CYCLIC POLYNOMIALS IN DIRICHLET-TYPE SPACES OF
THE UNIT BIDISK

RAJKAMAL NAILWAL AND ALJAZ ZALAR

ABSTRACT. For a € R, we consider the scale of function spaces, namely
the Dirichlet-type space D, consisting of holomorphic functions on the
unit bidisk D?, f(z,w) = >55,_, axz"w' such that

> (k+ 14 1) awl* < oo
k,1=0
We present a complete characterization of cyclic polynomials in D,, i.e.,
given an irreducible polynomial p, the following holds:
(i) If @ <1, then p is cyclic in Dy.
(ii) If 1 < a < 2, then p is cyclic in D, if and only if Z(p) NT? is
empty or finite.
(iii) If o > 2, then p is cyclic in D, if and only if Z(p) N T? is empty.

1. INTRODUCTION

Let C denote the complex plane, D = {z € C,|z| < 1} the open unit
disk and T = {z € C,|z| = 1} the unit circle in the complex plane. For
k € N, we denote by CF [21, 22] the space of polynomials in two variables
with coefficients in the column space C*. Given p € Clz1, 22], its bidegree is
the pair (m,n), where m is the highest degree of p in the variable z1, and n
is the highest degree of p in the variable zo. We write

Z(p) := {(21,22) € C*: p(21,22) = 0}
for the vanishing set of p. A nonzero polynomial p is said to be irreducible if
p = qr with q,r € C[z1, 22| implies that ¢ € C or r € C. .

In the classical Hardy space H?(D), a function f is called cyclic if the
smallest closed, shift-invariant subspace generated by its polynomial multi-
ples coincides with the whole space. By Beurling’s theorem, cyclic functions
in this setting are precisely the outer functions, i.e., f(0) # 0 and

o 50 = [ 10812,

0 27
making the theory both elegant and complete. In contrast, for the Hardy
space on the bidisk H?(D?), cyclic functions are outer but there exists an

outer function which is not cyclic [I7]. With the present understanding, a
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characterization of cyclic function seems to be a harder problem in several
variables. However, cyclic polynomials are characterized in H?(D"); they
are precisely those polynomials which do not have zeros on the polydisk D"
[16]. This gap between the univariate and multivariate settings motivates
investigations of cyclicity in other spaces, such as the Dirichlet space and
the Dirichlet-type spaces.

In the Dirichlet space D of the unit disk, Brown and Shields conjectured
[5, Question 12| that a function f € D is cyclic if and only if it is outer and its
boundary zero set has logarithmic capacity zero. They were able to establish
the forward direction, while the converse, despite several attempts, remains
open till now. Several partial results are known [10, [11]. The Brown—Shields
conjecture continues to be a central open problem, motivating further explo-
ration of cyclicity in Dirichlet-type spaces [1} 2] 3, [15].

1.1. Dirichlet type spaces. We now introduce the following Dirichlet-type
space of the unit bidisk where we will investigate the cyclicity of polynomials.
For a € R, the Dirichlet-type space denoted by D, on D?, consists of all
holomorphic functions f(z,w) =377 ap2"w' such that

o0

A2 =D (k414 1)¥ap]? < o
k=0

Note that for o = 0, we recover the Hardy space H?(ID?) of the unit bidisk
and for o« = 1, the space D; was introduced in [4] in connection with toral
2-isometries.

Investigations in this paper are motivated by the cyclicity results [2, [3]
obtained for the Dirichlet-type space D4, @ € R, on D?, which consists of
holomorphic functions f(z,w) =377 ap2"w' such that

o0

1A%, =D (k+1)*(1 + 1)*ax|* < co.
k,1=0

From the norm definitions, it is straightforward to see that for oo > 0 we
have

I lla <0+ lloa < - l2a (P2a € Da € Da), (1.1)

and for a <0,
[ ll2a < lloa <l lla (Pa € Do C Daa). (1.2)

Inequalities , allow us to transfer properties between both kinds of
Dirichlet-type spaces. In particular, we focus here on the notion of cyclicity.

