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We dedicate this paper to the memory of an excellent mathematician and friend, Ahmed Sourour. He was
born not far from Alexandria, Egypt, and lived most of his life in Victoria, Canada — places connected by names
of two historic emperors and two oceans, Mediterranean and Pacific.

ABSTRACT. There are two main goals of this paper: First, we propose a well justified definition
of an imprecise copula; and second, we present some deep novel techniques on copulas, inspired
by the bivariate “signed patch” construction of the first author and Stopar, Freedom in con-
structing quasi-copulas vs. copulas, Fuzzy Sets and Systems 514 (2025) 109399. An imprecise
copula according to our definition is determined by two quasi-copulas (the definition is given
below) A < B satisfying certain conditions; it is based on an interval (A, B) that contains all
copulas C such that A < C' < B. Explicit construction methods for quasi-copulas are essential
in the applications, especially in engineering: they provide concrete and verifiable dependence
models and help elucidate the structure of the class.

1. INTRODUCTION

Copulas are a central tool for dependence modeling: they are distribution functions with
uniform margins, and Sklar’s theorem ensures that every multivariate distribution can be de-
composed as a copula with given marginals; see, e.g., [6]. In this paper we propose an upgrade
of copulas associated with imprecise probability, i.e., to copulas in the presence of probabilistic
uncertainty. Let us point out that books have been written in engineering applications of either
of the two fields, copulas [9,36], or imprecise probability [3].

There are various reasons for imprecision, such as scarcity of available information, costs
connected to acquiring precise inputs or even inherent uncertainty related to phenomena under
consideration. Ignoring imprecision may lead to deceptive conclusions and consequentially to
harmful decisions, especially if the conclusions are backed by seemingly precise outputs. The
theories of imprecise probabilities that have been developed in recent decades aim at provid-
ing methods whose results would faithfully reflect the imprecision of input information. The
probabilistic imprecision is quite often described with sets of possible probability distributions,
consistent with the available information, instead of a single precise distribution. The sets are
represented by various types of constraints, ranging from the most general lower and upper pre-
visions to more specific lower and upper probabilities, p-boxes, belief and possibility functions,
and other models. In recent years, methods of imprecise probabilities [2] have been applied to
various areas of probabilistic modeling, such as stochastic processes [5,28], game theory [11,13],
reliability theory [4,14,31,35], decision theory [8,12,29], financial risk theory [21,32] and others;
although, only recently imprecise models involving copulas have been proposed. A historic first
try was made by Montes et al. [20] introducing a possible approach to imprecise copulas and
connecting them to the theory of bivariate p-boxes introduced by Pelessoni et al. [22] (as an
extension of univariate p-boxes [7,30]). More on this subject is presented in Subsection 3.1.

The main purpose of this work is twofold: Firstly, we want to propose a well justified definition
of an imprecise copula. And secondly, we want to present some deep novel techniques on
copulas and quasi-copulas, to which we are naturally led, in order to help practitioners, especially

Date: November 2, 2026.
2020 Mathematics Subject Classification. Primary 62H05, 60A99; Secondary 60E05, 26B35.
Key words and phrases. copula; quasi-copula; patch; multidimensional array.
!Supported by the ARIS (Slovenian Research and Innovation Agency) research core funding No. P1-0448.
2Supported by the ARIS (Slovenian Research and Innovation Agency) research core funding No. P1-0288 and
grants No. J1-50002, J1-60011, J1-70017.
1



2 MATJAZ OMLADIC!, ALJAZ ZALAR2, AND DEJAN ZIVKOVIC

engineers, handle the related challenges. (The full definition of a quasi-copula will be given in
Subsection 2.1, but for a quicker one see [1].) An imprecise copula according to our definition
is determined by two quasi-copulas A < B satisfying certain conditions; it is based on an
interval (A, B) that contains all copulas C such that A < C' < B. From an applied perspective,
explicit construction methods for quasi-copulas are essential: they provide concrete and verifiable
dependence models and help elucidate the structure of the class. The rest of this introduction
is split in two parts each aimed at one of the two objectives just explained.

1.1. Imprecise probability. We first introduce briefly the basic concepts and ideas of imprecise
probability models. For a detailed treatment, the reader is referred to [33,34] and also to [2].
Let Q be a possibility space, and A a collection of its subsets, called events. Usually we assume
A to be an algebra, but not necessarily a o-algebra.

The concept of precise probability on the measurable space (£2,.4) can be generalised by
allowing probabilities of events in A to be given in terms of intervals [P(A), P(A)] rather than
precise values. The functions P < P are mapping events to their lower and upper probability
bounds and are respectively called lower and upper probabilities. Lower and upper probabilities
are a special case of even more general lower and upper previsions [34]. If A is an algebra (or at
least closed for complements), then the following conjugacy relation between lower and upper
probabilities is usually required:

(1.1) P(A) =1— P(A°) for every A € A.
To every pair of lower and upper probabilities P and P we can also associate the set
M = {P: P is a finitely additive probability on A, P < P < P}.

It is clear from the above definition that the set M is non-empty only if P < P.
Another central question regarding a pair of lower and upper probabilities is whether the
bounds are pointwise limits of the elements in M:

P(A) = Plgﬁ/l P(A), P(A) = Igg}\)/t P(A) for everyA € A.

If the above conditions are satisfied, P and P are said to be coherent lower and upper prob-
abilities respectively. In the case of coherence, the conjugacy condition (1.1) is automatically
fulfilled, which among others means that if a lower probability P is coherent, then it uniquely
determines the corresponding upper probability.

A simple characterization of coherence in terms of the properties of P and P does not seem to
be known in literature. Below we give some necessary conditions. A pair P and P of coherent
lower and upper probabilities satisfies the following properties:

(1) 0 < P(A) < P(A) <1 for every A € A.
(2) If A C B, then P(A) < P(B) and P(A) < P(B). (Monotonicity)
(3) P(AUB) > P(A) + P(B). (Superadditivity)

Instead of the full structure of probability spaces, we are often concerned only with the distri-
bution functions of specific random variables. The set of relevant events where the probabilities
have to be given then shrinks considerably. In the precise case, a single distribution function F
describes the distribution of a random variable X, which gives the probabilities of the events of
the form {X < z}. Thus F(z) = P(X < z). Sometimes we will also consider the corresponding
survival function, which we will denote by F(x) = 1 — F(z) = P(X > ), which is decreasing
and positive.

In the imprecise case, the probabilities of the above form are replaced by the corresponding
lower (and upper) probabilities, resulting in sets of distribution functions called p-boxes [7,30].
A p-bozx is a pair (F,F) of distribution functions with F < F, where F(z) = P(X < ) and
F(z) = P(X < z). To every p-box we associate the set of all distribution functions with the
values between the bounds:

F ={F: F is a distribution function, F < F < F'}.
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Clearly, F is a convex set of distribution functions. Conversely, since supremum and infimum of
any set of distribution functions are themselves distribution functions, every set of distribution
functions generates a p-box containing the original set.

In the theory of imprecise probabilities, precise probability denotes a probability measure that
is finitely additive, and not necessarily o-additive, as is the case in most models using classical
probabilities. As far as distribution functions and p-boxes are concerned, this implies that a
distribution function is any increasing, or more precisely non-decreasing function, mapping R
to [0,1]. This is in contrast with the o-additive case, where distribution functions are cadlag,
i.e., continuous from the right; and their corresponding survival functions are then caglad, i.e.,
continuous from the left. No such continuity assumptions can therefore be made neither for
distribution functions nor for the bounds of p-boxes.

1.2. Construction techniques. Our results are inspired by the bivariate “signed patch” con-
struction of the first author and Stopar [18]. Several construction principles are investigated
there. In particular, [18, Section 5] develops a procedure for constructing a bivariate quasi-
copula whose induced signed mass distribution matches a prescribed signed mass pattern on a
patch. This approach was motivated by an explicit counterexample related to the definition of
imprecise copulas in the sense of [20]: an imprecise copula interval (A, B) for which no copula
C satisfies the condition; see [15,18,20].

The guiding question in [18, Section 5] can be phrased as follows. Given a rectangular patch
with prescribed (possibly negative) masses on its grid cells, can it be extended to a larger patch
by adding only nonnegative masses— without changing the original pattern except for an overall
rescaling— so that, after normalization, the resulting mass table is the mass distribution of a
(discrete) quasi-copula [18]? The main difficulty arises from the geometric characterization of
bivariate quasi-copulas: any admissible extension must satisfy a boundary-volume condition,
namely that every rectangle touching at least one boundary has nonnegative volume; see [18,23].
This condition is equivalent to monotonicity together with the 1-Lipschitz property in each
coordinate, and it is the principal constraint driving the construction in [18].

Accordingly, the procedure in [18, Section 5] begins by adding the minimal amount of positive
mass along all four sides of the original patch needed to eliminate negative boundary-touching
volumes. Once mass is added outside the original patch, new outer strips appear, and one
must also satisfy the discrete boundary constraints: before normalization, every row and every
column must have the same total mass. This requires an equalize-and-spread phase, in which
deficits are distributed across outer strips and any surplus is propagated outward by introducing
additional strips while preserving the totals of already balanced rows and columns. A technically
delicate step is to show that this procedure terminates, that is, after adding only finitely many
strips in each direction, one simultaneously achieves equal row and column sums. The resulting
construction is optimal in the sense that the balancing level of mass in each strip is chosen
minimally; however, it is not unique, since the allocation of the additional mass across directions
depends on the chosen forking strategy.

