, xn(R), and P € S, (R). If P is either positive
definite or negative definite, then

A B
rank (BT BTATB—f—P) = rank (A B) +n,

where At denotes the Moore—Penrose pseudoinverse of A.

Proof. Set r := rank A. Choose an orthogonal matrix ) € M,,(R) such that
QTAQ = A1 © 0y,

where A; € S, (R) is invertible, and write

Q"B = col(By, By), Bi € Myxn(R), Bz € My—pyxn(R).

AT =Q (Agl g) Q,

Since

one has
BTATB =Bl A{'B.

Hence, by a congruence transformation and the Schur complement with respect to A1,

A B _ O B2
4.1 rank (BT BTATB—FP) —T+rank< BT P)'
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Since P is definite, it is invertible. Taking the Schur complement with respect to P gives

Opm—r Do _
rank < ggT P> =n+ rank(BzP 1B;—) :

Because P! is definite,
rank (BgPileT) = rank Bs.
Therefore,

A B
4.2) rank <BT BTAIB + P) = r +rank By + n.

On the other hand, the same orthogonal change of basis yields

B Al 0 B i
rank (A B) = rank ( 0 0 Bg) = r 4+ rank Bs.
Combining this identity with (4.2)) proves the result. O

The following result shows that the multiplicities identified in Theorem [3.1] can be attained simultane-
ously at any finite collection of prescribed points. More precisely, among all representing matrix measures,
one can choose a minimal measure whose multiplicity at each prescribed point ¢; is the smallest possible
value card Ath .

Theorem 4.2. Letn,p € N, and let t1,...,t;, € R be pairwise distinct. Let
L: R[JJ]SQn — SP(R)

be a linear operator with a R—representing matrix measure. Then L admits a (rank M (n))-atomic
R-representing matrix measure |1 such that

multy, t; = card A; , J € [ki],
where A7, is defined in (2.16).

Proof. Set S; = L(x%), i € [0;2n], and write S = (Sp, S1,...,S2,). For each t € R, let T; be the
shifted sequence defined in (2.8), and adopt the notation introduced in Subsections[2.6|and[2.7]
For ¢t € R, write

M : H Snp(R)

0 _. 0,t i _. 13 p

4.3) an =: (&(Sn)) 5 I'OW(an)ie[n] =: (KJ) S <Mp><np(]R) .
By Proposition 2.5 the set Dep(X7.) is independent of ¢. Set

po = p — card Dep(X7.) .

Choose a permutation matrix P € M,(R) such that, upon multiplication from the right, the first py
columns correspond to [p] \ Dep(X7,) and the remaining p — po columns correspond to Dep(X7:). For
each t € R, define

(4.4) K=Ky Kis) = KP,
where ff\m has pg columns. By the definition of Dep(X7,),
4.5) rank (Ht R\t,l) = rank (Ht fi) , t e R.
Fix t € R. By Proposition there exists a block column relation
n
=0
of M7, (n) such that
rank H, = p — po, H; = (Opoo PAIZ> , i € [0;n).
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In the block decomposition

0 Gy
(4.6) PTH, = Poxpo ,
<O(P—P0)><Po Gs

the matrix G3 € M),_,,(R) is invertible. Consequently, there exists a matrix G such that
4.7) Kig=(H K..)G.

For each j € [k;], set

2n+1 o+ 1 o R — P
(48) E]’ = Zl < i )(—1)1(75;- — tl)52n+1,i71 — Kth/Hthtj,l,
1=
where

S\i =P TSlP
and 5}71 denotes the upper-left py X pg principal submatrix of §l
Choose a symmetric matrix Z; 1 € Sy, (R) such that

(4.9) Zig+Ej =0,  je kil

Define

(4.10) Zs,?, = <K/\tr1 Zt,l) é? Zt,6 = (K/\trg Zth) é’
and set

5 (Zt,l 23

4.11 7, = Z, = PZ,PT.
( ) t Z,;I:3 Zt,6> ) t t

The matrix Z; is symmetric. Indeed, and (@.10) give
> At He Kii) A
Zig = G ~" | G.
’ f{\tl:l Zt71

We next verify that the choice of Z,l does not obstruct the construction of a flat extension. More
precisely, we claim that

4.12) rank ~ ) = rank My, (n).

