A LOCAL-GLOBAL PRINCIPLE FOR LINEAR DEPENDENCE IN
ENVELOPING ALGEBRAS OF LIE ALGEBRAS

JAKA CIMPRIC' AND ALJAZ ZALAR?

ABSTRACT. For an associative algebra A and a class C of representations of A the follow-
ing question (related to nullstellensatz) makes sense: Characterize all tuples of elements
ai,...,an, € A such that vectors m(ay)v,...,m(an)v are linearly dependent for every
m € C and every v in the representation space of m. We answer this question in the
following cases:
(1) A=U(L) is the enveloping algebra of a finite-dimensional complex Lie algebra L
and C is the class of all finite-dimensional representations of A.
(2) A="U(sl2(C)) and C is the class of all finite-dimensional irreducible representations
of A.
(3) A="U(sl3(C)) and C is the class of all finite-dimensional irreducible representations
of A with sufficiently high weights.
In case (1) the answer is: tuples that are linearly dependent over C while in cases (2)
and (3) the answer is: tuples that are linearly dependent over the center of A. Similar
results have been proved before for free algebras and Weyl algebras.

Let A be a complex associative algebra and let C be a class of representations of A.
We say that the elements py,...,px € A are C-locally linearly dependent (abbreviated as
C-LLD) if for every representation 7 : A — End(V;) in C we have that 7(py), ..., 7(px) are
linearly dependent. We say that elements py, ..., pr € A are C-locally directionally linearly
dependent (abbreviated as C-LDLD) if for every representation 7 : A — End(V;) in C
and every vector v € V, we have that 7(p;)v,...,m(px)v are linearly dependent. Clearly,
linear dependence implies C-LLD which implies C-LDLD. The opposite implications are
false in general. The motivation for this terminology comes from [2].

Our first main result is the following theorem, proved in Section 1.

Theorem 1. Let L be a finite-dimensional complex Lie algebra, U(L) its universal en-
veloping algebras and R the class of all finite-dimensional representations of U(L). For
any elements py,...,pr € U(L) the following are equivalent:

(1) p1,...,px are linearly dependent.
(2) p1,...,pk are R-locally linearly dependent.
(3) p1,...,pk are R-locally directionally linearly dependent.

The analogue of Theorem 1 for free algebras was proved in [2]. The analogue for the
algebra M,,(C) of all complex n xn matrices is trivial. Namely, let 7 be the direct sum of n
copies of the identity representation of M,,(C) and let v be the direct sum of all elements of
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2 J. CIMPRIC AND A. ZALAR

the standard basis of C". Then (3) implies that w(p;)v, ..., 7(p,)v are linearly dependent
which implies (1) since each 7(p;)v is just a vectorization of p;. See also Lemma 1 below.
Our second main result, whose proof is given in Section 2, is:

Theorem 2. Let sly be the Lie algebra of trace-zero 2 x 2 complex matrices and I the
class of all finite-dimensional irreducible representations of its universal enveloping algebra
U(sly). For any elements py,...,pi € U(sly) the following are equivalent:

(1) There exist zy,...,z, in the center of U(sly) which are not all zero such that
z2p1+ ...+ zepe = 0.

(2) p1,...,px are L-locally linearly dependent.

(8) p1,...,px are L-locally directionally linearly dependent.

To obtain the analogue of Theorem 2 for the enveloping algebra U (sl3), which is our
third main result, proved in Section 4, we consider a smaller class of irreducible repre-
sentations. Namely, for each d € N we define Z; to be the class of all finite-dimensional
irreducible representations of sl3 with highest weights (m, ms) satisfying my > d, ms > d.

Theorem 3. Let sl3 be the Lie algebra of trace-zero 3 X 3 complex matrices. For any
elements pq, ..., px € U(sl) the following are equivalent:

(1) There exist z1, ...,z in the center of U(sly) which are not all zero such that
2p1+ ...+ zpr = 0.

(2) There exists d € N such that pq,...,px are Zy-locally linearly dependent.

(8) There exists d € N such that pq,...,px are Ly-locally directionally linearly depen-
dent.

Here is a list of a few results related to Theorem 2 and 3 that are either known or
trivial:

(1) If A= M,(C) and C = {id} then C-LLD is equivalent to linear dependence but
C-LDLD is not as it is equivalent to the usual notion of locally linearly dependent
matrices; see [3]. For n > 2 the coordinate matrices E;; € M,(C) are C-LDLD
although they are linearly independent.

(2) If A = M,(C[Xy,...,X,,]) and C = {ev, | a € C™} is the set of all evaluations
at n-tuplets of complex numbers, then C-LLD is equivalent to linear dependence
over C[X1, ..., X,] (see below), but C-LDLD is not (it suffices to consider constant
matrices: see (1) above).

Pick any matrices Pj,..., P, € A and consider the matrix P = [py,..., Pk
where p; is the vectorization of P;,. Note that Py, ..., P, are C-LLD iff for every
a € C" every maximal subdeterminant of P(a) is zero iff every maximal subdeter-
minant of P is zero iff P, ..., P, are linearly dependent over C(Xj,...,X,).

(3) If A= A, (C) is the n-th Weyl algebra and C = {7}, where 7 is the Schrodinger
representation of A, then C-LLD and C-LDLD are equivalent to linear dependence;
see [5]. Recall that A, (C) has generators 1, ..., &, Y1, ..., Y, and relations y;x; —
x;y; = 05, v;x; = x;x; and y;y; = y;y; for 4,5 = 1,...,n and that 7y acts on the
vector space S(R") of rapidly decreasing C*°-functions f: R* — C by (z; f)(t) =
t;f(t) and (v f)(t) = g—g:(t), where f € S(R") and ¢ := (t1,...,t,) € R™. Note
that the center of A is C; see [12, Example 2.5.2].

Recall from linear algebra that the span of elements pi,...,p, in a complex vector
space is the set span{py,...,px} of all complex linear combinations of py,...,p;. For an
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algebra A and a class C of representations of A, two more notions of span of elements
P1, ..., 0k € A will be used throughout the paper:

the C-local linear span of pq, ..., px, denoted by Loce{pi,...,pr}, is the set of all ¢ € A
such that

(A) 7(q) € span{7(p1),...,m(px)} forall 7 € C;

and the C-reflexive closure of pq,...,px, denoted by Refc{pi,...,pr}, is the set of all
q € A with

(B)  7(q)v € span{n(p1)v,...,m(px)v}, for every m: A — End(V;) in C and v € V.

Clearly, span{pi,...,pr} C Loce{p1,...,px} C Refe{p1,...,pr}, and Theorem 1 implies
that span{py,...,pr} = Locg{p1,...,pr} = Refr{p1,...,px} for every py,...,pr € U(L).
On the other hand, we do not have a similar result in U(sly) for Refz and Locz. We will
provide several counterexamples in Section 3.1 (see Theorem 4). For finite-dimensional
complex solvable Lie algebras we will give explicit descriptions of Ref7 and Locz in Section
3.2.