This paper develops a multidimensional analogue of the patch-based paradigm. We represent
a k-dimensional “patch” as a k-way array whose entries specify signed volumes of grid boxes
in [0,1]* via an associated integral transform. Our objective is to extend a given array to
a larger array by adding only nonnegative masses so that, after normalization, the resulting
function is a k-dimensional quasi-copula. To achieve this, we use a geometric characterization
of multivariate quasi-copulas in terms of volume bounds on a distinguished family of boundary
boxes (equivalently, the nonnegativity of volumes of primal sets); see [16,23]. In the discrete
setting, these requirements become explicit mode-wise marginal constraints and bounded multi-
index partial-sum inequalities, which together characterize quasi-copula type arrays.

Extending the bivariate patch construction to higher dimensions introduces significant addi-
tional challenges, as modifying entries within a slice of one mode typically affects partial sums
in the other modes. Therefore, a slice-by-slice application of the bivariate procedure is not
feasible: (i) the resulting slice-wise extensions may not have a common extension size, and (ii)
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the necessary boundary-volume inequalities must be enforced simultaneously across all modes.
Designing terminating algorithms that satisfy both constraints is thus nontrivial.

Our main contributions are two explicit extension algorithms in dimension three (Theorems 9
and 12), along with their generalizations to arbitrary dimensions (Theorem 14). The first con-
struction (Theorem 9) is simpler but yields a more restrictive subclass: it produces strong
quasi-copula type arrays under a sufficient two-axis positivity condition concentrated along a
distinguished mode. In particular, we show that any prescribed n X n X n array can be embed-
ded (up to affine rescaling) into a strong quasi-copula type array of side length 2n 4+ 1. The
second construction (Theorem 12) is more involved and removes the strong slice-wise require-
ments, thereby yielding a strictly richer family: we embed an arbitrary n x n X n array into a
quasi-copula type array of side length 3n + 2. In both cases, the extension size is explicit— in
contrast to the bivariate patch algorithm of [18], where the final size is not prescribed a priori—
and the added mass is kept small by construction, although global optimality (in the sense of
minimizing the total added mass) remains open. In addition, we provide an application to the
theory of imprecise copulas: using Theorem 6, we lift the bivariate discrete counterexample
from [15, Section 5] to arbitrary dimension by constructing pairs of quasi-copulas Q7, < Qr,
for which no copula C satisfies Q7, < C' < Q7 (see Subsection 3.1).

Finally (see Theorem 14), we extend both three-dimensional constructions to tensors of ar-
bitrary order k > 4 by exploiting a stacking principle for quasi-copula type arrays. This yields
explicit embeddings into arrays with side length 2n 4+ 1 (strong/strictly positive variant) and
3n + 2 (general variant) in every dimension, providing a constructive mechanism for producing
multidimensional quasi-copulas from prescribed signed data.

1.3. Organization of the paper. Section 2 introduces notation and background, including
index set conventions, the notion of A-volume, a geometric characterization of quasi-copulas,
and tensor notation for multidimensional arrays. In Section 3, we develop the concept of quasi-
copula type arrays, translate quasi-copula constraints into finite tensor conditions, and provide
both a characterization and tractable sufficient criteria, along with a construction principle for
higher-dimensional arrays. In Subsection 3.1, we apply this construction principle to imprecise
copulas, showing how bivariate discrete counterexamples can be lifted to arbitrary dimension
via stacking. In the center of this work is Section 4 devoted to the justified definition of an
imprecise copula. Section 5 addresses a three-dimensional extension problem under stronger
positivity assumptions and gives an explicit embedding into strong quasi-copula type arrays.
Finally, Section 6 generalizes both extension constructions from dimension 3 to arbitrary order
k> 4.

2. PRELIMINARIES

This section presents the notation and background required throughout the paper. We first
establish basic index-set conventions for [n] and intervals [i; j], along with a compact summa-
tion shorthand for multi-index partial sums. Next, we recall the concept of the A-volume of
an axis-aligned box, which provides a convenient characterization of quasi-copulas in terms of
volume bounds on a distinguished family of boxes p™ (see Theorem 1). Finally, we introduce
our tensor notation for multidimensional arrays, including sections, fibers, and slices, as well as
the canonical basis arrays E() and the all-ones array L(). These conventions will be used to
translate quasi-copula volume constraints into discrete conditions on arrays in later sections.

Let n,7,5 € N with ¢ < j. Define

[n] ={1,...,n}, [i; ] == {i,i+1,...,75}.
For ¢1,...,¢; € N and a subset S = {s1,...,s:} C [k], we use the shorthand

Ly esl Zst
ir=1 islzl 15, =1

res
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2.1. Quasi-copulas. Let A be a real-valued function whose domain contains the set of vertices
of a rectangle R := [ [z, y], where x; < y;. Denote the set of vertices of R by ver(R) =
[T {zi,yi}. For a vertex v := (vy,...,v,) € ver(R) define

1, if v; = x; for an even number of coordinates j,

signp(v) == {

—1, otherwise.

The A-volume of the rectangle R is defined by

Va(R):= Y signg(v) A(v).

vever(R)
An n-dimensional quasi-copula is a function
Q:[0,1]" —[0,1]

satisfying the following conditions:

(1) Boundary conditions. For every j € [n],

Q(l,...,l, Uy, 1,...,1) = Uy.
~——— ~—_——
Jj—1 n—j
(2) Coordinatewise monotonicity. For every j € [n] and every (u1,...,uj—1,Ujq1,...,Un) €
[0, 1], the function
t— Q(u1,. .., uj—1,t,Ujq1, ..., Up)

is non-decreasing on [0, 1].
(3) Lipschitz continuity. For all u = (ui,...,uy,) and v = (v1,...,v,) in [0, 1],

Q) — Q)| <> |uj — vyl
j=1

n
Let ©" be the set of n-boxes in [0, 1]™ of the form H[uz, v;] such that there is j € [n] satisfying
i=1
u; = 0 for all ¢ # j.
The following theorem characterizes quasi-copulas in terms of volumes of sets from .

Theorem 1 ([23, Theorem 7]). A function Q : [0,1]" — R is a quasi-copula if and only if it
satisfies:
(1) Q,...,1)=1.

or every ) € |n| and every powmt (ui,...,Uj—1,Ujt1,...,Up) € |U, T we have
2) F ' d int o1, U 0,1]" 1 we h

Q(ul,. . .,Uj_l,O,Uj+1, .. .,un) =0.

(3) 0 < Vo(R) <wj —uy for every R := H[ui,vi] € ©", and every j € [n].
i=1

Remark 2. In [16, Theorem 2|, an equivalent version of Theorem 1 is established using the
language of primal sets. Specifically, a set P C [0,1]" is called a primal set if P € p" or
P € pl, where ! is the set of all subsets of [0, 1] of the form ([0, 1}~ x [u;, v;] x [0, 1]~ 1) \

(Hg;ll [0, v;] % [uj,v;] x H?:jH[O,vi]) where j € [n]. In [16, Theorem 2], the condition (3) in

Theorem 1 is replaced by: (3’) The Q-volume of every primal set is nonnegative.
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2.2. Multidimensional arrays. Let k£ € N and let ny,...,n; € N. Consider a k-dimensional
array

T = [Tiinliy, g €R™T

(see Figure 1 for the three-dimensional case).
Fix ¢ € [k]. Let (j1,...,j¢) be a strictly increasing ¢-tuple with

1< <jga<---<ji <k,

and fix indices (ij,,...,%j,) € [n;,] X -+ x[nj,]. We denote by 7252]13;)”) the (k — ¢)-dimensional
subarray obtained from 7 by fixing the coordinates ji,...,js to ij,...,7;, and allowing all
remaining coordinates to vary, i.e.,

(i]jv“’i]'z) L - .

(jlv'“vj@) T |:7217".77/k ij:l""’”]’ :

J¢{d1,-de}
In particular, when ¢ = 1, for j € [k] and i; € [n;] the subarray 7'(51)] ) is obtained by fixing

the jth index and letting all other indices vary. We refer to 72% ) as a mode- j section of T.

More generally, fixing ¢ indices produces a (k — ¢)-dimensional section of 7. One-dimensional
sections,

(y eestg 1)

(J1-sdr=1)
are called fibers of 7, while two-dimensional sections,

(y 5 +s8g, o)

(J1,-sdr—2)

are called slices of T (see Figure 2).

We write
ni ng
>T =)D T

=1 =1
for the sum of all entries of 7.
Let ESTIZ:’“) denote the nj X --- X ny array with a single nonzero entry equal to 1 at position

(i1,...,1%) and zeros elsewhere. When ny = --- = nj = n, we abbreviate
(nyeeem) _ p(n)
Eilv---»ik _' Eilv--wik'

Finally, let L("7%) denote the nq X --- X ny array whose entries are all equal to 1. When
ny=---=ng =n, we write

L) . ()
. T(im 0
\&A (LQ
(io.ko0)
7’(‘ 33>
(20,R0)
7 7—(1,3) ~
1 [ 1 ’ 2 ) B
‘ . o L] \
1 2 3 RN
j

FIGURE 1. 3-dimensional array and its fibers
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(o)
Ti3)

Ti,50.3 72,50,3 T3,40,3

ﬂ:j072 7—27j072 7—37j072

Ti50,1 T2,50,1 T3,50,1

(ko)
T(s)

7-1,3,k0 7-2,3,k0 7?%,3,k0

Ti,2,k0 T2,2,k0 T3,2,k0

ﬂvl’ko B»lvko 7—37171‘70

F1GURE 2. Three slice types of a 3D array

3. QUASI-COPULA TYPE ARRAYS

In this section we study when a given k-dimensional array 7, viewed as prescribing signed
volumes of axis-aligned boxes in the unit cube [0, 1]¥ via the associated integral transform Q7
determines a quasi-copula. Specifically, we associate to 7 € R™> %™ 4 piecewise-constant
density g7 on the grid partition of [0,1]* and define Q7 as its iterated integral (see (3.1)).
This converts quasi-copula constraints into finite conditions on 7: Theorem 3 characterizes
quasi-copula type arrays via mode-wise marginal sums and bounded multi-index partial sums,
while Theorem 4 provides a simpler sufficient criterion based on stronger two-axis positivity
along a single distinguished mode. Finally, Theorem 6 uses this structure to construct higher-
dimensional quasi-copula type arrays by stacking lower-dimensional ones.

