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ABSTRACT. Let L be a linear operator on univariate polynomials of bounded degree taking val-
ues in real symmetric matrices, whose moment matrix is positive semidefinite. Assume that L
admits a positive matrix-valued representing measure µ. Any finitely atomic representing mea-
sure with the smallest sum of the ranks of the matricial masses is called minimal. In this paper,
we characterize the existence of a minimal representing measure that contains a prescribed atom
with a prescribed rank of the corresponding mass, thereby generalizing our recent result [ZZ25],
which addresses the same problem in the case where the moment matrix is positive definite. As
a corollary, we obtain a constructive, linear-algebraic proof of the strong truncated Hamburger
matrix moment problem.

1. INTRODUCTION

In this paper we study matricial Gaussian quadrature rules for a linear operator L on uni-
variate polynomials of bounded degree with values in real symmetric matrices. We work in the
setting where the truncated moment matrix (see (2.2)) is positive semidefinite and L admits a
positive matrix-valued representing measure. More precisely, for a fixed real number t and an
integer m ∈ N ∪ {0}, we characterize the conditions under which there exists a minimal rep-
resenting measure for L that contains t in its support and whose corresponding mass has rank
m. Our results extend the positive definite case treated in [ZZ25] to the singular setting. These
results will be important in solving the truncated univariate matrix rational moment problem, in
analogy with the scalar case studied in [NZ25]. We present the positive semidefinite case sep-
arately, since—unlike in the positive definite situation—the moment matrix exhibits nontrivial
column relations that, due to its recursively generated structure, propagate to neighboring block
columns on the right. This propagation significantly increases the technical complexity of both
the construction and the proofs.

Let i, j ∈ Z, i ≤ j. We write [i; j] := {i, i+1, . . . , j}. For j ∈ N, [j] := [1; j] = {1, 2, . . . , j}
is used for short. Let k ∈ N∪{0} and p ∈ N. We denote by R[x]≤k the vector space of univariate
polynomials of degree at most k and by Sp(R) the set of real symmetric matrices of size p× p.
For a given linear operator

(1.1) L : R[x]≤2n → Sp(R)

denote its matricial moments by Si := L(xi) for i ∈ [0; 2n]. Assume that L admits a positive
Sp(R)-valued measure µ (see Subsection 2.1), i.e.,

(1.2) L(p) =

∫
R
p dµ for every p ∈ R[x]≤2n.
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Every measure µ satisfying (1.2) is called a representing measure for L. By [BW11, Theorem
2.7.6], whenever L has a representing measure, there is one of the form µ =

∑ℓ
j=1 δxj

Aj , where
each 0 ̸= Aj ∈ Sp(R) is positive semidefinite,

∑ℓ
j=1 rankAj = rankM(n) with M(n) being

a truncated moment matrix of (L(xi))i∈[0;2n] (see (2.2)) and δxj
stands for the Dirac measure

supported in xj . Such a measure is called minimal because the total sum of the ranks of its
matricial masses is minimal among all representing measures for L. In this case (1.2) is equal
to

(1.3) L(p) =
ℓ∑

j=1

p(xj)Aj for every p ∈ R[x]≤2n,

and (1.3) is called a matricial Gaussian quadrature rule for L. The points xj are called atoms
of the measure µ. If x1, . . . , xℓ are pairwise distinct, then for each j, the matrix Aj = µ({xj})
is called the mass of µ at xj and its rank is called the multiplicity of xj in µ, which we denote
by multµ xj . If x is not an atom of µ, then multµ x := 0.

The central problem of this paper is the following:

Problem. Let L be as in (1.1) and assume that it admits a positive matrix-valued representing
measure. Given t ∈ R and m ∈ N ∪ {0}, characterize the existence of a minimal representing
measure µ for L such that multµ t = m.

The main result of the paper is the solution to the Problem above.

Theorem 1.1. Let n, p ∈ N and L : R[x]≤2n → Sp(R) be a linear operator, which admits a
representing measure. Fix t ∈ R and m ∈ N ∪ {0}. Let Ti := L((x− t)i) for i ∈ [0; 2n] and

M1 := (Ti+j−2)
n+1
i,j=1, M2 := (Ti+j−2) i=1,...,n,

j=1,...,n+2
.

Denote by yj the j–th column of M1 and by uj the j–th column of M2. Let

A :=
{
i ∈ [p] : There exists k ∈ [n] such that ykp+i =

kp+i−1∑
ℓ=p+1

γℓyℓ for some γℓ ∈ R and

y(k−1)p+i ̸=
(k−1)p+i−1∑

ℓ=1

δℓyℓ for all δℓ ∈ R
}

and

B :=
{
i ∈ [p] : u(n+1)p+i =

(n+1)p+i−1∑
ℓ=p+1

γℓuℓ for some γℓ ∈ R and

ynp+i ̸=
np+i−1∑
ℓ=1

δℓyℓ for all δℓ ∈ R
}
.

Then the following statements are equivalent:

(1) There exists a minimal representing matrix measure µ for L such that multµ t = m.
(2) cardA ≤ m ≤ card(A ∪B).
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Moreover, writing B := {i1, i2, . . . , icardB} and {j1, j2, . . . , jp−cardB} := [p] \ B, the repre-
senting measure is unique if and only if

B =
{
i ∈ [p] : ynp+i ̸=

np+i−1∑
ℓ=1

δℓyℓ for all δℓ ∈ R
}
,

m = card(A ∪B),

Ker(Ti+j−2) i=1,...,n,
j=2,...,n+1

⊆ Ker(u(n+1)p+i1 u(n+1)p+i2 . . . u(n+1)p+icardB
)T ,

Ker(Ti+j−2) i=1,...,n,
j=2,...,n+1

⊆ Ker(u(n+1)p+j1 u(n+1)p+j2 . . . u(n+1)p+jp−cardB
)T .

(1.4)

Remark 1.2. A special case of Theorem 1.1, corresponding to the situation where M1 is pos-
itive definite, was established in [ZZ25, Theorem 1.1]. Under this assumption we have A = ∅,
and

cardB = rank(Ti+j−2) i=1,...,n
j=2,...,n+1

− (n− 1)p

= rank(Si+j−1 − tSi+j−2)
n
i,j=1 − (n− 1)p,

(1.5)

where the second equality follows by Proposition 2.7.(2), i.e., in the notation of Proposition 2.7
we have

(Jϕ ⊗ Ip)
−T (Ti+j−2) i=1,...,n

j=2,...,n+1
(Jϕ ⊗ Ip)

−1 = (Si+j−1 − tSi+j−2)
n
i,j=1,

where Jϕ : Rn → Rn. Hence,

rank(Ti+j−2) i=1,...,n
j=2,...,n+1

= rank(Si+j−1 − tSi+j−2)
n
i,j=1.

Using (1.5), Theorem 1.1.(2) coincides with the statement of [ZZ25, Theorem 1.1.(2)] in the
case M1 is positive definite. We also note that, in order to state [ZZ25, Theorem 1.1], it was
sufficient to use the localizing matrix (Si+j−1 − tSi+j−2)

n
i,j=1, since M1 was assumed to be

invertible. In the singular case, however, it is more convenient to work with the matrices M1

and M2, as this makes it possible to capture column dependencies within M1 as well. This
dependencies are essential for the formulation of Theorem 1.1.

In the case m = 0, we can add another equivalence to Theorem 1.1.

Theorem 1.3. Let n, p ∈ N and L : R[x]≤2n → Sp(R) be a linear operator, which admits a
representing measure. Fix t ∈ R. Let Ti := L((x− t)i) for i ∈ [0; 2n],

(1.6) M1 := (Ti+j−2)
n+1
i,j=1, M2 := (Ti+j−2)

n
i,j=1 and M3 := (Ti+j)

n
i,j=1.

Denote by yj the j–th column of M1. Let

A :=
{
i ∈ [p] : There exists k ∈ [n] such that ykp+i =

kp+i−1∑
ℓ=p+1

γℓyℓ for some γℓ ∈ R and

y(k−1)p+i ̸=
(k−1)p+i−1∑

ℓ=1

δℓyℓ for all δℓ ∈ R
}
.

The following statements are equivalent:
(1) There exists a minimal representing matrix measure µ for L such that multµ t = 0.
(2) A = ∅.
(3) KerM2 = KerM3.

Using Theorem 1.3 we obtain [Sim06, Theorem 3.3], which is a solution to a strong truncated
matrix Hamburger moment problem.
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Corollary 1.4. Let n1, n2, p ∈ N and Si ∈ Sp(R) for i ∈ [−2n1; 2n2]. Then the following
statements are equivalent:

(1) There exists a measure µ such that Si =
∫
R x

idµ for i ∈ [−2n1; 2n2].
(2) There exists a finitely atomic measure µ such that Si =

∫
R x

idµ for i ∈ [−2n1; 2n2].
(3) There exists a minimal representing measure µ such that

Si =

∫
R
xidµ for i ∈ [−2n1; 2n2].

(4) (Si+j)
n2
i,j=−n1

is positive semidefinite and Ker(Si+j)
n2−1
i,j=−n1

= Ker(Si+j)
n2
i,j=−n1+1.

(5) (Si+j)
n2
i,j=−n1

is positive semidefinite and for every sequence {vk}n1+n2−1
k=0 ⊂ Rp

n2−1∑
i,j=−n1

vTj+n1
Si+jvi+n1 = 0 if and only if

n2−1∑
i,j=−n1

vTj+n1
Si+j+2vi+n1 = 0.

In [BKRSV20, Theorem 1.4], the authors solved the scalar version of the Problem in the
nonsingular case (i.e., p = 1 in (1.1) and the moment matrix M(n) as in (2.2) is positive
definite) in terms of symmetric determinantal representations involving moment matrices using
convex analysis and algebraic geometry. For an alternative proof using moment theory, and an
extension to finitely many prescribed atoms, see [NZ+]. In [ZZ25, Theorem 1.1], we extended
[BKRSV20, Theorem 1.4] to the general matrix case (i.e., p ∈ N). We remark that, in the scalar
setting, the restriction to positive definite moment matrices M(n) is natural. Specifically, when
M(n) is positive semidefinite but not positive definite, the minimal representing measure is
uniquely determined [CF91, Theorems 3.9 and 3.10]. This uniqueness property does not extend
to the matrix-valued case, whence a formulation of the problem with positive semidefinite M(n)
remains relevant. Furthermore, this variant of the problem is technically more intricate and is
addressed in the present paper.

In [FKM24], the authors described, for each t ∈ R, the set of all possible masses at t among
all representing measures for L, addressing a question related to the Problem above. The mul-
tivariate analogue of this problem was investigated in [MS24a, MS24b]. The main distinction
of our work lies in the fact that we focus on minimal representing measures with a fixed rank of
the mass at t.

The works [DD02,DLR96,DS03] focus on the computation of atoms and masses in matricial
Gaussian quadrature rules, where the moment S2n+1 is fixed, and consequently, the minimal
representing measure is unique. The corresponding formulas are expressed in terms of the zeros
of the associated orthogonal matrix polynomial. A distinctive feature of our results is that we
do not fix S2n+1 a priori. Instead, we characterize the existence of a suitable S2n+1 that yields
a minimal representing measure containing a prescribed atom with a prescribed multiplicity.
In the proof, we explicitly construct such an S2n+1 with the required properties, ensuring that
the extended moment matrix M(n + 1) satisfies rankM(n + 1) = rankM(n) and admits an
appropriate block column relation (see Subsection 2.4).

The techniques employed in [Sim06] to establish Theorem 1.4 rely on advanced operator-
theoretic methods, involving the analysis of self-adjoint extensions of a certain linear operator
that is not necessarily defined on the entire finite-dimensional Hilbert space of vector-valued
Laurent polynomials. In contrast, the present paper provides a constructive, linear-algebraic
proof, in the sense that the representing measures can be obtained explicitly by following the
steps outlined in the proof of Theorem 1.1.

1.1. Reader’s guide. In Section 2 we introduce the notation and some preliminary results. In
Section 3 we prove the implication (2) ⇒ (1) of Theorem 1.1. In the last paragraph of the
section we also prove the moreover part of Theorem 1.1. In Section 4 we prove the remaining
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implication (1) ⇒ (2). Section 5 is devoted to the proof of Theorem 1.3, while Section 6 to
Corollary 1.4. Finally, in Section 7 we demonstrate the statement of Theorem 1.1 on a numerical
example.

2. PRELIMINARIES

Let m,m1,m2 ∈ N. We write Mm1×m2(R) for the set of m1×m2 real matrices and Mm(R) ≡
Mm×m(R) for short. For a matrix A ∈ Mm1×m2(R) we call the linear span of its columns a
column space and denote it by C(A). We denote by Im the identity m × m matrix and by
0m1×m2 the zero m1 × m2 matrix, while 0m ≡ 0m×m for short. We use Mm(R[x]) to denote
m×m matrices over R[x]. The elements of Mm(R[x]) are called matrix polynomials.

