MATRICIAL GAUSSIAN QUADRATURE RULES: SINGULAR CASE
ALJAZ ZALAR' AND IGOR ZOBOVIC?

ABSTRACT. Let L be a linear operator on univariate polynomials of bounded degree taking val-
ues in real symmetric matrices, whose moment matrix is positive semidefinite. Assume that L
admits a positive matrix-valued representing measure u. Any finitely atomic representing mea-
sure with the smallest sum of the ranks of the matricial masses is called minimal. In this paper,
we characterize the existence of a minimal representing measure that contains a prescribed atom
with a prescribed rank of the corresponding mass, thereby generalizing our recent result [ZZ25],
which addresses the same problem in the case where the moment matrix is positive definite. As
a corollary, we obtain a constructive, linear-algebraic proof of the strong truncated Hamburger
matrix moment problem.

1. INTRODUCTION

In this paper we study matricial Gaussian quadrature rules for a linear operator L on uni-
variate polynomials of bounded degree with values in real symmetric matrices. We work in the
setting where the truncated moment matrix (see (2.2)) is positive semidefinite and L admits a
positive matrix-valued representing measure. More precisely, for a fixed real number ¢ and an
integer m € N U {0}, we characterize the conditions under which there exists a minimal rep-
resenting measure for L that contains ¢ in its support and whose corresponding mass has rank
m. Our results extend the positive definite case treated in [ZZ25] to the singular setting. These
results will be important in solving the truncated univariate matrix rational moment problem, in
analogy with the scalar case studied in [NZ25]. We present the positive semidefinite case sep-
arately, since—unlike in the positive definite situation—the moment matrix exhibits nontrivial
column relations that, due to its recursively generated structure, propagate to neighboring block
columns on the right. This propagation significantly increases the technical complexity of both
the construction and the proofs.

Leti,j € Z,i < j. Wewrite [i; 7] := {i,i+1,...,5}. Forj e N, [j] :=[1;j] ={1,2,...,5}
is used for short. Let £ € NU{0} and p € N. We denote by R[z]|<, the vector space of univariate
polynomials of degree at most k£ and by S,(IR) the set of real symmetric matrices of size p x p.
For a given linear operator

(1.1) L : Rlz]<2n = Sp(R)

denote its matricial moments by S; := L(z") for i € [0;2n]. Assume that L admits a positive
Sp(R)-valued measure 4 (see Subsection 2.1), i.e.,

(1.2) L(p) = /p dp  forevery p € Rlz]<ap.
R

Date: November 24, 2025.

2020 Mathematics Subject Classification. Primary 65D32, 47A57, 47A20, 44A60; Secondary 15A04, 47N40.

Key words and phrases. Gaussian quadrature, truncated moment problem, representing measure, moment ma-
trix, localizing moment matrix.

LSupported by the ARIS (Slovenian Research and Innovation Agency) research core funding No. P1-0288 and
grants No. J1-50002, J1-60011.

2Supported by the ARIS (Slovenian Research and Innovation Agency) research core funding No. P1-0288.

1



2 A.ZALAR AND 1. ZOBOVIC

Every measure j satisfying (1.2) is called a representing measure for L. By [BW11, Theorem
2.7.6], whenever L has a representing measure, there is one of the form y = Zﬁ:l 0., Aj, where
each 0 # A; € S,(R) is positive semidefinite, Y _; rank A; = rank M(n) with M (n) being
a truncated moment matrix of (L(xi))ie[ogn] (see (2.2)) and 5%. stands for the Dirac measure
supported in x;. Such a measure is called minimal because the total sum of the ranks of its
matricial masses is minimal among all representing measures for L. In this case (1.2) is equal
to

¢
(1.3) L(p) = Zp(q;j)Aj for every p € R[z]|<a,,

j=1

and (1.3) is called a matricial Gaussian quadrature rule for L. The points z; are called atoms
of the measure p. If 24, ..., x, are pairwise distinct, then for each j, the matrix A; = pu({z;})
is called the mass of 1 at z; and its rank is called the multiplicity of =; in 1, which we denote
by mult, z;. If x is not an atom of , then mult, x := 0.

The central problem of this paper is the following:

Problem. Let L be as in (1.1) and assume that it admits a positive matrix-valued representing
measure. Given t € R and m € N U {0}, characterize the existence of a minimal representing
measure p for L such that mult, t = m.

The main result of the paper is the solution to the Problem above.

Theorem 1.1. Let n,p € N and L : R[z]<s, — S,(R) be a linear operator, which admits a
representing measure. Fixt € R and m € NU{0}. Let T; := L((z — t)*) fori € [0;2n] and

My = (Tz‘+j—2)n+1 My = (Tiy-2) =1,...m, -

wi=b j=1,. n42
Denote by 'y ; the j—th column of M and by u; the j—th column of M. Let

kp+i—1
A= {z € [p]: There exists k € [n] such that yi,y; = Z Yoy for some v, € R and
l=p+1
k—1)p+i—1

(
Y (k—1)pti 7 Z Opye for all 6, € R}
(=1

and

(n+1)p+i—1

B = {Z € [pl: Un+1)p+i = Z Yeuy for some v, € R and
{=p+1
np+i—1
Ynp+i 7£ Z (5£ygf0r all (5@ € R}
=1

Then the following statements are equivalent:

(1) There exists a minimal representing matrix measure [i for L such that mult, t = m.

(2) card A < m < card(AU B).
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Moreover, writing B := {i1, 12, ... ,icaran} and {j1, j2, . -, Jp—cara B} = [p] \ B, the repre-
senting measure is unique if and only if
np+i—1

B = {z € pl: Yopri # Z Opyy forall 6, € R},

(1.4) m = card(A U B), -
Kel"(j—‘i+j—2)ji:2’l.,..‘.ﬁ7il C Ker(Winit)ptis Ut tptis - - WntDpricaras) s
Ker(Tijz)j;:Q’l‘,‘:_’_ﬁl C Ker(Upnsipeji Wt pis -+ Wk Dpip cara ) -

Remark 1.2. A special case of Theorem 1.1, corresponding to the situation where M, is pos-
itive definite, was established in [ZZ25, Theorem 1.1]. Under this assumption we have A = (),
and

card B = rank(T;4;_2) i=1,.n. —(n—1)p
(15) 71=2,...,n+1

= rank(SHj_l — tSi-Fj—?)?,j:l - (n - 1)p,

where the second equality follows by Proposition 2.7.(2), i.e., in the notation of Proposition 2.7
we have

(Jo @ L) " (Tiyj-2) i=tom (Jo ® L)™' = (Sitjo1 — tSigj )i =1,

§=2,...n+1
where J; : R" — R". Hence,
I'ank(ﬂ_i_j_g) 'i:L,,,’n = rank(SHj_l — tSi-f—j—Q)Zj:l’
7j=2,...,n+1

Using (1.5), Theorem 1.1.(2) coincides with the statement of [ZZ25, Theorem 1.1.(2)] in the
case M is positive definite. We also note that, in order to state [ZZ25, Theorem 1.1], it was
sufficient to use the localizing matrix (S, ;1 — tSi1; 2)};—;, since M; was assumed to be
invertible. In the singular case, however, it is more convenient to work with the matrices M
and M, as this makes it possible to capture column dependencies within M as well. This
dependencies are essential for the formulation of Theorem 1.1.

In the case m = 0, we can add another equivalence to Theorem 1.1.

Theorem 1.3. Let n,p € Nand L : R[z]<s,, — S,(R) be a linear operator, which admits a
representing measure. Fixt € R. Let T} := L((x — t)") for i € [0;2n),

(1.6) My = (Tigj2)il, Moo= (Tipj2)iymy and Mg = (Tiy,)}

ij=1 ij=1-
Denote by y; the j—th column of M. Let
kp+i—1
A= {Z € [p]: There exists k € [n] such that yi,; = Z Yoy for some v, € R and
t=p+1
k—1)p+i—1

(
Y—1)p+i # Z Opye forall 6, € R}.
=1

The following statements are equivalent:

(1) There exists a minimal representing matrix measure [i for L such that mult,, t = 0.
(2) A= 0.
(3) KGI"MQ = Kel"Mg.

Using Theorem 1.3 we obtain [Sim06, Theorem 3.3], which is a solution to a strong truncated
matrix Hamburger moment problem.
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Corollary 1.4. Let ny,no,p € Nand S; € S,(R) for i € [—2ny;2nsy]. Then the following
statements are equivalent:

(1) There exists a measure i such that S; = [, &'dp for i € [—2ny; 2n,)].
(2) There exists a finitely atomic measure [ such that S; = fR xidp fori € [—2ny;2ns).
(3) There exists a minimal representing measure [ such that

S; = /:Eidu fori € [—2ny;2ns).
R

na . .. . . na—1 . na
(4) (Sitj)i5=_n, is positive semidefinite and Ker(S;;);5_",, = Ker(Si+j)z‘l,j:—n1+1'
(5) (Sitj)i5=_n, is positive semidefinite and for every sequence {op it C RP
no—1 no—1
T - : T
E Vi, SitjVitny = 0 if and only if E V) g Sitj+2Vitn, = 0.
imj:*nl Z‘».j:*nl

In [BKRSV20, Theorem 1.4], the authors solved the scalar version of the Problem in the
nonsingular case (i.e., p = 1 in (1.1) and the moment matrix M (n) as in (2.2) is positive
definite) in terms of symmetric determinantal representations involving moment matrices using
convex analysis and algebraic geometry. For an alternative proof using moment theory, and an
extension to finitely many prescribed atoms, see [NZ+]. In [ZZ25, Theorem 1.1], we extended
[BKRSV20, Theorem 1.4] to the general matrix case (i.e., p € N). We remark that, in the scalar
setting, the restriction to positive definite moment matrices M (n) is natural. Specifically, when
M (n) is positive semidefinite but not positive definite, the minimal representing measure is
uniquely determined [CF91, Theorems 3.9 and 3.10]. This uniqueness property does not extend
to the matrix-valued case, whence a formulation of the problem with positive semidefinite M (1)
remains relevant. Furthermore, this variant of the problem is technically more intricate and is
addressed in the present paper.