Let T € R™* X" he a k-dimensional array. For indices i, € [n,] (r = 1,...

k-box . 1 . 1 i
Bih...,ik = [ll ,ﬂ} X oo X [Zk ,Zi} Q [O, 1]k
n ni ng ng

, k), define the

For a set B C [0,1]*, let 05 denote its indicator (characteristic) function, i.e.,

1, ifzeB
5 — b b
5(2) {Q it z ¢ B.

Define the piecewise-constant function g7 : [0,1]* — R by

Z Z Zl7 ik 5B21 ,,,,, g (:E)’

i1=1 ip=1

and define Q7 : [0,1]F — R by
x1 Ty
:/ / qr(t1, ... tg) dty - - - dty
0 0

(3.1) Qrlan,.. w1)
We say that T is a quasi-copula type array if Q7 is a quasi-copula.
The following theorem characterizes quasi-copula—type arrays in terms of the Q7-volumes of
sets in ¥ (see Subsection 2.1).

Theorem 3. An array T € R™* %" s of quasi-copula type if and only if it satisfies the
following conditions:

(1) For every j € [k] and every i; € [n;],

(3.2) }:T”——f
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(2) For every j € [k], every i; € [nj], and every choice of £, € [n,] forr € [k]\ {j}, we have

Ly
(i5) 1
(3~3) 0 S Z_l (ﬁ])] )il?"'yij_l’ij+1’.“’ik - nij.
relk)\{s}

Proof. We apply Theorem 1 with dimension n = k to the function Q7.

Step 1: Explicit form of ()7 on the grid. By definition, g7 is constant on each box B;, . ;,
and equals
QT(:E) = (nl e nk:) 7;1,...,7;;C for HARS B’il,...,ik'

g::H{O,:T,...,nTn:l,l}

be the grid in [0,1]*. For any grid point = (21,...,2;) € G with z, = £./n, (where £, €
{0,1,...,n,}), the iterated integral yields

/1 ly,
(3.4) Qr@) = > Tiis

i1=1 ip=1

Let

Indeed, [0, 1] x --- x [0, 2] is a disjoint union of the boxes B;, . ;, with 1 <4, < ¢,, each of
volume (ng ---ng)~L.
Step 2: Volumes of primal boxes are partial sums of mode-sections. Let R =
15 [ur, ] € 9", so that there exists j € [k] with u, = 0 for all 7 # j. First assume u,v € G,
and write v, = ¢, /n, for r # j. For the j-coordinate write

-1 b

uj:a , vj = — for some 1 <a <b < nj.
nj nj

Using additivity of Vip, with respect to splitting the interval [u;, v;] into grid cells, we obtain

b : .
;=1 4
(85)  Var(B) = > Vo, ([0,01] % -+ x [0,051] ¢ |2, S [0,0500] -+ x [0,04]).
P ngony
'Ljfa
Now fix i; € [n;] and consider the cell-primal box
) 1, —1 4
R(ij) = [0,v1] % -+ x [0,0;_1] x [J ,i} % [0,0541] % -+ x [0, vg].
ngoony
By the definition of A-volume and (3.4),
Ly
. (i)
(36) VQT (R(Zﬂ>) = Zl (7-(3)] )il,...,Z‘]‘_l,i‘j-i,-l,--.,llk7
ri

which is exactly the partial sum appearing in (3.3). (Note that 7E§1)J ) is a (k — 1)-dimensional
mode-j section of T.)
Consequently, if (3.3) holds, then (3.6) gives

1
0 < Vo, (R(ij)) < —  foralli;e [n;].

J
Summing these bounds over i; = a,...,b in (3.5) yields
b— 1
0< Vo, (R) < 722 =) —uj,
nj

so the volume condition of Theorem 1 holds for all R € pk whose endpoints lie on G.
Finally, for general R € o* (with arbitrary real endpoints), note that on each grid cell Q7 is
multilinear, hence V.- (R) is affine in each endpoint. Therefore the bounds 0 < V.- (R) < v;—uy,
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valid on the grid, extend to all endpoints by linear interpolation. Thus the volume condition in
Theorem 1 holds for every R € pF.

Step 3: Boundary conditions. Assume (3.2). Taking ¢, = n, for all r in (3.4) gives
Qr(1,...,1) =>"T. Moreover,

)SUEDI I D SR

ij=1 ij=1
so Q7(1,...,1) = 1. Also, if ; = 0 then (3.4) gives Q7(...,0,...) =0.
Conclusion (“="). By Steps 2-3, Q7 satisfies items (1)—(3) of Theorem 1; therefore Q7 is a
quasi-copula, i.e., 7 is a quasi-copula type array.
Conversely (“«<”). If Q7 is a quasi-copula, then Theorem 1 gives 0 < Vg (R) < v; — u;

for all R € p*. Applying this to the cell-primal boxes R(ij) above and using (3.6) yields (3.3).
Moreover, for z; = £;/n; and x, =1 for r # j, we have

Qr(l,..., Lz, 1,...,1) EZ:§:7*”

1;=1
Since Q7 (1,...,1,24,1,...,1) = x; by the boundary conditions of a quasi-copula, taking differ-
ences in £; gives ) T(g.z)j) = 1/n; for all i}, i.e., (3.2). This completes the proof. O

In Theorem 3, we need to check the positivity conditions in (3.3) for each (k — 1)-dimensional
subarray 7}51)1 ) of T in every dimension j € [k]. However, the following result provides sufficient
conditions for quasi-copula type arrays under stronger positivity conditions on the (k — 1)-

dimensional subarray 7252; ) of T in only one dimension j € [k].

Theorem 4. T € R™**" s q quasi-copula type array if it satisfies:
(1) For every j € [k] and every ij € [n;] we have

() 1
> Ty =

(2) There exists j € [k]| such that for every i; € [nj], every ip € [ng], £ # j, and every
by € [ng] forr ¢ {j, l}, we have

1
(3.7) 0< Z T(“””M) L ,
117 m—1,tmA 150t M =1, M 41550k n;ng

ir=1,

r¢ (.0}

where (m, M) := (min(j, ), max(j,)).

Proof. Assumption (1) coincides with condition (3.2) in Theorem 3. Hence, by Theorem 3, it
remains to verify (3.3).

By relabeling the coordinate axes (i.e., permuting dimensions), we may assume that the index
j from Assumption (2) equals 1. Fix j' € [k], iy € [nj], and cutoffs ¢, € [n,] for all r # j'. We
consider two cases.
Case 1: j' = 1. Choose ¢ = 2 in (3.7). Then for each iy € [no],

Lr
0< > (T ) <
TZGT[?;E]
Therefore,
lr 12 lr
0= > )= 2 | 3
ir= ia= ip=
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<Z &) <1
- ning  ming ~ ni

This proves (3.3) for j/ = 1.
Case 2: j' # 1. Set £ = j' in (3.7). Then for each i; € [nq],

) 1
0 < (11 % /) o o < _ -
2 : remalmng indices —

=1 nlnj’ .
r¢{1,j'}
Hence,
S S R,
i 11,857
0< Z (’T(j’] )remaining indices Z Z (7—(1,]"; )remaining indices
- =1\ =1
r#j’ r¢{1,j'}
a9 0 1
pu— S .
=1 nlnj/ nlnj/ nj/
This proves (3.3) for all j" # 1. O

Remark 5. (1) Interpretation of the sufficient positivity condition. Condition (3.7) is stronger
than the (k — 1)-dimensional partial-sum bound (3.3) from Theorem 3. Indeed, (3.7) con-

(Zmﬂ/M)
m, M)
distinguished index j together with any other index ¢ ] Summing these bounds over

the remaining free index yields the corresponding partial-sum bounds for each (k — 1)-

trols partial sums on every (k — 2)-dimensional section ’T obtained by fixing the

dimensional section 7251,3),) appearing in (3.3). Thus, (3.7) can be viewed as a two-azis
positivity requirement, which implies the one-axis positivity needed in Theorem 3.

(2) Why checking one dimension can suffice. Fix j as in Theorem 4. The inequalities (3.7)
)

impose uniform bounds 0 < - < 1/(njn,) on partial sums of each two-index section ’T( J’” .

Consequently, summing over the remaining free index forces the cumulative sum along the
j-axis to be at most 1/n;, which is exactly the upper bound required for the j-section
n (3.3). By exchanging the role of the summed index, the same conclusion holds for every
other (k — 1)-dimensional section. In this way, the theorem provides a convenient sufficient
criterion when the array is naturally constructed so that all two-index sections involving a
fixed axis already satisfy strong positivity constraints.

We call arrays T € R™* X" that satisfy the hypotheses of Theorem 4 strong quasi-copula
type arrays. Their importance lies in the fact that they provide a simple way to construct
higher-dimensional quasi-copula type arrays from lower-dimensional ones.