Note that both spaces D, and ©,, can be viewed as a generalization of the
univariate Dirichlet space D, a € R, which consists of holomorphic function

f:D—=C, f(2) =322, arz*, such that
k=0

o

11, =D (k+1)%ax]* < oo, (1.3)
k=0
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1.2. Cyclic functions. In this work, our focus lies on the natural pair of
shift operators (M,,, M,,) acting on Dirichlet-type spaces D,. These oper-
ators are defined by

(M21f)(z17z2) :Zlf(21722)7 (MZQf)(21?22> :ZQf(z17z2)a f ED&-

It is straightforward to verify that both M,, and M,, are bounded linear
operators on D,. From the operator-theoretic point of view, an important
problem is to describe the closed subspaces of D, that are invariant under
these shifts, namely those M C D, for which

M,MCM and  M,MC M.

A key step towards this description is to understand when a function f € D,,
is cyclic, i.e., when the closed linear span

[f] := span{zfz5f : k, ¢ > 0}

coincides with the entire space D,. It is clear from the definition that [f]
is the smallest closed subspace that contains f and is invariant under the
shift operators M, and M,,. Clearly, at least one cyclic vector always exists,
e.g., the constant function f(z1, z2) = 1 is cyclic, because polynomials in two
variables are dense in D,. In the next section, we will see that a necessary
condition for cyclicity is that f has no zeros in D?.

Note that if g € [f], then [g] C [f]. Thus to check f is cyclic in D,, it
suffices to show that there exists a sequence of polynomials p, € Clz, 23]
such that

lpnf —1lla =0 asn — co.

1.3. Cyclic polynomials in ©,. Recent work of Bénéteau et al. [3, Theo-
rem| provides a complete characterization of cyclic polynomials in ©,, @ € R,
on the bidisk (see [I5] for anisotropic setting and [9] for the unit ball in
C?). Their main result shows that the cyclicity of an irreducible polyno-
mial depends intricately on the structure of its zero set on the distinguished
boundary T2. In particular, while non-vanishing in the bidisk is necessary
for cyclicity, additional restrictions on the boundary zero set become deci-
sive when the parameter o of the Dirichlet-type space ®,, lies in the range

(%, 00). We recall the result for the reader’s convenience.

Theorem 1.1 ([3, Theorem|). Let p € C[z1, 22] be an irreducible polynomial
with no zeros in the bidisk. We have the following:
(i) If a < %, then p is cyclic in D.,.
(1) If% < a <1, then p is cyclic in D4 if and only if Z(p) N'T? is an
empty or finite set or p is a constant multiple of ( — z1 or of ( — 2o
for some ( € T.
(ii3) If a > 1, then p is cyclic in D4 if and only if Z(p) N'T? is empty.

1.4. Cyclic polynomials in D,. In this paper, we solve the problem of
characterizing cyclic polynomials in D,. Our main result is an analog of
Theorem [I.1] for the Dirichlet-type space Dy:

Theorem 1.2. Let p € C[z1, z2] be an irreducible polynomial with no zeros
in the bidisk. We have the following.

(1) If a <1, then p is cyclic in D,,.
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(i) If 1 < a < 2, then p is cyclic in Dy, if and only if Z(p)NT? is empty
or finite.
(iii) If o > 2, then p is cyclic in Dy if and only if Z(p) N'T? is empty.

Remark 1.3. (i) Note that the Dirichlet-type spaces studied in [3] do not
distinguish between the cyclicity of a polynomial having finitely many
zeros on T? and that of 1 — z;, i = 1,2, which has infinitely many zeros
on T? (see Theorem (zz)) In fact, the latter case was used there to
establish cyclicity for polynomials having finitely many zeros on T?. In
contrast, in our setting, these two cases exhibit different behaviour in
D,

(ii) Theorem [I.2}(i77) follows directly from Theorem [L.1] (i) together with
the first inclusion in (L.I). In contrast, establishing parts (i) and (i)
of Theorem [I.T] is less straightforward, and our proofs lean on ideas de-
veloped in [3] [I5]. In particular, the proof of part (i) is obtained by a
careful examination of the proof of Theorem [L.1] (i¢), with several steps
appropriately modified. The proof of part (ii) relies on the techniques
used in the proof of [3| Theorem 3.1], together with arguments from [I5],
Appendix A].