In particular,
(4.13) C(col(Ky, Zy)) C C(Mp;(n)).
Indeed, by (4.7), (4.10), and (4.11), we have
K3 Hi Kii) 4 5 (BT 5T\ A
P = ~ | G. d Zig = (K Z 5] G.

Consequently, the blocks I?t,g, Zt,g, and Zﬁ do not increase the rank, and hence
How Hi K Hor He Ki
4.14) rank ' ~" | =rank ’ ~00 ).
&(Sy) Kf Z E(Sn) K[ Zis
We prove that the rank on the right-hand side of (4.14) equals rank M7, (n). Set

Tn = (fn,l fn,S) = Et(Sn)Pv
where CIA}J has py columns. By the same column relations that give
Eﬁ = (Ht E,l) @7
we also have
Tos= (M3, Tun)G.
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Consequently,

(4.15) rank My, (n) = rank 7;[.?-’t ji;f )
Tn,l Kt,l

Moreover, by the definition of pg,

(4.16) rank My, (n) = rank (Ho,t ’Ht) + po.

Permute the rows of (’Ho,t ’Ht> using a permutation matrix P, € M,,(R) such that

Hoen Hin
Pr Y
5 (Ho,t Ht) (Ho,m Ht,2> ,

where

“4.17) rank <Zgi; ZI;) = rank (7—[07,5,2 /thg) .

Apply the same permutation to f(\tr 1 and write

KN P=: (BT (ED)T).

)

By (@.15) and (4.16), the permutation P can be chosen so that

T, 7
(4.18) Ker [ Hot2 Tnt) _ oy,
Ht,Z Ky

Equivalently, the matrix
’HAo,t,Q Hi o
T, K]

is surjective. Therefore, for every 21&71 € Spy(R),

Horo Hio k\(zl) Hoto Hiz
(4.19) rank [ 0 < bl ) =rank | A7 =
T,;El /K\tl:l Zt71 TJ—,I f{\tl,—l

Since the original sequence admits an R-representing measure, it admits a positive semidefinite
extension. Thus, there exist matrices Zt(e) and Wt(e) such that

Mr.(n) col(K;, 219 o
ow(KT, ()T wO )T
The generalized Schur complement criterion [Alb69] implies
C(eol(Ky, Z{)) € C(Mri(n)).
In particular,
7(1)
K
(4.20) rank Hoenr Hin At(’Ql) ek Hops1 Hia .
Horz Hiz Kij Hot2 Hiz
By Lemma[2.11} @.17), #.19), and @.20), we obtain

Hor Hi Kia Hor He
rank | ~+ = | =rank | 57 =7 | = rank M7 (n),
(TnTyl j{\t,rl Zt,l) (TnT,l Km ()

where the last equality follows from (@.13). Together with (4.14), this proves (4.12).
For each j € [k;], define

2n+1

~ ~ 2n +1 . P

(421) Zt]. = Zt + E ( >(—1)Z (t; — tz)52n+1_2‘.
i=1

1
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Let Zt].J denote its upper-left py x po principal submatrix. By @.8) and (£.21),
th,l = k\g,lHIjI/{\zfj,l +Zy1 + Ej.

Hence, by (4.9) and Lemma(applied with A = Hy,, B = I?tj,l, and P = Zm + Ej),

Hi, Kin Hi, .
(4.22) rank 7 57 ] =rank 7] + po, € |k1].
@,1 th71 K/\rtj,1 Po J [ 1]
We now extend the shifted moment sequence by setting
(4.23) Tony1 =2,  Tonyo =row(K], Z;) My (n)" col(Ky, Zy).
Let

7;(2n+2) = (TD, Tl, - ,T2n+2).
By [AIb69]), @T13) and #23), the corresponding moment matrix M,7_t(2n+2) (n+1) is positive semidefinite
and
rank MTt(zm-z) (n+ 1) = rank M7, (n).