In [FKM24], the authors described, for each ¢ € R, the set of all possible masses at ¢ among
all representing measures for L, addressing a question related to the Problem above. The mul-
tivariate analogue of this problem was investigated in [MS24a, MS24b]. The main distinction
of our work lies in the fact that we focus on minimal representing measures with a fixed rank of
the mass at ¢.

The works [DD02, DLR96,DS03] focus on the computation of atoms and masses in matricial
Gaussian quadrature rules, where the moment Ss,,,; is fixed, and consequently, the minimal
representing measure is unique. The corresponding formulas are expressed in terms of the zeros
of the associated orthogonal matrix polynomial. A distinctive feature of our results is that we
do not fix Ss,.1 a priori. Instead, we characterize the existence of a suitable Sy, that yields
a minimal representing measure containing a prescribed atom with a prescribed multiplicity.
In the proof, we explicitly construct such an .Sy, 1 with the required properties, ensuring that
the extended moment matrix M (n + 1) satisfies rank M (n + 1) = rank M (n) and admits an
appropriate block column relation (see Subsection 2.4).

The techniques employed in [Sim06] to establish Theorem 1.4 rely on advanced operator-
theoretic methods, involving the analysis of self-adjoint extensions of a certain linear operator
that is not necessarily defined on the entire finite-dimensional Hilbert space of vector-valued
Laurent polynomials. In contrast, the present paper provides a constructive, linear-algebraic
proof, in the sense that the representing measures can be obtained explicitly by following the
steps outlined in the proof of Theorem 1.1.

1.1. Reader’s guide. In Section 2 we introduce the notation and some preliminary results. In
Section 3 we prove the implication (2) = (1) of Theorem 1.1. In the last paragraph of the
section we also prove the moreover part of Theorem 1.1. In Section 4 we prove the remaining
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implication (1) = (2). Section 5 is devoted to the proof of Theorem 1.3, while Section 6 to
Corollary 1.4. Finally, in Section 7 we demonstrate the statement of Theorem 1.1 on a numerical
example.

2. PRELIMINARIES

Let m, my, mg € N. We write M,,, «m, (R) for the set of m; xmy real matrices and M,,(R) =
M, «m(R) for short. For a matrix A € M,,, xm,(R) we call the linear span of its columns a
column space and denote it by C(A). We denote by [, the identity m X m matrix and by
0,1, xm, the zero my X my matrix, while 0,, = 0,,,x,, for short. We use M,,(R[z]) to denote
m x m matrices over R[x]. The elements of M,,(R[x]) are called matrix polynomials.

Let p € N. For A € S,(R) the notation A > 0 (resp. A > 0) means A is positive semidefinite
(psd) (resp. positive definite (pd)). We use SEO (R) for the subset of all psd matrices in S,(RR).

Given a polynomial p(z) € R[z|, we write Z(p(x)) := {x € R: p(z) = 0} for the set of its
zeros and by Zg(p(z)) := Z(p(x)) N R the set of its real zeros. For a € Zg(p(x)) we denote
by mult,,) a the vanishing order of a as a zero of p(z).

Let Ay, k € [i; j] be given matrices. We use

rOW<Ak)ke[i;j} = I'OW(Ai, Ai+17 c. ,Aj) = (Az Ai+1 s AJ>

and
Aj
Ain
col(Ar)kejiyj) = col(As, Ay, ..., Aj) == :
A.

J

for the row vector and the column vector with entries A, respectively.

2.1. Matrix measures. Let Bor(R) be the Borel o-algebra of R. We call
B= (Mij)ﬁjzl : Bor(R) — S,(R)

ap x p Borel matrix-valued measure supported on R (or positive S,(R)-valued measure) if
(1) ;5 - Bor(R) — R is a real measure for every ¢, j € [p] and
(2) u(A) = 0 forevery A € Bor(R).

A positive S,(R)-valued measure /4 is finitely atomic if there exists a finite set // € Bor(R)
such that (R \ M) = 0, or equivalently, u = Ef.:l 0,;,A; for some £ € N, z; € R, 4; €
S5°(R). We say y is r—atomic if Z§:1 rank A; = r.

Let 11 be a positive S,(R)-valued measure and 7 := tr(u) = >_7_, p1;; denote its trace mea-
sure. A polynomial f € R[z] is u-integrable if f € L'(7). We define its integral by

/Rfdu = (/Rfdﬂijﬁjl'

2.2. Riesz mapping. One can define L as in (1.1) by a sequence of its values on monomials
z', i € [0;2n]. Throughout the paper we will denote these values by S; := L(z'). If S :=
(S0, 515 - -5 52,) € (Sp(R))**! is given, then we denote the corresponding linear mapping on
R[x]<2, by Ls and call it a Riesz mapping of S.
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2.3. Moment matrix and its column dependencies. For n € N and

@.1) S=8C" = (S, S1,...,5m) € (Sy(R))*™,
we denote by
/I X Xx* ... Xn

1 So S1 Sy - Sy

X S1 Sy Snt1
22)  M(n) = Ms(n) = (5i+j—2)zj+:11 = X2 | s

. . . . . Sanl
X"\ S, Snt1 0 Sop1 Son

the corresponding n—th truncated moment matrix. We write
(2.3) X" = col(Site)eeion)-

Remark 2.1. Further, we will also use X} to denote the i—th block column of the largest mo-
ment matrix, fully determined by S.

In the notation (2.3), we have M (n) = row(X");co.n). Let us denote the columns of each
block X by 2\, i.e
(2.4) X' = (:p&z) xéi) ffz(j)> = row(xy))je[p].

For i € [0;n] let Dep(X") = Dep(X}) be the set of all indices j € [p] for which the column

:vy) is in the span of the previous columns of the matrix M (n), i.e.,

@5 Dep(x")i={j € [pl: 2 € € (row(XM)epioy row(a)ucyyn) |

Similarly, for i € [n] let Dep, (X*) = Depl(XfS) be the set of all indices j € [p] for which the
column x?) is in the span of all previous columns of the matrix M (n) starting from the block
column X', i.e.,

(2.6) Dep, (X?) := {j €lpl:x lec (row( M) keli—1] row(x,(:))ke[j,l])} .
Define Dep, (X?) := (). Note that Depl(Xi) C Dep(X") for each ¢ € [0;n]. Further, let
DepN(X?) := Dep(X?),
DepN(X") := Dep(X*) \ Dep(X'™!) for i€ [n],
(2.7) DepN, (X?) := 0,
DepN, (X7) := Dep, (X°)\ Dep(X™1) for i € [n],
DepNy(X?) := DepN(X") \ DepN,(X*) for i€ [0;n)].

2.4. Evaluation of a matrix polynomial on M (n). Let S be a sequence as in (2.1) and M (n)
its corresponding moment matrix. Given a matrix polynomial

08) Ple) = Y 0Py € My(RI),
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the evaluation P(X) on M (n) is a matrix, obtained by replacing each monomial of P by the
corresponding column of M (n) and multiplying it with the matrix coefficients P; from the right,
1.e.,

P(X)=P(Xs) =Y XiPi= X¢Py+ X§P + -+ + XgPy € Mii1ypp(R),
i=0
where X" are as in (2.3) above. If P(X) = O(,41)pxp, then we say P(z) is a block column
relation of M (n).
Given a matrix polynomial P(x) as in (2.8), we write

(2.9) coef(P(x)) := col(P;)ic(om]

to denote the vector of its matrix coefficients.
A moment matrix M (n) is block-recursively generated if for every block column relation
P(z) = Y a'P, € My(R[z]), 0 < j < n, of M(n), the matrix polynomial (zP)(z) =
J_, #"*1P; is also a block column relation of M (n).

2.5. Solution to the truncated matricial Hamburger moment problem.

Theorem 2.2 ([BW11, Theorem 2.7.6]). Let n,p € N and let S = (Sy,51,...,5n) €
(S,(R))**! be a sequence with a moment matrix M (n). Then the following statements are
equivalent:

(1) There exists a representing matrix measure for S.
(2) There exists a (rank M (n))—atomic representing matrix measure for S.
(3) M (n) is positive semidefinite and C( col(S,4:)iepn)) € C(M(n — 1)).

Remark 2.3. The truncated matrix Hamburger moment problem was also considered in [Bol96,
Dym89, DFKMO09].

The following lemma connects the support supp(u) of a representing measure p for S as in
Theorem 2.2 with block column relations of M (n).

Lemma 2.4. Let n,p € Nand let S := (Sy, 51, ..., S2) € (Sp(R))*" ! be a sequence with
a moment matrix M(n) and a representing measure . Assume that H(x) = > 7" x'H; €
M, (Rlx]) is a block column relation of M (n) such that H,, is invertible. Then

(2.10) supp(p) € Z(det H(x)) and mult, { < multye g § for each § € R.

Proof. The inclusion supp(u) C Z(det H(x)) is [KT22, Lemma 5.53]. It remains to prove the
second assertion in (2.10). Let L = Ls : R[z]<2, — S,(R) be the Riesz mapping of S. We
define a functional

Ap:SpRlz)) = R, Ap((Fiw)ie) = D L(Fy)i+ D 2L(Fu)j
1<5<p 1<j<k<p

By the real version of [MS24a, Proposition 4.5], representing measures for L coincide with
representing measures for A . Here, 1 is a representing measure for Ay, if and only if Ay (F) =
Jg tr(F(2)®(x))d7, where T = tr(ji) is a trace measure and ®(z) is so-called Radon-Nikodym
matrix of 1z (see [Sch87, Section 1]). Let coef(H (z)) be as in (2.9). Since H(z) is a block
column relation of M (n), in particular we have that

Ap(H(z)(H(z))") = tr(coef(H(z))" M(n) coef(H(z))) = 0,

where the first equality follows by a short computation as in [MS24b, Lemma 3.2]. By the real
version of [MS24a, Lemma 7.7] (using P(x) being constantly equal to the identity function on
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R), in particular it follows that

rank p({€}) < dim Ker(H (€)H(€)") = dim Ker H(£)
for every £ € supp(u). To conclude the proof we need to show that
(2.11) dim Ker H(§) < multge; g &

By [GLR82, Theorem 1.11, I,,,o — C' = E(z)(H, ' H(x) & I(,—1),) F(x), where C'is a np X np
companion matrix of H, ' H(z) and E(z), F () are np x np matrix polynomials with constant
nonzero determinant. Hence, dim Ker(7,,,§¢ — C) = dim Ker H(¢). Since the algebraic multi-
plicity of £ as the eigenvalue of the matrix C'is not smaller than the dimension of the eigenspace
of C corresponding to &, (2.11) follows. U

Proposition 2.5. Let n,p € N and let S := (Sy, S1,...,52) € (S,(R))***! be a sequence
with a representing measure (1. Then M (n) is block—recursively generated.