Let p ∈ N. For A ∈ Sp(R) the notation A ⪰ 0 (resp. A ≻ 0) means A is positive semidefinite
(psd) (resp. positive definite (pd)). We use S⪰0

p (R) for the subset of all psd matrices in Sp(R).
Given a polynomial p(x) ∈ R[x], we write Z(p(x)) := {x ∈ R : p(x) = 0} for the set of its

zeros and by ZR(p(x)) := Z(p(x)) ∩ R the set of its real zeros. For a ∈ ZR(p(x)) we denote
by multp(x) a the vanishing order of a as a zero of p(x).

Let Ak, k ∈ [i; j] be given matrices. We use

row(Ak)k∈[i;j] ≡ row(Ai, Ai+1, . . . , Aj) :=
(
Ai Ai+1 · · · Aj

)
and

col(Ak)k∈[i;j] ≡ col(Ai, Ai+1, . . . , Aj) :=


Ai

Ai+1

...
Aj


for the row vector and the column vector with entries Ak, respectively.

2.1. Matrix measures. Let Bor(R) be the Borel σ-algebra of R. We call

µ = (µij)
p
i,j=1 : Bor(R) → Sp(R)

a p× p Borel matrix-valued measure supported on R (or positive Sp(R)-valued measure) if

(1) µij : Bor(R) → R is a real measure for every i, j ∈ [p] and

(2) µ(∆) ⪰ 0 for every ∆ ∈ Bor(R).
A positive Sp(R)-valued measure µ is finitely atomic if there exists a finite set M ∈ Bor(R)

such that µ(R \ M) = 0p or equivalently, µ =
∑ℓ

j=1 δxj
Aj for some ℓ ∈ N, xj ∈ R, Aj ∈

S⪰0
p (R). We say µ is r–atomic if

∑ℓ
j=1 rankAj = r.

Let µ be a positive Sp(R)-valued measure and τ := tr(µ) =
∑p

i=1 µii denote its trace mea-
sure. A polynomial f ∈ R[x] is µ-integrable if f ∈ L1(τ). We define its integral by∫

R
f dµ :=

(∫
R
f dµij

)p
i,j=1

.

2.2. Riesz mapping. One can define L as in (1.1) by a sequence of its values on monomials
xi, i ∈ [0; 2n]. Throughout the paper we will denote these values by Si := L(xi). If S :=
(S0, S1, . . . , S2n) ∈ (Sp(R))2n+1 is given, then we denote the corresponding linear mapping on
R[x]≤2n by LS and call it a Riesz mapping of S.
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2.3. Moment matrix and its column dependencies. For n ∈ N and

(2.1) S ≡ S(2n) := (S0, S1, . . . , S2n) ∈ (Sp(R))2n+1,

we denote by

(2.2) M(n) ≡ MS(n) :=
(
Si+j−2

)n+1

i,j=1
=



1 X X2 · · · Xn

1 S0 S1 S2 · · · Sn

X S1 S2 . .
.

. .
.

Sn+1

X2 S2 . .
.

. .
.

. .
. ...

...
... . .

.
. .
.

. .
.

S2n−1

Xn Sn Sn+1 · · · S2n−1 S2n


the corresponding n–th truncated moment matrix. We write

(2.3) X i := col(Si+ℓ)ℓ∈[0;n].

Remark 2.1. Further, we will also use X i
S to denote the i–th block column of the largest mo-

ment matrix, fully determined by S .

In the notation (2.3), we have M(n) = row(X i)i∈[0;n]. Let us denote the columns of each
block X i by x

(i)
j , i.e.,

(2.4) X i =
(
x
(i)
1 x

(i)
2 · · · x

(i)
p

)
= row(x

(i)
j )j∈[p].

For i ∈ [0;n] let Dep(X i) ≡ Dep(X i
S) be the set of all indices j ∈ [p] for which the column

x
(i)
j is in the span of the previous columns of the matrix M(n), i.e.,

Dep(X i) :=
{
j ∈ [p] : x

(i)
j ∈ C

(
row(Xk)k∈[0;i−1] row(x

(i)
k )k∈[j−1]

)}
.(2.5)

Similarly, for i ∈ [n] let Dep1(X
i) ≡ Dep1(X

i
S) be the set of all indices j ∈ [p] for which the

column x
(i)
j is in the span of all previous columns of the matrix M(n) starting from the block

column X1, i.e.,

Dep1(X
i) :=

{
j ∈ [p] : x

(i)
j ∈ C

(
row(Xk)k∈[i−1] row(x

(i)
k )k∈[j−1]

)}
.(2.6)

Define Dep1(X
0) := ∅. Note that Dep1(X

i) ⊆ Dep(X i) for each i ∈ [0;n]. Further, let

DepN(X0) := Dep(X0),

DepN(X i) := Dep(X i) \Dep(X i−1) for i ∈ [n],

DepN1(X
0) := ∅,

DepN1(X
i) := Dep1(X

i) \Dep(X i−1) for i ∈ [n],

DepN0(X
i) := DepN(X i) \DepN1(X

i) for i ∈ [0;n].

(2.7)

2.4. Evaluation of a matrix polynomial on M(n). Let S be a sequence as in (2.1) and M(n)
its corresponding moment matrix. Given a matrix polynomial

(2.8) P (x) =
n∑

i=0

xiPi ∈ Mp(R[x]),
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the evaluation P (X) on M(n) is a matrix, obtained by replacing each monomial of P by the
corresponding column of M(n) and multiplying it with the matrix coefficients Pi from the right,
i.e.,

P (X) ≡ P (XS) :=
n∑

i=0

X i
SPi= X0

SP0 +X1
SP1 + · · ·+Xn

SPn ∈ M(n+1)p×p(R),

where X i are as in (2.3) above. If P (X) = 0(n+1)p×p, then we say P (x) is a block column
relation of M(n).

Given a matrix polynomial P (x) as in (2.8), we write

(2.9) coef(P (x)) := col(Pi)i∈[0;n]

to denote the vector of its matrix coefficients.
A moment matrix M(n) is block–recursively generated if for every block column relation

P (x) =
∑j

i=0 x
iPi ∈ Mp(R[x]), 0 ≤ j < n, of M(n), the matrix polynomial (xP )(x) =∑j

i=0 x
i+1Pi is also a block column relation of M(n).

2.5. Solution to the truncated matricial Hamburger moment problem.

Theorem 2.2 ([BW11, Theorem 2.7.6]). Let n, p ∈ N and let S := (S0, S1, . . . , S2n) ∈
(Sp(R))2n+1 be a sequence with a moment matrix M(n). Then the following statements are
equivalent:

(1) There exists a representing matrix measure for S .
(2) There exists a (rankM(n))–atomic representing matrix measure for S.
(3) M(n) is positive semidefinite and C

(
col(Sn+i)i∈[n]

)
⊆ C(M(n− 1)).

Remark 2.3. The truncated matrix Hamburger moment problem was also considered in [Bol96,
Dym89, DFKM09].

The following lemma connects the support supp(µ) of a representing measure µ for S as in
Theorem 2.2 with block column relations of M(n).

Lemma 2.4. Let n, p ∈ N and let S := (S0, S1, . . . , S2n) ∈ (Sp(R))2n+1 be a sequence with
a moment matrix M(n) and a representing measure µ. Assume that H(x) =

∑n
i=0 x

iHi ∈
Mp(R[x]) is a block column relation of M(n) such that Hn is invertible. Then

(2.10) supp(µ) ⊆ Z(detH(x)) and multµ ξ ≤ multdetH(x) ξ for each ξ ∈ R.

Proof. The inclusion supp(µ) ⊆ Z(detH(x)) is [KT22, Lemma 5.53]. It remains to prove the
second assertion in (2.10). Let L ≡ LS : R[x]≤2n → Sp(R) be the Riesz mapping of S. We
define a functional

ΛL : Sp(R[x]) → R, ΛL((Fjk)j,k) :=
∑

1≤j≤p

L(Fjj)j,j +
∑

1≤j<k≤p

2L(Fjk)j,k

By the real version of [MS24a, Proposition 4.5], representing measures for L coincide with
representing measures for ΛL. Here, µ̃ is a representing measure for ΛL if and only if ΛL(F ) =∫
R tr(F (x)Φ(x))dτ̃ , where τ̃ = tr(µ̃) is a trace measure and Φ(x) is so-called Radon-Nikodym

matrix of µ̃ (see [Sch87, Section 1]). Let coef(H(x)) be as in (2.9). Since H(x) is a block
column relation of M(n), in particular we have that

ΛL(H(x)(H(x))T ) = tr
(
coef(H(x))TM(n) coef(H(x))

)
= 0,

where the first equality follows by a short computation as in [MS24b, Lemma 3.2]. By the real
version of [MS24a, Lemma 7.7] (using P (x) being constantly equal to the identity function on
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R), in particular it follows that

rankµ({ξ}) ≤ dimKer(H(ξ)H(ξ)T ) = dimKerH(ξ)

for every ξ ∈ supp(µ). To conclude the proof we need to show that

(2.11) dimKerH(ξ) ≤ multdetH(x) ξ.

By [GLR82, Theorem 1.1], Inpx−C = E(x)(H−1
n H(x)⊕ I(n−1)p)F (x), where C is a np×np

companion matrix of H−1
n H(x) and E(x), F (x) are np× np matrix polynomials with constant

nonzero determinant. Hence, dimKer(Inpξ − C) = dimKerH(ξ). Since the algebraic multi-
plicity of ξ as the eigenvalue of the matrix C is not smaller than the dimension of the eigenspace
of C corresponding to ξ, (2.11) follows. □

Proposition 2.5. Let n, p ∈ N and let S := (S0, S1, . . . , S2n) ∈ (Sp(R))2n+1 be a sequence
with a representing measure µ. Then M(n) is block–recursively generated.

Proof. By the matricial Richter-Tchakaloff’s theorem [MS24a, Theorem 5.1], there exists a
finitely atomic representing measure µ̃ for S . Let S(∞) = (Si)i∈N0 be an infinite sequence,
obtained by Si :=

∫
R x

idµ̃. Let M(∞) = (Si+j−2)i,j∈N be the corresponding Hankel matrix.
Let P (x) =

∑j
i=0 x

iPi ∈ Mp(R[x]), 0 ≤ j < n, be a block column relation of M(n). By
[KT22, Lemma 5.21], P is a block column relation of M(∞), where the definition of the
evaluation P (X) from Subsection 2.4 extends from M(n) to M(∞) in a natural way. By
[KT22, Lemma 5.15], (P ·xIp) = xIp ·P = xP is a column relation of M(∞) and in particular,
of M(n). □

Corollary 2.6. Let n, p ∈ N and let S := (S0, S1, . . . , S2n) ∈ (Sp(R))2n+1 be a sequence with
a representing measure µ. For i ∈ [0;n] let Dep(X i) be as in (2.5). Then

0 ≤ cardDep(X i) ≤ cardDep(X i+1) ≤ p for i ∈ [0;n− 1].

2.6. Change of basis on block columns and rows of the moment matrix. Let S ≡ S(2n) be
as in (2.1) and let t ∈ R. Let ϕ(x) = x− t be an invertible affine linear transformation and let

T ≡ T (2n) ≡ (T0, T1, . . . , T2n)

be a sequence, defined for each i ∈ [0; 2n] by

Ti := LS((x− t)i) = LS

( i∑
ℓ=0

(
i

ℓ

)
(−1)ℓxi−ℓtℓ

)
=

i∑
ℓ=0

(
i

ℓ

)
(−1)ℓSi−ℓt

ℓ.

The following proposition is a version of [CF05, Proposition 1.9] for matricial sequences.

Proposition 2.7. Suppose ϕ, S, T are as above and let MS(n), MT (n) be the corresponding
moment matrices. We denote by X i

S and X i
T the i-th block column of MS(n) and MT (n),

respectively. Let Jϕ : Rn+1 → Rn+1 be a linear map, given by

Jϕ coef(p(x)) := coef(p(x− t)),

where coef is as in (2.9). Let Jϕ ⊗ Ip : Rn+1 ⊗Mp(R) → Rn+1 ⊗Mp(R), where ⊗ stands for
the Kronecker product of matrices, i.e., v ⊗ A 7→ Jϕv ⊗ A. Then the following statements are
true:

(1) (Jϕ ⊗ Ip) coef(P (x)) = coef((P ◦ ϕ)(x)) = coef(P (x− t)).
(2) MT (n) = (Jϕ ⊗ Ip)

TMS(n)(Jϕ ⊗ Ip).
(3) Jϕ is invertible and, in particular, Jϕ ⊗ Ip is invertible.
(4) MT (n) ⪰ 0 ⇔ MS(n) ⪰ 0.
(5) rankMT (n) = rankMS(n).
(6) For P (x) =

∑n
i=0 x

iPi ∈ Mp(R[x]), we have P (XT ) = (Jϕ ⊗ Ip)
T ((P ◦ ϕ)(XS)).
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Proof. Straightforward. □

Corollary 2.8. Suppose n, p ∈ N, S, T ,MS(n) and MT (n) are as above. We denote by X i
S

and X i
T the i-th block column of MS(n) and MT (n), respectively. Assume that PT (x) =∑n

i=0 x
iPi ∈ Mp(R[x]) is a block column relation of MT (n). Then PS(x) := PT (x − t) is

a block column relation of MS(n).