1.5. Organization of the paper. In Section [2| we recall some definitions
and necessary results to prove our main result. We also present a few neces-
sary conditions for the cyclicity of a function in Dy, o € R. In Section [3] we
present a proof of Theorem [I.2] This is divided into three subsections. In
Subsection [3.1] we consider the spaces D, for a < 1, where we show that the
necessary condition for cyclicity — that the polynomial does not vanish on
the bidisk — is also sufficient. In Subsection [3.2] we address the case a < 2.
In this case, we show that the known necessary condition for cyclicity stated
above is not sufficient, but the polynomial must have at most finitely many
zeros on T2. In Subsection we complete the proof of Theorem [1.2| using
the results of the preceding sections. In Section [ we conclude the paper
with a discussion of the cyclicity of 1 — 2129 and a result based on capacity.

2. PRELIMINARIES

In this section, we list some properties of cyclic function which are needed
to give a self-contained treatment of the proof of Theorem (see Subsec-
tion , establish two simple criteria to determine cyclicity of a function
(see Subsections and and recall an inequality on the value of a real
analytic function (see Subsection .

2.1. Some properties of cyclic functions in D,. Note that D,,a € R,
is a reproducing kernel Hilbert space, i.e., the evaluation map e,,, for w € D,
ew(f) := f(w) is a continuous linear functional on D, and its multiplier
space is defined as

M(Dy) ={¢:D* = C: ¢f € D, for all f € D,}.

Elements of M (D,,) are called multipliers of D,. It is easy to verify that all
polynomials are multipliers of D,, a € R.
Some properties of cyclic functions are the following:
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A cyclic function in D, can not vanish on the bidisk. To see this, take p,
to be a sequence of polynomials such that ||p, f — 1||o — 0. Since evalua-
tions are continuous, the conclusion follows from the following expression

(21, 22) f(21, 22) — 1 = e 2oy (Pnf — 1).

Given a cyclic function f € D,, a € R, the function defined by g(z1, z2) :=
f(Cz1,nz2), where (,n € T, is clearly also cyclic in D,. Indeed, if there
exists a sequence of polynomials {p;, }nez, such that

1pnf = 1la — 0, (2.1)

then the sequence defined by g, (21, 22) := pn((z1,n22) satisfies

lgng — 1o = lPnf — 1fla = 0,

proving cyclicity of g.

Assume that f is a reducible polynomial with f = gh for some noncon-
stant polynomials g and h. Then f = gh is cyclic in D,, if and only if g
and h are cyclic in D,. Let us verify:

If f is cyclic, then there is a sequence of polynomials {p,},ez, sat-
isfying . But then the sequence {rp}nez, and {s,}necz,, where
Ty = ppg and S, = pyh, satisty ||r,h — 1|l — 0 and ||spg — 1|la — O,
proving cyclicity of g and h.

Conversely, assume that g and h are cyclic. Then there exists a se-
quence of polynomials {ry},ez, such that |r,g — 1|l — 0. Note that

[rngh = hlla < [[Mp[[[lrng = 1lla

where || M},]| is an operator norm of the multiplication operator Mj,. This
shows that h € [f]. Hence [h] C [f]. Since h is cyclic, it follows that f is
cyclic.

Therefore, it suffices to characterize cyclicity of irreducible polynomials
in D,.

2.2. Slices of a function. In this subsection, we establish a result on cyclic-
ity of univariate slices of a function, which serves as quick tools for deter-
mining whether a function is a suitable candidate for being cyclic.

Let f = f(z1, 22) be a holomorphic function on the bidisk. By fixing one

variable, say z;, the slice

le :]D)_>(Cv fZ1(22) = f(zlaZQ)v

is a holomorphic function on the unit disk. The slice f,, is defined analo-
gously.