Proof. By the matricial Richter-Tchakaloff’s theorem [MS24a, Theorem 5.1], there exists a
finitely atomic representing measure ji for S. Let S(™) = (5;);cy, be an infinite sequence,
obtained by S; := [ 2"dfi. Let M(c0) = (Si4-2)ijen be the corresponding Hankel matrix.
Let P(z) = Y7_,2'P, € M,(R[z]), 0 < j < n, be a block column relation of M(n). By
[KT22, Lemma 5.21], P is a block column relation of M (co), where the definition of the
evaluation P(X) from Subsection 2.4 extends from M (n) to M (oco) in a natural way. By
[KT22, Lemma 5.15], (P-x1,) = «I,- P = xP is a column relation of M/ (oco) and in particular,
of M(n). O

Corollary 2.6. Let n,p € N and let S := (Sp, Si, ..., S2,) € (Sp(R))*" ™ be a sequence with
a representing measure yi. For i € [0;n] let Dep(X") be as in (2.5). Then

0 < card Dep(X") < card Dep(X“™') <p fori e [0;n—1].

2.6. Change of basis on block columns and rows of the moment matrix. Let S = S®" be
asin (2.1) and let t € R. Let ¢(z) = = — t be an invertible affine linear transformation and let

T = T(Zn) = (T07T1; R 7T2n)
be a sequence, defined for each i € [0; 2n] by

T; .= Ls((z —t)') = Ls(Z; (Z) (—1)£$i_£té> = i: (2) (—1)"S;-at".

=0
The following proposition is a version of [CF05, Proposition 1.9] for matricial sequences.

Proposition 2.7. Suppose ¢, S, T are as above and let Mg(n), Mr(n) be the corresponding
moment matrices. We denote by X% and X the i-th block column of Ms(n) and Mr(n),
respectively. Let J, : R"*t — R be a linear map, given by

Js coef(p(x)) = coef(p(x — 1)),

where coef is as in (2.9). Let J, ® I, : R"™ @ M,(R) — R"™ ® M,(R), where @ stands for
the Kronecker product of matrices, i.e., v @ A — Jyv @ A. Then the following statements are
true:

(1) (Jp ® 1) coef(P(z)) = coef((P o ¢)(z)) = coef(P(z —t)).

(2) Mr(n) = (Jo @ L))" Ms(n)(Js ® ).

(3) Jy is invertible and, in particular, Jy & I, is invertible.

(4) Mr(n) = 0 & Ms(n) = 0.

(5) rank My (n) = rank Ms(n).

(6) For P(z) =Y 1 a'P;, € M,(R[z]), we have P(X1) = (J, @ L,)T ((P o ¢)(X5s)).
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Proof. Straightforward. U

Corollary 2.8. Suppose n,p € N, S, T, Ms(n) and My(n) are as above. We denote by X%
and X the i-th block column of Ms(n) and My (n), respectively. Assume that Pr(xz) =
Yot ox'P, € My(R[x]) is a block column relation of My(n). Then Ps(x) := Pr(z —t) is
a block column relation of Ms(n).

Proof. Let ¢ and Jy be as in Proposition 2.7. By (3) and (6) of Proposition 2.7, the evaluation
Ps(Xs) is equal to (Jg ® I,)~T Pr(X7), which implies the statement of the corollary. O

Proposition 2.9. Letn,p € N, S and T are as in (2.1) and (2.6), and let Ms(n) and M+ (n) be
the corresponding moment matrices. Then Mg(n) is block—recursively generated if and only if
M7 (n) is block—recursively generated.

Proof. Assume the notation from Proposition 2.7. By symmetry it suffices to prove that if
Ms(n) is block-recursively generated, it follows that My (n) is block—recursively generated.
Assume that Mg(n) is block-recursively generated. Let P(x) = S/ 2'P, € M,(R[x]),
0 < j < n, be ablock column relation of My (n). By Proposition 2.7.(6), (P o ¢)(x) is a block
column relation of Mg(n). Since Mg(n) is block—recursively generated, it follows that (zPo¢)
is a block column relation of Mg(n). By Proposition 2.7.(6), x P is a block column relation of

M7(n), whence Mp(n) is block—recursively generated. O

2.7. Determinant of a matrix polynomial. The following lemma, which will be essentially
used in the proofs of our main results, is a refined version of [ZZ25, Lemma 3.1].

Lemma 2.10. Let p,n € N, t € R and

n

H(z) = (v —t)'H; € My(R[a]<p)

i=0
be a nonzero matrix polynomial. For k € [0; n] we define
k
W, = ﬂ Ker H; and S = dim Wp,.
i=0
Then
(x = t)=i=0 % - g(z), if 5, = 0,

(2.12) det H(z) :{ 0 s =0

where 0 # g(x) € R|x].
Proof. Note that
anWn—lggWOng and OSSnSSn—IS"-SSOSP-

Clearly, if s,, > 0, there exists a nonzero vector v € R? such that H (z)v = 0,41, which implies
(2.12). From now on we assume that s, = 0. Let B := {by,bs,...,b,} be a basis of R? such
that for each ¢ € [0;n — 1] the set {by, b, ..., b, } is a basis of W;. Let us define an invertible
matrix

B:=(by by -+ by) € My(R).
For i € [0; n| define matrices

(2.13) H=HB=(0,, B ... @),
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where the first s; columns of ﬁ, are zero due to by, by, ..., b,, € Ker H;. Define a matrix

polynomial

H(z) := Z(I —t)'H, = H(z)B € M,(Rz)).

i=0
By (2.13), it follows that the first s,,_; columns of H (x) are of the form
(@ —b)" (}L“;l) . ;L“;sn_l)) ,
while for every k € [n — 1] the columns [sy, + 1; s,_1] of H(z) are equal to
n—k
(=" Y (=t (A RO o B
i=0

Observe that the first s,_; columns of H(z) have a common factor (z — ¢)", the next s,_5 —
1 columns a common factor (z — ¢)" !, etc. Using this observation and upon factoring the
determinant of H (x) column-wise, we obtain

 detH(z)

det H(z) = - (x — )"t (z — t)(nDlen-2=sn-1) . (x — )™ *1g(x)

= (& — g R s g )
= (& — )= g (),
which proves (2.12). Since s, = 0, g(x) # 0 also holds. O

2.8. Inclusion of kernels. The following technical lemma will be used in the proof of the
implication (1) = (2) of Theorem 1.1.

Lemma 2.11. Let p € Nand A, B € S,(R) such that A = B = 0. Then Ker A C Ker B.

Proof. Let us take v € Ker A. From 0 = vT Av > vTBv > 0, it follows that v Bv = 0. By
0 = vTBv = vTB2B2v = || Bzv]|%, it follows that v € Ker B2 and thus v € Ker B. O

2.9. Characterization of positive semidefiniteness of a 2 x 2 block matrix. Let

A B
M_<C D>€Mn+m(R)
be a real matrix where A € M,,(R), B € M,;xn(R), C € Mp,x,(R) and D € M,,(R). The
generalized Schur complement [Zha05] of A (resp. D) in M is defined by
M/A=D—CA'B (resp. M/D = A— BD'C),

where A' (resp. D) stands for the Moore-Penrose inverse of A (resp. D).
The following theorem is a characterization of psd 2 x 2 block matrices.

Theorem 2.12 ([Alb69]). Let

A B

be a real symmetric matrix where A € S,(R), B € M« (R) and C € S,,(R). Then:
(1) The following conditions are equivalent:
(a) M > Q0.
(b) C = 0,C(B")
(c) A=0,C(B)

CC(C)and M/C = 0.
C(A)and M/A = 0.
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(2) If M > 0, then
rank M = rank A + rank M /A = rank C' + rank M/C.
2.10. Extension principle.

Lemma 2.13 ([Zal22a, Lemma 2.4]). Let A € S, (R) be positive semidefinite, ) C [n] and A|q
be the restriction of A to the rows and columns from the set Q). If A|gv = 0 for a nonzero vector
v, then Av = 0 where v is a vector with the only nonzero entries in the rows from ) and such
that the restriction vl to the rows from Q) equals to v.

2.11. Lemma on the rank of the matrix. Another technical lemma that will be used in the
proof of the implication (2) = (1) of Theorem 1.1 is the following.

Lemma 2.14. Let mq,ma, ¢, k,{ € Nand A; € My, «x(R), Ay € My, (R), C € Moy (R),
By € My, «0(R), By € My, xe(R), D € Meyo(R). Assume the following conditions hold:

(1) rank Ay = rank A = rank 4 Bl),

Ay Ay By
(2) rank (?;) = rank (jé,z %)
Then
Ay Ay By
rank | Ay | =rank [ Ay B,
C C D

Proof. The assumptions (1) and (2) imply that there exist matrices U € M, xm,(R), V €
kag(R), W e kag(R), such that

(2.14) Ay =UAy, By =AV, By=A)V, By=AW, D=CW.
Using (2.14) we get
B1 :A1V - UAQV: UBQ - UAQW: A1W

and therefore

Bl Al W A1
Bg = A2 W = Ag VV,
D cCwW C
which completes the proof. U

3. PROOF OF THE IMPLICATION (2) = (1) AND THE MOREOVER PART OF THEOREM 1.1

Let S; := L(2"), T; := L((z — t)") for i € [0;2n] and S := (S;)icio;2n)s T := (T})iefo;2n)- Let
XE = row ((xg@) j)jem, Dep(X), DepN(X%) and DepN,(Xi), £ = 0,1, be as in (2.4), (2.5)
and (2.7), respectively. Write

(xy7); = U{i) € (]Rp) and col(Th1j)jem) =: row(k;)icpp) € R™.
J

Note that in the formulation of Theorem 1.1, we have

()

7
k;, fori=mn+1,

@) u;’, fori € [0;n],
Yiptj = (T7)j, Wiptj =

A= JDepN,(X}),
=1
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B = {j € [pl: j ¢ Dep(X7), kj € span{ugl),ugl),...,u}(,"),kl,...,kj_l}}.