Our motivation for studying Loc and Ref comes from their relation to nullstellensatz.
Namely, assume that the class C contains only finite-dimensional representations. Then
the properties (A) and (B) are respectively equivalent to the properties (A’) and (B’)
below:

(A”) For every m: A — End(V;) in C and a matrix B € End(V}),
tr(m(p1)B) = ... = tr(w(px) B) = 0 implies tr(7(¢)B) = 0.
(B”) For every m € C, v €V, and w € V,
(m(p1)v,w) = ... = (w(px)v, w) = 0 implies (7 (q)v, w) = 0.

Here V* stands for the dual of V, and (u,w) = w(u). These equivalences are pretty
easy to prove: the proof of the equivalence of (A) and (A’) uses the fact that the span
of w(p1),...,m(px) is equal to its second orthogonal complement in End(V;) with inner
product defined by the trace map; the proof of the equivalence of (B) and (B’) is based
on the span of m(p;)v, ..., m(px)v being equal to its second annihilator in V.

Acknowledgement. The authors would like to thank anonymous referee for a very de-
tailed report and numerous suggestions which improved the exposition of the manuscript.

1. PROOF OF THEOREM 1

Let sl,, denote the Lie algebra of all complex n x n matrices with zero trace. A theorem
of Ado, see [6, 2.5.6], implies that for every finite-dimensional complex Lie algebra L there
exists an embedding ¢: L — sl,, for some n.

Let U(L) be the universal enveloping algebra of L. By the PBW theorem [11, §17.3]
¢ induces an embedding of U(L) into U(sl,,). If fi,..., fo2_1 is a basis of sl,, then the
monomials f{"' - .- f:;’fl‘l, m; € Ny, form a basis of Ul(sl,,).

We write R for the class of all finite-dimensional representations of L. Proposition 1
below reduces Theorem 1 to a special linearly independent set in sl,,.
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Proposition 1. The following statements are equivalent:

(1) For every finite-dimensional Lie algebra L over C we have that every finite R-
locally directionally linearly dependent subset of U(L) is linearly dependent.

(2) For every finite-dimensional Lie algebra L over C and every linearly independent
set p1,...,pr € U(L) there exists m: U(L) — End(V;) in R and a vector v € V;
such that w(p1)v, ..., m(pg)v are linearly independent.

(3) For every n,d € N there ezists a finite-dimensional representation m, q: U(sl,) —
End(V;, ,) and a vector v, q € V., , such that all vectors of the form

,d
Wn,d(fl)ml e 'ﬂ-n,d(fnZ—l)mnz_lvn,d
2— . .
where f1, ..., fa2_1 is a basis for sl, and Y. 'm; < d, are linearly independent.

Proof. Clearly, (1) is equivalent to (2) and (3) is a special case of (2).

It remains to prove the implication (3) = (2). Let L be a finite-dimensional complex
Lie algebra and let py, ..., py € U(L) be linearly independent. We first identify U(L) with
a subalgebra of U(sl,) for some n. Then using the basis fi,..., f,2_1 of U(sl,), for each
¢ € N, let W, denote the subspace of U(sl,) spanned by all elements H:il_l " where

Let d € N be such that pq,...,pr € Wy. Choose pri1,...,pn € Wy, so that py,...,py is
a basis of W,. Let ¢, ..., gy be another basis of W, consisting of all monomials H;ﬁl_l i
with Zi;l m; < d. By assumption (3) there exists a representation m,q: U(sl,) —
End(V;, ,) and a vector v, 4 € Vz, , such that the vectors m, 4(q1)Vnd, - - - Tn,a(qN)Vnq are
linearly independent. Claim (2) will follow from the linear independence of

7T-n,d(pl)vn,da s 77Tn,d(pN)Un,d

which we now show. There are 7;; € C such that p; = Ejvzl vijq; for ¢ = 1,...,N.
Assume that Zfil Q;Tnd(pi)vna = 0 for some o; € C. Then Z;VZI Bimna(qj)vna = 0

where f3; = Zf\il a;yi; for every j =1,..., N. Since 7, 4(qj)vnq are linearly independent
it follows that 5; = 0 for j = 1,..., N. Since the matrix [v;;];; is invertible, it follows
that a; =0fori=1,..., N. [

Let p,,: sl, — End(C") be the standard representation of sl,, defined by p,,(X)u := Xu
for every X € sl,, and u € C". Its unique extension to U(sl,) will be denoted by the same
symbol. Let m, = @, pn be the direct sum of n copies of p,, and let v = @], e;, where
e1,...,e, is the standard basis of C". Note that v belongs to V := @] ,C" = C" and
that m, maps into End(V'). Let fi,..., fu2_1 be a basis of sl,,. The following is clear:

Lemma 1. With the above notation, the vectors v, m,(f1)v,...,mn(fn2_1)v are linearly
ndependent.

For every k € N let V®* be the k-th tensor power of V and let Sym*(V') be the k-th
symmetric power of V. Recall that Sym® (V') is the subset of V&* consisting of all elements
that are invariant under the natural action of the symmetric group S, on V*. We define
a representation Sym”*(r,): sl,, — End(Sym"(V)) by

k-1
Sym"(7,)(z) := Z 1% @ m,(z) @ I®k—i-D
i=0
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where I € End(V) is the identity. Its extension to U(sl,) is unique and it will be denoted
by the same symbol.

Lemma 2. Let 7,: sl, — End(V), v € V and fi,..., fu2_1 € sl, be as in Lemma 1. Let
F}, be the subspace of Sym™(V') generated by all elements of the form

Z Ug(1) @ Ug(2) @ -+ @ Ug(r), where uy,...,up €V and u; = v.

oESK

Then the vectors
Sym* (1, (fiy - - - fi J0&F, where 1 <y <ip < ... < <n®—1,
are linearly independent in Sym"(V)/Fy,.

Proof. By Lemma 1, the vectors v; := m,(fi)v, 1 < i < n?—1, and vy = v are linearly
independent. We have that

(1) Symk(ﬂn)(fil T fik)v®k - Z Vi, ® Vi, (2 Q- & Viy (k) € .

€Sk

Note that the projection of the set

2) {Zvim)®vi0(2)®---®via(m: 1§i1§i2§...§ik§n2—1}

oESk

into the vector space Sym”(V)/Fy, is linearly independent. By (1) and (2) the conclusion
of the lemma follows. |

Proof of Theorem 1. The implications (1) = (2) = (3) are trivial.