Proposition 2.1. If f is cyclic in D, then f,, and f,, are cyclic in D,.
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Proof. Let a > 0 and z; € D. Consider

1ol =D G+ 1D ay

[T3) 5=0 i20
2
<D G+ 5+ D) %a4
>0 |i>0
DG+ Da? ) [ D
]ZO i>0 i>0
< |Z P\Iflla

Let o < 0. Note that

121 1Da < k2 Dol fllon (< llkz Dol fllDa
2
where k, is the reproducing kernel of D,, at z; (see |2, Proposition 2.1]). O
A natural question is whether the converse of the above result holds. To
examine this, consider p(z1,22) = 2 — 23 — z3. Note that the slices of p

are cyclic in D, for all «, but p itself is not cyclic in D, for « > 2 (by
Theorem [1.2)).

2.3. Diagonal restriction of a function. In this subsection, we establish
a result on cyclicity of diagonal restriction of a function, which is another
criterion for determining whether a function is a suitable candidate for being
cyclic.

Given a holomorphic function f on D?, define the diagonal restriction of
f by (Of)(2) := f(z,2), being a holomorphic function on D. The following
proposition gives a necessary condition for the cyclicity of a function in D,,.
The proof follows closely the proof of |2, Proposition 2.2].

Proposition 2.2. If f is cyclic in Dy, then Of is cyclic in Dy_1.
Proof. 1t suffices to prove that for f € D,,a € R, it follows that
10flIDa—y < [Iflla- (2.2)
Let f(21,22) = Y peo Doieo @k12725. Then

o0 oo
=2 art

k=0 (=0

converges absolutely for every |z| < 1, hence Of can be rewritten as

oo
Z)Zzbnzn, Z ag,; = § A p—k-
n=0

k+l=n
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Thus,
(o] oo n 2
1OFp, =Y Ibal?(n+ D)% =D "> arni| (m+1*  (2.3)
n=0 n=0 | k=0

By the Cauchy-Schwarz inequality, it follows that

2 n n
(z|ak,n_k|2<n+ 1>a) (z<n+ 1>—a)
k=0 k=0

< 3 agni? (0 + 1)%(n + 1),
k=0

Using this in ([2.3)), it follows that

n

Z Ak n—k

k=0

IN

10F1D,, < DD laka-kl* (0 +1)* = |1 flI2,

n=0 k=0

proving ([2.2)). O

Remark 2.3. The diagonal restriction in ®, satisfies (2.2 only for a > 0,
while for @ < 0, «—1 needs to be replaced by 2a—1 (see [2, Proposition 2.2]).

2.4. Lojasiewicz’s inequality. In the proof of Theorem [3.3] below, the
following inequality will be used essentially.

Theorem 2.4 (|14, Lojasiewicz’s inequality|). Let f be a nonzero real ana-
lytic function on an open set U C R™. Assume the zero set Z(f) of f in U is
nonempty. Let E be a compact subset of U. Then there are constants C > 0
and q € N, depending on E, such that

[f(@)] = C - dist(z, Z(f))*

for every x € E.

3. PROOF OF THEOREM

In this section, we provide a proof of Theorem In Subsection we
treat separately the case a < 1. In Subsection [3.2] we study polynomials

having finitely many zeroes on T2. Finally, in Subsection we complete
the proof of Theorem [I.2]

3.1. Polynomial having no zeros inside the bidisk. The following the-
orem establishes the cyclicity of polynomials having no zeros in the bidisk.
The proof closely parallels the argument of |3, Theorem 4.1] which deals with
the cyclicity in ®, with a few modifications needed in the framework of D,,.

Theorem 3.1. Assume that o < 1. Any polynomial f € C[z1, z2] that does
not vanish wn the bidisk is cyclic in D,.

Note that it suffices to prove the statement of Theorem [B.I] for a = 1.
Let us outline the modifications in the proof of [3, Theorem 4.1] to establish
Theorem [B.1k
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(i) A common property of the spaces D, and D, is the orthogonality
of monomials. Thanks to this property, most of the computational
steps in the proof of Theorem proceed exactly as in the proof
of [3 Theorem 4.1|. The only modification is that the bound (k +
1)d/2 + 1 must be replaced by (k + 1)d when estimating ||7A* B,

from above in (3.7)).