In the first step of the proof we will build relation matrices that represent column relations of
M7(n). By Proposition 2.5, Ms(n) is block-recursively generated and by Proposition 2.9, so
is Mr(n). Let
Bl Z={n,...,2:0<z <z <...<z <n}:={iec[0;n]: DepN(X%) # 0}.
Let () € M,(R) be a permutation matrix which permutes the columns of the given matrix, when
multiplied from the right, to the order

[p] \Dep(X7z’S)v DepNO(X7Z'S)7 Dele(X7Z’S)v DepNO(X’ZIf_I)> Dele(X;’s_l)’ R

G2 DepNy(X22), DepN, (X:2), DepNy(X2), DepN, (X2,
Let
po = p — card Dep(X7),
(3.3) pje == card DepN,(X7*7*!) forj € [s]and ¢ = 0,1,

p; = card DepN(X*7""") = p; o+ p;1 for j € [s].
Note that card A = 377 pj1.

Claim 1. We have

(3.4) rank M (n) = rank Mr(n) = (n + 1)py + Z Zs—j+1Pj)

j=1
(3.5) rank row(Xfr)ie[n] = rank Mr(n) — py — card A.

Proof of Claim 1. (3.4) follows by definition of p; and z;, together with the fact that Mz (n)
is block—recursively generated, which in particular implies that if ¢ € Dep(X?7) for some j €
[0; — 1], then i € Dep(XZ"). For (3.5) note by the same reasoning that

rank row (X7 )icpn) = npo + Z Zs—j+1Pj,0 T Z(ZsfjJrl — )pja
j=1 j=1

= rank Mr(n) —po = > _pj
j=1

= rank Mr(n) — py — card A.

In the first line we used the fact that if j € DepN(X"7*"), then each column (xg’-)) ;j is not in

(Zs—j+1)

the span of the previous columns for i € [0;z,_;1 — 1], but (z ); is in the span of the

previous columns, while it is not in the span of the columns (x(Tl))l, (x(Tl))g, o (a:(TZS‘j“))j_l.

However, by recursive generation, j € Dep, (X;* BARAY |
Let us define the permuted matrix

(3.6) row (X5 )icom] := oW (X45Q)ic(om)-

Write

37 Xr=(XPo XPwy Xay KPeo Xpen - XP)eo (X)) )-

Po P10 P11 P20 P21 Ps,0 Ps,1

columns columns columns columns columns columns columns
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Claim 2. There exists matrices Hy, H1,..., Hy,—1 € Mpy(p—py)(R), I:fn,(o) € Mpyx(p—po)(R)
and an invertible matrix H,, € M,,_, (R) such that for

(38) G = col (COI(Hi)iE[O;nfl}a ﬁ—n,(O))a
we have
(3.9) 10w (X)) (7)) e o = (10w (X )ictom—r) (X)) G-

Fori € [0;n — 1] let W; := ﬂ;zo Ker H; and s; := dim W;. Write 7; := 37_, p for j € [s].
Then

n—1 s—1
(3.10) Z si > (n—2z)(p—po) + Y (241 —2j)(p —po — 15—;) + card A.
i=0 j=1

Proof of Claim 2. Let ro := 0. By definition of the indices z;, for j € [s] and ¢ = 0,1 there
exist matrices

B¢O, B, ... BYY € M,
BYY e M
Zj

(s ]‘FZZ Ops Jj+1, Z)Xps J+1, Z(R)

(]R) E(J}f)

z,(0) = Mpoxpsfﬁl,e (R) and

XPs—j+1,0

(3.11)

(note that if ¢ = 0, then Zi;o Ps—j+1,; = 0) such that
Sz i = (5.0 Y,
(X3 (smgi1.0) = 10W(XE) i1 Ol B )icqone, 1) + (X0 )B(j (2))
+ <row ((XP o) (X;j)(i»l))ie[s—j} row ((X?)(S*j+1vi))ie[0;ﬁ—l}) Bg’@-

Note that if £ = 0, then row (()V(;j)(s,jﬂyi))ie[o.g_u
the columns (see (3.2)), note that B = Opxp,_,.,, for each j € [s]. By Proposition 2.5,

(3.12)

is an empty matrix. By the ordering of

n—=z;

multiplying the relations in (3.12) by X , we obtain for j € [s] and ¢ = 0, 1 the relations

~

v v n vn _ngve)
(row (XP)ao) (K6 iers s 10W (K msi10) ey KPomi+10) <I ’

Ps—j4+1,¢
Sn—zi+i (5,4 vn (5,¢
:rOW(XT ! )iE[O;Zj—l} COI(Bz‘(j )>i€[0;z]'—1] + (XT>(0)B,§Z,(2))

of Mr(n), or equivalently for j € [s] we have

X HY 4+ (X2 o) HY)

MH

(3.13) row (()v(?)(m) ()V(If)(z 1)

ze[s] ,(0)?

where
HY .— Opx(p—po) for i€ 05 — KA 1

(5 (7,0 0,1 ; .
i(]) = (Opxrs—j B, B& OpX(p—po—T’sfjH)) € Myx(p—po)(R) for i € [n — zj3n — 1],

1—n+z; 1—n+z;

). (5,0 1
HS,(O) = (OpOX”"s—j sz ()) Bz? (()J) OPOX(p_pO_"'sfjJrl)) € Mpox(p—po)(R)v

77(9) Or.; ( Bg 0)) ng"l)
H) = o Ip, ji10 ’ D 0p—py—r,_y41 € Mpp(R).
0 Ops—j+1,1 XPs—j+1,0 Ips_j+1,1

BYO =: col(BY)efs—y and

Zj
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where B

()

24,0

A.ZALAR AND 1. ZOBOVIC

(1)

. o - .
BUY =: col (col(BY)iersmyy, BEY 1114)  forj €[],

~

€ M iXps—j+1,(Z(R)’ B(j’l)

zj,8—j3+1,0

€ M, (R) for j € [s],7 € [s — j] and

s—j+1,0XPs—j+1,1

¢ =0, 1. Summing all block column relations (3.13) for j € [s], we get a block column relation

(3.14)

where

(3.15)

and

n—1
row ((X7)6.0) (X7)60) e Hn = > XoH; + (X7 0)Hu0),
1=0
s
Hi — E Hi(J)
Jj=1
4 . )
OPX(P—P0)7 fori € [Oa n—=zs — 1]7
=(5.0) o
<Bi—n+zs \q_/ ) fori=n— Zs,
P1,0 P—P0—P1,0
columns columns
50 B . .
(Bi_nJrzS B~ 0 ; fori € [n—zs+1;n— 2z 1 — 1],
—— ~
P1,0 P1,1 p*;foﬂvl
columns columns ~ cotumns
5(s,0) 5(s,1) ~(s—1,0) .
<Bi—n+zs Bi—n—f—zs i—n+zs_1 \q-, ) fori=n— Rs—1,
Y Do —D1 —
P1,0 P11 P2,0 P—P0—P1—P2,0
columns columns columns columns
75(8,0) (s,1) >(s—1,0) 5(s—1,1)
( Bi—n-i—zs Bi—n—i—zS Bi—n+zs_1 t—n+2zs—1 O )
—_—— —— —— —— vf -
p1,0 pP1,1 2.0 P21 p pol P1—Dp2
= columns columns columns columns columns
fori € [n—zs_1 + 1;n— 259 — 1],
P(s—i+10)  Bls—j+1,1) =(1,0)
row (B-_ ' B : ) 4 - 0 :
( ! ”i‘js—ﬁlj ! "i‘fs—ﬁ-lz jels—1] Ti—ntz - \T , .
Pj,0 Pj,1 Ps,0 —P0—Ts—1—Ps,0
collimns collimns columns columns
fori =n — 2z,
> (s—j+1,0) 5(s—j+1,1) ) . B o
row (Bz'—n+zs,j+1 i—ntzs_jt1 ) je[s]’ fori € [n— 2z + 1;n — 1],
TV N -~ 4
pj,0 Pj1
\ columns columns
) — B(s—i+1,0) Bls—j+11) )
Ha.0) = Tow (st—j+1,<0> st—j+1,(o) j€ls)®
bj,0 Pj1
columns columns
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~(s—1,0) > (s—2,0) ~(1,0)
Dy —row (st—lyl )e:o,1 —row (stfz,l )e:o,l —row (le,l )e:o,l
~(s—2,0 ~ (1.0
0 Dy —row (Bisfﬂ))z:og —row (Bil,l))e:o,l
]\—-/In = D3 )
—Tow (ESZ?—I)K:OJ
0 0 Dy
I _ Bls—i+11) g
where D; = ’8"0 Zf*jﬂr]ro for j € [s]. Note that H,, is invertible. It follows from
Pj1
(3.14) that
n—1
row (X7)0) (X700 sepy Ho = D X Hi + (X3) 0 Ha 0
i=0

~
n

TOW(er)ie[D;n—l] (X7

= ( )(0>> G.

where H; := Qﬁi fori € [0;n — 1] and G is as in (3.8). This proves (3.9). It remains to prove
(3.10). For i € [0;n — 1] let s; be defined as in the statement of Claim 2. Using (3.15) we have

( fori e [0;n — 25 — 1],

fori =n — z,,

P — Do,
at least p — po — P10,

atleastp —po —p1, forie€[n—zs+1;n— 2z — 1],

at least p — pg — p1 — P20,

(3.16) at least p — pg — p1 — po,

S; =
atleast p — pp — 7s—2 — Ds—1.0,
atleast p — pg — rs_1,

at least p — pg — 151 — Ds.0,

\

It follows from (3.16) that

—

n S

Si > (”—Zs)(p—p0)+2(p—po—7“s

<.
I
o

s

+ > (zjn1

= (n—2)(p — po) + Z(Zj+1 —2;)(P = po — Ts—j)

j=1

which is (3.10). This concludes the proof of Claim 2.