Define the unshifted moments S5;,,+1 and So, 12

2n+41
_ 2n+1 -
Sont1 =& N(Tong1) = Tonsr — ( ; >(—1)Zt’S2n+1—i,
i=1
(4.24) ont2
1 2n + 2 isi
Sont2 =& (Tony2) = Tont2 — Y P L e
i=1
and set
(4.25) SC+2) .= (Sy, 81, ..., Santa).
Proposition 2.2] yields

Mg@ni(n+1) =0, rank Mgni2) (n + 1) = rank M(n).

Hence S("*2) admits a (rank M (n))-atomic R-representing measure

N
= Z O, Ag.
(=1

Its restriction to moments of degree at most 2n is an R—representing measure for L.
It remains to determine the multiplicities of the prescribed points. By the inverse change-of-basis
formula,

(4.26) PZy,PT = &,(Sont1), € [kil.
Indeed, fix j € [k;]. Using and (4.21)), we have
2n+1
~ ~ 2n+1 o :
Zy, =2y + P> ( ; >(—1)Z(t;. —t")Sont1-i P.
i=1

By @TT), @23). and @24), we have
2n +1

2n+1
Zy = PTTy, 1P = PT&(Sops1)P = PT <52n+1 + ) < i )(_1)175152%1—1') P.
i=1

Substituting this into the previous expression yields

2n+1
~ 2n+1
Zy; = pPT <S2n+1 + g (

i=1

2ntl <2n +1

>(_1)itis2n+li)P

l

+PT Y

i=1

)(—1)"(t§ — ") Sop 41— P

7
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2n+1
2n+1 isi
= PT (SQn_A,_l + Z ( ; >(—1) th2n+1—i>P

=1
= P &,(Sont1) P.

Multiplying by P on the left and by P7 on the right give ([#.26).
Fix j € [k1] and define the extended shifted sequence

7;(-2n+2) = (Etj (So), gtj (Sl)? R gtj (S2n+2))'

J

By Proposition
n _ n
(“.27) Dep( X7z ) = Dep (X,,tfnm) |
Moreover,
&, (Sn)
Xn(2n+2) = Kt-
75 7

J

Since P places the dependent columns in the last p — pg positions, (4.27) implies that the last p — pg

columns of X%Qn +2) P are linear combinations of the preceding columns. Consequently, the blocks K¢, 3,
j

Ztﬁg, and thﬁ do not increase the column rank. Since the full matrix is symmetric, the corresponding
block rows do not increase its rank either. Therefore,

Hi, Ky, Hi, Kijn
(4.28) rank 27| =rank I ST ).
j{\t; Zt4 k\t;l th71

Moreover, the columns corresponding to K, 3 and the associated blocks of Z;; are linear combinations

of the columns corresponding to H;; and I?t ;1. Therefore,

He, K,
rank (th &, (52n+1)>

(by the permutation congruence induced by P)

< by (4.28)
Hy.

=rank { 1 | +po by (#.22)
1
Hy.

(ki?) + po by (@.5)

He, - ..
=rank < th) + p — card Dep (X%]) by K;; = Ky, P and the definition of py.

Corollary [3.2] now implies that
mult,, t; = card A7, , J € [k1].
This completes the proof. O

The following corollary characterizes when the representing measure in Theorem 4.2| can be chosen so
that none of the prescribed points is an atom.

Corollary 4.3. Letn,p € N, and let ty, .. .,tx, € R be pairwise distinct. Let
L: R[l‘]ggn — SP(R)
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be a linear operator which admits an R—representing matrix measure. Then the following statements are
equivalent:

(1) There exists a finitely atomic R—representing matrix measure | for L such that

tj ¢ supp(p),  j € [ka].