It remains to prove the implication (3) = (1). It suffices to prove statement (3) of
Proposition 1. Fix n,d € N. With the notation from Lemma 2 we define a representation
Tnd i= @i:l Sym*(r,) and a vector Vpd i= @2:1 @k,

To prove that the vectors

(3) Tnd(f1)™ - Tpa(foz—1)""* 10,4 where my+ ...+ m,2y <d

are linearly independent we assume that

(4) Z /\m1 ..... mngilﬂ-n,d(fa)ml e 7-‘-n,d<fn2—1)mﬂQ*l'Un,d = 0.

2_
Z?:l 1 ngd

Project this onto
d d—1
D sym*(v)/ ( P sym* (V) @ Fd> ~ Symd(V)/F,
k=1 k=1

to conclude, by Lemma 2, that A, m , = 0 whenever Zi;l m; = d. Repeating
77777 mo_, = 0 for all

2_
Z?lemi <d. |

this argument for d — 1,d — 2,... in place of d, we prove that A,
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2. PROOF OF THEOREM 2

2.1. Irreducible representations of sl,. The main result of this subsection, Propo-
sition 2, describes an irreducible representation of the Lie algebra sly of 2 x 2 complex
traceless matrices and a vector v making monomials of the form (5) linearly independent.
This result will be needed in the proof of Theorem 2, given in Subsection 2.2 below.

Let ey, ..., e, be the standard basis of C*, let Ej;, 1 <4, < 2, be the standard basis
of My(C) and let X := FEi9, Y := Es and H := Ej; — Fy be the standard basis of sl,.
Recall [6, §1.8] that for every k € N there is a unique (up to equivalence) irreducible
representation py : sly — End(C*) defined by

pk(X)ei = Tk i—1€i—1, pk(Y)ei = Yk,i€i+1, pk(H>€i = hk,iei>

where
I OV EYAR S BN R
Wi 0, otherwise '’
it i=1, k=1
Ui = 0, otherwise '’
hii = (k+1-2i), for i=1,... k.

We denote by 0, a sequence of ¢ zeroes.

Proposition 2. Assume the notation as above. For every t € NU {0} and a vector
v e CUtD’+t e N, of the form

v =1[04,1,04,04-1,1,04-1, .. .,09,1,09,01,1,01,1,0,]"
all vectors of the form
(5) Pla+1)2+4(X)™ a2 (Y)™ plagyz(H) ™0
with my, mo, m3 € Ny, 0 < my +mo +ms < d and myms = 0 are linearly independent.
Proof. Let eq, ..., €@41)24¢ be the standard basis of C@+D*+ Then
(6) v=ej ...+ ey,

where iy = d+1 and gy = ix +2(d — k+ 1) for k =1,...,d. Note that ig., = (d + 1)%
For every k = —d,...,dand £ =0, ..., d we write

parnz(X)* if k>0
(7) Zk = 1 iftk=0 and Hg = p(d+1)2+t(H)£-

To prove that all ZyHyv with |k| + ¢ < d are linearly independent we assume that

(8) Z Oék,ngHgU =0.
|k|+2<d

Since (d+1)?+¢ is fixed in the proof, we abbreviate x; 1= T(441)2415, Yj := Y(a+1)24+,; and
h] = h(d+1)2+t7j‘ Thus

(9) ZyHee; = zjp(hy) ey
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where z;, =0if j — k & {1,...,(d+ 1)* + t} while in other cases

Tj—f- " Tj-1 ifk>0
ik = 1 ith=0
Yj o Yj—k—1 if k<0

Since z; and y; are nonzero for j = 1,...,(d + 1)*> +t — 1, it follows that z;; are also
nonzero when 1 < j —k < (d+ 1)% +t. If we substitute (6) and (9) into (8), we get

d+1 d—|k|

(10) DY O aralhi))zi, weir = 0.

k=—d r=1 (=0

We prove by backward induction on |k| that the equation (10) implies ay, = 0 for all
k and ¢ such that |k| 4+ ¢ < d. This means we prove:

e Induction base: az9 = a_q0 = 0.
e Induction step: Fix m € {0,...,d — 1}. Suppose oy, = 0 for |k| > m + 1 and
prove that oy, = 0 for |k| = m.

To establish the base of induction we first compute the coefficient of e; in (10). Note
that e; _p = ey iff r =1 and k = d, so that |k| + ¢ < d forces ¢ = 0. Since z;, 4 # 0 and
hi, # 0, it follows that agp = 0. Next we compute the coefficient of ezqy1 in (10). Note
that e; _ = egqr1 iff r=1,k= —dor r =2,k = d. In both cases, it follows that ¢ = 0.
Since agp = 0 and z;, _4 # 0 and h;, # 0, it follows that a_49 = 0.

To prove induction step we assume that ay, = 0 for every k with |k| > m + 1. Then
equation (10) implies that

m  d+1 d—|k]

(11) DO arelhi))zi, wei, i = 0.

k=—m r=1 (=0

Suppose that s € {1,...,d—m+ 1}. We claim that equation (11) contains only one term
with e;,_,, and only one term with e;_,,,. Namely, ifi,—k = i;—m forsomer =1,... d+1
and k =—m,..., mthenm—k =i,—1i,. Clearly, 0 < m—k <2m,sos>r. If r=sthen
k = m and we are done. Otherwise, 2m > i, — i, > is —is_1 = 2(d — s + 2) which implies
that s > d —m+2. The other case is similar. It follows that for every s =1,...,d—m-+1

d—m d—m
(12) (Z amye(his)z)zis,m = 0 and (Z Oé*mJ(h'is)e)Z’is,*m = 0
=0 £=0

We divide out by z;, », and z;, _,, to obtain two Vandermonde systems

d— d—m
(13) Omu(hi,) =0 and Y a_p(hi) =0, fors=1,....d—m+1.
0 /=0

3

~
Il

Since the h;, are distinct for different s, the Vandermonde coefficient matrices in both are
invertible. It follows that

(14) o =...=Ond—m=0 and a_,o=...=a_ pmagm=2~0

which completes the proof of the induction step. [ |
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2.2. T-local directional linear dependence in sl,. In this subsection we prove Theo-
rem 2, which is a characterization of the situation when finitely many elements of U (sly)
are Z-locally directionally linearly independent, where Z stands for the class of all finite-
dimensional irreducible representations of U (sly).

Recall from the previous subsection that £j;, 1 < 4,5 < 2, is the standard basis of
My(C), and X := Ey5, Y := E9, H := Ej; — E9 is the standard basis of sly. Let py, for
k € N, be the unique (up to equivalence) irreducible representation of sly of dimension k.
The element

1 1
O::XY+§H2+YX:2XY+§H2—H

of the enveloping algebra U(sly) is called the Casimir element. It is well-known that C
generates the center Z of U(sly), i.e., Z = C[C], and that p,(C) = 1(k* — 1)1}, where I, is
the identity matrix of size k (see [11]). We write ¢, := 3(k* — 1) for all k € N. Moreover,
every element p € U(sly) can be written in the form p = " | fis; where f; are monomials
of the form XY™ H® with ;i = 0 and s; € C[C] are central elements.