Theorem 6. Let k > 3 and fix j € [k]. Let

817 . S ) eRn1><~-><nj,1><nj+1><~--><nk.
be arbitrary quasi-copula type arrays. Define T € R™M* > py
1
T(lj = — & for all i € [nj].
nj
Then T is a quasi-copula type array.

Proof. It suffices to verify conditions (1) and (2) of Theorem 4.
Step 1: Verification of Theorem 4.(1). Fix j' € [k] and i;; € [nj/].

If 7/ = 4, then
(i) _ 1 1
YBUTIED JLIES

since each §;; is quasi-copula type and hence satisfies the marginal-sum condition in Theorem 3.
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If 7/ # j, note that S, has dimension k — 1, so fixing index j"in T corresponds to fixing index

iy ={7_, 95

i'=1, §'>7
in §;;. Therefore,

iy ) 1~ 1 1
ZT(E’J)) Z Z ZJ o(3")) . N :n.,'
zj_l zj_l J J
This proves (1).
Step 2: Verification of Theorem 4.(2). We show that the same index j used in the definition
of T satisfies the strong positivity condition. Fix ¢ # j, choose i; € [nj], i¢ € [n], and cutoffs
ly € [ny] for r ¢ {j,0}. Let (m, M) := (min{yj, £}, max{j, £}).
Using T z’ = an i, and the same index shift ¢(¢) as above, we obtain

s Ly
(iminr) 1 (ie)
2 (ﬁm,MJ)W )remaining indices TTJ Zl ((Sij)(df(g)))remainiﬂg indices’
rg (i} A

Since §;; is a quasi-copula type array, Theorem 3 implies that the partial sum on the right-hand
side lies in [0,1/n,]. Hence
Ly

0= ZTZ:I (ﬁva) )remaining indices < 7”7] TTg = e
ré¢{j,¢}
which is exactly (2). Therefore, T is a quasi-copula type array. -

3.1. Application of Theorem 6 to imprecise copulas. It is time to give some historic
remarks on the main subject of this paper together with some hints of how our techniques help
understanding the problem. The historic first definition of an imprecise copula was given in
20, Definition 6]; they call so a pair (4, B) of functions A, B : [0,1]2 — [0, 1] if:

e (A) A(0,u) = A(u,0) =0 and A(1,u) = A(u,1) = u for all u € [0, 1];

e (B) B(0,u) = B(u,0) =0 and B(1,u) = B(u,1) = u for all u € [0, 1];

e for any u; < ug and v; < vy in [0, 1], the following inequalities hold:

]
(IC1) A(ug,v9) + A(ur,v1) — A(ug,v2) — B(ug,v1) >0,
(IC2) B(ug,v2) + A(u1,v1) — A(uy, va2) — Aug,vy) >
(IC3) B(ug,v2) + B(ui,v1) — B(uy,v2) — A(ug,vy) >
(IC4) B(ug,v2) + B(ui,v1) — A(uy,v2) — B(ug,vy) >

By [20, Proposition 2|, we have A < B pointwise, and both A and B are quasi-copulas.
Observe that this definition is clearly bivariate, We will call it imprecise copula in the sense
of [20]. However, for the sake of simplicity we will omit the attribute “in the sense of [20]” in
this subsection,

Given a mesh A := o, x g, where
o ={0=x0<z1<--<zp=1} and oy={0=yo<y1 <--- <yg =1},

a pair (A, B) defined on A is called a discrete imprecise copula [15] if it satisfies (A), (B),
and (IC1)—(IC4). Discrete imprecise copulas and related construction techniques have been
studied very recently also by Kogir and Perone in [10]. The first author and Skulj [19] introduced
an imprecise version of Marshall-Olkin copulas.

Given a function A : A — [0,1], we denote by ABL : [0,1]> — [0, 1] the function obtained
from A by bilinear interpolation on each mesh cell (equivalently, on the two triangles induced
by a fixed diagonalization). By [15, Proposition 4], A is a discrete quasi-copula if and only if
ABL is a quasi-copula.
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Moreover, [15, Proposition 5] shows that every discrete imprecise copula (A, B) induces an
imprecise copula (ABL, BBL), and conversely, every imprecise copula (A, B) induces a discrete
imprecise copula (A|a, B|a). In particular, if (A, B) is a discrete imprecise copula, then both A
and B are discrete quasi-copulas.

In [15, Section 5], the first author and Stopar established the existence of a discrete imprecise
copula (A, B) (and hence also an imprecise copula) for which there exists no copula C satisfying
A < C < B. Furthermore, [15, Proposition 16 and Theorem 17] characterize when, for two
discrete quasi-copulas (respectively, quasi-copulas) A, B with A < B, there exists a copula C
such that A < C < B. This result was extended to arbitrary dimensions in [16].

Theorem 6 can be used to produce multidimensional examples of pairs (A, B) such that A < B
and yet no copula C exists with A < C' < B. Indeed, on a fixed grid, a discrete (imprecise)
copula is equivalently encoded by its array of box masses. Let S4 and Sp denote the mass arrays
associated with A and B, respectively, and choose arbitrary quasi-copula type arrays Ss,...,Sy
to serve as the remaining slices in the stacking construction. Applying Theorem 6 to the slice
families (Sa,S8o,...,S,) and (Sp, Sa, ..., S,) yields quasi-copula type arrays T4 and Tp. The
corresponding quasi-copulas Q7, and Qp,, obtained via the integral transform (3.1), satisfy
97, < 973, and there is no copula C such that Q7, < C < Q7;,. Consequently, starting from
the bivariate example in [15, Section 5], one can iteratively construct such examples in arbitrary
dimension.

In Section 4 we present our definition of an imprecise copula and its justification, but be-
fore that we exhibit briefly an independent approach to modeling with copulas via imprecise
probabilities proposed by Schmelzer [24,26]. Copulas are used there to describe the dependence
between random sets. As a matter of fact, it turns out that sets of copulas are needed to describe
such dependence instead of a single copula. Moreover, the same author also shows in [25] that
in the special case of minitive belief functions Sklar’s theorem actually holds, which means that
a single copula is sufficient to express the dependence relation.

4. IMPRECISE COPULAS — A WELL JUSTIFIED DEFINITION

4.1. ALGEN algorithm. The key technique giving the justification to our definition of the
imprecise copula is a method presented by the first author and Stopar in [17] called Algebraic
Obstacles in the Geometry of Negative Volumes (ALGEN for short). This algorithm has been
developed through a number of papers by the same authors; the most useful for us will be [16].
Let us start with some notation, continuing from Subsection 2.1:

Let A and B be a pair of real valued functions defined on [0,1]" such that A < B, i.e.,
A(x) < B(x) for all x € [0,1]". Given a rectangle R := [[7" [x;,yi], where z; < y;, we define
for any point x € [0, 1]™ its multiplicity by

sign(x), if x € ver R;
me(x) _{ O,g (%) otherwise. % that V4(R) = [;1] A(x)mp(x).
xc(0,1)™

Clearly this sum is finite. We extend this definition of m to any R € 9{% 1 the set of all finite

collections of rectangles, i.e., R = [R;]*_;, where R; for i € [k] is an arbitrary rectangle with
vertices in [0, 1]". Let us point out that we use the term collection here to emphasize that we allow
it to contain repeated copies of any given member. Disjoint unions will be applied on collections
in the usual way, so that R; U Ry means the collection of all members of both collections

repeated as many times as in both combined. For any R € R ;; we let mr(x) = Zle meg,(x)

and V4(R) := Zle V4(R;). This definition for the volume of an element R € R,y can be



IMPRECISE COPULAS 13

expressed easily with the so introduced function mg in the same way as the volume of a rectangle

k k k
VAR) =D Va(R) =) > Axmp(x)= Y > Ax)mg,(x)
=1

i=1 x€[0,1]" x€[0,1]n i=1

k
= ) AX)D mp(x) = ) AX)mr(x).
i=1

x€[0,1]™ x€[0,1]™

It is not hard to see from the definition and it is also proven in [16, Lemma 10] that the
multiplicity of a given point and the volume corresponding to a given real valued function A
with respect to members of f)%ﬁ) ] are additive, i.e.,

MRUR, (X) = MR, (X) +mpg,(x) and  Va(RiURg) = Va(Ry) + Va(Ra).

Test functions. Let us define a function L of R € Zﬁﬁ) 1 and functions Py and Pp of x € [0,1]",

all depending also on the real valued functions A and B

LABR) = Y Bymely)+ Y. A)mr()

ye[0,1]" ye[o,1]"
mg(y)>0 mg(y)<0
(A,B) (4,B)
Pjg/';"B)(x): inf L2TUR) and PéA’B)(x): inf Li(R),
ReR" mR(x) ReR”  —mp(x)
mg(x)>0 mR(x)<0

where infimum of an empty set is assumed equal to +oo. For any quasi-copulas A < B we write
(4.1) C(A,B) ={C | C copula, A< C < B}.

The following results were proven in [16, Theorem 15| and [16, Theorem 16].

Coherence and avoidung sure loss for quasi-copulas:
(1) C(A,B) # 0 if and only if LAB)(R) > 0 for all R € R 1. And if C(A, B) # 0, then

(2) B =supC(A, B) if and only if B(x) — A(x) < P(()A’B) (x) for all x € 10,1]".

(3) A=infC(A, B) if and only if B(x) — A(x) < P\ (x) for all x € [0,1]".