(2) There exists a (rank M (n))-atomic R—representing matrix measure p for L such that

tj € supp(u),  J € [ka.
(3) Forevery j € [k1], we have
A, =0,

J

where A7;j is defined in (2.16).

Proof. Assume first that (I)) holds. Then mult, t; = 0, j € [k1]. It follows from Corollary that
A7, = () for every j € [k1]. Hence, (3] holds.

Assume that (3) holds. By Theorem[4.2] there exists a (rank M (n))-atomic R-representing matrix
measure 4 for L such that mult, t; = card Ay, = 0, j € [k1]. Therefore, t; ¢ supp(u) for every

J € [k1], proving (2).
The implication (2) = (1)) is clear. O

We are now ready to prove Theorem [I.1]in the case K’ = R.

Proof of Theorem|[I.I|for K = R. The implication (1)) = (2) follows from [MS24a) Corollary 5.3].

We next prove (2) = @). Let v be a finitely atomic R-representing measure for £. By Proposition 2.1}
the measure p := ¢! - v is a finitely atomic R-representing measure for L and satisfies y(A) = 0,. By
Theorem [2.12] (@a)) and (b)) hold. It remains to prove (dd). Consider the extended moment sequence

giz (SO,...,SQn+2k), Sz = ,/le d/L,
satisfying
rank Mz(n + k) = rank Mz(n + k —1).
Fix t; € A. In what follows, let ’Htj and K, t denote the matrices defined as in Theorem with S in
place of S and n + k — 1 in place of n. The flatness condition implies that
_ +k
p = card Dep (X%j )
and
H, K, H,.
ank J = rank .
ran (th &, (52n+2k1)> ran <K2j>
Thus, condition (2) of Corollary [3.2)is satisfied. Consequently,
mult,, t; = card Ay (n+k),
where

Az, (r) = DepN1(X%j) . TEMn+E.
=1

Since t; € A, we have mult, ¢; = 0, and hence
A7, (n+k) = 0.
The sets Aﬁj (r) are increasing in r, so
Az, (r) =0, r € [n+kl.

Since t; € A was arbitrary, this proves ().
The implication @) = (3)) follows from Corollary Finally, the implication (3) = (2)) is immediate.
O
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5. MINIMAL [0, 00)-REPRESENTING MEASURES WITH MINIMAL MULTIPLICITIES AT PRESCRIBED
ATOMS

In this section, we establish analogues of the results from Section [ for the case where the support
of representing measures is contained in [0, 00). We then use these results to complete the proof of
Theorem |[L.1]for K = [0, c0).

The following result is an analogue of Theorem 4.2} where R is replaced by [0, co).

Theorem 5.1. Let n,p € N, and let t1, ..., t;, € [0,00) be pairwise distinct. Let
L: R[x]ggn — SP(R)
be a linear operator with an |0, co)-representing matrix measure. Then L admits a (rank M (n))-atomic
[0, 00 )—representing matrix measure [ such that
multy, t; = card A7; , J € [k1],

where A, is defined in (2.16).
Proof. The construction of the flat extension of M (n) must meet two requirements simultaneously. First,
we choose L (22" *1) so that the rank identities at all prescribed points hold. Second, we choose the same
matrix sufficiently positive to ensure the Stieltjes localizing condition. The remainder of the argument
then completes the flat extension as in the proof of Theorem #.2]

Set S; == L(x"), i € [0;2n], and write S := (Sp, S1,...,S2,). Foreach t € R, let 7; be the shifted
sequence defined in (2.8)), and adopt the notation introduced in Subsections [2.6]and 2.7} We follow the

construction in the proof of Theorem#.2] taking the reference point ¢t = 0, up to the choice of the block
Zo,1. We retain all notation introduced there. In particular,

Ko = (fo,l ?0,3) )
where R\OJ has pg columns, and
(5.1) 1?0,3 = (Ho k\o,l) G.
Since the reference point is ¢ = 0, we have
Ho = Hy(n —1).