Proof. Let ϕ and Jϕ be as in Proposition 2.7. By (3) and (6) of Proposition 2.7, the evaluation
PS(XS) is equal to (Jϕ ⊗ Ip)

−TPT (XT ), which implies the statement of the corollary. □

Proposition 2.9. Let n, p ∈ N, S and T are as in (2.1) and (2.6), and let MS(n) and MT (n) be
the corresponding moment matrices. Then MS(n) is block–recursively generated if and only if
MT (n) is block–recursively generated.

Proof. Assume the notation from Proposition 2.7. By symmetry it suffices to prove that if
MS(n) is block–recursively generated, it follows that MT (n) is block–recursively generated.
Assume that MS(n) is block–recursively generated. Let P (x) =

∑j
i=0 x

iPi ∈ Mp(R[x]),
0 ≤ j < n, be a block column relation of MT (n). By Proposition 2.7.(6), (P ◦ ϕ)(x) is a block
column relation of MS(n). Since MS(n) is block–recursively generated, it follows that (xP ◦ϕ)
is a block column relation of MS(n). By Proposition 2.7.(6), xP is a block column relation of
MT (n), whence MT (n) is block–recursively generated. □

2.7. Determinant of a matrix polynomial. The following lemma, which will be essentially
used in the proofs of our main results, is a refined version of [ZZ25, Lemma 3.1].

Lemma 2.10. Let p, n ∈ N, t ∈ R and

H(x) =
n∑

i=0

(x− t)iHi ∈ Mp(R[x]≤n)

be a nonzero matrix polynomial. For k ∈ [0;n] we define

Wk :=
k⋂

i=0

KerHi and sk := dimWk.

Then

(2.12) detH(x) =

{
(x− t)

∑n−1
k=0 sk · g(x), if sn = 0,

0, if sn > 0,

where 0 ̸= g(x) ∈ R[x].

Proof. Note that

Wn ⊆ Wn−1 ⊆ . . . ⊆ W0 ⊆ Rp and 0 ≤ sn ≤ sn−1 ≤ . . . ≤ s0 ≤ p.

Clearly, if sn > 0, there exists a nonzero vector v ∈ Rp such that H(x)v = 0p×1, which implies
(2.12). From now on we assume that sn = 0. Let B := {b1, b2, . . . , bp} be a basis of Rp such
that for each i ∈ [0;n − 1] the set {b1, b2, . . . , bsi} is a basis of Wi. Let us define an invertible
matrix

B :=
(
b1 b2 · · · bp

)
∈ Mp(R).

For i ∈ [0;n] define matrices

(2.13) H̃i := HiB ≡
(
0p×si h̃

(si+1)
i · · · h̃

(p)
i

)
,
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where the first si columns of H̃i are zero due to b1, b2, . . . , bsi ∈ KerHi. Define a matrix
polynomial

H̃(x) :=
n∑

i=0

(x− t)iH̃i = H(x)B ∈ Mp(R[x]).

By (2.13), it follows that the first sn−1 columns of H̃(x) are of the form

(x− t)n
(
h̃
(1)
n h̃

(2)
n · · · h̃

(sn−1)
n

)
,

while for every k ∈ [n− 1] the columns [sk + 1; sk−1] of H̃(x) are equal to

(x− t)k
n−k∑
i=0

(x− t)i
(
h̃
(sk+1)
i+k h̃

(sk+2)
i+k · · · h̃

(sk−1)
i+k

)
.

Observe that the first sn−1 columns of H̃(x) have a common factor (x − t)n, the next sn−2 −
sn−1 columns a common factor (x − t)n−1, etc. Using this observation and upon factoring the
determinant of H̃(x) column-wise, we obtain

detH(x) =
det H̃(x)

detB
= (x− t)nsn−1(x− t)(n−1)(sn−2−sn−1) · · · (x− t)s0−s1g(x)

= (x− t)nsn−1+
∑n−1

i=1 i(si−1−si)g(x)

= (x− t)
∑n−1

k=0 skg(x),

which proves (2.12). Since sn = 0, g(x) ̸= 0 also holds. □

2.8. Inclusion of kernels. The following technical lemma will be used in the proof of the
implication (1) ⇒ (2) of Theorem 1.1.

Lemma 2.11. Let p ∈ N and A,B ∈ Sp(R) such that A ⪰ B ⪰ 0. Then KerA ⊆ KerB.

Proof. Let us take v ∈ KerA. From 0 = vTAv ≥ vTBv ≥ 0, it follows that vTBv = 0. By
0 = vTBv = vTB

1
2B

1
2v = ∥B 1

2v∥2, it follows that v ∈ KerB
1
2 and thus v ∈ KerB. □

2.9. Characterization of positive semidefiniteness of a 2× 2 block matrix. Let

M =

(
A B
C D

)
∈ Mn+m(R)

be a real matrix where A ∈ Mn(R), B ∈ Mn×m(R), C ∈ Mm×n(R) and D ∈ Mm(R). The
generalized Schur complement [Zha05] of A (resp. D) in M is defined by

M/A = D − CA†B (resp. M/D = A−BD†C),

where A† (resp. D†) stands for the Moore-Penrose inverse of A (resp. D).
The following theorem is a characterization of psd 2× 2 block matrices.

Theorem 2.12 ([Alb69]). Let

M =

(
A B
BT C

)
∈ Sn+m(R)

be a real symmetric matrix where A ∈ Sn(R), B ∈ Mn×m(R) and C ∈ Sm(R). Then:
(1) The following conditions are equivalent:

(a) M ⪰ 0.
(b) C ⪰ 0, C(BT ) ⊆ C(C) and M/C ⪰ 0.
(c) A ⪰ 0, C(B) ⊆ C(A) and M/A ⪰ 0.
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(2) If M ⪰ 0, then

rankM = rankA+ rankM/A = rankC + rankM/C.

2.10. Extension principle.

Lemma 2.13 ([Zal22a, Lemma 2.4]). Let A ∈ Sn(R) be positive semidefinite, Q ⊆ [n] and A|Q
be the restriction of A to the rows and columns from the set Q. If A|Qv = 0 for a nonzero vector
v, then Av̂ = 0 where v̂ is a vector with the only nonzero entries in the rows from Q and such
that the restriction v̂|Q to the rows from Q equals to v.

2.11. Lemma on the rank of the matrix. Another technical lemma that will be used in the
proof of the implication (2) ⇒ (1) of Theorem 1.1 is the following.

Lemma 2.14. Let m1,m2, c, k, ℓ ∈ N and A1 ∈ Mm1×k(R), A2 ∈ Mm2×k(R), C ∈ Mc×k(R),
B1 ∈ Mm1×ℓ(R), B2 ∈ Mm2×ℓ(R), D ∈ Mc×ℓ(R). Assume the following conditions hold:

(1) rankA2 = rank

(
A1

A2

)
= rank

(
A1 B1

A2 B2

)
,

(2) rank

(
A2

C

)
= rank

(
A2 B2

C D

)
,

Then

rank

A1

A2

C

 = rank

A1 B1

A2 B2

C D

 .

Proof. The assumptions (1) and (2) imply that there exist matrices U ∈ Mm1×m2(R), V ∈
Mk×ℓ(R), W ∈ Mk×ℓ(R), such that

(2.14) A1 = UA2, B1 = A1V, B2 = A2V, B2 = A2W, D = CW.

Using (2.14) we get

B1 = A1V = UA2V = UB2 = UA2W = A1W

and therefore B1

B2

D

 =

A1W
A2W
CW

 =

A1

A2

C

W,

which completes the proof. □

3. PROOF OF THE IMPLICATION (2) ⇒ (1) AND THE MOREOVER PART OF THEOREM 1.1

Let Si := L(xi), Ti := L((x− t)i) for i ∈ [0; 2n] and S := (Si)i∈[0;2n], T := (Ti)i∈[0;2n]. Let

X i
T ≡ row

(
(x

(i)
T )j

)
j∈[p]

, Dep(X i
T ), DepN(X

i
T ) and DepNℓ(X

i
T ), ℓ = 0, 1, be as in (2.4), (2.5)

and (2.7), respectively. Write

(x
(i)
T )j =:

(
u
(i)
j

v
(i)
j

)
∈
(
Rnp

Rp

)
and col(Tn+j)j∈[n] =: row(ki)i∈[p] ∈ Rnp.

Note that in the formulation of Theorem 1.1, we have

yip+j = (x
(i)
T )j, uip+j =

{
u
(i)
j , for i ∈ [0;n],

kj, for i = n+ 1,

A =
n⋃

i=1

DepN1(X
i
T ),
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B =
{
j ∈ [p] : j /∈ Dep(Xn

T ), kj ∈ span{u(1)
1 , u

(1)
2 , . . . , u(n)

p , k1, . . . , kj−1}
}
.

In the first step of the proof we will build relation matrices that represent column relations of
MT (n). By Proposition 2.5, MS(n) is block–recursively generated and by Proposition 2.9, so
is MT (n). Let

(3.1) Z ≡ {z1, . . . , zs : 0 ≤ z1 < z2 < . . . < zs ≤ n} :=
{
i ∈ [0;n] : DepN(X i

T ) ̸= ∅
}
.

Let Q ∈ Mp(R) be a permutation matrix which permutes the columns of the given matrix, when
multiplied from the right, to the order

[p] \Dep(Xzs
T ), DepN0(X

zs
T ), DepN1(X

zs
T ), DepN0(X

zs−1

T ), DepN1(X
zs−1

T ), . . . ,

DepN0(X
z2
T ), DepN1(X

z2
T ), DepN0(X

z1
T ), DepN1(X

z1
T ).

(3.2)

Let
p0 := p− cardDep(Xzs

T ),

pj,ℓ := cardDepNℓ(X
zs−j+1

T ) for j ∈ [s] and ℓ = 0, 1,

pj := cardDepN(X
zs−j+1

T ) = pj,0 + pj,1 for j ∈ [s].

(3.3)

Note that cardA =
∑s

j=1 pj,1.

Claim 1. We have

rankM(n) = rankMT (n) = (n+ 1)p0 +
s∑

j=1

zs−j+1pj,(3.4)

rank row(X i
T )i∈[n] = rankMT (n)− p0 − cardA.(3.5)

Proof of Claim 1. (3.4) follows by definition of pj and zj , together with the fact that MT (n)

is block–recursively generated, which in particular implies that if i ∈ Dep(Xj
T ) for some j ∈

[0;n− 1], then i ∈ Dep(Xj+1
T ). For (3.5) note by the same reasoning that

rank row(X i
T )i∈[n] = np0 +

s∑
j=1

zs−j+1pj,0 +
s∑

j=1

(zs−j+1 − 1)pj,1

= rankMT (n)− p0 −
s∑

j=1

pj,1

= rankMT (n)− p0 − cardA.

In the first line we used the fact that if j ∈ DepN0(X
zs−j+1

T ), then each column (x
(i)
T )j is not in

the span of the previous columns for i ∈ [0; zs−j+1 − 1], but (x(zs−j+1)
T )j is in the span of the

previous columns, while it is not in the span of the columns (x(1)
T )1, (x

(1)
T )2, . . . , (x

(zs−j+1)
T )j−1.