(ii) Proving Theor for univariate polynomials of the form z; — a,
with |a| > 1, must be done separately, since this case is later used in
the proof for general f. This is carried out in Proposition below.

For completeness, the full proof of Theorem [3.1]is presented below.

In |5, Lemma 8|, Brown and Shields showed that z—a is cyclic in D; if and
only if |a|] > 1. Since the only candidate for cyclic irreducible polynomial,
which depends on only one variable, is z; — a, |a| > 1, we study cyclicity of
this polynomial in D,, « € R, in the next result.

Proposition 3.2. Let p(z) = z — a with |a| > 1. Then P(z1,22) := p(z1) is
cyclic in Dy, if and only if a < 1.

Proof. For f € D,, define F(z1,22) = f(z1). Note that ||f||p, = || Flp,-
Since it is well-known [5] that p is cyclic in D, if and only if o < 1, the
implication (<) is clear. For the implication (=), assume that a > 1. Let
qn € C[z1, 22] be a sequence such that ||g,F —1||o — 0. By the orthogonality
of monomials in D,, one can choose gy (21, 22) =: gn(z1) where g, € C[z].
But since ||gn F — 1||a = ||gnp — 1||D,,, this is a contradiction with « > 1. O

Now we give a proof of Theorem [3.1]

Proof of Theorem[3.1 We start with a few reductions:

e If f has finitely many or no zeros on T2, then it is cyclic in Dy by Theorem
m(zz) and by , also in D, for o < 2. Thus, to complete the proof of
Theorem we can assume that f has infinitely many zeros on T2.

e By , it suffices to prove Theoremfor « = 1, which we assume from
now on and write (-, -) := (-, )1.

e We can assume that f is irreducible (see Subsection [2.1)).

e Since f has infinitely many zeros on T2, it is of the form f = \f for some

A € T, where (n,m) is the bidegree of f and f(z,w) := 225" f( L ) .

TR
This is due to Bézout theorem, because f and f have a common non-
constant factor and are irreducible.

Let I, stand for the n x n identity matrix. By the reductions above
and using [3, Proposition 4.2|, there exist a unitary matrix U of size n +
m, a column vector polynomial B(z1,2) € C"™ [z, 25] and a row vector
polynomial ¥ € C"""[z], such that

(In+m — U(zlln D ZQIm) )é(zl, 22) < f(Zl, ZQ) . Cn+m[21, ZQ] (3.1)
~———
=:A(z1,22)
and

p(22) := ¥(22) B(21, 20) € Clzg] satisfies Z(p)ND = 0. (3.2)
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Suppose g € Dj is orthogonal to [f]. Our goal is to show g = 0. For this
aim we first prove the following claim:

Claim: For every row vector polynomial @ € C"t™[zy, 25], it holds that
(@B, g) = 0.
Proof of Claim. For every k € N we have
k—1
(I - A(z1,22)")B(21,22) = > A(21,22) (I — A(21, 22)) B(21, 22)
3=0 (3.3)

(Cner[

(21,22) 21, 22).

S
\/f
B.1)
For every row vector polynomial @ € C"""[2q, 29] and every k € N, we
have

sk(21, 22) = (21, 22)(1 — A(21,22)k)§(21,22)\ € _lf]. (3.4)
(3-3)
Since g L [f], (3.4) in particular implies that s L g, or equivalently
(@B, g) = (@A*B, g). (3.5)

If (UAké,g> = 0 for some k € N, then (3.5) implies the statement of the
Claim. Assume that (ZAFB, g) # 0 for every k € N. Let

d = deg(ii(21, 22)) + deg(B(z1, 22)) + 1,

where deg(-) denotes the maximum of total degrees of all entries. Since
@AM B is a linear combination of monomials of degrees between kd and
kd + d — 1, it follows that {ﬁAkdé }i>0 are pairwise orthogonal in D,,.