The notions “avoiding sure loss” and “coherence” were introduced by Walley [25, 26] as desired
properties of intervals representing imprecise probability, meaning that the interval contains the
true probability, respectively that it is made of lower and upper envelope of true probabilities.
The reader should look for the exact definitions of these terms in his work cited above and
think of this only as a possible interpretation of these notions. Our object of interest is given
by equation (4.1), an interval of copulas to become our imprecise copula. Using test function
L point (1) above tells that this object is avoiding sure loss exactly when function L is positive
on 9‘{{6’11. Using test function Pp point (2) tells us exactly when the upper bound B is upper
coherent. And using test function Py point (3) tells us exactly when the lower bound A is lower
coherent. So, we call the interval C(A, B) of (4.1) an imprecise copula iff nonempty. In this
case we will denote it by C4 p. Here is our theorem.

Theorem 7. An interval C(A, B) of (4.1) is an imprecise copula if and only if LAB)(R) > 0

for allR € 9‘% 1 In this case we have:

(1) Its upper bound B is upper coherent if and only if B(x) — A(x) < P(()A’B) (x) for all

x € [0,1]".
(2) Its lower bound A is lower coherent if and only if B(x) — A(x) < Pﬁ’B) (x) for all
x € [0,1]".

This is the first of our justifications for this definition. We are presenting the second one now.
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4.2. The imprecise Sklar’s theorem. There has been different tries to give the Sklar type
theorem in the imprecise setting, mostly bivariate: Montes et al. [20], the first author with Skulj
[19], and with Stopar [15]. We will present here a theorem based on [16, Theorem 21]. But let us
start with the original. We assume a random vector X = (X1,..., Xy4) and its joint distribution
function H(x) := P(X1 < z1,..., X4 < z4)) as well as its marginals Fj(z;) = P(X; < xj),j =
1,...,d, for x = (z1,...,24).

Theorem. [27] (1959, Sklar) Let X, H, and F},j =1,...,d, be as above. Then there ezists a
d-variate copula C such that

(4.2) H(x) = C(F(x1),..., Fy(xq)) for every xcR%

Moreover, if C is any d-variate copula and Fj,j = 1,...,d, are arbitrary univariate distributions,
then composition (4.2) defines a joint distribution of a d-dimensional random vector.

So, for any multivariate distribution function there exists a copula such that the function
is a composition of this copula and its univariate marginals. Copula C' is sometimes called
the copula of function H; in the rare case that C' is not uniquely determined by H we just
choose one of them. In search for an imprecise version of this theorem, one first needs to choose
an appropriate counterpart to joint distributions. We follow [16] starting with their Section
3. Their approach allows either the usual probability background or the finitely additive one
preferred in the imprecise probability community and develop all the notions parallel for either
case. Components of a formal random vector X = (X7, ..., Xy) have univariate distributions we
write in a vector F'x () = (Fx,(x1),..., Fx,(z4)). We fix this vector throughout this subsection.
When extending the notion of p-boxes [7,30] as in [16, Section 3] one can start with a set F of
d-variate distributions. It turns out that

F=if{F;FeF} and F=sup{F;F € F}
are quasi-distributions in the sense of [16] and we can extend the starting set of distributions
up to a p-box
F = {F; F d-variate distribution, F < F < F} := (F, F).

Here is an example of a p-box of d-variate distributions. Let C4 g be an imprecise copula induced
by a pair of d-variate quasi-copulas A < B and let F'x be as above. Their composition

Cap(Fx) :={C(Fx);C acopula, C € C4 B}
is then a p-box and its two bounds are

Cap=A(Fx), Cap=B(Fx)

respectively as it is not hard to see. We denote by DFX the family of all joint distributions with
marginals Fx. Similarly, we denote by DX the family of all quasi-distributions with marginals
Fx. A version of Sklar’s theorem [16, Theorem 8] says:

For any d-variate function F in DYX | respectively DF X there exists a copula, respectively a
quasi-copula, C' such that

F(x) = C(Fx(x)).
Here is the main result we want to present in this section and is an easy cosequence of
[16, Theorem 21]. We fix a vector of marginals Fx and a p-box of distributions F C DX,

Theorem 8 (Imprecise Sklar theorem). Given F and Fx as above there exist d-variate quasi-
copulas A < B satisfying
F=A(Fx) and F = B(Fx)
such that Ca,p is an imprecise copula and its composition with Fx equals F:
(4.3) Cap(Fx)=F.

Moreover, if Cap is an imprecise copula and Fx is a vector of marginals, then composition

(4.3) defines a p-box.
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5. FROM THREE-DIMENSIONAL ARRAYS TO STRONG QUASI-COPULA TYPE ARRAYS

In this section we address an extension problem in dimension three. Given an arbitrary
three-dimensional array P € R™ "*" we ask whether P can be embedded—up to an affine
rescaling—into a larger array whose induced box-volumes satisfy the strong positivity require-
ments of Section 2 and therefore determine a quasi-copula. Our first main result answers this
question in the affirmative and, moreover, provides an explicit construction. Specifically, The-
orem 9 constructs a strong quasi-copula type array R € REnHD)x@n+1)x(2n+1) that contains
a prescribed multiple of P as a designated subarray on [n] x [n + 1;2n| x [n + 1;2n]. The
construction proceeds in three steps: we first shift P to control potential negativity; we then
introduce auxiliary quasi-copula type slices to enforce the required two-axis partial-sum bounds;
and finally we normalize to achieve the desired marginal sums. Altogether, this yields a concrete
embedding mechanism that transforms arbitrary data into a strong quasi-copula type structure.
Theorem 9. Let n € N and let

P = [Pj7j7k:| ik € Rmxmxm
be a given 3-dimensional array. Then there exists a 3-dimensional strong quasi-copula type

array
R c REr+DX(2nt+1)x(2n41)

that contains a multiple of P as a subarray at the positions

[n] X [n+ 1;2n] x [n + 1;2n].
Construction of R. Set

v := max (zﬁ%}[{n] Pijk 0>7 P =P —pLmnn),

Let M :=2n+ 1 and define
o _ (1)
(5.1) W= Ilrel%i]( ( ZP(1)>.

For i € [M] define the mode-1 sections of R by

( 0 EZ (67
o pAi P di|, forien),
Ry = 0 uB; 0
u]?i, forie n+1;2n+ 1],

where %ﬁl, %Ez € R™™"™ and ﬁ]:z € RMXM gre arbitrary two-dimensional quasi-copula type
arrays, and

7 (i) 5(i.2) Sim]" o gex

Finally, set

1
R :

)]

Proof. We prove that for each i € [M] the two-dimensional array M 7?,8)) € RMxM
copula type array. Then Theorem 6 implies that R is a 3-dimensional quasi-copula type array.

For i € [n + 1; M] this is immediate from the definition M RE% x Fi + vLM) Hence,
throughout the remainder of the proof we fix i € [n].

is a quasi-
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(4)

Step 1: Verification of (3.2). It suffices to check that every one-dimensional section of M Ry

has total sum 1/M, i.e., for all j € [M],

A\ 1 ANGD 1
(5.3) Z(MREI)))(]I):M and Z(MREI))>(]) =

We verify the first identity; the second one follows analogously from the same block structure.
Let £ := M(u+ vM). Then, by the definition of R,

@) _ 1 (9)) _1 _1
> (MRE) ) = §(ZR i+ @ )—E(MJFVM)_M,
as required.
Step 2: Verification of (3.3). We need to show that for all ji, k1 € [M],

k1 Ji
(i) < L ( (i) <k1>> 1
(5.4) 0< ; ((MR(1))(1) )k SVE E_: MR{) @) ). < M
Again, we verify the first inequality; the second follows by the same argument.

Set £ := M(u+ vM) and distinguish cases according to ji.

Case 1: j; € [n].
e Case 1.1: ki € [n]. Only the vIL(M)_part contributes, hence

< ONEY 1 & vky vn 1
S (), -4 e - e b7l <A

e Case 1.2: ki € [n+ 1;2n + 1]. Here additionally the puA;-block contributes:

ul (i) (1) 1R NG vk
> ((erRQ)), = ¢ ; “(A">(1) FT e

Since fL is quasi-copula type, its partial sums lie in [0, 1], hence the expression lies in
[0, (u+vM)/¢] = [0,1/M].
Case 2: j; € [n+ 1;2n].
e Case 2.1: kj € [n]. The relevant blocks are uB; and vIL(M), hence
k1

> (), = Eu(B) s e 2 € o]

e Case 2.2: k; € [n+ 1;2n + 1]. Now the ﬁéi))—block also contributes. Splitting the sum

at n gives
k n , A
kZ_ll((MRE?QE{;))kz2<u;(§i)J ot Z (7). +k>

By the definition of p in (5.1), the middle term is bounded below by —pu, hence the
expression lies in [0, (u+ vM)/€&] = [0,1/M].

e Case 2.3: k; = 2n + 1. Using the definition of ¢; in (5.2), the P-contribution cancels
with the c-entry, and we obtain

2n+1
(i) (1) p+vM 1
; ((rRE), = £ M
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Case 3: j; = 2n + 1. All entries in the corresponding section are nonnegative, so it suffices to
take k1 = 2n + 1, and then

2n+1
()\@n+1)y _ p+vM 1
> <(MR<1>)<1> )k I Ve
k=1
This completes the verification of (5.4), and hence M RE?) is quasi-copula type. O

Remark 10. Theorem 9 extends directly to rectangular arrays P € R™*"2%"3 with ny, ng, ng
not necessarily equal. Indeed, letting n := max{ni,na,n3}, one may embed P into an array
P € R"*™*" hy padding with zeros outside the original index set, and then apply Theorem 9 to
P.