However, by recursive generation, j ∈ Dep1(X
zs−j+1+1
T ). ■

Let us define the permuted matrix

row( qX i
T )i∈[0;n] := row(X i

T Q)i∈[0;n].(3.6)

Write

(3.7) qX i
T =:

(
( qX i

T )(0)︸ ︷︷ ︸
p0

columns

( qX i
T )(1,0)︸ ︷︷ ︸
p1,0

columns

( qX i
T )(1,1)︸ ︷︷ ︸
p1,1

columns

( qX i
T )(2,0)︸ ︷︷ ︸
p2,0

columns

( qX i
T )(2,1)︸ ︷︷ ︸
p2,1

columns

· · · ( qX i
T )(s,0)︸ ︷︷ ︸
ps,0

columns

( qX i
T )(s,1)︸ ︷︷ ︸
ps,1

columns

)
.
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Claim 2. There exists matrices H0, H1, . . . , Hn−1 ∈ Mp×(p−p0)(R), qHn,(0) ∈ Mp0×(p−p0)(R)
and an invertible matrix qHn ∈ Mp−p0(R) such that for

(3.8) G := col
(
col(Hi)i∈[0;n−1], qHn,(0)

)
,

we have

row
(
( qXn

T )(i,0) ( qXn
T )(i,1)

)
i∈[s]

qHn =
(
row(X i

T )i∈[0;n−1] ( qXn
T )(0)

)
G.(3.9)

For i ∈ [0;n − 1] let Wi :=
⋂i

j=0KerHj and si := dimWi. Write rj :=
∑j

ℓ=1 pℓ for j ∈ [s].
Then

n−1∑
i=0

si ≥ (n− zs)(p− p0) +
s−1∑
j=1

(zj+1 − zj)(p− p0 − rs−j) + cardA.(3.10)

Proof of Claim 2. Let r0 := 0. By definition of the indices zj , for j ∈ [s] and ℓ = 0, 1 there
exist matrices

qB
(j,ℓ)
0 , qB

(j,ℓ)
1 , . . . , qB

(j,ℓ)
zj−1 ∈ Mp×ps−j+1,ℓ

(R), qB
(j,ℓ)
zj ,(0)

∈ Mp0×ps−j+1,ℓ
(R) and

qB(j,ℓ)
zj

∈ M(rs−j+
∑ℓ−1

i=0 ps−j+1,i)×ps−j+1,ℓ
(R)

(3.11)

(note that if ℓ = 0, then
∑ℓ−1

i=0 ps−j+1,i = 0) such that

( qX
zj
T )(s−j+1,ℓ) = row( qX i

T )i∈[0;zj−1] col( qB
(j,ℓ)
i )i∈[0;zj−1] + ( qX

zj
T )(0) qB

(j,ℓ)
zj ,(0)

+
(
row

(
( qX

zj
T )(i,0) ( qX

zj
T )(i,1)

)
i∈[s−j]

row
(
( qX

zj
T )(s−j+1,i)

)
i∈[0;ℓ−1]

)
qB(j,ℓ)
zj

.
(3.12)

Note that if ℓ = 0, then row
(
( qX

zj
T )(s−j+1,i)

)
i∈[0;ℓ−1]

is an empty matrix. By the ordering of

the columns (see (3.2)), note that qB
(j,1)
0 = 0p×ps−j+1,ℓ

for each j ∈ [s]. By Proposition 2.5,
multiplying the relations in (3.12) by qX

n−zj
T , we obtain for j ∈ [s] and ℓ = 0, 1 the relations(

row
(
( qXn

T )(i,0) (
qXn
T )(i,1)

)
i∈[s−j]

row
(
( qXn

T )(s−j+1,i)

)
i∈[0;ℓ−1]

( qXn
T )(s−j+1,ℓ)

)(− qB
(j,ℓ)
zj

Ips−j+1,ℓ

)

=row( qX
n−zj+i
T )i∈[0;zj−1] col( qB

(j,ℓ)
i )i∈[0;zj−1] + ( qXn

T )(0) qB
(j,ℓ)
zj ,(0)

of MT (n), or equivalently for j ∈ [s] we have

row
(
( qXn

T )(i,0) ( qXn
T )(i,1)

)
i∈[s]

qH(j)
n =

n−1∑
i=0

qX i
T

qH
(j)
i + ( qXn

T )(0) qH
(j)
n,(0),(3.13)

where
qH

(j)
i := 0p×(p−p0) for i ∈ [0;n− zj − 1],

qH
(j)
i :=

(
0p×rs−j

qB
(j,0)
i−n+zj

qB
(j,1)
i−n+zj

0p×(p−p0−rs−j+1)

)
∈ Mp×(p−p0)(R) for i ∈ [n− zj;n− 1],

qH
(j)
n,(0) :=

(
0p0×rs−j

qB
(j,0)
zj ,(0)

qB
(j,1)
zj ,(0)

0p0×(p−p0−rs−j+1)

)
∈ Mp0×(p−p0)(R),

qH(j)
n :=

0rs−j

(
− qB

(j,0)
zj

Ips−j+1,0

)
qB
(j,1)
zj

0 0ps−j+1,1×ps−j+1,0
Ips−j+1,1

⊕ 0p−p0−rs−j+1
∈ Mp−p0(R).

Let
qB(j,0)
zj

=: col( qB
(j,0)
zj ,i

)i∈[s−j] and
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qB(j,1)
zj

=: col
(
col( qB

(j,1)
zj ,i

)i∈[s−j], qB
(j,1)
zj ,s−j+1,0

)
for j ∈ [s],

where qB
(j,ℓ)
zj ,i

∈ Mpi×ps−j+1,ℓ
(R), qB

(j,1)
zj ,s−j+1,0 ∈ Mps−j+1,0×ps−j+1,1

(R) for j ∈ [s], i ∈ [s− j] and
ℓ = 0, 1. Summing all block column relations (3.13) for j ∈ [s], we get a block column relation

(3.14) row
(
( qXn

T )(i,0) ( qXn
T )(i,1)

)
i∈[s]

qHn =
n−1∑
i=0

qX i
T

qHi + ( qXn
T )(0) qHn,(0),

where

qHi :=
s∑

j=1

qH
(j)
i

=



0p×(p−p0), for i ∈ [0;n− zs − 1],(
qB
(s,0)
i−n+zs︸ ︷︷ ︸
p1,0

columns

0︸︷︷︸
p−p0−p1,0

columns

)
, for i = n− zs,

(
qB
(s,0)
i−n+zs︸ ︷︷ ︸
p1,0

columns

qB
(s,1)
i−n+zs︸ ︷︷ ︸
p1,1

columns

0︸︷︷︸
p−p0−p1
columns

)
, for i ∈ [n− zs + 1;n− zs−1 − 1],

(
qB
(s,0)
i−n+zs︸ ︷︷ ︸
p1,0

columns

qB
(s,1)
i−n+zs︸ ︷︷ ︸
p1,1

columns

qB
(s−1,0)
i−n+zs−1︸ ︷︷ ︸
p2,0

columns

0︸︷︷︸
p−p0−p1−p2,0

columns

)
, for i = n− zs−1,

(
qB
(s,0)
i−n+zs︸ ︷︷ ︸
p1,0

columns

qB
(s,1)
i−n+zs︸ ︷︷ ︸
p1,1

columns

qB
(s−1,0)
i−n+zs−1︸ ︷︷ ︸
p2,0

columns

qB
(s−1,1)
i−n+zs−1︸ ︷︷ ︸
p2,1

columns

0︸︷︷︸
p−p0−p1−p2

columns

)
,

for i ∈ [n− zs−1 + 1;n− zs−2 − 1],

...(
row

(
qB
(s−j+1,0)
i−n+zs−j+1︸ ︷︷ ︸

pj,0
columns

qB
(s−j+1,1)
i−n+zs−j+1︸ ︷︷ ︸

pj,1
columns

)
j∈[s−1]

qB
(1,0)
i−n+z1︸ ︷︷ ︸
ps,0

columns

0︸︷︷︸
p−p0−rs−1−ps,0

columns

)
,

for i = n− z1,

row
(

qB
(s−j+1,0)
i−n+zs−j+1︸ ︷︷ ︸

pj,0
columns

qB
(s−j+1,1)
i−n+zs−j+1︸ ︷︷ ︸

pj,1
columns

)
j∈[s], for i ∈ [n− z1 + 1;n− 1],

(3.15)

and

qHn,(0) = row
(

qB(s−j+1,0)
zs−j+1,(0)︸ ︷︷ ︸

pj,0
columns

qB(s−j+1,1)
zs−j+1,(0)︸ ︷︷ ︸

pj,1
columns

)
j∈[s],
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qHn =



D1 − row
(

qB
(s−1,ℓ)
zs−1,1

)
ℓ=0,1

− row
(

qB
(s−2,ℓ)
zs−2,1

)
ℓ=0,1

· · · − row
(

qB
(1,ℓ)
z1,1

)
ℓ=0,1

0 D2 − row
(

qB
(s−2,ℓ)
zs−2,2

)
ℓ=0,1

· · · − row
(

qB
(1,ℓ)
z1,1

)
ℓ=0,1

...
. . . D3

. . .
...

...
. . .

. . . − row
(

qB
(1,ℓ)
z1,s−1

)
ℓ=0,1

0 · · · · · · 0 Ds


,

where Dj :=

(
Ipj,0 − qB

(s−j+1,1)
zs−j+1,j,0

0 Ipj,1

)
for j ∈ [s]. Note that qHn is invertible. It follows from

(3.14) that

row
(
( qXn

T )(i,0) ( qXn
T )(i,1)

)
i∈[s]

qHn =
n−1∑
i=0

X i
T Hi + ( qXn

T )(0) qHn,(0)

=
(
row(X i

T )i∈[0;n−1] ( qXn
T )(0)

)
G.

where Hi := Q qHi for i ∈ [0;n− 1] and G is as in (3.8). This proves (3.9). It remains to prove
(3.10). For i ∈ [0;n− 1] let si be defined as in the statement of Claim 2. Using (3.15) we have

si =



p− p0, for i ∈ [0;n− zs − 1],

at least p− p0 − p1,0, for i = n− zs,

at least p− p0 − p1, for i ∈ [n− zs + 1;n− zs−1 − 1],

at least p− p0 − p1 − p2,0, for i = n− zs−1,

at least p− p0 − p1 − p2, for i ∈ [n− zs−1 + 1;n− zs−2 − 1],
...

at least p− p0 − rs−2 − ps−1,0, for i = n− z2,

at least p− p0 − rs−1, for i ∈ [n− z2 + 1;n− z1 − 1],

at least p− p0 − rs−1 − ps,0, for i = n− z1.

(3.16)

It follows from (3.16) that

n−1∑
i=0

si ≥ (n− zs)(p− p0) +
s∑

j=1

(p− p0 − rs−j − ps−j+1,0)

+
s−1∑
j=1

(zj+1 − zj − 1)(p− p0 − rs−j)

= (n− zs)(p− p0) +
s−1∑
j=1

(zj+1 − zj)(p− p0 − rs−j) + p− p0 −
s∑

j=1

ps−j+1,0︸ ︷︷ ︸
=
∑s

j=1 pj,1=cardA

,

which is (3.10). This concludes the proof of Claim 2. ■

The continuation of the proof will be similar to the proof of implication (2) ⇒ (1) in
[ZZ25, Theorem 1.1], while accounting for the column relations of the matrix MT (n), which
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are transferred to the matrix K in (3.17) by recursive generation. Write

X0
T =:

(
H0

Tn

)
and row(X i

T )i∈[n] =:

(
H
KT

)
∈
(

Snp(R)
Mp×np(R)

)
.(3.17)

Let

(3.18) k := rank

(
H
KT

)
− rankH = rank

(
H K

)
− rankH.

Let B be as in the statement of Theorem 1.1. Note that

B ⊆ [p] \Dep(Xzs
T ) and card

(
[p] \

(
B ⊔Dep(Xzs

T )
))

= k.

(Here ⊔ stands for the disjoint union.) Let P1 ∈ Mp0(R) be a permutation matrix, which
permutes the columns in [p] \Dep(Xzs

T ) to the order C1, C2, where

[p] \
(
B ⊔Dep(Xzs

T )
)
⊆ C1 and k ≤ cardC1 := p0 −m+ cardA.

By the assumption cardA ≤ m ≤ card(A ∪ B), it follows that 0 ≤ cardC1 ≤ p0. Recall that
Q permutes the columns of the given matrix, when multiplied from the right, to the order (3.2).
Then for the permutation matrix P := Q(P1 ⊕ Ip−p0) ∈ Mp(R) and

K̂ ≡
(

K̂1︸︷︷︸
p0−m+cardA

columns

K̂2︸︷︷︸
m−cardA

columns

K̂3︸︷︷︸
p−p0

columns

)
:= KP,(3.19)

we have that

(3.20) rank
(
H K̂1

)
= rank

(
H K̂

)
= rankH + k.

By (3.9) and recursive generation (see Proposition 2.5), it follows that

(3.21) K̂3 =
(
H K̂1 K̂2

)
Ĝ,

where

(3.22) Ĝ := (Inp ⊕ P T
1 )G qH−1

n ,

or equivalently

(3.23)
(
H K̂1 K̂2 K̂3

)( −Ĝ
Ip−p0

)
= 0np×(p−p0).