By Bessel’s inequality and @, -

(@B, g)]
lglli > = (3.6)
,;0 | A’“dBIIQ
Further on,
[FAM B} < (5 + ) 4B < (6 D dlula~ "Bl 5
=:C

where the first inequality follows from the fact that @AM B has degree at most
(k+1)d—1, while in the second inequality we used that || A*(21, 20)|| g~ = 1
for 21, 2o € T?. Using (3.7) in , it follows that

sl
= Ck+1)
which is only possible if (ﬁB ,g) = 0, proving the Claim. |

Choosing (21, z2) = z{zlgﬁ(@), where ¥ is as in (3.2)), the Claim implies
that A ‘
0 = (2]253(22)B(2), 9) = (15 p(22), 9),
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whence g is orthogonal to [p]. Since p has no zeros in D, it is cyclic in Dy by
Proposition and hence [p] = D;. Therefore ¢ = 0 and f is cyclic in D,
for all « < 1. O

3.2. Polynomials having finitely many zeroes on T?. In this subsec-
tion, we investigate the cyclicity of polynomials in Dy, a < 2, that possess
only finitely many zeros on T2. In the previously studied settings (see [3|
Section 3]), the cyclicity of the polynomial 1 — z; was essentially used in
the proof of the main result |3, Theorem 3.1]. However, in our framework,
1 — z; needs not be replaced by another polynomial cyclic in D, a < 2, since
1 — z; is cyclic in Dy, only for a < 1. In turns out that 2 — z; — 25 serves as
a suitable substitute.

Theorem 3.3. Consider a polynomial p € C[z1, 23] having no zeros in D?
and finitely many on T2. Then p is cyclic in D, for o < 2.

The proof of Theorem will parallel the arguments in the proof of [3,
Theorem 3.2|, which deals with the cyclicity in D, using the modifications
described in the paragraph before Theorem [3.3] For this reason we first
establish Theorem in the special case when p(z1,22) = 2 — 21 — 29. The
proof presented here for this special case is motivated by the argument given
in [15, Appendix A].

Lemma 3.4. Let a« < 2. Then p(z1,22) =2 — 21 — 29 is cyclic in Dy
Proof. 1t suffices to show that p is cyclic in Dy. Let f € Dy be such that
f L [p]. Counsider the following series of f,

(e.)
bi,; i
f(z1,22) = Z mzizz-
4,j=0
We will show that f = 0, or equivalently b, ; = 0 for i,j € Z. By f L [p],
it follows that
2bpg = by +bpagr, kl€Zy. (3-8)
Since f € Do, a new function
9(z1,22) == Y bijzi7)
4,720
belongs to D_9, and by (3.8)),
(21 + 20 — 22120)g(21, 20) = 219(21,0) + 229(0, 22), (21, 22) € D% (3.9)

We next introduce the substitutions

(-1 ¢+1
Observe that z; € D precisely when R < %, and zo € D precisely when
RC > —%, where R denotes the real part of the complex number (. By

substituting the above expressions for z; and z into (3.9)), we get

(3.10)

OZCElg(CEPO)—FC—?—lg(O?Cil)’ fOr—%<§Rg<%‘
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Thus, defining h : C — C by

1 ¢ .
=19 (C o) if R¢C < 3,

h(¢) =
_ g<o, ¢ ) if RC > -1,
¢+1 ¢+1 2
we obtain that h is a well-defined entire function. Note that
b
ll_’f’l /|g 21, 0)2(1 = |z1]?) dA(=).
k>0

This can be verified by integrating the right hand side using polar coordi-
nates. Thus we have

|bko\ / O (1 _’ ¢ 2) 4A(Q)
k>0 %C<1/2 ¢t ¢=1 (3.11)
1—2%R¢
dA
/c<1/2 |C -1/ ©,
and similarly,
|b0l|
19(0, 22)[*(1 — [22]*) dA(22)
St =),
¢ ") dA©)

= h(O)|2 _

1+ 2R¢
= h(¢)? dA(Q).
Lo, HOP R 40

Both series are finite due to g € D_s; hence, the sum of the two integrals is
finite, and consequently,

/ POP Jac) <
I¢I>1

a5
This forces h to be a polynomial of degree at most 1, i.e.,
h({)=a((—1)+0b, a,beC. (3.12)