Before we proceed with the proof of Theorem 2, we need the following lemma:

Lemma 3. Suppose uy, ..., u, € C(2), for k, £ € N, are linearly dependent for infinitely
many complex values of z. Then they are linearly dependent over C(z).

Proof. Assume to the contrary that uy, ..., u are linearly independent over C(z). Then we
can add vectors uy 1, ..., us € C(2)* such that uy, . .., u, form a basis for C(2)¢ over C(z).
The determinant of the matrix with columns uq,...,u, is a non-zero rational function
p(2)

€ C(z) which has only finitely many zeros, a contradiction with the hypothesis that

r(z)

infinitely many evaluations of wy, ..., u; are C-linearly dependent. [

Proof of Theorem 2. To prove the implication (1) = (2), we first divide out the greatest
common divisor of z,...,z; € C[C] from the equation Zle zip; = 0. Hence, we can
assume WLOG that z,..., 2, do not have a common zero. Applying each p, € Z, for
n € N, to Zle zipi = 0 one gets 0 = Zle zi(cn)pn(pi). Since z1,...,z; are without
common zeroes, this linear combination is non-trivial and hence py, ..., pr are Z-locally
linearly dependent.

The implication (2) = (3) is trivial.

It remains to prove the implication (3) = (1). We write p; = >, fitij, m € N, where
tij € C[C] are central elements and f; are different monomials of the form X“Y*2H'
with 41,149,713 € Ny and 4120 = 0. By Proposition 2 for all n € Ny sufficiently large

there exist vectors v, € V, such that vectors p,(fi)v,, i@ = 1,...,m, are linearly in-
dependent. Therefore, for those n, the vectors p,(p1)vn, ..., pu(pr)vs, are linearly de-
pendent if and only if the vectors [t1;(cy), ..., tm;i(cn)]",j =1,...,k, are linearly depen-

dent. Since this is true for infinitely many n-s, this implies by Lemma 3 that the vectors
[t1;(C)y .t (C)]F, 5 = 1,...,k, are C(C)-linearly dependent and hence there exist
v;(C) € C(C), j =1,...,k, not all zero such that 0 = Z§:1 v; (C)[t1;(C), ... tmi (O))T.
Multiplying by the least common denominator zy € C[C] of nonzero vy,...,v; we ob-
tain 0 = 25:1 zi[t1;(C), ... tmi(C)]T for some z1,...,2; € C[C], not all zero and hence
0=2z1p1+ ...+ 2iPk. [}
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3. REFLEXIVE CLOSURES

3.1. Reflexive closures in sl,. Assume the notation from the previous section. Let
q,p1,- - -, Pk be elements of U(sly). Theorem 4 gives a closely related sufficient condition
(1) and a necessary condition (4) for ¢ to belong to the Z-local span, resp. the Z-reflexive
closure, of pq, ..., pr. The conditions differ only in the assumptions on the zero set of the
central element zj.

Theorem 4. Let q,p1, ..., px be elements of U(sly) and consider the following statements:
(1) There exist central elements zo, z1, . . ., zx € C[C] such that zy is nonzero, zy(c,) #
0 if pu(q) # 0 and zoq = z1p1 + - . . + 2Dk
(2) q € Locz{p1, ... ,pr}-
(3) q € Refz{p1,...,pr}.
(4) There exist central elements zy, z1,...,2x € C[C| such that zy is nonzero and
20 = z1p1 + - -+ 2Pk
Then (1) = (2) = (3) = (4) and the reverse implications do not hold.

The proof of Theorem 4 uses the following trivial consequence of Lemma 3.

Lemma 4. Suppose s,uy,...,ux € C(2)¢ for k,{ € N, have the property that s(t) €
spanc{ui(t),...,ux(t)} for infinitely many t € C. Then

s(z) € spang, {ui(2), ..., ux(2)}.
Proof of Theorem 4. To prove (1) = (2) note that zp¢ = z1p1 + ... + 2xpr implies
that 20(c,)pn(q) = z1(cn)pn(p1) + - + ze(cn)pn(pr)- If pn(q) = 0, then clearly p,(q) €
span{pn(p1), - - -, pn(px) }. Otherwise p,(q) # 0 which implies by assumption that zy(c,) #
0 and hence again p,(q) € span{p,(p1), ..., pn(Px)}-

The implication (2) = (3) is trivial.

The proof of (3) = (4) is analogous to the proof of the implication (3) = (1) in Theorem
2 only that we use Lemma 4 instead of Lemma 3.

It remains to construct counterexamples for the reverse implications. To prove (1) ¢
(2) take ¢ = H, p; = CX? + coH and py = cuX? + CH. First, we prove that q €
Locz{p1,p2}. Since pa(X?) = 0 we have py(p1) = pa(p2) = capa(H) = cap2(q), so pa(q) €
span{ps(p1), p2(p2)}. For n > 2 we have (3 — ¢2)pn(q) = c2pn(p1) — Cnpn(p2), which also
implies that p,(¢) € span{p,(p1), pn(p2)}. Second, we show that each triplet of central
elements zy, z1, 2o that satisfy zoq = z1p1 + 29p2 must have that zo(c2) = 0. By comparing
the coefficients at X? and H we get the system 0 = 2,C + 2p¢5 and 2y = z1¢o +20C. Hence
caz0 = 21(c3 — C?) and 2g(cz) = 0.

To prove (2) = (3) take g =X, p1 =1+ H, po = X +Y and p3 = (C — ¢3)X. Clearly

p2(q) = Erz & span{2E11, Eyp + By, 0} = span{pz(p1), p2(p2), p2(p3) },
which implies that ¢ & Locz{p1, p2, p3}. Since
[y, 0]" € span{2[z,0]", [y, ]" }
for every x and y, we have that pa(q)v € span{pa(p1)v, p2(p2)v, p2(p3)v}. Clearly, we
also have that p,(q)v = ﬁpn(p?))v for all n > 3 and v € C", which implies that

q € Refr{p1,pa, p3}.
To prove (3) ¢ (4) take ¢ = I and p = (C — )] and notice that (C' — ¢2)g = p but

q & Refz{p} since pa(q)er = e1 & {0} = span{pz(p)es}. u
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As seen in the proof (4) of Theorem 4 does not suffice to conclude ¢ € Refz{p1,...,pr}
The failure of the reverse implications in Theorem 4 are caused by representations p,, of
small dimension n. The following theorem says that, for n big enough, the same reverse
implications hold true.