Example 11. Let P € R?*2%2 be given via its mode-1 sections:

1 _[-1 0] @ _[-2 —1]
P = |2 -0 PO = |3 o
Consequently, the mode-2 and mode-3 sections are
@ [-1 =2 @ [0 —1]
Poy= |2 =30 Po = |- 1)
1 [-3 —1] @ [-2 —1]
Po=|2 3" Po=|1 ol

We compute
v := max (m'aXPi,jyk, 0) =0,

1,5,k

and hence P = P. Since v = 0, the construction yields R = R € R5*5%5, Moreover,

Sof-e Y-t
so that p = max(6,7) =7 (cf. (5.1)).
We choose g@ = El =1y fori=1,2 and ]-N'Z = I for i = 3,4,5, where I,,, denotes the m x m
identity matrix. Finally,

@2n+1)%*(p+v(2n+1)) =257 = 175.

The mode-1 sections of R are therefore

00 3 3 1 00 5 2 0
P LA B o 1|07 21
RN =—_17 0 -2 -3 5], D_ |7 0 -3 -1 4],
W%y 0 0 7 0 WA 00 0 0 7 0
00 7 0 0 00 7 0 0
RO = T 5 forie(3,4,5)
(1) 1755 y Xy J .

6. FROM THREE-DIMENSIONAL ARRAYS TO QUASI-COPULA TYPE ARRAYS

In the previous section, we constructed strong quasi-copula type arrays, meaning arrays whose
induced volumes satisfy the two-axis positivity constraints of Theorem 4. In particular, this class
includes the arrays produced by the stacking paradigm of Theorem 6, where higher-dimensional
examples are assembled by stacking rescaled lower-dimensional quasi-copula type slices along
a distinguished mode. Although this yields a convenient and readily verifiable subclass, it is
inherently restrictive: the resulting dependence structure is imposed slice by slice and is therefore
largely inherited from the lower-dimensional building blocks.

The purpose of this section is to move beyond the stacked setting and address the three-
dimensional extension problem under the minimal quasi-copula type requirements specified in
Theorem 3. Our second main result, Theorem 12, demonstrates that any array P € R™"*"x"
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can be embedded (up to scaling) into a larger tensor T € RG™2)° that induces a quasi-copula,
without requiring the stronger positivity conditions. As a result, the construction developed here
produces a strictly broader class of quasi-copula type arrays than those obtainable by stacking
lower-dimensional quasi-copulas: it accommodates prescribed subtensors without assuming any
a priori slice-wise quasi-copula structure.

Theorem 12. Letn € N and let
P = [Pijil; ;, € RV

be a given 3-dimensional array. Then there exists a 3-dimensional quasi-copula type array
T € R(3n+2)><(3n+2)><(3n+2)

that contains a multiple of P as a subarray at the positions
n+2;2n+1] x [2;n+ 1] x [n+2;2n + 1].
Construction of T. Set
v := max ( max P; i, 0), P =P — pLMmn),
1,5,k€[n]
Let N :=3n+ 2 and define

[ = max (—nZP(13>

i,k€[n]

For i € [N] define the mode-1 sections of T by

MZE(NN, ifi=1,

M<E(NN)+E( >+3 E(NN)) ifi € [2;n+1]U{N},

1¢C nC (i—-n-2)C 1C (N—-1)C
(N—-i—-n)R[ 0 0 0 0 0 |
F0) . 1R 0 & 0 B; 0
) (i-n—2)R | 0 0 0 0 0 - po o 1
nR vPY 0 d; 0 o it 2241,
nR 0 0 0 0 0
1R 0 0 0 0 |
N N

M(]E(N "+ BN 430 E(NN)), ifi € 2n+2;3n+1],

,1—n

where C' and R denote columns and rows, respectively, and

~ ~(3,1) (%,2) =(i,n) n
C; = [_ ZP(Lz) - ZP(1’2) ZP )i| € RIX

T [ wa6n ~(¢,2) _ n) nx1
V= [,“ .. %] Rnxl

w; = [0, ou, .. 0] e R,

Bi = 3npu + 273(1) e R.

Finally, define

1 ~
— (NvN’N)
T = Nz(M+VN)<T+VL ).
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Proof. We prove that T satisfies (3.2) and (3.3). By Theorem 3, it then follows that 7 is a
quasi-copula type array.

Step 1: Mode-1 sections 72(1i)) satisfy (3.2) and (3.3). We show that for every i € [N],

a1 L& 1
(6.1) ZT&:N and ZZ (78 ¢ < forall ji k€ [N,

1 k=1
We distinguish four cases according to ¢:
i=1, i€[2;n+1]U{N}, i€ [n+2;2n+1], i€ [2n+2;3n+1].

Case 1: 7 = 1. Since ’72(11)) has only nonnegative entries, it suffices to verify the equality in (6.1).
Indeed,
3n+2

YT *NQMHN(Z(ZEN“) v L))
1
= Moo N ) =

Case 2: i € [2;n+1]JU{N}. As in Case 1, 71(;‘)) is entrywise nonnegative, so it suffices to verify
the equality in (6.1). We compute

7 1 )
ST :TV]V)<MZ(E§’I¥N)+E§Z M) 403 L))
B 1 o1
= N o) W TN =

Case 3: i € [n+2;2n + 1]. Set
¢:=N%*(u+vN).
We first verify the equality in (6.1). Using the block structure, we obtain

W _ 155 z B0) @+ B I (V) ()
M7= <<ZU+ Soa+Y PO > wit Bty di+vy (L )(1))
1
It remains to establish the partial-sum bounds in (6.1). Fix j1, k1 € [N] and distinguish five
cases according to ji:

=1, J1 € [2;n+ 1], J1 € [n+ 251 — 1], Jj1 =1, Jj1 € i+ 1; N].

Case 3.1: j; = 1. Since the entries of the fiber (’72(11)))8 are nonnegative, it suffices to take

k1 = N and verify
(o)) 1w = E(Z’ﬁwZ ((L(N))(zl))l,k) =N = <y

Case 3.2: j; € [2;n + 1]. We further distinguish five cases according to k;:
kiren+1], kien+2:2n+1], kie2n+2;i+n—-1], ki=i+n, k €[i+n+1;N].

Ed
—

Case 3.2.1: k; € [n+ 1]. All entries in the rectangle [j1] x [k1] are nonnegative, so it suffices
to take k1 = n + 1 and estimate

J1 n+1 Jj1 n+l1

SO (D a+r (@),
j=1k=1 J=1 k=1
2(#4‘1{]1(’&‘1‘1)) 2_(/L+VN2)<N.
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Case 3.2.2: kj € [n+ 2;2n + 1]. We have

J1 k1 - 1 1 ki—n—151—1 ~ i J1—1
(T6)) i = Z(Uﬁ —n-1o+ > 2 (Pt > (@) + lekl)-
J=lk=1 k=1 j=1 j=1

By the definition of p, we have 2;1:_11 (75((;)))Jk > —p/n, hence

J1 ki 0 1 " "
K3

> (75 = C((1:1—n—l)——(kl—n—l)n) 0,

7=1 k=1
which proves the left inequality in (6.1). Moreover

N () 1 2 o 1
22(721))],/& C(;H—;L+1/N) C(N/,L"_N V) = ¥
j=1k=1

which gives the right inequality.

Case 3.2.3: k; € [2n+2;i4+n—1]. Since 7~'((1i§)) is the zero array for each k € 2n+2;i+n —1],
this case reduces to Case 3.2.2.

Case 3.2.4: k; =i+ n. Using the definition of ¢; to cancel the ﬁ—contribution, we obtain

Ji itn ji—1

33 ()0 = ¢ (S @ vt ).
j=1k=1
and hence
J1 i+n 1 N2 1
z::kz:: Z(u+u+u ) < g

Case 3.2.5: k; € [i +n+ 1; N]. Since T
case reduces to Case 3.2.4.

a 3) is the zero array for each k € [i +n + 1; N, this

Case 3.3: j; € [n+2;i— 1]. Since Tl
follows from Case 3.2.

(1 2) is the zero array for each j € [n 4+ 2;i — 1], this case

Case 3.4: j; = i. The fiber 7~E(1Z223 is entrywise nonnegative, so the lower bound follows from
Case 3.3. For the upper bound it suffices to take k; = N, and then

i N
) @ _ 1

Z Z (T(l Z Z Tl) TN’

j=1 k=1 j=1 k=
using that (7'((1i)))j7k =0 for j > i.
Case 3.5: j; € [i+1; N]. Since 7~z(1@g)1) is the zero array for j; > 4, this case reduces to Case 3.4.
Case 4: i € 2n+2;3n+1]. This case is analogous to Case 2, with the term 3n Egg’m replaced
by 3n IEZ(]ZY_’N) in the computation of ) 7E(1i)).

n

Step 2: Mode-2 sections 7E(23)) satisfy (3.2) and (3.3). We first recover the explicit form of
the slices 7'((2])) for j € [M]. Since
0 _ 156 (V) ()
Tey = ¢<T<2> +r(L)G).

it is sufficient to determine the slices 7~E(2])) of '7'
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Claim 1. For each j € [M], the slice 7~'(2J)) equals