Assume that a # 0. Using (3.12)) in (3.11), we get

1 - 2R¢
dA
/?I\‘:C<1/2 I — 12 (€) < oo,

which is a contradiction. Hence, a = 0. Note that
1 b 21 _ b ,
—1 zZ1 — 1 zZ1 — 1

~ 7
G109
1 b
9(0, Z2)v . +1h<zzi1):_z 1
2 2 2
€19

9(21,0)

(3.13)
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Using (3.13) in (3.9), we get

bz bz
(21 + 22 — 22122)g(21, 29) = —— — —=— (21, 22) € D?,
z1—1 29+ 1 (3 14)
b(21 + 22) 9 ’
= (z1,22) € D

(21 —1)(22 — 1)’
In particular, restricting to the curve zo = —z1 + cz%, c € R, we get
bc
c+2—cz) (a1 —1) (=21 + 22 +1)

g(z1,—21 + cz%) = (

Therefore b
. —bc
9(0,0) = lim g(z1, —21 + czi) = P
Since ¢ was arbitrary, this implies b = 0. Therefore h = 0 and consequently
g=0and f =0. O

Remark 3.5. The proof shows that if a sequence of complex numbers {by; } 117,

satisfies (3.8) and

>l a
2 ?

o i)

then by; = 0 for all k,l € Z.

The following result is an immediate and noteworthy consequence.

Proposition 3.6. For (1,(s € T, p(z1,22) =2 — (121 — (222 is cyclic in D,
for a < 2.

Proof. This follows from Lemma [3.4] together with the fact that cyclicity is
preserved under rotation. O

The following result, which is an analog of [3, Lemma 3.3|, will allow us to
compare polynomials having finitely many zeros on T? to the polynomials of
the type 2 — (21 —nz2,(,n € T, whose cyclicity has already been established
in Proposition [3.6]

Lemma 3.7. Suppose f € C[z1, 20] has no zeros in D? and finitely many
on T?, ie., {(¢j,m;) € T%,j =1,...,k}. Then for any integer k there exists
sufficiently large N such that the function

1,2 ¢ e —n )V
f(zlv'z?)

Q(z1,22) =

is k-times differentiable on T?.

Proof. Let {(¢j,m;) € T%, j =1,...,k be as in the statement of the lemma
and define the polynomials

pj(z1,22) =2 — Cj_lzl - 77j_1Z2-
Clearly, p; has only one zero ((;,7;) on T?. Note that
pj (21, 22)* < |21 =GP + 22 = 1 + 2/(21 = G) (22 — m)). (3.15)
Writing 21, 22,(j,n; € T as

zZ1 =€ 17 Z =€ 27 Cj:eyl’Ju Cj:eyZ]?
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where x1, 2,15, y2,; € [0,27), respectively, (3.15)) becomes
D, eix17eix2 2 < ei:r,‘l . eiij 2 + ei:z:g . 6iy2’j 2
i R < 6 e e
+2 ‘(6”31 — i) (e'*? — e'2) ‘

Define
r(zy,x2) = |f(e™,"2))?, (z1,72) € R?,

and let Z(r) denote its zero set. Consider the compact set E = [0,27]%. By
Theorem [2.4] there exist constant C' > 0 and ¢ € N such that

r(z) > Cdist(z, Z(r))9, re k.

Since the set Z(r) N E consists of finitely many points, there is a constant

¢ > 0 satisfying
dist(z, Z(r))*>c [[ lz—yl>, =z€E. (3.17)
yeZ(r)NE

Also, we have

w—yP =) o —ylP = D e — e =2 ] | — ). (3.18)

j=1,2 j=12 j=1,2

Using (3.16)),(3.17)) and (3.18)), we have a constant C; > 0 such that

dist(z, Z(r))? > Cy H ’pj’2-
J

This yields that the function
Hj |p;] a/2
| f (21, 22) %

is bounded on T?. We now apply the standard trick, which is to increase
the exponent in the numerator and assign the value zero at the zeros of f,
to obtain a function that is k-times continuously differentiable on T?. This
completes the proof of Lemma [3.7] O