Theorem 5. Let q,p1, ..., pr be elements from U(sly). Then the following statements are
equivalent:
(1) There exist central elements zy, z1,...,2z, € C[C] such that zy # 0 and zpq =

z21p1 + ..t 2Dk

(2) pn(q) € span{p,(p1), ..., pn(pr)} for every n € N big enough.

(8) pn(q)v € span{p,(p1)v, ..., pu(pr)v} for every n € N big enough and every vector
v.

n. Notice that for all such r we have that p,(z9) = 20(c,) # 0 and hence p,(q)

Proof. To prove (1) = (2) one takes n big enough such that z¢(c.) # 0 for every r >
: )

FREn] Zf 1 Pr(2i)pr(pi). The implication (2) = (3) is clear. The implication (3) = (1
follows easily from the proof of the implication (3) = (4) in Theorem 4, since for n big
(

enough, there exist vectors v, € V,,, such that p,(q)v, € span{p, (p;)v,: i = Lk} om

3.2. Reflexive closures in solvable Lie algebras. By Lie’s theorem [8, Theorem 9.11],
every irreducible representation 7w of a finite-dimensional complex solvable Lie algebra L
is one-dimensional. It follows that 7 annihilates L; := [L, L], hence it factors through
the abelian Lie algebra L/L;. Let R be the left (equivalently the right) ideal of U(L)
generated by L;. By [6, Proposition 2.2.14], the canonical homomorphism from U(L) to
U(L/L,) is surjective with kernel R and so U(L)/R = U(L/L;). Clearly, every irreducible
representation of U(L) factors through U(L)/R.

Theorem 6. Let L be a finite-dimensional complex solvable Lie algebra and R the two-
sided ideal of U(L) generated by Ly = [L,L]. Pick p1,...,px,q € U(L) and write I for
the two-sided ideal of U(L) generated by py,...,px. The following are equivalent:

(1) For some n € N we have that ¢* € I + R.

(2) Every irreducible representation of U(L) which anihilates p1,...,px also annihi-
lates q.

(3) q € Locr{p1,...,pr}-

(4) q € Refz{pr, ... ,px}.

Proof. The equivalence of (1) and (2) follows from Hilbert’s Nullsellensatz and U(L)/R =
U(L/Ly). Namely, since U(L/L;) is isomorphic to a polynomial algebra, the following
are equivalent for any pi,...,p},q¢ € U(L/Ly):

e ¢ belongs to the radical of the ideal generated by p, ..., p}.
e Every character ¢ of U(L/Ly) which anihilates pj, ..., p) also anihilates ¢

The equivalence of (2) and (3) follows from the trivial observation that for complex
numbers ay, ..., q, 5 we have that 8 € span{ay,...,ap} iff @ = ... = oy = 0 implies
B =0.

Since all irreducible representations are one-dimensional, (3) is equivalent to (4). ™
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4. PROOF OF THEOREM 3

4.1. Z-local directional linear dependence in sl3. The Lie algebra of all trace-zero
complex 3 x 3 matrices is denoted by sl3. We refer the reader to [10, Chapter 6] for the
theory of representations of sl3; here we write the basics. The standard basis of sl3 is
X1 := Eig, Xo:= Ea3, X3:= En3, Y1 := Eo1, Y2 := E3,

Y3 := E31, Hy := E1y — Ey, Hy:= FEy — Es3.

We write V; = Vo = C3. Let ey, es, e3 be the standard basis of V; and let f; = es, fo =
—ey, f3 = €1 be a basis of V5. The action of sl3 on V] is defined by 7 (Z)v := Zv and its
action on V; is defined by my(Z)v := —Z%v. (Note that 7 is the standard representation

(15)

and 7y is its adjoint.) For every mj,my € N, we identify the m;-th symmetric power
Sym™! (V) of V; with the vector space of all homogeneous polynomials of degree m;
in ey, ey, e3. Similarly, we identify Sym™?2(V5) with the vector space of all homogeneous
polynomials of degree my in fi, fo, f3. Let 11 be the representation of sl3 on Sym™* (1)
defined by

m
wl(eileig s €im) = Z eil e eijflm(eij)eijﬂ s 6im'
7=1

1y is defined analogously. The representations ¢, and 1, are irreducible but their tensor
product ¥ := 1 ® 1), defined by

Y(v1 @ v2) 1= 1(v1) @ V2 + V1 @ Pa(v2)
is not irreducible. Let W be the subspace of Sym™!(V}) ® Sym™?(V5) generated by all
elements of the form
(16) ik = VYIS (M @ fi"), 0,4,k € No.

It turns out that W is an invariant subspace for ¥ (sl3) and the subrepresentation m,,, m, =
Y| is irreducible. Recall that a weight of a representation 7 is a pair of integers 21, 2o
such that 7(H;)v = z;v for i = 1,2 where v is some nonzero vector, called a weight vector.
The weight (mq,ms) is the highest weight if for every weight (m/, m}) we have

(my1,ms) — (my,mb) = a(2,—1) + b(—1,2)

for some a,b > 0. The highest weight of the representation with the irreducible subspace
generated by (16) is (mq,mg) and its highest weight vector is v := e ® f{"2.
In order to prove an analogue of Proposition 2, we start with the following proposition.

Proposition 3. For every d,my,my € Ny with my > d and me > d, the vectors vk sm
with k, £, m € Ny such that k + €+ m < d are linearly independent.

Proof. Denote Sy := {(k,¢,m) € N3: k + ¢+ m < d} and assume that

(17) Z 0.V em = 0

(k7évm)esd

for some ay e, € R. We have to prove that each ay g, is zero. After a short computation
which depends on the formula

Ty ma (Y7 (11 ® ) = Z (gl) b1 (V) ur @ o (Y7 ™"y

q=0
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for each 7 and 7 we get that

(18) Vg pom = Zzbﬂcﬁm mi—s—t Seg ®fm2+t £— kfé—k+5f§n+k_s_t
t=0 s=0
where (7 € B and i particular 955" = (32) () (") # 0. For a.bc € Ty we

denote by P, the projection to the linear subspace Lin{el'e}es ® fi2fsfid: i; € No}.