N
MZE ’u Z ZEzn+1+k+ Z EE,];LN)v ifj=1,

z n+2 k=1 1=2n+2
1C (j—2)C 1C (n+1-j)C nC (N-2n—-1)C
1R 0 0 0 0 0 0
nR 0 0 0 0 C; 0
nR o 0 0 0 Pay 0
m+1-j)R| o 0 0 0 0 0 ,
1R I 0 3nu 0 0 0
(j— 1R 0 0 0 0 0 0
1R 0 0 " 0 0 0
if j € [2,n+ 1],

n

p(ENN +BYY) + (3n+ 3 AU RN + 30 (Y B )R,
k=1

if j € [n+2,2n+ 1],

pESN BN 30BN, it e [2n 42,30+ 1],

Here the symbols C and R indicate columns and rows, respectively, and
—- 3 (A

Proof of Claim 1. Recall that 7 admits the expansion

3n+42
() (N)

MZEIJ]—i_ZM zzl+Ezlz+3nEz’Lz)

J=1 =2

2n+1 ( )

7, n—1)

+ Z (N ”1+ Z 1,1,n+1+] Z JkEzl+jn+1+k

i= n+2 jk 1

—Z (P B s - z (P ) BN e

1 N
+ (?mu PG )R )
3n+1 ) o)
N
+ Z 121+E +3nEzm n)
1=2n+2
(N) (N) (V)
+ N(E3n+2,3n+2,1 +Es, 4013040 T 3nE3n+2,3n+2,3n+2)‘
Reordering the tensor T according to increasing values of the second index yields the alter-
native representation

» n+1 ( 3n+2
T:“(ZEi,u Z Z ekt D E )
=1 z n+2 k=1 i=2n+2

N N
+Z( (EV +ES5) + 3nE,5)

2n+1 n 2n+1

+ 2 2P (Z REDTEA NS <Z7ji27)1 o 1>Ef]ﬁl+z)

i=n+2 k=1 i=n-+2
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2n+1

3

+ Z < ]]1+E1JJ Z(ZP({J lk) (,j)n+1+k
Jj=n+2 k=1
+ B+ 3P B n)
3n+1
+ Z 1JJ+E(J)1+3nE§J)J n)
Jj=2n-+42

(N) (N) (N)
+ N(E1,3n+2,3n+2 +E3, 030001 T 3nE3, 19 30 423n42)-
Extracting the slices ’77(2])) from this expression proves the claim. |

An argument completely analogous to that used in Step 1 shows that, for every j,i1, k1 € [N],

1 i 1
ST =% 0<ZZT(] =N

=1 k=1

For the convenience of the reader, we conclude by illustrating the structure of the slices
graphically. Let 1,, denote the m x m matrix with all entries equal to 1, and let J,,, denote the
m X m matrix with ones on the main antidiagonal. Then

pTnt1
=(1) _ .
722) B Eln
fJn 1
Slices 7?(23)) for j € [2;n 4 1] are equal to
3n—i—2k
3n+1 .
L]
2n+3 .
2n + 2 1, columns
2n+1 A
L ] 'Y 'Y
n TOWS
L ] 'Y 'Y
n+2 .~ o b e
J °
1
1 J n+2 2n+1 3n+§
o H o [ e 3np
ESER i—n—1 N,N
: if;Jrg kzl (P((l) ))] 1 kEE n+1>+k
7n+1 P NN
’ '—Z+ (Zpél 2) HImEDY)

Slices ’7~E(2])) for j € [n+ 2;2n + 1] are equal to
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1 7 3n+2
1
: S50-n-1)
n+j 3nu+Y, P
o+ 1 - 79‘” 5
‘, n—1
j p qu i
n+2 - 77(1 %)
1 %
Finally,
1 j 3n +2
3n+2
1 3n+2
~_ 7 : vy _ R S
7{2]) = for j € 2n+2;3n+1], 7?2) =
j—n 3np 1 Iz
J H

Step 3: Mode-3 sections 72:(3];) satisfy (3.2) and (3.3). We first recover the explicit form of

the slices 7.0 for k € (M

3) ]. Since

(k)
T3

_ Lzm (V) ()
) —g(Tw) (L)),

of T.

it suffices to determine the slices %(k)

Claim 2. For each k € [M], the slice T (3) 1s given by

n+1
M Z ENY) if k=1,
u(EgAch) +EQY +amERY), ke 2n+1],
1C nC nC (k—n-2)C 1C (N—-n-k)C
(N — k)R 0 0 0 0 0 0
1R 0 0 0 0 3nu 0
(k—n—2R| 0 0 0 0 0 0
nR voPe Y Dy 0 0 0 ’
(n+ 1R 0 0 0 0 0 0
1R 0 0 Uk—n1 0 0 0
if ken+2,2n+1],
(N,N) (N N) o (k=2n-1.4) ) p(N.N) ~(k—2n—1)\ (N,N)
n(ENY +EN Z (DA EN + (B + Yo PET )R,
if k€ [2n +2,3n + 1],
pEQY A ENY 4 3nERY)),  ifk=N.

Here C and R indicate columns and rows, respectively, and

K
U =1[0,...,0, 1, 0,...,0],
z i—1 n—i

n

e R", 5k =

N
I

SR

123
n
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Proof of Claim 2. Recall the expression for T from the proof of Claim 1. Reordering T according
to increasing values of the third index yields the following representation:

—+1
N N N
T=u Z i, 1 + (Egk)k + El(cl)k + 3”E1(<;1<;)k:>

h—
2n+1 ,u 2n+1 2n+1 n ) ™)
g 1 N
+ ( k Z zlk+ > 2| ZPZ ) ket Bl
k=n+2 1 n+2 i=n+2 j=1
= (i—n—1k—n—1)y 2 (N) (V)
i—n—1 n—1 N N
- Z Zpus )Ei,i,k+3”MEk+n,k+n,k)
1=n-+2
= ™) | - (k ) EW)
N N) o1, N
+ 2 ( (B + Eork) Z D P B
k=2n+42

<3n,u + Z P(k 2n—1) )E&Zk—nk)

(N) () (N)
+ M<E3n+2,1,3n+2 + By 3ni23n12 T 3nE3n+2,3n+2,3n+2)'
Extracting the slices 7?%’;) from this expression proves the claim. |

An argument analogous to that in Step 1 shows that for each i1, j1,k € [N],

1

1 4l 1
ST =5 05> (T8 <y

i=1 j=1

For the reader’s convenience, we illustrate the slices graphically. Let J,, denote the m x m
matrix with ones on the main antidiagonal. Then

3n+ 2
T = pJ TH = % for k € [2,n+ 1]
(3) Hed3n+2, (3) k 12 37’Lu or ,n .
1 %

Slices ’77%) for k € [n+2,2n + 1] are equal to
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3n+§
n+k °
n columns
—_———
2n +1 o o o °
L ] L ] L 3 L ]
N TOWS
L ] L ] L 3 L ]
n -+ 2 e o o o
1
1 2 n+1l k n+k 3nt 2
o U . % e 3npu
2n+1 n
(i—n—1) (N,N)
* i:§+2J§1(ZP(1) )] kinilEi’l_‘—j
2n-+1
Jk— N,N
o X (DAL TR
i=n+2
Slices ’T(g)) for k € [2n + 2,3n + 1] are equal to
1 2 n+1 k—n k In+2
3n+2
k Iz
(k—2n—1,1 k—2n—1,n k—2n—1
k=n ~L R e SR St DR
1 1z
Finally,
1 3n+ 2

3n+ 2 o 3nu

Example 13. Let P € R?*2*2 be as in Example 11. In particular, its mode-1 sections are
wm _|-1 0 2 [—2 -1
Py = [—2 —3} - Po = [_3 1)
Since v = 0, we obtain 7 = 7~' € R¥*8x8 Moreover,
(1,1) _ _ _
D Py = +(=3) = -5, ZP(13 = (-1)+0=—1,
21 _ _ (22) _ _
2 Py = (3 + () =4, D Pl = (-2 + (1) =3

and hence
= —2min{-5,—1,—4,-3} = 10.
Furthermore,
(3n+2)%(n+v(3n +2)) = 8 - 10 = 640.
Let J,, denote the m x m matrix with ones on the main antidiagonal and zeros elsewhere.
The mode-1 sections of T are as follows:
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J

0 0 00O
053 000
0 0 00O

0
2
0

-1 0 3 0 0 O
-1 0 4 00O

0
0
0

-2
-3

0 0 00O
0 0 00O
0 10 0 0 O

0 0 00O
0 00 0O
54 0 0 0 O

1
-3 5 0 0 0O

0
0
3
0
0
0
0

3

0 00O

-2

0 0 00O
0 00 0O
10 0 0 0 O

0

- 1
~ 640

1)

T

The mode-2 sections of T are:

I

0 00O

0

0
0
0
0

000
0 0 0 O
-1 0 0 0
-1 0 0 0

2

0

3

0

-3

0

0

0
0 000 0 O0O0O
0 00053 000
0 000 0 O0O0O
10 0 00 3 00O

0
0

0 0 0 O

0 60

10

0 0 0 O

0

0
0 0 10

0 0 0 O

9

110
640 |0 0 O

(3)
v Ty =

0 000 0 O0O0O
0 000 0 O0O0O
0 000 10 0 0 O

-2 0 0 0
-3 0 0 0

0 0 -1
0 0 -2

0

0

60 0 0 O

10

1
640 /0 0 0 0O 4 0 0 O

(5)

2)

(

7-‘

)

0 00 0 0 O0O0O
0 00 0 0 O0O0O

0 00 54 0 00O

1 00 00

0 0 O

0 00 0 0 O0O0O
0 00 0 0 O0O0O

0 00 10 0 0 0O

1

640 110 0 0 5 0 0 0 O

e o
0 3B —
el
— =
N~ —
> —
]
— | <t
NeJ
I
T/
(e [en}
) —
]
—
~N
o0 I~ 0 —
]
— | <t
NeJ
I
T
] ]
© —
el
—
[
o0 Ne} <t —
]
— | <t
NeJ
I