By (3.20), it follows that

(3.24) K̂2 =
(
H K̂1

)
J

for some real matrix J ∈ M(np+p0−m+cardA)×(m−cardA)(R), or equivalently

(3.25)
(
H K̂1 K̂2

)( −J
Im−cardA

)
= 0np×(m−cardA)

Claim 3. There exists Ẑ ∈ Sp(R) such that

(3.26) rank

(
H K̂

K̂T Ẑ

)
= rank

(
H
K̂T

)
+ p0 −m+ cardA
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and

(3.27)

(
H K̂

K̂T Ẑ

)
−J1 −Ĝ1

−J2 −Ĝ2

Im−cardA −Ĝ3

0 Ip−p0

 = 0(n+1)p×(m−cardA+p−p0),

where

J =:

(
J1
J2

)
∈
(

Mnp×(m−cardA)(R)
M(p0−m+cardA)×(m−cardA)(R)

)
,

Ĝ =:

Ĝ1

Ĝ2

Ĝ3

 ∈

 Mnp×(p−p0)(R)
M(p0−m+cardA)×(p−p0)(R)
M(m−cardA)×(p−p0)(R)

 .

Proof of Claim 3. By (3.23) and (3.25), to prove (3.27) it suffices to establish the equality

(3.28)
(
K̂T Ẑ

)
−J1 −Ĝ1

−J2 −Ĝ2

Im−cardA −Ĝ3

0 Ip−p0

 = 0p×(m−cardA+p−p0).

Let us write

(3.29) Ẑ :=

 Ẑ1 Ẑ2 Ẑ3

ẐT
2 Ẑ4 Ẑ5

ẐT
3 ẐT

5 Ẑ6

 ,

where Ẑ1 ∈ Mp0−m+cardA(R), Ẑ2 ∈ M(p0−m+cardA)×(m−cardA)(R), Ẑ3 ∈ M(p0−m+cardA)×(p−p0)(R),
Ẑ4 ∈ Mm−cardA(R), Ẑ5 ∈ M(m−cardA)×(p−p0)(R) and Ẑ6 ∈ Mp−p0(R). In this notation, (3.28)
becomes K̂T

1 Ẑ1 Ẑ2 Ẑ3

K̂T
2 ẐT

2 Ẑ4 Ẑ5

K̂T
3 ẐT

3 ẐT
5 Ẑ6




−J1 −Ĝ1

−J2 −Ĝ2

Im−cardA −Ĝ3

0 Ip−p0

 = 0p×(m−cardA+p−p0).

We choose Ẑ1 ∈ Sp0−m+cardA(R) such that

(3.30) rank

(
H K̂1

K̂T
1 Ẑ1

)
= rank

(
H
K̂T

1

)
+ p0 −m+ cardA

and define

(3.31)

Ẑ2 :=
(
K̂T

1 Ẑ1

)
J, Ẑ3 :=

(
K̂T

1 Ẑ1 Ẑ2

)
Ĝ,

Ẑ4 :=
(
K̂T

2 ẐT
2

)
J, Ẑ5 :=

(
K̂T

2 ẐT
2 Ẑ4

)
Ĝ,

Ẑ6 :=
(
K̂T

3 ẐT
3 ẐT

5

)
Ĝ.

Once we prove (3.28), (3.30) will also imply (3.26).
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Let us check that Ẑ is symmetric. Since Ẑ1 ∈ Sp0−m+cardA(R), we only need to show that
Ẑ4 ∈ Sm−cardA(R) and Ẑ6 ∈ Sp−p0(R). But this follows by the following computations:

Ẑ4 =︸︷︷︸
(3.31)

(
K̂T

2 ẐT
2

)
J =

(
K̂2

Ẑ2

)T

J =︸︷︷︸
(3.24),
(3.31)

((
H K̂1

K̂T
1 Ẑ1

)
J

)T

J = JT

(
H K̂1

K̂T
1 Ẑ1

)T

J,

Ẑ6 =︸︷︷︸
(3.31)

(
K̂T

3 ẐT
3 ẐT

5

)
Ĝ =

K̂3

Ẑ3

Ẑ5


T

Ĝ =︸︷︷︸
(3.21),
(3.31)


 H K̂1 K̂2

K̂T
1 Ẑ1 Ẑ2

K̂T
2 ẐT

2 Ẑ4

 Ĝ


T

Ĝ

= ĜT

 H K̂1 K̂2

K̂T
1 Ẑ1 Ẑ2

K̂T
2 ẐT

2 Ẑ4

 Ĝ.

We now observe the following:

ẐT
5 =︸︷︷︸

(3.31)

((
K̂T

2 ẐT
2 Ẑ4

)
Ĝ
)T

= ĜT

K̂2

Ẑ2

Ẑ4

 =︸︷︷︸
(3.24),
(3.31)

ĜT

 H K̂1

K̂T
1 Ẑ1

K̂T
2 ẐT

2

 J

=

((
H K̂1 K̂2

K̂T
1 Ẑ1 Ẑ2

)
Ĝ

)T

J =︸︷︷︸
(3.21),
(3.31)

(
K̂3

Ẑ3

)T

J =
(
K̂T

3 ẐT
3

)
J.

(3.32)

From the definitions of Ẑi, i ∈ [2; 6], and the equality (3.32), it is clear that the matrix Ẑ satisfies
(3.28). This proves Claim 3. ■

Define the vectors c1, c2, . . . , cm−cardA+p−p0 by

C ≡ row(ci)i∈[m−cardA+p−p0] := (Inp ⊕ P )


−J1 −Ĝ1

−J2 −Ĝ2

Im−cardA −Ĝ3

0 Ip−p0

 ,

Note that c1, c2, . . . , cm−cardA+p−p0 are linearly independent. Next define the matrix Z by

Z := PẐP T ∈ Sp(R).

Claim 4. c1, c2, . . . , cm−cardA+p−p0 ∈ Ker

(
H K
KT Z

)
.

Proof of Claim 4. We have

(
H K
KT Z

)
C =

(
H K̂P T

PK̂T PẐP T

)
(Inp ⊕ P )


−J1 −Ĝ1

−J2 −Ĝ2

Im−cardA −Ĝ3

0 Ip−p0


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= (Inp ⊕ P )

(
H K̂

K̂T Ẑ

)
(Inp ⊕ P T )(Inp ⊕ P )


−J1 −Ĝ1

−J2 −Ĝ2

Im−cardA −Ĝ3

0 Ip−p0



= (Inp ⊕ P )

(
H K̂

K̂T Ẑ

)
−J1 −Ĝ1

−J2 −Ĝ2

Im−cardA −Ĝ3

0 Ip−p0


=︸︷︷︸

(3.27)

(Inp ⊕ P )0(n+1)p×(m−cardA+p−p0) = 0(n+1)p×(m−cardA+p−p0).

This proves Claim 4. ■

Define

T̂n ≡
(

T̂n,1︸︷︷︸
p0−m+cardA

columns

T̂n,2︸︷︷︸
m−cardA

columns

T̂n,3︸︷︷︸
p−p0

columns

)
:= TnP = TnQ(P1 ⊕ Ip−p0).(3.33)

Claim 5. Recall the notation in (3.17). We have

rank

(
H0 H K̂

T̂ T
n K̂T Ẑ

)
= rank

(
H0 H
T̂ T
n K̂T

)
= rankMT (n).(3.34)

Proof of Claim 5. Since(
H0 H
T̂ T
n K̂T

)
= (Inp ⊕ P T )

(
H0 H
Tn KT

)
= (Inp ⊕ P T )MT (n),

the nontrivial equality in (3.34) is the first one. Observe that(
HT

0 T̂n

H K̂

)
= MT (n)(Inp ⊕ P )

=
(
row(X i

T )i∈[0;n−1]
qXn
T (P1 ⊕ Ip−p0)

)
=
(
row(X i

T )i∈[0;n−1] ( qXn
T )(0)P1 row

(
( qXn

T )(i,0) (
qXn
T )(i,1)

)
i∈[s]

)
=
((

row(X i
T )i∈[0;n−1] ( qXn

T )(0)

)
(Inp ⊕ P1)︸ ︷︷ ︸

=

HT
0 T̂n,1 T̂n,2

H K̂1 K̂2


row

(
( qXn

T )(i,0) ( qXn
T )(i,1)

)
i∈[s]︸ ︷︷ ︸

=

T̂n,3

K̂3



)
.

(3.35)

By (3.9), (3.22) and (3.35), it follows that

T̂n,3 =
(
HT

0 T̂n,1 T̂n,2

)
Ĝ.(3.36)



20 A. ZALAR AND I. ZOBOVIČ

We have

rank

(
H0 H K̂

T̂ T
n K̂T Ẑ

)
=︸︷︷︸
(∗)T

rank

HT
0 T̂n

H K̂

K̂T Ẑ



=rank


HT

0 T̂n,1 T̂n,2 T̂n,3

H K̂1 K̂2 K̂3

K̂T
1 Ẑ1 Ẑ2 Ẑ3

K̂T
2 ẐT

2 Ẑ4 Ẑ5

K̂T
3 ẐT

3 ẐT
5 Ẑ6

 =︸︷︷︸
(3.21),
(3.31),
(3.36)

rank


HT

0 T̂n,1 T̂n,2

H K̂1 K̂2

K̂T
1 Ẑ1 Ẑ2

K̂T
2 ẐT

2 Ẑ4

K̂T
3 ẐT

3 ẐT
5


=︸︷︷︸
(∗)T

rank

H0 H K̂1 K̂2 K̂3

T̂ T
n,1 K̂T

1 Ẑ1 Ẑ2 Ẑ3

T̂ T
n,2 K̂T

2 ẐT
2 Ẑ4 Ẑ5

 =︸︷︷︸
(3.21),
(3.24),
(3.31)

rank

H0 H K̂1

T̂ T
n,1 K̂T

1 Ẑ1

T̂ T
n,2 K̂T

2 ẐT
2

 .

(3.37)

To prove (3.34), (3.37) implies that it suffices to show that

rank

H0 H K̂1

T̂ T
n,1 K̂T

1 Ẑ1

T̂ T
n,2 K̂T

2 ẐT
2

 = rankMT (n).(3.38)

By (3.21), (3.36) and the ordering of the columns (see (3.2)) of the matrix(
HT

0 T̂n,1 T̂n,2

H K̂1 K̂2

)
,

note that

(3.39) rankMT (n) =

(
HT

0

H
T̂n,1 T̂n,2

K̂1 K̂2︸ ︷︷ ︸
p0 columns

)
= rank

(
HT

0

H

)
+ p0.

We permute the columns of
(
HT

0

H

)
to
(
HT

0

H

)
P2 =:

(
HT

0,1 HT
0,2

HT
1 HT

2

)
, using a permutation matrix

P2 ∈ Mnp(R), such that

(3.40) rank

(
H0,1 H1

H0,2 H2

)
=︸︷︷︸
(∗)T

rank

(
HT

0

HT

)
= rank

(
HT

0,2

HT
2

)
=︸︷︷︸
(∗)T

rank
(
H0,2 H2

)
and

(3.41) Ker

(
HT

0,2 T̂n,1 T̂n,2

HT
2 K̂1 K̂2

)
=︸︷︷︸

(3.39)

{0}.

Apply the same permutation P2 on K̂T
1 to obtain K̂T

1 P2 =:
(
(K̂

(1)
1 )T (K̂

(2)
1 )T

)
. It follows

from (3.41) that

C

H0,2 H2

T̂ T
n,1 K̂T

1

T̂ T
n,2 K̂T

2

 = RrankMT (n) and

H0,2 H2

T̂ T
n,1 K̂T

1

T̂ T
n,2 K̂T

2

 is surjective,
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whence

rank

H0,2 H2 K̂
(2)
1

T̂ T
n,1 K̂T

1 Ẑ1

T̂ T
n,2 K̂T

2 ẐT
2

 = rank

H0,2 H2

T̂ T
n,1 K̂T

1

T̂ T
n,2 K̂T

2

 .(3.42)

Since T admits a representing measure by assumption in the theorem, there exists a psd exten-
sion H0 H K

Tn KT Z
(e)
1

KT (Z
(e)
1 )T Z

(e)
2

 .