Applying projections P, . repeatedly in the lexicographic ordering of indices (a,b,c)
where (b,¢,a) € Sy on (17) and using (18) we deduce inductively that each ay g, in (17)
is zero. Namely, first

0,0,d mi1—d _d m
0= Pd,O,O( E Oék,e,mvk,e,m> = apod- Byg €1 e3® f17
(k,@,m)GSd

implies that agoq = 0 (since 500d # 0). Now fix (ao, by, ¢o) and assume that op.q = 0
for all (a, b, c) >1ex (a0, bo, o). Then

0 = Pao,bo700 < § O‘k,ﬁ,m“k,é,m)
(k,0,m)ESy

_ bo,co,a0 ;m1—bo—ag bo ao ma—co £Co
= Qbg,co,a0 ﬁbo ao 1 ® fl f

implies that ap, ¢, = 0 (since 6;;822(10 #0). u

Lemma 5. For every d,my,my € Ny with m; > d and mos > d, generators of sl3 map
vectors Vg em, k,€,m € Ny, by the following rules:

(19) Toyme (H1)Vkom = QU om,

(20) Ty ma (H2)Vktn = Bk £ms

(21) Whktm = Ukilm

(22) Trme (Y2)Vkom = Uketim + EUk—1,0m+1,
(23) Ty ms (Y3)Uktm = Uktmy1,

( ) )Uk,e,m = YUk—-14m — MUEl+1m—1
(25) Vktm = OUkp—1m + MUkt10m—1-
(26) )

Veem = EVk—14-1,m + CUkom—1,

a=(my—2k+{—m), B = (mg+k—20—m),
vy=k(m —k+1+/0—m), d=40l(my—1C+1),
E=—kl(my— 0+ 1), C=m(mi+me+1—L0—Fk—m).

Proof. We write 7 := T, m,. Equalities (19) and (20) follow by the following facts:

® Uy, is a weight vector corresponding to the weight (mq,ms).
e (Y1), m(Y2), w(Y3) are root vectors corresponding to the roots (—2,1), (1,—2),

(—1,-1).

e A vector vy, is nonzero by Proposition 3.
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The equality (21) is clear while (23) follows by the fact that Y3 commutes with Y; and
Y, in U(sly).

The remaining equalities can be proved by induction on lexicographically increasing
triples (k, ¢, m). For examples we will prove (22) and (24).

The base of induction (k, ¢, m) = (0,0,0) for (22) is established by calculating 7 (Y2)vp 00 =
vo1,0- Now fix a triple (ko, fo, mp) and assume that (22) is true for every triple (k, ¢, m)
such that (kg, £o, mo) =1ex (k, €, m). We separate two cases:

Case 1: ko > 0. By the relation Y5Y; = Y1Ys + Y3 from U(sl;) and the fact that Y3
commutes with Y; and Y5 we have that

7-"(YVQ)UICO,ZO,WIO = 7T(Yv1)7T<Y'2)/Uk0*1,€07m0 T+ Uko—1,60,mo+1
Now we use the induction hypothesis for (ko — 1, £y, mg) and get

7I-(}/2)7)/%‘0,40,77%0 = Ukg,lo+1,mo + kovko—lfo,mo-&-l‘

Case 2: ky = 0. We have 7(Y2)v0.¢5,mo = V0,60+1,m, Which is (22).

Now we prove (24). The base of induction (k, ¢, m) = (0,0,0) is established by calcu-
lating

T(X1)vopo = Y1(X1)e™ & fi"? + e @ i (Xq) " = 0.
Now fix a triple (ko, 4o, mo) and assume that (24) is true for every triple (k, ¢, m) such
that (ko, lo, mo) >1ex (k, €, m). We separate three cases:

Case 1: kg > 0. By the relation XY; = Y1 X, + H; from U(sl3) we have that

ﬂ-(Xl)Uko,fo,mo = W(Yl)ﬂ-(Xl)ka*l,fo,mo + 7T'([—[l>vl€0*17foﬁno7

Now we use the induction hypothesis for (kg — 1, ¢y, mg) for the first term, the equality
(19) for the second term and after a short calculation we get (24).

Case 2: kg =0, ¢y > 0. By the relation X;Y> = Y5X; from U(sl3) we have that

T(X1)v0.65,mo = T(Y2)7(X1)00,60—1.m0
and by the induction hypothesis for (0, ¢y — 1,mg) we get (24).

Case 3: kg =0, ¢, = 0, mo > 0. By the relation X;Y; = Y3X; — Y5 from U(sl3) we have
that

7T(Xl)vo,o,mo = 71—(}/;3)77<X1)'U0,0,m071 — V0,1,mo—1,

and by the induction hypothesis for (0,0,my — 1) we get (24). |
Proposition 4. For every d, my, my € Ny with my, msy big enough, the vectors

L
(27) T (V9 Y32Y3 X0 X0 X HTHE) (3 vkio0mv )

t=1
are linearly independent, where the powers ji,jo, js, {1, 02, l3,71,79 € Ny are such that

3 3 2
Zjﬁ-Z&—i—Z ri <d, jaly = 0, r9 < 2 and the indices k(t), £(t), m(t) fort =1,... L,

i=1 i=1 i=1
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with L = 4d* + 4d® + 2d + 1, are defined by
k(t) = (3d + 1), £(t) = 241 n(t) = ¢AF+2H

PTOOf' We Write }_} = (3/17}/271/3)7 X = (X17X27X3>7 ﬁ = (H17H2>7 ; = <j17j27j3)7

—

l:= (61762763)7 T i= (7"177“2) and
}75}2’5}7? — nj1§g2Y§3Xfl X§2X§3HII ng'
Lemma 5 implies that

Jot+l1+La+L3
Sy
Tomma (Y X H" Vg 0m = § : Cj’,[,ﬁs(kvg’ m):

(28) s

Uk —85—€1—jo+j1+s,L—L3—La+s,m~+ja+jz—s

where ¢; 7. (k,£,m) are polynomials in k,¢,m. Let S be the endomorphism of Vx
defined by

mi,m32

(29) S(Vkem) = { Uk+1,eg1,m—1 i Z i (1),
Consider the operator
Ja+L1+La+L3
C;@;(k?,f,?ﬂ,S) = Z ngﬁs(k‘,f, m)SS
s=0

The equation (28) can now be rewritten as
V7 T — O .y -y
(30) Tmy,me (Y X' )Uk,f,m - Cj’,f,?(k? t,m, S>Uk—f3—fl—32+J1,€—Z3—€2,m+J2+J3

To compute the leading term of C; 7=k, €, m,S) with respect to a monomial ordering >
defined below, we first introduce new variables

(31) x=k—=20—m, y=—-k+0—m, z:=-=2k+(—m.
Note that we have that

1 1
(32) k=y—z, 625(—:5—1—33/—22), m:§(—x—3y—|—z).
Now consider the lexicographic ordering induced by
(33) x>y =2z>09.