The continuation of the proof will be similar

forve =n — z,_1,

fori € [n—z, 1+ 1;n— 2z, 9 —1],

fori =n — 29,
fori € [n—zo+ 1;n— 2z — 1],
fori =n — 2.

—j — Ps—j+1,0)

— 2= 1)(p—po— 1o y)

S
+P—Dpo— Zps—j+1,07
j=1

4

. Vv
:Z;:I pjylzcard A

to the proof of implication (2) = (1) in

[ZZ725, Theorem 1.1], while accounting for the column relations of the matrix My (n), which
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are transferred to the matrix K in (3.17) by recursive generation. Write

H i H Spp(R
(3.17) Xg— =: (T:) and rOW(XT)ie[n] = (KT) € (Mpxprfp(]%)) .
Let
(3.18) k := rank (I/}({T> — rank H = rank (H K) —rank H.

Let B be as in the statement of Theorem 1.1. Note that
B C[p]\Dep(X7) and  card([p]\ (BUDep(X3))) = k.

(Here U stands for the disjoint union.) Let P, € M, (R) be a permutation matrix, which
permutes the columns in [p] \ Dep(X7*) to the order Cy, C5, where

[p] \ (BUDep(X3)) C Cy and k < card Cy := py — m + card A.

By the assumption card A < m < card(A U B), it follows that 0 < card C; < pg. Recall that
(2 permutes the columns of the given matrix, when multiplied from the right, to the order (3.2).
Then for the permutation matrix P := Q(P, & I,_,,) € M,(R) and

(319) K= ( Kl K2 K3 ) = KP,
po—m~+card A m—card A p—po
columns columns  columns

we have that

(3.20) rank (7—[ IAQ) = rank (?—[ _FA(> =rankH + k.
By (3.9) and recursive generation (see Proposition 2.5), it follows that
(3.21) Ry=(H K K)G.

where

(3.22) G = (I, ® PT)GH;,

or equivalently

(3.23) (M B R K) ( ;i) = O ().
By (3.20), it follows that

(3.24) Bo=(n &)

for some real matrix J € M pp4pg—m-card A)x (m—card 4) (R), or equivalently

—J
Im—cardA

(3.25) (’H e f(z) ( ) — O (m—card 4)

Claim 3. There exists Z € S,(R) such that

(3.26) rank <[:?T g) = rank (;:T) +pg—m+card A
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and

—Ji -Gy
H K — T, —Cy
3.27 7> > P~ =0@ m—car —po)»
(3.27) (KT Z) Lot G (n+1)px (m—card A+p—po)
O [ppr
where
J=: Jl c anx(m—card A) (R> )
. ‘]2 M(pg—m—l—card A)x(m—card A) (R) ’
~ gl Mpx (p-po) (R)
G = € | Mipo—mtcara 4)x(p—po) (R)

G
G3 M(m—card A)X (p—po) (R>

Proof of Claim 3. By (3.23) and (3.25), to prove (3.27) it suffices to establish the equality

-5 -G,
~r 5 ~-J, -G

(3.28) (BT 2) [, ™" 72| = Ot o

m—card A —U3

O ]p—po
Let us write

7 Z, Zs

(3.29) Z=\2r Z, Zs|,

\iv\here 21 € Mpo_m%;iEdA(R), 22 S M(po—m-‘rcardA)x(m:\card A) (R) 23 € M(po—m+card A)X(p—po)(R)’
Zy € Mm,cardA(R), Zs € M(m_cardA)X(p_po)(R) and Zs € M,_,, (R) In this notation, (3.28)
becomes

KT Zy Zy Zs - G
e s —J -G
Ky 73 Zi Zs I i @2 = Opx (m—card A+p—po)-
- o o~ -~ m—card A T U3
KT 7T ZT Zg 0 L.

We choose 21 € Spy—m+card 4(R) such that

1 1 1

(3.30) rank <}Z:T I2(1> = rank (;;T> + po —m + card A

and define
(3.31) 70 =

Once we prove (3.28), (3.30) will also imply (3.26).
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Let us check that 7 is symmetric. Since 21 € Spy—m+card o(R), we only need to show that
Zy € Sp—caraa(R) and Zg € S,_,, (R). But this follows by the following computations:

~ T ~ T ~ T
= S5 Ky "o r(H K
7, = ( T T)J: 2] g = LIS I I o e 4
4\,./ KQ Z2 <Z2> v((K? Z1> > (K%“ 7

(3.31) (3.24)
(3.31)
~ T = = T
K3 H K K
Zo— (Kt 23 2)6= 2| G| |Kl 2 Z|G| G
(331 Zs G2 \\KT ZI Z,
H K, K,

)
i
)

a2
KI 7T Z,

We now observe the following:

R o K, R H K
7T = ((Kg“ Zr 24) G) —G" | Z, | =G|k Z|J
~~ B ' S~ 5
331) Zy ) 324, KI ZT
(3.32) 63D
A &)
—((Z B B2ya) g = (e J=(Ky z1)J.
Kl Z1 ZQ ~ Z3
(3.21),
(3231)
From the definitions of Z i € [2;6], and the equality (3.32), it is clear that the matrix 7 satisfies
(3.28). This proves Claim 3. |
Define the vectors ¢y, ¢, . . ., Ci—card A+p—po DY
—h -Gy
~-J, -G
C' = 10w (Ci)icfm—card Atp—po] = (Inp © P) 2 2,
[m—cardA _GS
O ]p—po

Note that ¢y, ¢, . . ., Cp—card A+p—p, are linearly independent. Next define the matrix Z by

Z .= PZPT € S,(R).

. H K
Claim 4. ci, ¢2, . . ., Cr—card A+p—p, € Ker (KT Z) .

Proof of Claim 4. We have

R —Jl —G1

H K H  KPT —Jy  —Gy
o= "t "0 )\, eP o

(KT Z) (PKT psz)( PEN i G



—Jl —G1
K T —J2 —62
=(Up®P)| op 5| Unp® P )Ly © P) A
: KT Z g ? m—card A _G3
0 Ip—p
-5 -G
_yen (i E)| - -G
K Z ImfcardA _GS
0 Ip—po
\:/_/(Inp D P)O(n+1)p><(m—cardA+p—po) = 0(n+1)p><(m—cardA+p—p0)~
(3.27)
This proves Claim 4.
Define
(3.33) T,=( T Tho Tus ) =T.P=T, QP &1, ).
D A T s chlumas

Claim 5. Recall the notation in (3.17). We have

(3.34) rank <;j£ ;(-[T g) = rank <¥£ ;:T) = rank Mr(n).

Proof of Claim 5. Since

Ho H Ho H
(3 2) = mern (30 ) = (e P,

the nontrivial equality in (3.34) is the first one. Observe that

HI T,
" K

— Mr(n)(Ly & P)
= (rOW(XiT)iE[O;n—ll )V(SL’(PI > Ip—po))

3.35 i S S S

G = (row(Xphicon s EPoP 10w (Fao (KPan) )

~

= ((row (XD EP) L@ P) 10w (X)) (K)o

7
-~

_ Hg fn,l fn,Q _ 7/21,3
H Kl KQ K3

By (3.9), (3.22) and (3.35), it follows that

o~

(3.36) Ts=(H] T T2) G

)

19
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We have
s HI T,
rank 7:\[2 ?:[T K) = rank | H K
Tn K A v(*)T }?T 2\
HE Ty Too Tos HE Tor Tpo
Ao Ky Ry Aok,
(3.37) =rank | Ky 2y 2y Zy | T rank | Ky 2y 7y
KI' zI 7z, Zs | e Kr 7T 7z,
2 2 ~ (3.31) AQ 2
KI zI  ZI  Zs ) 330 KI zI  7Zr
Hy H K K, Ks Ho H K
= rank fgl KT 7y 7y Zs| = rank Tr [A(lT 74
()T Tl K3 Zy Zs Zs) 330 T, K Zj
(3.31)

To prove (3.34), (3.37) implies that it suffices to show that

Hy H K,
(3.38) rank [ 77, KT Z, | = rank Mr(n).

T, K3 Z3
By (3.21), (3.36) and the ordering of the columns (see (3.2)) of the matrix

Hg j:n,l j:n,Q
H K1 K2 ’

note that
o 7-[(7; j;n,l j—\'n,Q . Hg
(3.39) rank My (n) = ( S rank 9 ) T Po-
I
Ppo columns

Hi Hi Hioa Hoo
We permute the columns of to P, =: ; 2 |, using a permutation matrix
b (’H) (H) : (H? HT> sep
Py € M,,(R), such that

Hoy H HT H,
(3.40) rank ( 0.1 1) = rank (H?p) = rank (H()f) \:/_/rank (Ho,z 7‘[2)

7‘[03 Ho | ~~
(»T (»T
and
(3.41) Ker (H%;Q 7}3’1 7}32> = {0}.
Hy K1 Ko (3.39)

~

Apply the same permutation P on K7 to obtain K7 Py =: <( KT (K fQ))T). It follows
from (3.41) that
HO,Z H2 /Ho,g Hg
C TnT,1 Kl | = Rk M7(n) - and TnT7 . KT | issurjective,

T >T T 7>T
Tn,2 KZ Tn,2 KQ
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whence
Moo Ho K Hoz He
(3.42) rank | 77, KT Z, | =rank | 7, K]
Tp,. K3 Z3 Tpo Ky

Since 7 admits a representing measure by assumption in the theorem, there exists a psd exten-
sion

Ho H K

T, KT Z9

KT ( Z{e) )T Zée)

K
By Theorem 2.12, used for A := <HO g ) , B = (Z(e)> , C = Z;e), it follows that
1