By Theorem 2.12, used for A :=

(
H0 H
Tn KT

)
, B :=

(
K

Z
(e)
1

)
, C := Z

(e)
2 , it follows that

C(B) ⊆ C(A). In particular, rank
(
H0 H

)
= rank

(
H0 H K

)
, whence

rank

(
H0,1 H1

H0,2 H2

)
= rank

(
H0,1 H(1) K̂

(1)
1

H0,2 H(2) K̂
(2)
1

)
.(3.43)

By Lemma 2.14, used for

A1 :=
(
H0,1 H1

)
, B1 := K̂

(1)
1 ,

A2 :=
(
H0,2 H2

)
, B2 := K̂

(2)
1 ,

C :=

(
T̂ T
n,1 K̂T

1

T̂ T
n,2 K̂T

2

)
, D :=

(
Ẑ1

ẐT
2

)
,

and the rank equalities (3.40), (3.42) and (3.43), we get

rank


H0,1 H1 K̂

(1)
1

H0,2 H2 K̂
(2)
1

T̂ T
n,1 K̂T

1 Ẑ1

T̂ T
n,2 K̂T

2 ẐT
2

 = rank


H0,1 H1

H0,2 H2

T̂ T
n,1 K̂T

1

T̂ T
n,2 K̂T

2

 =︸︷︷︸
(3.39)

rankMT (n).(3.44)

Hence, the equality (3.38) holds, which concludes the proof of Claim 4. ■

By Claim 5,

(3.45)


K̂1

Ẑ1

ẐT
2

ẐT
3

 =


H0 H
T̂ T
n,1 K̂T

1

T̂ T
n,2 K̂T

2

T̂ T
n,3 K̂T

3


(
U1

U2

)

for some real matrices U1 ∈ Mp×(p0−m+cardA)(R) and U2 ∈ Mnp×(p0−m+cardA)(R) with

(3.46) rankU1 = p0 −m+ cardA (see (3.30)),

or equivalently

(3.47)


H0 H K̂1

T̂ T
n,1 K̂T

1 Ẑ1

T̂ T
n,2 K̂T

2 ẐT
2

T̂ T
n,3 K̂T

3 ẐT
3


 −U1

−U2

Ip0−m+cardA

 = 0(n+1)p×(p0−m+cardA).
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By (3.27) and (3.47), we have that

(
H0 H K̂

T̂ T
n K̂T Ẑ

)
−U1 0p×(m−cardA) 0p×(p−p0)

−U2 −J1 −Ĝ1

Ip0−m+cardA −J2 −Ĝ2

0 Im−cardA −Ĝ3

0 0 Ip−p0

 = 0(n+1)p×p.

Therefore (
K̂

Ẑ

)
Q̂n = row(X̂ i

T )i∈[n]

(
U2 J1 Ĝ1

)
+ X̂0

T
(
U1 0p×(m−cardA+p−p0)

)
,(3.48)

where

(3.49) Q̂n :=

Ip0−m+cardA −J2 −Ĝ2

0 Im−cardA −Ĝ3

0 0 Ip−p0


and

row(X̂ i
T )i∈[0;n] := (Inp ⊕ P T ) row(X i

T )i∈[0;n] =

(
H0 H
T̂ T
n K̂T

)
.(3.50)

Note that Ĝ1 = col(Hi
qH−1
n )i∈[0;n−1] and col(Ĝ2, Ĝ3) = P T

1
qHn,(0)

qH−1
n . Writing

(3.51)
(
U2 J1

)
=:


U2,0 J1,0
U2,1 J1,1
...

...
U2,n−1 J1,n−1

 ,

where U2,i ∈ Mp×(p0−m+cardA)(R) and J1,i ∈ Mp×(m−cardA)(R), and defining

(3.52) Qi :=
(
U2,i J1,i Hi

qH−1
n

)
for i ∈ [0;n− 1],

(3.48) is equivalent to(
K̂

Ẑ

)
Q̂n =

n∑
i=1

X̂ i
T Qi−1 + X̂0

T
(
U1 0p×(m−cardA+p−p0)

)
.(3.53)

Using (3.50) and (
K̂

Ẑ

)
=

(
KP

P TZP

)
= (Inp ⊕ P T )

(
col(Ti)i∈[n+1;2n]

Z

)
P

in (3.53), we get(
col(Ti)i∈[n+1;2n]

Z

)
Qn =

n∑
i=1

X i
T Qi−1 +X0

T
(
U1 0p×(m−cardA+p−p0)

)
,(3.54)

where

(3.55) Qn := PQ̂n.

We now define

T2n+1 := Z and T2n+2 := row(Ti)i∈[n+1;2n+1](MT (n))
† col(Ti)i∈[n+1;2n+1].
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Let

T (e) := (Ti)i∈[0;2n+2], S2n+ℓ := LT (e)((x+ t)2n+ℓ), ℓ = 1, 2, and

S(e) := (Si)i∈[0;2n+2].
(3.56)

Define a matrix polynomial

H(x) := xn+1Qn −
n∑

i=1

xiQi−1 −
(
U1 0p×(m−cardA+p−p0)

)
,(3.57)

By (3.54) and the definition of T (e), we have that H(x) is a block column relation of MT (e)(n+
1). By Corollary 2.8, H(x− t) is a block column relation of MS(e)(n+ 1). By (3.46), we have

(3.58) rank
(
U1 0p×(m−cardA+p−p0)

)
= p0 −m+ cardA.

Let

W̃0 := Ker
(
U1 0p×(m−cardA+p−p0)

)
and W̃i := W̃0

⋂ i−1⋂
j=0

KerQj for i ∈ [n].

Note that each Qi ends with Hi
qH−1
n for i ∈ [0;n − 1] (see (3.52)), which has p − p0 columns.

Hence, the following holds:

(3.59) Let i ∈ [0;n− 1]. If v ∈
i⋂

j=0

Ker(Hj
qH−1
n ), then

(
0
v

)
∈ W̃i+1.

Let s̃i := dim W̃i for i ∈ [0;n]. Recall the definition of si from Claim 2 and note that
Ker(Hj

qH−1
n ) = KerHj for each j.. By (3.59), it follows that s̃i ≥ si−1 for i ∈ [n]. Therefore

n∑
i=0

s̃i ≥ s̃0 +
n−1∑
i=0

si ≥ m− cardA+ p− p0

+ (n− zs)(p− p0) +
s−1∑
j=1

(zj+1 − zj)(p− p0 − rs−j) + cardA

= m+ (n+ 1)p−
(
(n+ 1)p0 +

s∑
j=1

zs−j+1pj
)

= m+ (n+ 1)p− rankM(n),

(3.60)

where we used (3.58) and (3.10) in the second inequality and Claim 1 in the last equality. By
Lemma 2.10, the invertibility of Qn (see (3.49) and (3.55)) and (3.60), it follows that

detH(x− t) = (x− t)m+(n+1)p−rankM(n)g(x),(3.61)

where 0 ̸= g(x) ∈ R[x] and deg(detH(x− t)) = (n + 1)p (since Qn is invertible). Therefore
deg g(x) = rankM(n) −m. By Theorem 2.2, there exists a (rankM(n))–atomic represent-
ing matrix measure for L of the form µ =

∑ℓ
j=1 δxj

Aj , where ℓ ∈ N, xj ∈ R are pairwise
distinct, Aj ∈ S⪰0

p (R) and
∑ℓ

j=1 rankAj = rankM(n). By Lemma 2.4 and (3.61), it follows
that t = xj′ for some j′ ∈ [ℓ], and rankAj′ ≥ m. Without loss of generality we can assume that
j′ = 1. Next, we need to establish the following claim.

Claim 6. rankA1 = m.
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Proof of Claim 6. Suppose on the contrary that rankA1 = m′ for some

(3.62) m′ > m.

Define µ̃ := µ− δtA1. Let L̃ : R[x] → Sp(R) be a linear operator, defined by

L̃(xi) ≡ S̃i :=

∫
R
xi dµ̃ for i ∈ N ∪ {0}.

Let S̃ := (S̃i)i∈[0;2n+2]. We have

rankM(n)−m′ ≤ rankMS̃(n) ≤ rankMS̃(n+ 1),

rankMS̃(n+ 1) ≤
ℓ∑

j=2

rankAj = rankM(n)−m′,
(3.63)

where the first inequality follows from the fact that the difference M(n)−MS̃(n) is a moment
matrix of the linear operator corresponding to the matrix measure δtA1. The inequalities (3.63)
imply that rankM(n)−m′ ≤ MS̃(n+1) ≤ rankM(n)−m′, whence all inequalities in (3.63)
must be equalities. In particular,

rankMS̃(n) = rankMS̃(n+ 1) = rankM(n)−m′.(3.64)

For i ∈ [0; 2n+ 2] we define T̃i :=
∫
R(x− t)idµ̃. Note that

(3.65) T̃i =

∫
R
(x− t)id(µ̃+ δtA1) = Ti for i ∈ [2n+ 2].

Define the sequence T̃ := (T̃i)i∈[0;2n+2] and write

X i
T̃ ≡ row

(
(x

(i)

T̃
)j
)
j∈[p] := col(T̃i+j)j∈[0;n+1]

for i ∈ [0;n+ 1]. By (3.64) and Proposition 2.7.(5) we have

m′ = rankMS(n+ 1)− rank
(
row(X i

T̃ )i∈[0;n+1]

)
= rankMS(n)− rank

(
row(X i

T̃ )i∈[0;n+1]

)
.

(3.66)

By (3.65) and Claim 1, it follows that

(3.67) rank row(X i
T̃ )i∈[n] = rank row(X i

T )i∈[n] = rankMT (n)− p0 − cardA.

Further,

rank row(X i
T̃ )i∈[n+1] =︸︷︷︸

(3.65)

rank row(X i
T )i∈[n+1]

=︸︷︷︸
Claim 3

rank row(X i
T )i∈[n] + p0 −m+ cardA

=︸︷︷︸
(3.67)

rankMT (n)−m.

(3.68)

Finally,
rankMT (n)−m =︸︷︷︸

(3.68)

rank row(X i
T̃ )i∈[n+1] ≤︸︷︷︸

(3.66)

rankMT (n)−m′,

which implies that m′ ≤ m and contradicts (3.62). This proves Claim 6. ■

It remains to establish the moreover part. Note that the representing measure is unique if
and only if Ẑ, satisfying (3.26) and (3.27), is unique. Indeed, in this case the polynomial H(x)
as in (3.57) is uniquely determined and it completely determines the minimal measure for the
extended sequence.
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First note that in the decomposition (3.29) there is no freedom in chosing Ẑ1 ∈ Sp0−m+cardA(R)
such that (3.30) holds if and only if p0 −m + cardA = 0, or equivalently m = cardA + p0.
Since B ⊆ ([p] \Dep(Xzs

T )), it follows by definition of p0 (see (3.3)) that this is further equiva-
lent to B = [p] \Dep(Xzs

T ) and m = card(A∪B), which are the first and the second condition
in (1.4).

By the previous paragraph, the matrices Ẑ1, Ẑ2 and Ẑ3 in (3.29) are empty. Next, observe
the matrices Ẑ4 and Ẑ5 in (3.29). By (3.31) and (3.32), Ẑ4 and Ẑ5 will be unique if and only if
K̂T

2 v = K̂T
3 v = 0 for any v ∈ KerH. This is due to the fact that J in (3.24) is unique up to the

addition of a matrix with each column from KerH (note that K̂1 is an empty matrix). Note that
KerH ⊆ Ker K̂T

2 and KerH ⊆ Ker K̂T
3 are exactly the third and the fourth condition in (1.4).

Finally, we observe the matrix Ẑ6 in (3.29). It remains to prove that the four conditions in
(1.4) ensure Ẑ6 is also unique. By (3.31), it suffices to prove that

(
K̂T

3 ẐT
5

)
Ĝ does not depend

on the choice of Ĝ satisfying (3.23). If Ĝ and Ĝ′ both satisfy (3.23), then

0 =
(
H K̂2

)
(Ĝ− Ĝ′) =︸︷︷︸

(3.24)

H
(
I J

)
(Ĝ− Ĝ′),

whence

(3.69) every column of the matrix
(
I J

)
(Ĝ− Ĝ′) is in KerH.

Note that (
K̂T

3 ẐT
5

)
(Ĝ− Ĝ′) =︸︷︷︸

(3.32)

K̂T
3

(
I J

)
(Ĝ− Ĝ′) =︸︷︷︸

(3.69),
KerH⊆Ker K̂T

3

0,

whence
(
K̂T

3 ẐT
5

)
Ĝ does not depend on the choice of Ĝ satisfying (3.23). This proves the

moreover part of Theorem 1.1.

4. PROOF OF THE IMPLICATION (1) ⇒ (2) OF THEOREM 1.1

Let µ = δtA1 +
∑ℓ

j=2 δxj
Aj be a finitely atomic p × p matrix representing measure for L

with ℓ ∈ N, xj ∈ R \ {t}, Aj ∈ S⪰0
p (R),

∑ℓ
j=1 rankAj = rankM(n) and multt µ = m. For

k = 1, 2 define S2n+k :=
∫
R x

2n+k dµ and T2n+k :=
∫
R(x − t)2n+k dµ. Let µ̃ :=

∑ℓ
j=2 δxj

Aj

and L̃ : R[x] → Sp(R) be a linear operator, defined by

L̃(xi) ≡ S̃i :=

∫
R
xi dµ̃ for i ∈ N ∪ {0}.

Write S̃ := (S̃i)i∈[0;2n+2]. Analogously as in the proof of Claim 6 in the proof of the implication
(2) ⇒ (1) of Theorem 1.1, it follows that

rankMS̃(n) = rankMS̃(n+ 1) = rankM(n)−m.(4.1)

For i ∈ [0; 2n+ 2] we define T̃i :=
∫
R(x− t)idµ̃. Note that

T̃i =

∫
R
(x− t)id(µ̃+ δtA1) = Ti for i ∈ [2n+ 2].