In addition to the rank conditions required in the proof of Theorem 4.2} we must choose the subsequent
moment So,,11 so that

(5.2) Sont1 — 10W(Spti)icn Ha(n — 1)1 col(Sp4i)icpn = 0-
For each j € [k], define

. 1 (o0 g o -
(5.3) Fj = f{\(_{l%(JSKO,l + Z < ; )(1)lt;~SQn+1i71 — j{\;,lHZjKtj,l7
=1

where §i71 denotes the upper-left py x pg principal submatrix of
S’\i = PTSZP

The sum in (5.3) is the change-of-basis correction from the basis centered at 0 to the basis centered at ¢;.
Since the family (F}) ek, is finite, we may choose v > 0 sufficiently large that

alp, + F; =0, J € [ki].
Set
(5.4) P, = alp,.
In particular, Py > 0. Define
(5.5) Zoy = Ko HiKo1 + Py



As in the proof of Theorem[#.2] define

(5.6) Zog=(KJy Z01)G.  Zog=(K{s Z3,)C,
and set
% Zox Zogs 7 pT
5.7 Zo =\ 57 &~ Zy = PZyP'.
(5.7) 0 (Z(-{g ZO,6> ; 0 0
Since the reference point is 0, we set
Sont1 = Zo.
We claim that
(5.8) Zo — K H)Ko = 0.
Write R
. Gy ~ .
G = (@1) ) Go € Mypx(p—po)(R),  G1 € Mg (p—po) (R)-
Then
(5.9 f(]’;; = Ho@o + ?0’161.
Moreover, by the definitions of 2073 and 20,6,
(5.10) Zo = Kg,Go + Zo,1 G,
(5.11) Zos = Gy HoGo + GIKg,Go + G Ko 1G1 + G Zo,1 G

Recall the definition of 20,1 from (3.5). Since
C(Ko,1) € C(Ho),
and H is symmetric, we have
(5.12) HoH) Koy = Ko1, K HiHo = K{ ;.
We now compute the four blocks of
Zo— BRI Ro,  Fo= (Rox Tos).
For the upper-left block, (5.3)) gives
(5.13) Zoy — K1 Hi Koy = Py
Using (3.9), (5.10), and (5.12)), we obtain
Zos— KM Ros = K11Go + Zo1Cr
— K§ 1) (HoGo + Ko 1Gh)
= Kg,Go + Zo1G1 — Kq,Go — K H{Ko1G1
= (20,1 - E&H(T)k\o,l) Gy

(5.14) =P, G.

Taking transposes yields

(5.15) 283 — K sHiKo1 = GI Py.
Finally, by (5.9) and (5.11)),

Zo6 — K sHi Ko

= G{HoGo + @IR\(I1@0 + Gy Ko1Gy + GT 201Gy
— (GiHo + @IR\OTJ)H(T) (HoGo + Ko1G1)

= GI (20,1 - foT,f?"f(T)f(\O,l) él
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(5.16) = G| P.G\.

Here we used ’HOHSHO = H, together with (5.12).
Combining (5.13), (5.14), (5.13), and (5.16)), we obtain

N = P en
Zo— K MKy = | -+ +7L
070 GTpP. GTP.G,

I ~
(5.17) = ( é:{) Py (L, Gi)=0.
This proves (5.8).
Since

f(\o = K()P and Sgn+1 = PZOPT,
congruence by P in (5.8) yields
Sont1 — KOTH(T]KO = 0.

Since
Kg =1ow(Spyi)iem),  Ho = Ha(n — 1),
condition ((5.2)) follows.
We next verify the rank conditions at the prescribed points. For each j € [k;], define
2n+1
~ ~ 2n+1 A
(5.18) Zy; = 2o+ Z ( ; > (=1)"t5S2n+1-i-
i=1

Let thl denote its upper-left py X po principal submatrix. By (5.3), (3.5)), and (5.18), one has
Ziy0 = K 1Y K1+ Py + F.