T, KT
C(B) C C(A). In particular, rank (%o H) =rank (H, H K), whence
H H 7>(1)
(3.43) rank ( 01 1) = rank Ho1 oy 151(2) )
Hoo Ho Hoo He K
By Lemma 2.14, used for
Al = (HO,l Hl) 5 Bl = K%l),
A2 = (HOQ HQ) 5 BQ = [?%2),
C = fﬂTl @T D= Zl
Th, K3) Zy )’
and the rank equalities (3.40), (3.42) and (3.43), we get
Hoy Hi K" Moy Ha
f((?) H H
(3.44) rank 71;’2 7;[; ! = rank AgQ A; = rank Mr(n).
w1 K1 24 Z"vl [51 (3.39)
T, R 7 To. K3
Hence, the equality (3.38) holds, which concludes the proof of Claim 4. [
By Claim 5,
f?l ?:[O /7:[
7 T KT | (U
(3:45) =8 | @
2 tn2 2 2
Zs Ths K
for some real matrices Uy € My (po—mtcard 4)(R) and Us € M, (pg—m-cara 4) (R) with
(3.46) rank Uy = pg —m +card A (see (3.30)),
or equivalently
Ho H K, .
A L
(3.47) PSS ~Us = O(n11)px (po—m-+card A)-

T T 7T
Tn,Q Ky 7

I dA
T ST o7 po—m-tcar
Tn,3 KS ZS
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By (3.27) and (3.47), we have that

_Ul Opx(m—cardA) Opx(zz\—po)
H H [/(\, —U2 —Jl —Gl
0 ~
(fT [?T 2) ]pg—m+cardA _J2 _92 = 0(n+1)p><p-
" 0 Im—cardA _G3
O O Ip_p()
Therefore
K\ A i A %0
(348) Z\ Qn = rOW(XT)ie[n] <U2 J1 G1> + XT (Ul Opx(m—cardA-l-p—PO)) ’
where
R ng—m—i—cardA _JQ _§2
(349) Qn = 0 [m—cardA _GS
O O IP_PO
and
Vi i H H
(3.50) row (X7 )ie(om) = (Inp ® PT) 1ow(X5F)ic(om) = (fﬂq f(T) -

Note that G, = col(Hiflgl)ie[Om_l] and col(ég, @3) = Pff]nv(o)ﬁgl. Writing

Uso 10

Uz Jia
(3.51) (U2 J1) = : : ,

U2,n—1 Jl,n—l
where Us; € My (py—mtcard 4)(R) and J1; € My (m—card 4)(R), and defining
(352) Qz = <U27,L' Jl,’i HZ}VI;1> for: € [0, n— 1]7
(3.48) is equivalent to
K\ 5 - i 0
(3.53) 2] @n=>_XrQia+ X5 (U1 Opmcara asrpo) -
i=1

Using (3.50) and

K _( KEP \ _ 7y €ONT3)iefns12n)
(2) = (PTZP) = (I & F7) ( 7 p

in (3.53), we get

col T’z i€n+1;2n - i
(3.54) ( (T P ]) Qu=> XrQi1+ X5 (U1 Op(mocard Atp—pn)) -
=1
where
(3.55) Qn = PQ.

We now define

Tony1 =2 and Topio = rOW(ﬂ)ie[n—i—l;Qn-i—l}(MT(n))T COl(Tz’)z‘e[nH;an]-
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Let
T = (T3)ico2n+2]s Sonte = Ly ((x + >, £ =1,2, and
S(e) = (Si>ie[0;2n+2]-

Define a matrix polynomial

(3.56)

(357) H(I) = xn—HQn - Z xiQi—l - (Ul Opx(m—cardA-I—p—po)) 5
i=1

By (3.54) and the definition of 7(¢), we have that H (z) is a block column relation of M1 (n +
1). By Corollary 2.8, H(xz — t) is a block column relation of Mg (n + 1). By (3.46), we have
(3.58) rank (U1 0,5 (m—card A+p_p0)) = pg — m + card A.

Let

i—1
Wo = Ker (U1 Opx(m—card Atp—py)) and Wi :=Wo[ || KerQ; fori € [n].
j=0

Note that each (Q; ends with Hl-[;[; L for i € [0;n — 1] (see (3.52)), which has p — py columns.
Hence, the following holds:

(3.59) Leti € [0;n — 1]. If v € () Ker(#;,), then (2) € Wi,
=0
Let 5; := dimW; for i € [0;n]. Recall the definition of s; from Claim 2 and note that

Ker(H;H, ') = Ker H, for each j.. By (3.59), it follows that $; > s;_; for i € [n]. Therefore

n n—1
Zg" 2§0+Zsi >m —card A+ p—pg
i=0 =0
s—1
+(n—z)(p—po) + Y (241 — 2)(p — po — 1) + card A
(3.60) o

=m+(n+1p— ((n+ Dpo+ > 2o j1p;)
j=1

=m+ (n+ 1)p — rank M (n),

where we used (3.58) and (3.10) in the second inequality and Claim 1 in the last equality. By
Lemma 2.10, the invertibility of (),, (see (3.49) and (3.55)) and (3.60), it follows that

(3.61) det H(x — t) = (x — t)mHntbporankM®) g gy

where 0 # g(x) € R[z] and deg(det H(x —t)) = (n + 1)p (since Q,, is invertible). Therefore
deg g(x) = rank M (n) — m. By Theorem 2.2, there exists a (rank M (n))—atomic represent-
ing matrix measure for L of the form u = Z§:1 0z;Aj, where £ € N, x; € R are pairwise
distinct, A; € S7°(R) and Zﬁzl rank A; = rank M (n). By Lemma 2.4 and (3.61), it follows
that t = z; for some j' € [¢], and rank A; > m. Without loss of generality we can assume that
j' = 1. Next, we need to establish the following claim.

Claim 6. rank A; = m.
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Proof of Claim 6. Suppose on the contrary that rank A; = m’ for some
(3.62) m' > m.
Define fi := pn — 6, A1. Let L : Rlz] — S,(R) be a linear operator, defined by

L(z)) =8, = /Rl‘i du  fori e NU{0}.

Let g = (Si)i€[0;2n+2]- We have

rank M (n) —m' < rank Mg(n) < rank Mg(n + 1),
3.63 -
(5.63) rank Mg(n+1) < Z rank A; = rank M (n) — m’,

=2

where the first inequality follows from the fact that the difference M (n) — Mg(n) is a moment

matrix of the linear operator corresponding to the matrix measure §; A;. The inequalities (3.63)
imply that rank M (n) —m/ < Mg(n+1) < rank M (n) —m/, whence all inequalities in (3.63)
must be equalities. In particular,

(3.64) rank Mg(n) = rank Mg(n + 1) = rank M (n) —m/'.
For i € [0;2n + 2] we define 7} := Jg (@ —t)'dji. Note that

(3.65) T, = /(x —t)'d(f 4 6,Ay) =T; fori € [2n +2].
R
Define the sequence T = (ﬁ)i€[0;2n+2] and write
XET = row ((x(;—))j)jg[p] = COI(E+j>jE[O§n+1]
fori € [0;n + 1]. By (3.64) and Proposition 2.7.(5) we have
m' = rank Ms(n + 1) — rank (row(Xf?)ie[O;nH})
= rank Ms(n) — rank (row(Xi%)ie[O;nH]).
By (3.65) and Claim 1, it follows that

(3.66)

(3.67) rank rOW(Xff)ie[n] = rank row(Xfr)iE[n] = rank Mr(n) — po — card A.
Further,
rank I"OW(X%V.)Z»E[”_,_H = rank I'OW<X;_)7;€[”+1}
(3.65)
(3.68) = rank rOW(X%')ie[n] +po —m +card A
Claim 3

(3.67)
Finally, '
rank Mr(n) —m = rankrow(X%)icpi1y < rank Mz (n) —n?/,
(3.68) (3.66)
which implies that m’ < m and contradicts (3.62). This proves Claim 6. |

It remains to establish the moreover part. Note that the representing measure is unique if
and only if Z , satisfying (3.26) and (3.27), is unique. Indeed, in this case the polynomial H (x)
as in (3.57) is uniquely determined and it completely determines the minimal measure for the
extended sequence.
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First note that in the decomposition (3.29) there is no freedom in chosing Z € Spo—m+card a(R)
such that (3.30) holds if and only if py — m + card A = 0, or equivalently m = card A + py.
Since B C ([p] \ Dep(X7*)), it follows by definition of p, (see (3.3)) that this is further equiva-
lent to B = [p] \ Dep(X7) and m = card(A U B), which are the first and the second condition
in (1.4).

By the previous paragraph, the matrices Z1, Zy and Zs in (3.29) are empty. Next, observe
the matrices Z4 and Zs in (3.29). By (3.31) and (3.32), Z, and Zs will be unique if and only if
[A(QTU = IA(gTv = 0 for any v € Ker H. This is due to the fact that J in (3.24) is unique up to the
addition of a matrix with each column from Ker H (note that K, isan empty matrix). Note that
KerH C Ker K. T and Ker H C Ker K I are exactly the third and the fourth condition in (1.4).

Finally, we observe the matrix 2\6 in (3.29). It remains to prove that the four conditions in

(1.4) ensure Zg is also unique. By (3.31), it suffices to prove that <IA{ T 25T ) G does not depend
on the choice of G satisfying (3.23). If G and G’ both satisfy (3.23), then

0= (1 &)(G-C) = H(I J)(E-E),
(3.24)
whence
(3.69) every column of the matrix (I J) (G — G") is in Ker .
Note that
<K3T Z5T> (G-G) =K (I J)(G=-G) = 0O
(332) (3.69),
Ker?—ngerl?gT

whence <[A( T 257’ ) G does not depend on the choice of G satisfying (3.23). This proves the
moreover part of Theorem 1.1.

4. PROOF OF THE IMPLICATION (1) = (2) OF THEOREM 1.1

Let up = 0;A; + Z§Z2 d.;A; be a finitely atomic p X p matrix representing measure for L
with £ € N, z; € R\ {t}, A; € ST°(R), Z§:1 rank A; = rank M (n) and mult; u = m. For
k= 1,2 define Sy = Je 2 dpand Top i = [o(x — ¢)*"F dp. Let fi := Z?:z Oz, A
and L : R[z] — S,(R) be a linear operator, defined by

L(z*) = S; = /in du fori e NU{0}.