Finally, we can prove Theorem [3.3|

Proof of Theorem[3.3. By Lemma [3.7, we obtain a function
k _ _ N
(Hi:1(2 S 'z — " 122)) _. g9(21,22)
p(z1, 22) p(z1, 22) ’

where ((;,n;) € T?, which is twice continuously differentiable on T?. Thus

~

its Fourier coefficients Q(k,[) satisfy
> 1Rk, D (k + 1)(1 + 1)* < oc.
k,l

Q(z1,22) =

But since
STIQU DRk + 1+ 12 < ST1QUk D (k + 1)2(1 + 1),
k.l k.l

we obtain @ € D,,a < 2. Hence g(z1,22) € pDqy,a < 2. Since g is cyclic in
Dy and p is a multiplier, we obtain that p is also cyclic in Ds. O
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3.3. Proof of Theorem The proof of Theorem [1.2]is now straightfor-
ward using the results above.

We divide the argument into three cases according to the value of a:
a>2 ac(1,2] and a < 1.

Case 1: o > 2. Using the norm inequalities [|f|lo,, < [[fllp. < [[fll9a.:
Theorem [1.2] (i) follows from Theorem [L.1} (777).

Case 2: a € (1,2]. The norm inequality | flla > |[/f|l9,,, implies that if

a polynomial p is cyclic in Dy, it must also be cyclic in D,/3. By Theorem
the zero set Z(p) N'T? is empty or a finite set.

Subcase 2.1: Z(p) N T? = @. Using the case a > 2, we obtain that p is
cyclic in Ds. Since || - [|o < || - ||3 for a < 2, cyclicity in D, follows.

Subcase 2.2: Z(p) N T? is finite. This subcase follows by Theorem [3.3

Case 3: o < 1. This subcase follows by Theorem [3.1]

Remark 3.8. Note that if p has no zeros in the bidisk and only finitely many
zeros on T2, then its cyclicity in Dg, o < 1, also follows from Theorem
by a direct comparison of norms. However, this result excludes the cyclicity
of a polynomial having infinitely many zeros on T? as in the case of 1 — z;2».

4. CONCLUDING REMARKS

We provided a self-contained proof of the cyclicity of the polynomial 2 —
z1 — 2z9; we now give a simple proof of the cyclicity of 1 — 2129 using standard
technique. These are model polynomials and often play a crucial role in
establishing cyclicity results for broader classes of functions (i.e., see the
proof of [15, Theorem 5]), and therefore merit particular attention to ensure
independent proof.

Lemma 4.1. 1 — z125 is cyclic in Dy, if and only if o < 1.

Proof. Note that if f is a function in one variable say z and F' is defined by
F(z1,22) := f(2122), then we have the following: for a > 0

[fllpa < 1Flla < 2% Fll Da- (4.1)

Let o € R. Assume that p(z1, 22) = 1— 212 is cyclic in D,,. Then there exists
sequence of polynomials P, (21, 22) := pp(2122) such that ||P,p — 1|l — 0,
where p,, is a univariate polynomial. By , we have that 1 — z is cyclic in
D,, and hence a < 1. The converse also follows using similar reasoning. [

We conclude the paper with a few comments on capacity. Finite loga-
rithmic capacity, or Riesz a-capacity plays an important role in identifying
non-cyclic functions in D, |2, Proposition 4.2]. This approach originates in
the work of Brown and Shields [5] and was later extended to several vari-
ables by several authors. We record the following straightforward result,
since it provides a necessary condition for the cyclicity of a general function
in D,,a € R.
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Proposition 4.2. Let o« € R, and f € D,. Let f* denote the radial limit of
f e f*(e,e%2) =lim, ;- f(rei, re??). Then the following holds:
(a) If Z(f*) has positive logarithmic capacity, then f is not cyclic in
Dy, > 2.
(b) For0 < a <1, if Z(f*) has positive Riesz a-capacity, then f is not
cyclic in Doy,

Proof. This follows from the fact that f is not cyclic in respective ©, and
by doing norm comparison with Da,. O
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