7

Since Py + Fj = 0, Lemma.1] gives
H,  Kia Ht, .
(5.19) rank 7 7] =rank 7 + po, € |k1].
f(\tg,l Zt]-,1 j{\tal bo J [ 1]
We now complete the extension exactly as in the proof of Theorem§.2] Choose
Sony2 = rOW(Sn+i)i€[n+1]M(n)T 001(5n+i)z'e[n+1]~

Define
S H2) .= (S), 81, ..., Sania).

The corresponding moment matrix M (n + 1) satisfies
(5.20) M(mn+1) =0, rank M (n + 1) = rank M (n).
Since by assumption L admits an [0, co)-representing measure, Theorem implies that
Hy(n—1)=0 and C(col(SnH),;e[n]) CC(Hz(n—1)).
Together with (5.2)), the generalized Schur complement criterion gives
)= (e ™) =0

By the rank equality in (5.20)), the last block column of M (n + 1) belongs to the column space of its
first n + 1 block columns. Restricting the corresponding column relation to the last (n + 1)p rows of
M (n + 1), whose first n + 1 block columns form #,(n), gives

C(col(Snrtidiepuiny) € C(Ha(n)).

Therefore, Theorem [2.13] applied with n replaced by n + 1, shows that the Riesz mapping L g(2n+2) admits
a (rank M (n + 1))-atomic [0, co)-representing matrix measure . By (5.20),

rank M (n + 1) = rank M (n),

and hence p is (rank M (n))-atomic. Its restriction to R[x]<2,, represents the original operator L.
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Finally, the change-of-basis and rank arguments from the proof of Theorem .2 apply without modifi-
cation. In particular, for every j € [k1],

P/Z\tjPT = gt]' (S2n+1)a

and
th. Kt' 'Ht. I/St 1
rank J = rank N
(Kt-f 5tj (52n+1)> (j(\tg,l Zt,’ia1>
. Ht' n
= rank <K;f> +p — card Dep(Xﬂj) )

where the second equality follows from (5.19) and the definition of py.
Corollary 3.2 now yields
mult, t; = card A7; , J € [k1].
This completes the proof. U

The following corollary characterizes when the representing measure in Theorem [5.1]can be chosen so
that none of the prescribed points is an atom.

Corollary 5.2. Letn,p € N, and let ty,. .. ty, € [0,00) be pairwise distinct. Let

L: R[x]ggn — SP(R)
be a linear operator with an [0, co)—representing matrix measure. Then the following statements are
equivalent:

(1) There exists a finitely atomic [0, 0o )—representing matrix measure (i for L such that

tj ¢ supp(p),  j € [kl

(2) There exists a (rank M (n))-atomic [0, co)—representing matrix measure (i for L such that

ty € supp(u),  Jj € [ka].
(3) Forevery j € [k1], we have

where A7, is defined in (2.16).

Proof. Assume first that (I)) holds. Then mult, t; = 0, j € [ki]. It follows from Corollary [3.3| that
A, = for every j € [k1]. Hence, (3) holds.

Assume that (3) holds. By Theorem there exists a (rank M (n))-atomic [0, co)-representing
matrix measure /. for L such that mult, t; = card A7, =0, j € [k1]. Therefore, t; ¢ supp(p), j € [ki],
which proves (2)).

The implication (2) = (I)) is clear. O

We are now ready to prove Theoremin the case K = [0, 00).

Proof of Theorem|l.1|for K = [0, 00). The argument is identical to that for K = R in Section except
that Theorem [2.12] and Corollary {4.3] are replaced by Theorem [2.13]and Corollary [5.2] respectively. [J

6. EXAMPLE FOR THEOREM [1.1]

We illustrate the finite linear-algebraic test in Theorem [I.1] We construct a flat extension and recover
the representing measure from it. The example also shows that the pole-avoidance condition contains
information not captured by the ordinary matricial Hamburger conditions.