Finally, the mode-3 sections of T are:
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L g < . 1 3 8
8
n _ 1 @ _ 1 @3 _ 1
1 10 . 0
(0 0 0 0 0 0 0 0] 0 0 0 0 0 0 0 0]
0 0 0 0 0 0 00O 0 0 0 0 0 0 60 O
0 0 0 0 0 60 00 00 0 0 0 0 0 O
T(4’:i5_3_104000 T(5):L5—2—103000
B T 64015 -2 =3 5 0 0 0 0| '® “6a0l5 =1 0 1 0 0 0 of"
0 0 0 0 0 0 00 0 0 0 0 0 0 0 0
0 0 0 0 0 0 00 00 0 0 0 0 0 0
0 0 0 100 0 00 0 0 0 010 0 0 0
[0 00 0 0 0 0 O] [0 000 0 0 0 O
000 0 0 0 00 10000 0 0 0 O
1000 0 0 0 00 0000 0 O0O0 0
T(6)_i00000000 T(7>_L052053000
B 6400 3 3 54 0 0 0 0} ® “640l0 000 0O 0 0 0|’
000 0 0 0 00 0000 O0 OO0 0
000 0 0 0 00 0000 000 0
000 0 010 00 0000 0 010 0
1 8
8 /10 60
o _ 1
B) 640
1 10

7. EXTENDING MULTIDIMENSIONAL ARRAYS TO QUASI-COPULA TYPE ARRAYS

This section generalizes the two extension constructions from the previous sections from di-
mension 3 to arbitrary order k > 4. More precisely, Theorem 9 provides a strictly positive
quasi-copula type extension in three dimensions, whereas Theorem 12 yields an extension that
is quasi-copula type without imposing the stronger positivity requirements. Theorem 14 shows
that both constructions persist in every dimension.

Starting from an arbitrary k-array P € R™ %™ we construct larger arrays R and 7 of side
lengths 2n + 1 and 3n + 2, respectively, which embed a prescribed scalar multiple of P as a
designated subarray while enforcing the quasi-copula type conditions. The proof highlights the
modular nature of the approach: viewing k-dimensional arrays as stacks of (k — 1)-dimensional
sections and applying Theorem 6 inductively, we iterate the three-dimensional building blocks
to obtain valid extensions in higher dimensions.

Theorem 14. Let k,n € N, and let
P E |:,P7:17“"/[:k]7:1,‘..,2‘k 6 Rnx“.xn
be a given k-dimensional array. Then the following statements hold:

(1) There exists a k-dimensional strictly positive quasi-copula type array

R c R(2n+1) X oo X (2n+1)

which contains a scalar multiple of P as a subarray at the positions
3 k

[n] x H[n+ 1;2n] x H[n]

i=2 i=4
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(2) There exists a k-dimensional quasi-copula type array

T € R(3n+2) XX (3n+2)

which contains a scalar multiple of P as a subarray at the positions
k
[n+22n 4+ 1] x 250+ 1] x [n+2;2n + 1] x [][n].
=4
Concrete realizations of R and T are given below. Set

V= max( max Py iy, 0), P.=P—vL".

i1yl €[]

(i) Let M :=2n+ 1, define

. ~(i17i4,---77;k))
=  ma — g P ,
v il,u,...,i);fe[n] ( (1,4,....k)

and let
o~ o~ k
P = [,Pll,,lk} 7:1 Zk E Rnxnxni:?’ M

-----

be a k-dimensional array that contains P as a subarray at positions [n] x --- x [n], with
all other entries equal to 0. Define the mode-1 slices of R by

0 &
S0 _ pA; 738 di|, ifieln],
@ 0 uB: 0

wFi, ifi€ [n+ 1;2n + 1].
Here:

lAZ, lB R XIS M g (k—1)-dimensional arrays such that for each (is, ..., ix_1) €
[7}\4] ><n X [M], the slices
~\ (13,ee0sik—1) ~\ (3yeeeyik—1)
(%Ai)(&...,k—l) : (%Bi)(&...,kz—l)
are arbitrary 2-dimensional quasi-copula type arrays.
. %]?Z e RM>X>XM gre arbitrary (k — 1)-dimensional quasi-copula type arrays.

- E—1 ~ E—1 . E—1
o ¢ e RIXIlms M g e RIxnxIL=s M gpnd q; € RVDIL=s M gre arrays such that

for each (is,...,ix_1) € [M] x --- x [M], the corresponding slices satisfy
I ) 717 ARG RARAS
@Gty = |- P e —ERaR ] e
((’if)(is,mlk 1) _ [ ZP (6,1i3,.. ,Zk 1) ZP(“H& ik 1)} c R"¥1
) (3,....k (1,3,4,....k (1,3,4,....k ’
~\ (23,52 —1) 1,23,.. 77fk
(O‘i)(g,‘..,k 11 =p+ ZPU 4, 2

Finally, set

1 ~
. (M)
R: ME=Y(pu+vM) (R vL )

(ii) Let N :=3n+ 2, define

(TR

1,13,

and let

~ ~ k
P = [Pir,in e RxxIlr=s N
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be a k-dimensional array containing P as a subarray at positions [n] X - -- x [n], with all
other entries equal to 0. Define the mode-1 slices of T by

ShS (V)
a Z Z]Ej,j,ig,,“?ik, 'le:17
ir=1, j=1
re([3;k]
N
"2 (E(Zpﬁ i Bl +3nE(N)3k) ifie(2n+1]U{3n+2},
ir:L
T‘G[?);k;}
1C nC (i—-n-2)C 1C (N —i)C
7 (N—i=mR [0 0 0 o o ]
T 1R o = 0 0 :
(i-n—2)R | 0 0O 0 0 0 ficine2mt]
nR ;l\}/ 7/5((;)) 0 (f:l\; O 3 A n : n :
N
" ( e Eg’)”” o +3nE’(l)Ms k> fori € [2n+2;3n +1],
ir=1,
re(3;k]

Here C' and R denote columns and rows, respectively. Moreover, 5,5@ e RUxnxIlizs N
o o~ k- ~ k- . .

Ciy U € R"Xlxnr:?}N, and B; € RUIXILZs N gre defined so that for each (is,...,ik_1) €
[N] x .-+ x [N], the corresponding slices satisfy

@y =8 - el erm,

@)y = [ SR SRR e mb,
(@) =100, 0, ger,

q;) (@8 ik i,1,3,...,1 (i in—1) L n
(di)gsf.‘.,kfﬁ) ::{ ZP((1§,43, k)k Do —ZP((1,3,4?...,k)k 1)} e R™L
(32)8;77 dk—1) . 3””""27);2’“;”9 1) cR.

Finally, set
1 ~
e (N)
T = T oW (T+VL )

Proof. We prove the statement for R; the proof for T is analogous. The argument proceeds by
induction on k.

Base case k = 4. For each i € [n], the array M 'Rgl)) € RMXMxM g quasi-copula type by

Theorem 9. For i € [n + 1;2n + 1], the same conclusion holds by construction of R. Hence

(?) is quasi-copula type, and Theorem 6 implies that R itself is

quasi-copula type. This establishes the base case.

every 3-dimensional slice M R

Induction step. Assume the statement holds for some ky > 4. We show that it holds for
kio + 1.
Let i,j € [M] be arbitrary. Then

(4,) ()
R(1]k0+1) (RJ
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Fix j € [n]. The second identity shows that M RY) s obtained from P exactly as R is

(ko+1) (ko+1)
obtained from P. Thus, by the induction hypothesis, M RE?% +1) is quasi-copula type. If instead
j € [n+ 1; M], then M ”REZ} +1) is quasi-copula type by construction.
Therefore all kg-dimensional sections of R satisfy the assumptions of Theorem 6, and hence
‘R is quasi-copula type. O

Remark 15. Theorem 14 extends verbatim to arrays P € R™* " *" with not necessarily equal
side lengths. Indeed, set n := max;n; and embed P into an array P € R™**™ by padding
entries outside the original index set with zeros.

8. CONCLUDING REMARKS AND FUTURE RESEARCH

In this paper, we developed a discrete tensor approach for constructing multidimensional
quasi-copulas from prescribed signed mass patterns. Using the boundary-box volume charac-
terization, we translated quasi-copula constraints into finite conditions on arrays—mode-wise
marginal equalities and bounded multi-index partial sums—yielding a characterization of quasi-
copula type arrays. We also introduced a stronger two-axis positivity criterion and a stacking
principle for producing higher-dimensional examples from lower-dimensional building blocks.

Our main results provide explicit and terminating embedding constructions. In dimension
three, any P € R™"™*™ embeds (up to affine rescaling) into a strong quasi-copula type tensor
of side length 2n + 1, and—without imposing the stronger positivity constraints—into a quasi-
copula type tensor of side length 3n + 2, yielding a strictly richer class of admissible extensions.
Both constructions extend to arbitrary order & > 4 with the same prescribed extension sizes.

We conclude with a few directions for future research. A first open problem is optimality: can
one minimize the total added nonnegative mass, or reduce the guaranteed extension size below
2n—+1 and 3n+27 A second direction concerns the geometry and freedom of extensions: for a fixed
embedded subtensor, how large is the family of valid completions, and can one identify extremal
or canonical choices? Finally, it would be very interesting to find an embedding construction
that avoids the initial sign-control step (i.e., subtracting a constant multiple of the all-ones array
to enforce a convenient shift of the prescribed patch) and instead extends the original tensor
directly, without this preliminary modification.
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