Write S := (gi)ie[0;2n+2]. Analogously as in the proof of Claim 6 in the proof of the implication
(2) = (1) of Theorem 1.1, it follows that

4.1) rank Mgz(n) = rank Mg(n + 1) = rank M (n) — m.
For i € [0;2n + 2] we define T; := [, (= — t)'dji. Note that

7 - /(x —)id(i+ 6,A) = T, fori € [2n+2].
R

Define the sequence T = (ﬁ)ie[o;gnﬂ] and for i € [0;n + 1] write

X' = row ((xgz-))j)je[p] := col(Tiv;) jefom+1]

X% = row ((xg;))j)je[p] i= col(Ti4j) jefon+1]-
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By (4.1) and Proposition 2.7.(5) we have
m = rank M (n) — rank (row(Xff)ie[OmH])
= rank M (n) — rank (row(Xf?)ie[om]).
Let Dep(X?), Dep, (X?) and DepN(X?), DepN,(X1), £ = 0,1, be as in (2.5), (2.6) and (2.7),
respectively. Define
Z={z,...,2:0< 5 <zm<..<z<n+l}:={i€[0n+1]: DepN(X%;) #0}.

Note that Dep(X ;) = [p]. Let

pje := card DepN,(X=77*") forj € [s]and £ = 0,1,

p; = card DepN(X=77*") = p; o+ p;1 forj € [s],

and
n+1

A= U Dele(X%).
i=1
Claim 1. We have

(4.2) rank Mz(n + 1) = rank Mz(n) = Z Zs—j+1Dj-

j=1
Proof of Claim 1. (4.2) follows by definition of p; and z;, together with the fact that M (n)
is block-recursively generated, which in particular implies that if i € Dep(Xf?) for some

j € [05n], then i € Dep(XLZ™). |
Claim 2. A = ().

Proof of Claim 2. Analogously as in the proof of Claim 2 of the implication (2) = (1) of
Theorem 1.1 with 7 in place of 7 and noting that p, = 0, there exists a matrix polynomial

H(.I') = $n+1Hn+1 — Z iL'iHZ‘,
i=0
such that:
(1) H(x)is a block column relation of Mz(n + 1).
(2) Hpyq is invertible.
(3) Defining W; := (,_, Ker H; and s; := dim W for i € [0;n], we have

n s—1 s—j
Zsi >(n+1—z)p+ (zjﬂ—zj)(p—Zpk) + card A
i—0 j=1 k=1
4.3) = (n —+ 1)p — Z Zs—j+1D; t+ cardAv
j=1
= (n+1)p — rank Mz(n) + card A
Claim 1

By Lemma 2.10, the invertibility of H,,,; and (4.3), it follows that
det H(I) _ x(n—l—l)p—rank Mz(n)+card Avg(x)’

where 0 # g(z) € R[z] and deg(det H(x)) = (n + 1)p (since H,, is invertible). There-
fore deg g(x) = rank M=(n) — card A. Since Z?:z ds,-¢A; is a representing measure for
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T, Z?ZQ rank A; = rank Mz(n) and z; — t # 0 for each j € [2;/], it follows by Lemma
2.4 that x; — ¢ are precisely the zeroes of g(z) and rank A; are their multiplicities. Therefore
deg g(x) = rank M=(n), whence card A = 0. [

Let B be as in Theorem 1.1. Note that

(4.4) DepN, (X7 C B.
Claim 3. For i € [0; n] we have
(4.5) DepN, (X71) U Dep(X7) = Dep(X%).

Proof of Claim 3. First we prove the inclusion (C) in (4.5). Fix i € [0;n]. Since M7(n + 1) =
Mz(n + 1), Lemma 2.11 (used for A = My (n + 1), B = Mz(n + 1)) implies that

(4.6) DepN, (X7') € Dep(X=')  and  Dep(X}) C Dep(X%).
Using Claim 2, A
Dele(XfrH) C Depl(Xi%H) \ Dele(Xi%“),
whence
4.7) DepN, (X51) C Dep(X%).

By (4.7) and (4.6), the inclusion (C) in (4.5) follows.
It remains to prove the inclusion (2) in (4.5). Fix i € [0;n]. Let j € Dep(X%). We separate
two cases.

Case 1: j € DepN, (X%). Since DepN, (X%) C Dep(X%), it follows that j € Dep(X%).

Case 2: j ¢ DepN,(X7%). Assume also that j ¢ Dep(X%). Since Mz(n + 1) is block—
recursively generated, it follows that j € Depl(Xi%“) and hence the equalities X = X% for
i € [n+ 1] imply j € DepN, (X1).

This proves the inclusion (D) in (4.5) [}

We have
m = rank My(n) — rank M=(n)

= (0 19— > cand (Dep(x1))) = (0 Dp = Y e (Den(x;)

= 2”: card <DepN1(X%“)>

Claim 3 =0
= card A + card <DepN1(Xf}+1)> < card(AU B).
~—
(4.4)
Hence, card(A) < m < card(A U B), which proves the implication (1) = (2) of Theorem 1.1.

5. PROOF OF THEOREM 1.3

The equivalence (1) < (2) follows directly from Theorem 1.1 for m = 0.

Let us prove the implication (1) = (3). Let ;x be a minimal representing measure for L such
that mult, ¢ = 0 and let L((x — t)") := [p(x —t)'dp, i € {-2,—1,2n + 1,2n + 2}, be
the extension of L to span{(x —t)72, (z —t)"', L,z — t,..., (x — t)>""! (z — t)?""2}. Write



28 A.ZALAR AND 1. ZOBOVIC

T; = L((z — t)") for i € [~2;2n + 2]. Since (T;)7"*3 has a representing measure, it follows
that the matrix M, := (TZ-H_Q)Z;;QO is positive semidefinite.

Note that
T_2 * *
M * * *
Yt * *
M 1= 2 = * M 3 *
* * * ~~~ ~—~ ~~~
~~ ~~ ~~~ peolumns  np columns 2P columns

pcolumns npcolumns  2p columns

Let w € Ker M;. By Lemma 2.13 (used for A = le € Sm3)p(R) and Alg = M, where

—~

Q = [p+ 1;(n + 1)p)), it follows that col(0px1,w, 02,x1) € Ker My, whence w € Ker Ms.
Therefore, Ker My C Ker M.

Similarly
* * *
— * M, " * My *
M, = = * * *
Tonio ~— ~— ~—

* *
~~ ~~ N 2p columns  np columns  p columns

2p columns  np columns 4, ¢olumns

Let w € Ker M3. By Lemma 2.13 (used for A = M, € Sn+3)p(R) and Alg = M3 where
Q = [2p + 1; (n + 2)p]), it follows that col(0s,x1,w, 0,x1) € Ker My, whence w € Ker M.
Therefore, Ker M3 C Ker M,.

It remains to prove the implication (3) = (2). We have to prove that A = (). Assume on
the contrary that there exists ¢ € A. By definition of A, there is k& € [n] such that y;,; =
Sokpticl for some v, € R and in particular ;£ SO el But this

f=p+1 YeYe e p s Y (k—1)p+i =1 Ye+pYe-
implies

W= (—Ypt1,- s —Vipti-1, 1,0,...,0) € R € Ker M3 \ Ker Mo,
which is contradiction to Ker M, = Ker M. Hence, A = 0.

6. PROOF OF COROLLARY 1.4

The equivalence (2) < (3) is clear. The implication (1) < (2) is trivial, while the implication
(1) = (2) follows by [MS24a, Theorem 5.1]. The equivalence (4) < (5) follows by noticing
that for ¢ = 0, 2 we have

ng—1
Z VU, Sitj+Vign; = TOW(Vitn, )iel—nismo—1(Sitje) 1221, COlVimy )iel—niima—1)-

1,j=—n1

Since (S;;)72Z",, is positive semidefinite, for ¢ = 0, 2 we have

1,j=—n1
ng—1
Z UJ-TJFMSHJ-HUHM =0 & col(Vigny)ic[-n1ima—1] € Ker(SHjH)Zj;l_m.
,)=—n1
It remains to prove the equivalence (3) < (4). Define a sequence S = (§0, gl, cee §2m+2n2),
where §z = Si_on,-

First we prove the implication (3) = (4). Let p := Zﬁzl dz;A; be a minimal representing
measure such that S; = [, 2idy = 0_ o

x5 A; for each i. Clearly, z; # 0 for each j and
(Sitj)i5=_,, 1s positive semidefinite. Defining f := S 6 .(xj*Q"lAj), we have

j=1%;
j=1Yz;

¢ ¢
Si = Si—on, = Zazj_inAj = Za:; (;Ej_Q"lAj) = /indﬁ.
j=1 j=1
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By Theorem 1.3, used for t = 0, Ker(S,, ;)7 = Ker(Si1;)i%=_,,+1- This proves (3) =

1,J=—"n1

(4).
It remains to prove the implication (4) = (3). By assumption, M3z is positive semidefi-
nite. The assumption Ker(SZﬂ)fj:l_m = Ker(Si1;)2__, 41 implies that C(S;;)/2-L, =

C(Slﬂ)u,_nﬁrl In particular, C(col(Sn1+n2+Z)Ze[n1+n2 ) € C(Mg(ny +ng — 1)). By Theorem
2.2, S admits a representing measure. By Theorem 1.3, S has a minimal representlng measure
o= ijl 0z, A; for some z; € R\ {0} and A; € S;°(R). Namely, S; = Z] | 25 A; for each
i € [0;2n1 + 2ns]. But then

Si — Si+2n1 § :xz+2n1A _ E QTZLEQTLIA

14

i=1 0z (:p?’”A]—) is a minimal representing measure in (3).

whence =)
7. EXAMPLE FOR THEOREM 1.1

The next example' shows how to apply Theorem 1.1 to construct a minimal representing
measure £ for a linear operator L : R[z|<3, — S,(R) such that mult, ¢ > 0, where t € Ris a
prescribed number.