Letp =2, K =R, and q(x) = 2%(x — 1)2. Thus eg = 0, e; = e3 = 1, 2n = 4 (see Section, and
the real poles of ¢ are 0 and 1. Define £: R — S, (R) by prescribing the moments of its associated
polynomial mapping L(g) := L(g/q):

4 1 2 3 18 9 26 27 114 81
S°_<1 1)’ Sl_<3 3)’ 52_<9 9)’ S3_<27 27)’ S4_<81 81)'
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The corresponding moment matrix is

4 1 2 3 18 9
113 3 9 9
2 3 18 9 26 27
M(2) = 33 9 9 27 27
18 9 26 27 114 81
9 9 2v 27 81 81

It is easy to check that
M(2) = 0, rank M (1) = 3 < 4 = rank M(2), and C(col(Ss,S4)) CC(M(1)).

Thus, and of Theorem [1.1]are satisfied. It remains to check (@d). Let M7;(2) be the moment
matrix written in the shifted basis 1,2 — ¢, (x — t)2, and let y%t), e ,yét) denote its columns in their
natural block order. Set

ri(t) == rank(ygt), cee j(-t)) (1<5<6)
and
s;(t) := rank(yét), ey yj(-t)) (3<j<6).

The shifted moments at ¢ = 1 are

4 1 -2 2 18 4 —26 8 114 16
T0_<1 1>7 T1_<2 2)’ T2_<4 4)’ T3_<8 8)’ T4_<16 16)'
Exact column elimination gives

1 1
L (rnere) | (sarees0) | (r (0,6 (2) | (657,67 @) | A
0](1,2,3,3,4,4) | (1,2,3,3) (00,1) (00,2) g
11(1,2,3,3,4,4) | (1,2,3,3) (00, 1) (00,2) %)
in the notation of Subsection Thus condition of Theorem|[I.1] holds at both poles. The rational
moment problem is solvable.

A flat extension. Set S5 = (242 243) , Se = (858 729) , such that rank M (3) = 4 = rank M (2).

243 243 729 729
(0)

Thus M (3) is a flat extension of M (2). We now recover the measure. Write y; := y,, now regarding
the columns as columns of M (3), and group them into block columns

X'=(ry), X'=@w), X*=@uy), X°=(yrys).

‘We have that
yr = 4y1 + 20y2 + 4y — ys, ys = 27ys.
Equivalently,
X3 =XHy+ X'H, + X%H,,
where
Ho = (240 207>’ i = (é 8)’ HQ:(OI 8)'
Define

3 2 -
H(x):—HQ—J:Hl—:z2H2+x312:(x tat—dr—4 0 >

—20 a® =27
By the above, H is a block column relation of M (3). Moreover,
det H(z) = (2 + 2? — 4z — 4) (2 — 27)
=(z+2)(z+1D(z—2)(z—3)(z*+3z+9).
Since 22 + 3z +9 > 0 for every x € R,
Z(det H) = {~2,-1,2,3}.
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By Lemmaand rank M (3) = 4, it follows that z; = —2, x9 = —1, 3 = 2, z4 = 3 are the atoms of
the measure. Solving the matrix Vandermonde system

4
Sk=>_ afA;,  k=0,1,2,3,
j=1

0 O 1 1
p=0_0A1 +d_1As + 02A3 + I3 A4.

The support avoids both zeros of ¢, as predicted by the pole test. The representing measure for the original
rational data is

gives A} = Ay = Az = <1 0) , Ay = (1 1) . Hence a representing measure is

vV=gq-u= 360_9A1 +40_1As + 409 A3 + 3603 A4.
Indeed, for every g € R[x]<4,

/Rgdu = ]f:lg(xj)Aa‘ =L(g) = £<9> ’

q

Each mass has rank one, so the total atomic multiplicity is 4 = rank M (2).
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