Define the sequence T̃ := (T̃i)i∈[0;2n+2] and for i ∈ [0;n+ 1] write

X i
T ≡ row

(
(x

(i)
T )j
)
j∈[p] := col(Ti+j)j∈[0;n+1],

X i
T̃ ≡ row

(
(x

(i)

T̃
)j
)
j∈[p] := col(T̃i+j)j∈[0;n+1].
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By (4.1) and Proposition 2.7.(5) we have

m = rankM(n)− rank
(
row(X i

T̃ )i∈[0;n+1]

)
= rankM(n)− rank

(
row(X i

T̃ )i∈[0;n]
)
.

Let Dep(X i
∗), Dep1(X

i
∗) and DepN(X i

∗), DepNℓ(X
i
∗), ℓ = 0, 1, be as in (2.5), (2.6) and (2.7),

respectively. Define

Z ≡ {z1, . . . , zs : 0 ≤ z1 < z2 < . . . < zs ≤ n+ 1} :=
{
i ∈ [0;n+ 1] : DepN(X i

T̃ ) ̸= ∅
}
.

Note that Dep(Xzs
T̃
) = [p]. Let

pj,ℓ := cardDepNℓ(X
zs−j+1

T ) for j ∈ [s] and ℓ = 0, 1,

pj := cardDepN(X
zs−j+1

T ) = pj,0 + pj,1 for j ∈ [s],

and

Ã :=
n+1⋃
i=1

DepN1(X
i
T̃ ).

Claim 1. We have

rankMT̃ (n+ 1) = rankMT̃ (n) =
s∑

j=1

zs−j+1pj.(4.2)

Proof of Claim 1. (4.2) follows by definition of pj and zj , together with the fact that MT̃ (n)

is block–recursively generated, which in particular implies that if i ∈ Dep(Xj

T̃
) for some

j ∈ [0;n], then i ∈ Dep(Xj+1

T̃
). ■

Claim 2. Ã = ∅.

Proof of Claim 2. Analogously as in the proof of Claim 2 of the implication (2) ⇒ (1) of
Theorem 1.1 with T̃ in place of T and noting that p0 = 0, there exists a matrix polynomial

H(x) = xn+1Hn+1 −
n∑

i=0

xiHi,

such that:
(1) H(x) is a block column relation of MT̃ (n+ 1).
(2) Hn+1 is invertible.
(3) Defining Wi :=

⋂i
j=0KerHj and si := dimWi for i ∈ [0;n], we have

n∑
i=0

si ≥ (n+ 1− zs)p+
s−1∑
j=1

(zj+1 − zj)
(
p−

s−j∑
k=1

pk
)
+ card Ã

= (n+ 1)p−
s∑

j=1

zs−j+1pj + card Ã

=︸︷︷︸
Claim 1

(n+ 1)p− rankMT̃ (n) + card Ã.

(4.3)

By Lemma 2.10, the invertibility of Hn+1 and (4.3), it follows that

detH(x) = x(n+1)p−rankMT̃ (n)+card Ãg(x),

where 0 ̸= g(x) ∈ R[x] and deg(detH(x)) = (n + 1)p (since Hn+1 is invertible). There-
fore deg g(x) = rankMT̃ (n) − card Ã. Since

∑ℓ
j=2 δxj−tAj is a representing measure for
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T̃ ,
∑ℓ

j=2 rankAj = rankMT̃ (n) and xj − t ̸= 0 for each j ∈ [2; ℓ], it follows by Lemma
2.4 that xj − t are precisely the zeroes of g(x) and rankAj are their multiplicities. Therefore
deg g(x) = rankMT̃ (n), whence card Ã = 0. ■

Let B be as in Theorem 1.1. Note that

(4.4) DepN1(X
n+1
T ) ⊆ B.

Claim 3. For i ∈ [0;n] we have

(4.5) DepN1(X
i+1
T ) ⊔Dep(X i

T ) = Dep(X i
T̃ ).

Proof of Claim 3. First we prove the inclusion (⊆) in (4.5). Fix i ∈ [0;n]. Since MT (n+ 1) ⪰
MT̃ (n+ 1), Lemma 2.11 (used for A = MT (n+ 1), B = MT̃ (n+ 1)) implies that

(4.6) DepN1(X
i+1
T ) ⊆ Dep(X i+1

T̃
) and Dep(X i

T ) ⊆ Dep(X i
T̃ ).

Using Claim 2,
DepN1(X

i+1
T ) ⊆ Dep1(X

i+1

T̃
) \DepN1(X

i+1

T̃
),

whence

(4.7) DepN1(X
i+1
T ) ⊆ Dep(X i

T̃ ).

By (4.7) and (4.6), the inclusion (⊆) in (4.5) follows.
It remains to prove the inclusion (⊇) in (4.5). Fix i ∈ [0;n]. Let j ∈ Dep(X i

T̃ ). We separate
two cases.

Case 1: j ∈ DepN1(X
i
T ). Since DepN1(X

i
T ) ⊆ Dep(X i

T ), it follows that j ∈ Dep(X i
T ).

Case 2: j /∈ DepN1(X
i
T ). Assume also that j /∈ Dep(X i

T ). Since MT̃ (n + 1) is block–
recursively generated, it follows that j ∈ Dep1(X

i+1

T̃
) and hence the equalities X i

T = X i
T̃ for

i ∈ [n+ 1] imply j ∈ DepN1(X
i+1
T ).

This proves the inclusion (⊇) in (4.5) ■.

We have

m = rankMT (n)− rankMT̃ (n)

=
(
(n+ 1)p−

n∑
i=0

card
(
Dep(X i

T )
))

−
(
(n+ 1)p−

n∑
i=0

card
(
Dep(X i

T̃ )
))

=︸︷︷︸
Claim 3

n∑
i=0

card
(
DepN1(X

i+1
T )

)
= cardA+ card

(
DepN1(X

n+1
T )

)
≤︸︷︷︸

(4.4)

card(A ∪B).

Hence, card(A) ≤ m ≤ card(A∪B), which proves the implication (1) ⇒ (2) of Theorem 1.1.

5. PROOF OF THEOREM 1.3

The equivalence (1) ⇔ (2) follows directly from Theorem 1.1 for m = 0.
Let us prove the implication (1) ⇒ (3). Let µ be a minimal representing measure for L such

that multµ t = 0 and let L((x − t)i) :=
∫
R(x − t)idµ, i ∈ {−2,−1, 2n + 1, 2n + 2}, be

the extension of L to span{(x− t)−2, (x− t)−1, 1, x− t, . . . , (x− t)2n+1, (x− t)2n+2}. Write
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Ti := L((x − t)i) for i ∈ [−2; 2n + 2]. Since (Ti)
2n+2
i=−2 has a representing measure, it follows

that the matrix M̃1 := (Ti+j−2)
n+2
i,j=0 is positive semidefinite.

Note that

M̃1 =


T−2 ∗ ∗
∗ M2 ∗
∗︸︷︷︸

p columns

∗︸︷︷︸
np columns

∗︸︷︷︸
2p columns

 =

 ∗ ∗ ∗
∗︸︷︷︸

p columns

M3︸︷︷︸
np columns

∗︸︷︷︸
2p columns

 .

Let w ∈ KerM2. By Lemma 2.13 (used for A = M̃1 ∈ S(n+3)p(R) and A|Q = M2 where
Q = [p + 1; (n + 1)p]), it follows that col(0p×1, w,02p×1) ∈ KerM̃1, whence w ∈ KerM3.
Therefore, KerM2 ⊆ KerM3.

Similarly

M̃1 =


∗ ∗ ∗
∗ M3 ∗
∗︸︷︷︸

2p columns

∗︸︷︷︸
np columns

T2n+2︸ ︷︷ ︸
p columns

 =

 ∗ M2 ∗
∗︸︷︷︸

2p columns

∗︸︷︷︸
np columns

∗︸︷︷︸
p columns

 .

Let w ∈ KerM3. By Lemma 2.13 (used for A = M̃1 ∈ S(n+3)p(R) and A|Q = M3 where
Q = [2p + 1; (n + 2)p]), it follows that col(02p×1, w,0p×1) ∈ KerM̃1, whence w ∈ KerM2.
Therefore, KerM3 ⊆ KerM2.

It remains to prove the implication (3) ⇒ (2). We have to prove that A = ∅. Assume on
the contrary that there exists i ∈ A. By definition of A, there is k ∈ [n] such that ykp+i =∑kp+i−1

ℓ=p+1 γℓyℓ for some γℓ ∈ R and in particular, y(k−1)p+i ̸=
∑(k−1)p+i−1

ℓ=1 γℓ+pyℓ. But this
implies

w = (−γp+1, . . . ,−γkp+i−1, 1, 0, . . . , 0) ∈ Rnp ∈ KerM3 \KerM2,

which is contradiction to KerM2 = KerM3. Hence, A = ∅.

6. PROOF OF COROLLARY 1.4

The equivalence (2) ⇔ (3) is clear. The implication (1) ⇐ (2) is trivial, while the implication
(1) ⇒ (2) follows by [MS24a, Theorem 5.1]. The equivalence (4) ⇔ (5) follows by noticing
that for ℓ = 0, 2 we have

n2−1∑
i,j=−n1

vTj+n1
Si+j+ℓvi+n1 = row(vi+n1)i∈[−n1;n2−1](Si+j+ℓ)

n2−1
i,j=−n1

col(vi+n1)i∈[−n1;n2−1].

Since (Si+j)
n2−1
i,j=−n1

is positive semidefinite, for ℓ = 0, 2 we have
n2−1∑

i,j=−n1

vTj+n1
Si+j+ℓvi+n1 = 0 ⇔ col(vi+n1)i∈[−n1;n2−1] ∈ Ker(Si+j+ℓ)

n2−1
i,j=−n1

.

It remains to prove the equivalence (3) ⇔ (4). Define a sequence S̃ = (S̃0, S̃1, . . . , S̃2n1+2n2),
where S̃i := Si−2n1 .

First we prove the implication (3) ⇒ (4). Let µ :=
∑ℓ

j=1 δxj
Aj be a minimal representing

measure such that Si =
∫
R x

idµ =
∑ℓ

j=1 x
i
jAj for each i. Clearly, xj ̸= 0 for each j and

(Si+j)
n2
i,j=−n1

is positive semidefinite. Defining µ̃ :=
∑ℓ

j=1 δxj
(x−2n1

j Aj), we have

S̃i = Si−2n1 =
ℓ∑

j=1

xi−2n1
j Aj =

ℓ∑
j=1

xi
j(x

−2n1
j Aj) =

∫
R
xidµ̃.
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By Theorem 1.3, used for t = 0, Ker(Si+j)
n2−1
i,j=−n1

= Ker(Si+j)
n2
i,j=−n1+1. This proves (3) ⇒

(4).
It remains to prove the implication (4) ⇒ (3). By assumption, MS̃ is positive semidefi-

nite. The assumption Ker(Si+j)
n2−1
i,j=−n1

= Ker(Si+j)
n2
i,j=−n1+1 implies that C(Si+j)

n2−1
i,j=−n1

=

C(Si+j)
n2
i,j=−n1+1. In particular, C(col(S̃n1+n2+i)i∈[n1+n2]) ⊆ C(MS̃(n1 + n2 − 1)). By Theorem

2.2, S̃ admits a representing measure. By Theorem 1.3, S̃ has a minimal representing measure
µ̃ =

∑ℓ
j=1 δxj

Aj for some xj ∈ R \ {0} and Aj ∈ S⪰0
p (R). Namely, S̃i =

∑ℓ
j=1 x

i
jAj for each

i ∈ [0; 2n1 + 2n2]. But then

Si = S̃i+2n1 =
ℓ∑

j=1

xi+2n1
j Aj =

ℓ∑
j=1

xi
jx

2n1
j Aj,

whence µ :=
∑ℓ

j=1 δxj
(x2n1

j Aj) is a minimal representing measure in (3).

7. EXAMPLE FOR THEOREM 1.1

The next example1 shows how to apply Theorem 1.1 to construct a minimal representing
measure µ for a linear operator L : R[x]≤2n → Sp(R) such that multµ t > 0, where t ∈ R is a
prescribed number.

Let p = 4, n = 2 and S := (Si)i∈[0;4], where

S0 =


4 0 0 0
0 7 3 3
0 3 4 3
0 3 3 3

 , S1 = S3 =


0 0 0 0
0 −1 −1 −1
0 −1 0 −1
0 −1 −1 −1

 , S2 = S4 =


2 0 0 0
0 3 1 1
0 1 2 1
0 1 1 1

 .

Let L : R[x]≤4 → S4(R) be a linear operator, defined by L(xi) = Si for each i ∈ [0; 4].
Since M(2) is positive semidefinite and C(col(S3, S4)) ⊆ C(M(1)), by Theorem 2.2, L has
a representing measure. It is easy to check that µ̃ :=

∑3
j=1 δx̃j

Ãj is a minimal representing
measure for L, where

x̃1 = −1, x̃2 = 0, x̃3 = 1, Ã1 =
(
1
)
⊕

2 1 1
1 1 1
1 1 1

 , Ã2 = 2Ã1, Ã3 = I3 ⊕
(
0
)
.