Letp=4,n=2and S := (5;)icp.4, Where

4000 0 0 0 0 2000
07 33 0 —1 —1 —1 0311
So = 0 3 4 3]’ S1=1"5= 0 -1 0 —-1]" Sy =54 = 01 2 1
03 33 0 —1 -1 -1 0111

Let L : R[z]<s — S4(R) be a linear operator, defined by L(z?) = S; for each i € [0;4].
Since M (2) is positive semidefinite and C(col(Ss, S1)) € C(M (1)), by Theorem 2.2, L has
a representing measure. It is easy to check that 1 := Z?Zl 0z ]A is a minimal representing
measure for L, where

211
Ti=—1, T=0 T3=1, A=1)e|1 1 1|, A=24, A;=5Lo(0).
1 11
Let ¢t = 1 and 7; be defined as in Theorem 1.1 for ¢ € [0;4]. A computation reveals that
73 3
=4 @ |3 4 3], Ty =—-4W, 1Ty =6W, 1T3=-10W, 1T, =18W,
3 3 3

where

—_ = =
—_ = =

2
wW=m0e|1
1
)

Define 7 := (T})ico,4- Let Dep(X’%), Dep; (X%), DepN(X%) and DepN,(X%), ¢ = 0,1, and
A, B be as in (2.5), (2.6), (2.7) and Theorem 1.1, respectively. We have

Dep(X$) = 0, Dep(X71) = {4}, Dep(X7) = {3,4},
Dep, (X7) =0, Dep, (X7) = {4}, Dep, (X7) = {4},
DepN(X7) =0, DepN(X7) = {4}, DepN(X7) = {3},

I'The Mathematica file with numerical computations can be found on the link https://github.com/
ZobovicIgor/Matricial-Gaussian—-Quadrature—-Rules/tree/main


https://github.com/ZobovicIgor/Matricial-Gaussian-Quadrature-Rules/tree/main
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Dele(X%) = ®7 Dele(X%) = {4}: Dele(X%) = @:
DepNy(XY) = 0, DepNy(X7) = 0, DepN,y(X7) = {3},

and A = {4}, B = {1,2}. Thus card A = 1 and card(A U B) = 3. It follows from Theorem
1.1 that for each m with 1 < m < 3, there exists a representing measure p for L such that
mult, ¢t = m. We will construct such a measure for m = 2 (note that mult; ¢ = rank gg = 3).

Let s, z;, pje, Pj, Po be as in (3.1), (3.3). By the computations above, we have s = 2, 2; = 1,
29 = 2,p10=p21 = 1,011 =p2o=0,p1 =p2 = 1andpy = 2. Since the columns of each
block column XT are already in the order (3.2), we choose the permutation matrix ) = Iy,
whence XT = X:@Q = X for each i. Decompose XT as in (3.7) for each 7. Next we will
compute the matrices (3.11) satisfying (3.12) by the formulas:

- - - - - - -~ T~
col(B, Bg) B) = (X3 (Bhoy Rhae Ehay Rheo) FHen
= col(col(0, 0,0,0), col(0,0), 1),

~ ~ ~ ~ ~ T g
(2,0 2,0 2,0
col(B&Y | B! ),Bgv(o))):(xg XL (X%)(0>> (X7 w0

3
= col(col(0, 0,0, —2), col(0,0, — —5), col(0,0)).

57
Hence, the matrices f[éj), }v[fj), véj()o) é 7 for j = 1,2, in (3.13) are equal to:

0 = 0u, Y = (00 BV = 00,

(1,1)
2 _ BD) _ o — (0 =By (0
1::[82) _ (E(g?ao) 04><1> = row(col(0,0,0,—2),04x1),
- o 3
7o - ( 320 04X1> = —5 row(col(0,0,1,1), 041),
72 (32,0 — g (L0
Hy 0 = (B 02“) =0 M= (0 0>'
We now compute

I;TO = ﬁél) + IYISQ) = row(col(0, 0,0, —2), 04x1),

~ ~ ~ 3
H, = H{l) + HfQ) =-3 row(col(0,0,1,1), 04x1),

S(1,1)
Hy,0) = (Bz,<o> BL(O)) =0, M= (0 N ) = (0 1)
= QHy = Hy = row(col(0,0,0, —2), 04x1),

~ 3
Hl = QHI = —5 I'OW(COI(0,0, 1, 1),04><1),

G = COI(H(), Hl, ﬁg’(o)).
Define Hy, H and K as in (3.17):

o To . Tl T2 _ T3
o= (x) = m) x= (@)

k:rank(H K)—rankH:6—6:O.

Note that
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Therefore we can choose P; := I and hence P = Q(P, & I,) = I,. We decompose K =
KP = K asin (3.19) (using p =4, py = 2, m = 2, card A = 1):

K, = col(—10,0,0,0,18,0,0,0),

K> = col(0, —20, —10, —10, 0, 36, 18, 18),

]A(g = row(col(0, —10, —10, —10, 0, 18, 18, 18), col(0, —10, —10, —10, 0, 18, 18, 18)).
Computing J satisfying (3.24) by

~\T ~
J = (H K1> Ry = col(0,-2,0,0,0,—3,0,0,0),

and computing

G = (Iy® PG,
3 3 3 3
— row (001(0,0, 0,~2,0,0,—5,=5.0,0),col(0,0,0,~2,0,0, —5,—5,0,0)),

we have
[?2 = <H I?1> J and I?g = <H I?l I?Q) é
Let 7, := (0), use (3.31) to compute

Zy=(0), Zg=(0 0), Zy=(—68), Zs = (—34 —34), Zs = (—34 —34)

—34 —-34
and define
7. 7, 7, 0 0 0 0
2=\ 7 %)= | Za g
Z3 Zj Zs 0 —34 —34 —34

We can easily check that the matrix 21 satisfies (3.30). Let fg = T, P = T;. Next we compute
matrices U; and U by (3.45):

s
Ho H 7

Uy _ (70 7 g;, = col(17,0,0,0,66,0,0,0,31,0,0,0).
U, T, KT) |Z
2T

Write J = (Jl> , where J; = col(0,—2,0,0,0,—3,0,0) and Jo = (O), and further decompose

Jo
G
Jl = JLO s U2 = U2’0 s é = @2 5
Jia Uz ~
G
as in (3.51), where

Jl’(] = COl(O, —2, O, O), J171 = COl(O, —3, 0, O),

U270 = 001(66,0,0,0), U271 = COl(Sl,O, 0,0)7
~ 3 3 3 3
Gy = row (COI(O’ 0,0,-2,0,0, _57 _5)7 COI(Ov 0,0,-2,0,0, _57 _5))7
Go=Gy=(0 0).
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66 O
(% %)=
~ 31 0 -
Q1= <U2,1 Ji1 H1H51> = <0 _3> ©® (

As in (3.49), (3.52), (3.55) define

Qo = <U2,0 J1,0 Hovafl)

| |l =
Nl Nl DN

[ =
vlw ol (DN
N——— ~—

1 —Jy —Gs
Q=P 0 1 =G5 | =14
07 027 Ip

Let Z := PZPT = Z, Ty := Z and T := row(T})iciss (M7 (2))! col(T3)icis5). The matrix
polynomial H (z) (see (3.57)), defined by

H(z) = (z = 10°Q2 — (z = 1)*Q1 — ( = 1)Qo — (U1 04p)

is a block column relation of Mg (3), where S(¢) = (Si)icosg) 18 as in (3.56). Its determinant
is the following:

det H(z) = 2*(z — 1)°(x + 1)*(2® — 342 — x + 17).

The atoms of the minimal representing measure p for L are the zeroes of det H(z). Namely,
writing p = 25:1 02, Aj, we have

r1=—1, 22=0, x3=1, x4~ —-0.7143, x5~ —0.6996, x4~ 34.0147.

It remains to find the masses A; by computing

col(Aj)iee) = <V(;1) ® I4> col(Si)icfo;s)

i€[6]

i—1\0 . . . . i—
where Viu),c = (2571), ., is the Vandermonde matrix with i-th row equal to row(z; el
The masses are:

211
Alzol@ 1 11 A2:2A1, Agz 0 0 EB L O 3
111 01 00

Ay~ (1.9792) © 03,  A; ~ (2.0208) @ 03,
A~ (7.4734-1077) @ 03,
We see that 3 = ¢ = 1 and rank A3 = 2, whence mult,, t = m = 2.

Remark 7.1. (1) The corresponding masses A; for the constructed measure p are obtained via

T _
(COl(Ai)iG[f]) = <‘/(xil)ie[ﬂ & Ip) COI(SZ')Z'G[O;E—I]

as in [Z2Z25, Remark 3.2(3)]. If ¢ > 2n + 3, then not all S; are given. Computing

Tr = row(ﬂ)ie[r—n—l;r—l] COI((Ul Opx(m—cardA—i-p—po)) Q;l)a COI(Qile;I)iE[n])
forr =2n+3,2n+4, ...,/ —1, where U; is as in (3.45) and (); are as in (3.52) and (3.55),

and defining
Tl .— (Ti)ie[O;ﬁ—”’

we can compute the missing moments So,, 13, Soni4, - - -, S¢_1 DY

S,r, :LT(el)((:U—i_t)T); T:2n+372n+4775_1
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(2) The matrix polynomial W (zx) := "1, — >~"  «'W;, where
COI(Wi)iG[O;n] = Ms(n)T COl(Si)ie[n+1;2n+1}

is also a block column relation of Mg (n + 1) and S is as in (3.56). However, it is not
clear from the factorization of the determinant of W (z), which zeroes of det W (z) are the
atoms of the measure .. For example, using the data given in the example above, we have

col(Wi)icjoi := Ms(2)! col(S5)ic3:)

which gives us

—17 0 1 1Bl 34 0 3 1
_ 5 20 4 . 20 4
WO—(O o)@<—% o)’Wl—fz@(ﬁ %)’W2_<0 O>@<—% —%)'

Defining the matrix polynomial
W(J]) = 1‘3]4 — JZQWQ — C(]Wl — W(),
we have

det W(z) = 1—Ox2(x —1)%(x + 1)*(2® — 342 — 2 + 17)(102° + 2° — 1).

We can see that all of the atoms of the measure j. constructed in the example are the zeroes of
det W (), but just using the matrix polynomial W (z) to find the atoms of the representing
measure for the given linear operator, we have no direct way of knowing that the zeroes of

the factor 1022 + x> — 1 are not the atoms of the measure.
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