Using Lemma 5 we see that the leading term of CJ'Z (k,€,m,S) is the same as the leading

)
T

term of
(k+ 82 (k(€ — k —m) — mS)" (=2 + mS)2 (k* — m(k + € +m)S)"-
(=2k+0—m) (=20 +k—m)"™
which is equal to

l
J2 % f o x_Q b ‘sz b STLpT2 — (_1) § x@1+2(€2+@3)+7“2 Jo+43 P! 851
Y 3 9 9 T 30 +2(fa+t) y '

We denote by I'y the set of all tuples (7, / ) satisfying

3 3 2
Zjﬁ*zfrFZﬁSd, jola =0 and ry < 2.
i=1 i=1 i=1
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Assume that
(34) > Am Ty (VI XCHT) (kaw m<t>) =0

(G.Lr)er
0(t), m(t) we have that triples of v-indices appearing in

By the choice of k(t), ((t )

Tmy,ma (?jX)KHF>Uk(t)7Z(t)7m(t)

are always different from triples of v-indices appearing in
Ty ma (Y7 X HT YOk, 60y m(v)
L, we have that

if ¢t # t'. Therefore, the equation (34) implies that for every ¢t = 1
Z )‘j‘,ZF' Tmy,ma (v’ X H )Uk(t),ﬂ(t),m(t) =0.

(G.L:7eErq

The equation (30) implies that
(35) 0= Z )‘E,ZF' CE,Z,F<k(t>’ (), m(1), S)Uk(t)_é’d_gl_j2+j17£(t)_£3_£27 (t)+s2+73

(7.£;7) €T

For every ( F) € I'y let us define the set
A(}Z") {(dlad27d3) € Z3: dl = —63 —gl —j2 —|—j1 —+ 37d2 = —€3 _€2 +5,
3
ds = ja+ j3s — s for some 0§3§j2+25i}-
i=1

Fix a vector €:= (ej, ez) € Z? and define a set
{(j,ZF)EFd: (€1+d2,d2,€2 dg)GA-’* for somedgeZ}
= —Jo+ Lo+ {3+ €2}

Aé‘ =
{(J,Zﬁ elg:iji=g0+0 —la+eq, 73

Let us define a vector

Note that sets Az are pairwise disjoint and that they cover I'y

(Jo + 01 — by + €1, 52, —Jo + lo + U3 + €3).

function fof jQ,Z, € by
/,&)}. Let A be the projection of Az along

_’(anZé,) =
' ZF) € lq: (1,72, J3) =

Clearly, Az = {(J, ,
j1 and js. The equation (35) implies that

0 = Z Misiarir Cru

(J2, Z, ;F)EAL
k(t)+e1—La—L3,0(t)—Lla—L3,m(t)+ea+Lla+L3s

= (A*(jQ,Za,ZF o7 k(t), ((t), m(t), )

' Cq(jQ: €)s 7
(G2 EEN,

(]27

Z") [F(k(t)vg(t)’m(t)v S)

d—_lo—/4
ST V) ser—d,b(t)—dym(t)+ea+d-

Defining operators
P e = C_‘(jz,[,?)[f(k(t)’ 6(1&), m(t), S)Sd b ZS,
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we get that
(36) 0= Z (>\ _'(jzj:g)j:f‘Pij:f‘) Vk(t)+-e1—d,0(t)—d;m () +-eatd-
(j2.L7)EAL
We will prove by contradiction that /\f(j2 Lo i = 0 for all 7o, E 7 and hence )\5.[? =0 for
all 7,0.7 € Ty in (34). Among tuples (ja, ‘ ) with A i o) # 0 choose a tuple (75, 7, )

such that the operator sz 7 has the highest leading term with respect to the monomial
ordering (33). By the following claim such tuple is unique.

Claim 1: Different operators P, - have different leading terms.

From the discussion above, it follows that the leading term of the operator sz 778

(-1)"

L14-2(l2+L3)+r i+ r L,
m (>1+ (L2+43) 2y<t>32+ 52(25) L glitd—tr—ts

Pick any a, 8,7,0 € Ng. We will show that there exists at most one tuple (jo, lz r) € N§
such that

(37) O+ 20+ 43) +ry =«
(38) Jo+l3=p

(39) ="

(40) bi+d—ly—l3=6

(41) jaly = 0

(42) ry <2
Subtracting (40) from (37) we obtain

(43) 3la+ls)+ro=a—0+d
which together with (42) implies that

(44) lo+ls=(a—d+d)divd =:¢
(45) ry = (@ — 6 + d)mod 3
Equations (40) and (44) imply that

(46) by =0+¢—d.
Subtracting (44) from (38) we obtain

(47) jo—tly =B —¢

which together with (41) implies that

(48) o= (B —¢)" = max{f —¢,0}
(49) ly = (6 —¢)” :=max{e — (3,0}
From (44) and (49) we obtain

(50) ly=c—(f—¢)”

We already know that r; = v from (39). This proves Claim 1.
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For the tuple (j5,7,7) let o/, 8',7',8 be defined as in (37)-(40). Now we observe the
coefficients at the vector
Vk(t)4-e1 —d+6" £(t)—d+-6" ;m(t)+ea+d—5’
on both sides of (36) and get
0= ix@)a’ Oz + D Capam®)y(t) (1)
= 3020+ 0) Yy B,y Yy ’

a,B3,7€No,
0<a+p+v<2d,

(@87 ) (eB,7)
for some ¢, 5, € C. Since this must hold for all ¢ = 1,..., L, this is a contradiction by
the following claim.

Claim 2: All vectors

=1,...

where 0 < Z?:1 a; < 2d are linearly independent.

By Vandermonde determinant one can show that all vectors
(k@) ety =m(t)*),_, =

((3d + 1) ta1+a2-(2d+1)+a3-(4d2+4d+1))

where 0 < Zle a; < 2d are linearly independent. Indeed, for different triples (aq, ag, as)
satisfying 0 < Zle a; < 2d, the exponents

a1 + g - (2d+1)+a3 (4d2+4d+1)
are different, with the highest exponent L — 1 reached at ay; = ap = 0, a3 = 2d. By using
(31) and (32) we see that

e
.....

.....

where 0 < Z?Zl a; < 2d are linearly independent. This proves Claim 2. [

4.2. An explicit basis over the center of U(sl3). It is well-known that the center of
U(sl) is generated by two algebraically independent elements Z; and Z3 which are also
called Casimir operators. The algorithm for computing Z and Z3 can be found in [9],
while explicit expressions are in [4, p. 984]. We have

Zy = H}+H Hy+ H +3Y1 X, +3Yo Xy + 3Y3 X3 + 3H, + 3H,
and
Zy = 3Y1Y2 X3 + 3Y3 X, Xy + é(ﬂ1 - 2H,)(6+ 2Hy + Hy)(—3+ Hy — Hy)
+ Y1 X1 (H, + 2Hs) — Yo Xo(6 + 2H, + Hy) + Y3 X3(—3 + Hy — H>)
(Our choice of Z, and Zj is equal to h and —5k — h in the notation of [4, p. 984].)
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By [11, Schur’s Lemma| an irreducible representation maps a central element into a
scalar multiple of identity. Therefore it is enough to calculate m,,, m,(Z;)vo 0,0 to determine
this scalar. From Lemma 5, we get that

da(my, Ma) = Tomy .my(Za) = m3 + myimg + m3 + 3my + 3ma,

(51) 1
d3(m1, mg) = ’ﬂ'ml,mQ(Zg) = §(m1 + 2m2)(6 + 2m1 + mg)(—B + my — mg).