Let t = 1 and Ti be defined as in Theorem 1.1 for i ∈ [0; 4]. A computation reveals that

T0 =
(
4
)
⊕

7 3 3
3 4 3
3 3 3

 , T1 = −4W, T2 = 6W, T3 = −10W, T4 = 18W,

where

W =
(
1
)
⊕

2 1 1
1 1 1
1 1 1

 .

Define T := (Ti)i∈[0;4]. Let Dep(X i
T ), Dep1(X

i
T ), DepN(X

i
T ) and DepNℓ(X

i
T ), ℓ = 0, 1, and

A, B be as in (2.5), (2.6), (2.7) and Theorem 1.1, respectively. We have

Dep(X0
T ) = ∅, Dep(X1

T ) = {4}, Dep(X2
T ) = {3, 4},

Dep1(X
0
T ) = ∅, Dep1(X

1
T ) = {4}, Dep1(X

2
T ) = {4},

DepN(X0
T ) = ∅, DepN(X1

T ) = {4}, DepN(X2
T ) = {3},

1The Mathematica file with numerical computations can be found on the link https://github.com/
ZobovicIgor/Matricial-Gaussian-Quadrature-Rules/tree/main.

https://github.com/ZobovicIgor/Matricial-Gaussian-Quadrature-Rules/tree/main
https://github.com/ZobovicIgor/Matricial-Gaussian-Quadrature-Rules/tree/main
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DepN1(X
0
T ) = ∅, DepN1(X

1
T ) = {4}, DepN1(X

2
T ) = ∅,

DepN0(X
0
T ) = ∅, DepN0(X

1
T ) = ∅, DepN0(X

2
T ) = {3},

and A = {4}, B = {1, 2}. Thus cardA = 1 and card(A ∪ B) = 3. It follows from Theorem
1.1 that for each m with 1 ≤ m ≤ 3, there exists a representing measure µ for L such that
multµ t = m. We will construct such a measure for m = 2 (note that multµ̃ t = rank Ã3 = 3).

Let s, zj, pj,ℓ, pj, p0 be as in (3.1), (3.3). By the computations above, we have s = 2, z1 = 1,
z2 = 2, p1,0 = p2,1 = 1, p1,1 = p2,0 = 0, p1 = p2 = 1 and p0 = 2. Since the columns of each
block column X i

T are already in the order (3.2), we choose the permutation matrix Q = I4,
whence qX i

T = X i
T Q = X i

T for each i. Decompose qX i
T as in (3.7) for each i. Next we will

compute the matrices (3.11) satisfying (3.12) by the formulas:

col( qB
(1,1)
0 , qB

(1,1)
1,(0) ,

qB
(1,1)
1 ) =

(
qX0
T ( qX1

T )(0) ( qX1
T )(1,0) ( qX1

T )(1,1) ( qX1
T )(2,0)

)†
( qX1

T )(2,1)

= col(col(0, 0, 0, 0), col(0, 0), 1),

col( qB
(2,0)
0 , qB

(2,0)
1 , qB

(2,0)
2,(0)) =

(
qX0
T

qX1
T ( qX2

T )(0)

)†
( qX2

T )(1,0)

= col(col(0, 0, 0,−2), col(0, 0,−3

2
,−3

2
), col(0, 0)).

Hence, the matrices qH
(j)
0 , qH

(j)
1 , qH

(j)
2,(0), qH

(j)
2 for j = 1, 2, in (3.13) are equal to:

qH
(1)
0 = 04×2, qH

(1)
1 =

(
04×1

qB
(1,1)
0

)
= 04×2,

qH
(1)
2,(0) =

(
02×1

qB
(1,1)
1,(0)

)
= 02, qH

(1)
2 =

(
0 − qB

(1,1)
1

0 1

)
=

(
0 −1
0 1

)
,

qH
(2)
0 =

(
qB
(2,0)
0 04×1

)
= row(col(0, 0, 0,−2),04×1),

qH
(2)
1 =

(
qB
(2,0)
1 04×1

)
= −3

2
row(col(0, 0, 1, 1),04×1),

qH
(2)
2,(0) =

(
qB
(2,0)
2,(0) 02×1

)
= 02, qH

(2)
2 =

(
1 0
0 0

)
.

We now compute
qH0 = qH

(1)
0 + qH

(2)
0 = row(col(0, 0, 0,−2),04×1),

qH1 = qH
(1)
1 + qH

(2)
1 = −3

2
row(col(0, 0, 1, 1),04×1),

qH2,(0) =
(

qB
(2,0)
2,(0)

qB
(1,1)
1,(0)

)
= 02, qH2 =

(
1 − qB

(1,1)
1

0 1

)
=

(
1 −1
0 1

)
,

H0 = Q qH0 = qH0 = row(col(0, 0, 0,−2),04×1),

H1 = Q qH1 = −3

2
row(col(0, 0, 1, 1),04×1),

G = col(H0, H1, qH2,(0)).

Define H0, H and K as in (3.17):

H0 =

(
T0

T1

)
, H =

(
T1 T2

T2 T3

)
, K =

(
T3

T4

)
.

Note that
k = rank

(
H K

)
− rankH = 6− 6 = 0.
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Therefore we can choose P1 := I2 and hence P = Q(P1 ⊕ I2) = I4. We decompose K̂ =
KP = K as in (3.19) (using p = 4, p0 = 2, m = 2, cardA = 1):

K̂1 = col(−10, 0, 0, 0, 18, 0, 0, 0),

K̂2 = col(0,−20,−10,−10, 0, 36, 18, 18),

K̂3 = row(col(0,−10,−10,−10, 0, 18, 18, 18), col(0,−10,−10,−10, 0, 18, 18, 18)).

Computing J satisfying (3.24) by

J :=
(
H K̂1

)†
K̂2 = col(0,−2, 0, 0, 0,−3, 0, 0, 0),

and computing

Ĝ = (I8 ⊕ P T
1 )G qH−1

2

= row
(
col(0, 0, 0,−2, 0, 0,−3

2
,−3

2
, 0, 0), col(0, 0, 0,−2, 0, 0,−3

2
,−3

2
, 0, 0)

)
,

we have

K̂2 =
(
H K̂1

)
J and K̂3 =

(
H K̂1 K̂2

)
Ĝ.

Let Ẑ1 :=
(
0
)
, use (3.31) to compute

Ẑ2 =
(
0
)
, Ẑ3 =

(
0 0

)
, Ẑ4 =

(
−68

)
, Ẑ5 =

(
−34 −34

)
, Ẑ6 =

(
−34 −34
−34 −34

)
and define

Ẑ ≡

 Ẑ1 Ẑ2 Ẑ3

ẐT
2 Ẑ4 Ẑ5

ẐT
3 ẐT

5 Ẑ6

 =


0 0 0 0
0 −68 −34 −34
0 −34 −34 −34
0 −34 −34 −34

 .

We can easily check that the matrix Ẑ1 satisfies (3.30). Let T̂2 = T2P = T2. Next we compute
matrices U1 and U2 by (3.45):

(
U1

U2

)
=

(
H0 H
T̂2 K̂T

)†


K̂1

Ẑ1

ẐT
2

ẐT
3

 = col(17, 0, 0, 0, 66, 0, 0, 0, 31, 0, 0, 0).

Write J =

(
J1
J2

)
, where J1 = col(0,−2, 0, 0, 0,−3, 0, 0) and J2 =

(
0
)
, and further decompose

J1 =

(
J1,0
J1,1

)
, U2 =

(
U2,0

U2,1

)
, Ĝ =

Ĝ1

Ĝ2

Ĝ3

 ,

as in (3.51), where

J1,0 = col(0,−2, 0, 0), J1,1 = col(0,−3, 0, 0),

U2,0 = col(66, 0, 0, 0), U2,1 = col(31, 0, 0, 0),

Ĝ1 = row
(
col(0, 0, 0,−2, 0, 0,−3

2
,−3

2
), col(0, 0, 0,−2, 0, 0,−3

2
,−3

2
)
)
,

Ĝ2 = Ĝ3 =
(
0 0

)
.
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As in (3.49), (3.52), (3.55) define

Q0 :=
(
U2,0 J1,0 H0

qH−1
n

)
=

(
66 0
0 −2

)
⊕
(

0 0
−2 −2

)
,

Q1 :=
(
U2,1 J1,1 H1

qH−1
n

)
=

(
31 0
0 −3

)
⊕

(
−3

2
−3

2

−3
2

−3
2

)
,

Q2 := P

 1 −J2 −Ĝ2

0 1 −Ĝ3

02,1 02,1 I2

 = I4.

Let Z := PẐP T = Z, T5 := Z and T6 := row(Ti)i∈[3;5](MT (2))
† col(Ti)i∈[3;5]. The matrix

polynomial H(x) (see (3.57)), defined by

H(x) = (x− 1)3Q2 − (x− 1)2Q1 − (x− 1)Q0 −
(
U1 04,3

)
is a block column relation of MS(e)(3), where S(e) = (Si)i∈[0;6] is as in (3.56). Its determinant
is the following:

detH(x) = x2(x− 1)5(x+ 1)2(x3 − 34x2 − x+ 17).

The atoms of the minimal representing measure µ for L are the zeroes of detH(x). Namely,
writing µ =

∑6
j=1 δxj

Aj , we have

x1 = −1, x2 = 0, x3 = 1, x4 ≈ −0.7143, x5 ≈ −0.6996, x6 ≈ 34.0147.

It remains to find the masses Aj by computing

col(Ai)i∈[6] =
(
V −1
(xi)i∈[6]

⊗ I4

)
col(Si)i∈[0;5],

where V(xi)i∈[6]
=
(
xi−1
j

)6
i,j=1

is the Vandermonde matrix with i-th row equal to row(xi−1
j )j∈[6].

The masses are:

A1 = 01 ⊕

2 1 1
1 1 1
1 1 1

 A2 = 2A1, A3 =

(
0 0
0 1

)
⊕
(
1 0
0 0

)
,

A4 ≈
(
1.9792

)
⊕ 03, A5 ≈

(
2.0208

)
⊕ 03,

A6 ≈
(
7.4734 · 10−7

)
⊕ 03,

We see that x3 = t = 1 and rankA3 = 2, whence multµ t = m = 2.

Remark 7.1. (1) The corresponding masses Aj for the constructed measure µ are obtained via(
col(Ai)i∈[ℓ]

)T
=
(
V −1
(xi)i∈[ℓ]

⊗ Ip

)
col(Si)i∈[0;ℓ−1]

as in [ZZ25, Remark 3.2(3)]. If ℓ > 2n+ 3, then not all Si are given. Computing

Tr = row(Ti)i∈[r−n−1;r−1] col(
(
U1 0p×(m−cardA+p−p0)

)
Q−1

n ), col(Qi−1Q
−1
n )i∈[n])

for r = 2n+3, 2n+4, . . . , ℓ−1, where U1 is as in (3.45) and Qi are as in (3.52) and (3.55),

and defining
T (e1) := (Ti)i∈[0;ℓ−1],

we can compute the missing moments S2n+3, S2n+4, . . . , Sℓ−1 by

Sr := LT (e1)((x+ t)r), r = 2n+ 3, 2n+ 4, . . . , ℓ− 1.
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(2) The matrix polynomial W (x) := xn+1Ip −
∑n

i=0 x
iWi, where

col(Wi)i∈[0;n] := MS(n)
† col(Si)i∈[n+1;2n+1]

is also a block column relation of MS(e)(n + 1) and S(e) is as in (3.56). However, it is not
clear from the factorization of the determinant of W (x), which zeroes of detW (x) are the
atoms of the measure µ. For example, using the data given in the example above, we have

col(Wi)i∈[0;2] := MS(2)
† col(Si)i∈[3;5],

which gives us

W0 =

(
−17 0
0 0

)
⊕
(

1
5

0
−1

5
0

)
, W1 = I2 ⊕

(
13
20

1
4

1
4

1
4

)
, W2 =

(
34 0
0 0

)
⊕
(

3
20

−1
4

−1
4

−1
4

)
.

Defining the matrix polynomial

W (x) = x3I4 − x2W2 − xW1 −W0,

we have

detW (x) =
1

10
x2(x− 1)2(x+ 1)2(x3 − 34x2 − x+ 17)(10x3 + x2 − 1).

We can see that all of the atoms of the measure µ constructed in the example are the zeroes of
detW (x), but just using the matrix polynomial W (x) to find the atoms of the representing
measure for the given linear operator, we have no direct way of knowing that the zeroes of
the factor 10x3 + x2 − 1 are not the atoms of the measure.
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