Proposition 5. Monomials
(52) Yljl }/QjQ}/E))jBXfl X§2X§3 H? H2T2

where the powers j1, ja, Js, {1, la, 3, 71,79 € Ny are such that jols = 0 and ro < 2 form a
basis of U(sls) over its center.

Proof. Linear independence of monomials (52) follows from Proposition 4. It remains to
prove that they span U (sl;) over its center.
Let U(sls); denote the C-linear span of monomials of the form

(53) VX H Y XY X

of degree at most k where the degree equals to the sum of the exponents. We write deg(m)
for the degree of the monomial of the form (53). We define the set

My, := {m of the form (53): deg(m) < k, jaly = 0 and ry < 2}.
We will prove that
(54) U(sly), = span,(My)

where Z stands for the center of U(sl3). It suffices to prove that every monomial of
the form (53) belongs to span,(My). Let us order the monomials (53) with respect
to the degree reverse lexicographic ordering. Note that the largest monomial in the
definition of Z5 is 3Y5 X5 and that the largest monomial in the definition of Z3 + %22(6 +
2H, + H,) is %HS’ . If we express Y5 X5 by Z5 and other monomials and similarly HS’ by
Zs + %22(6 + 2H, + H,) and other monomials we get two substitution rules. (Note that
the first substitution rule decreases min{js, f2} but it can increase ry and that the second
substitution rule decreases ry but can increase min{js, ¢>}.) If we start with a monomial
with either jols > 0 or ro > 3 and keep applying these substitution rules whenever
possible we get a decreasing sequence of expressions with respect to the degree reverse
lexicographic ordering. Since this ordering is known to be a well-ordering, this sequence
must stop at some point. This means that we finish with an expression whose monomials
all satisfy jols = 0 and ry < 2. This proves (54).

By the PBW theorem we know that every element of U(sl3) belongs to U(sl3); for some
k € Ng. We define the set

M, := {m of the form (52): deg(m) < k, jals = 0 and ry < 2},

where deg(m) is a sum of exponents in m. To finish the proof of the proposition it remains
to prove that

(55) span, M}, = span,, M.
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We prove (55) by induction on k. The base of induction k = 1 is clear. We assume that
(55) for all k < n for some n € N. By the relations in U(sl3) we have that

Yy XS HP Y XPYP X HY = VY5 Y X0 Xy Xy HY HE? + !
where m' is a Z-linear combination of monomials of the form (53) of degree at most
n—1:=3" (6 +j) +r +r— 1. By (54) we have that m’ € span, M, _, and by the
induction hypothesis we have that m’ € span,M,,_;. This proves (55). [ ]
Lemma 6. (1) Every polynomial g € Clx,y| which satisfies
g(mh m2) =0

for all sufficiently large integers my, mo is equal to zero.
(2) Every polynomial f € Clx,y| which satisfies

(56) f(dz(my1, my), d3(my, mz)) =0

for all sufficiently large integers my, mo is equal to zero.
(3) Every vectors uy,...,u, € Clz,y|", such that the vectors

(57) U,i(dg(ml,m2>,d3(m1,m2))7’i: 1,...,]{3

are linearly dependent over C for all sufficiently large integers mq, mo, are linearly
dependent over Clz,y].

Proof. Part (1) is well-known and easy to prove.

To prove part (2), assume that (56) is true for all sufficiently large integers mq, ms.
By part (1), it follows that (56) is true for all my, ms € C. Let us compute the partial
derivatives of (56) with respect to my and msy by using the chain rule. We get that

o | [
(58) l%(dg, d3), a—y(dg, d3>:| [ Za—i{ 29_::5 = [O, 0]
Since
Ody  Ody
(59) det | G Gi2 | = —=3(1+my)(1 +mg)(2 +my +my)
6m1 8m2
is nonzero for all positive reals m; and my it follows that
0
(60) a—i(dg(ml,mg)7d3(m1,m2)) = 0
of
(61) a—y(dg(ml,mg),dg(ml,mg)) =0

for all positive reals m; and mg, thus for all complex my, my by part (1). By induction,
we show that

az‘—l—jf
(62) 3% ajy (d2(m17 m2)a d3(m1) m?)) =0
for all 7,7 € Ny and all my, ms € C. It follows that f = 0.
To prove part (3), consider the matrix U = [uy, ..., u]. By assumption, each maximal

subdeterminant of U(dy(mq,ms),ds(m1,ms)) is zero for all sufficiently large integers m;
and my. By part (2), it follows that each maximal subdeterminant of U is identically
zero. Thus uy, ..., u; are linearly dependent over C(z,y). By clearing denominators, we
see that they are also linearly dependent over Clz, y]. |
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We are now ready to prove Theorem 3.

Proof of Theorem 3. To prove the implication (1) = (2), one has to show that there
exists d € N such that for every my,ms € N, my > d, mo > d, the elements 7, m, (p1),- - -,
Tmy.ms (Pk) are linearly dependent, where 7, m, € Zy. Dividing the equation Zle zipi =0
by the common factor of z1, ..., 2, where z; € C[Zy, Z3] for each i, we may assume that
21,...,2, do not share a common nontrivial factor. Applying 7,,, m, to the equation

Zle zip; = 0, one gets

0= Z Zi(dz(ml, m?)v d3<m1; m2))7rm1,m2 (pZ)

=1

It suffices to prove that there exists d € N such that for every m; > d,ms > d at

least one of the coefficients z;(dy(mq,ms),ds(my,ms)) is nonzero. Let us assume on

the contrary that such d does not exist. Then there exists a sequence (mgn),m(;)) €

N2, n € N, satisfying max{m{”, m{"} < min{m{"™ m{"™1 for every n € N and

zi(da(m{™, m8M), ds(m{™ m$)) = 0 for each i and every n € N. By the form of
dy(my,ms), the sequence do(m'™,m{") is strictly increasing and hence the polynomi-
als zq,..., 2z share infinitely many common zeroes. This implies by Bezout’s theorem
(see [7]) that they share a nontrivial factor, leading to a contradiciton.

The implication (2) = (3) is trivial.

The proof of the implication (3) = (1) is almost the same as the proof of the same
implication of Theorem 2. Namely, the form of monomials f; is given by Proposition 5,
the coefficients ¢; belong to C[Zs, Z3], while Proposition 2 and Lemma 3 are replaced by

Proposition 4 and part (3) of Lemma 6, respectively. [
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